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Transport Coefficients from Dissipation in a Canonical Ensemble 


EUGENE HELFAND 
Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received February 5, 1960) 


Expressions for the transport coefficients are obtained by studying the average changes with time which 
occur in members of a canonical ensemble when the initial state of one particle is partially specified. One 
calculates, both hydrodynamically and statistical mechanically, an appropriately weighted average of the 
spread of the initial knowledge. In this way expressions analogous to the Einstein equation for the self- 
diffusion of a Brownian particle are obtained; viz., the viscosity is proportional to a mean-square center of 
momentum displacement and the thermal conductivity is related to a mean-square center of energy displace- 
ment. These expressions may be converted into the integral of autocorrelation function formulas derived 


previously by others. 


1. INTRODUCTION 


HE path to construction of nonequilibrium distri- 
bution functions, the goal of the Kirkwood trans- 
port theory,' appears to be strewn with difficulties. The 
question thus arises as to whether irreversible phe- 
nomena can be described with equilibrium ensembles, 
the distributions of which are well known. Efforts in this 
direction have met with considerable success in recent 
years. Generally speaking, the result is the following. 
The transport coefficients may be expressed as equi- 
librium ensemble averages of dynamical variables whose 
explicit specification requires a solution of the N-body 
equation of motion. Equations (2.14) and (2.20) are 
illustrations. The field is thus open to various approxi- 
mate solutions, or evaluations in the limit, of the 
mechanical equations, such as Mori’s? binary encounter 
calculation or Montroll and Ward’s* cluster develop- 
ment. This paper, however, will not be concerned with 
that problem. What will be discussed is a derivation of 
the transport coefficient expressions based on what we 
feel is a more pictorial argument than has previously 
been presented. It is hoped that greater physical insight 
into not only the final results but also the approxima- 
tions may be gleaned. Let us begin by briefly reviewing 
the previous work. 
1J. H. Irving and J. G. Kirkwood, J. 
(1950) 


2H. Mori, Phys. Rev. 111, 694 (1958). 
3. W. Montroll and J. C. Ward, Physica 25, 268 (1959). 


Chem. Phys. 22, 817 


1 


The probiems encountered may be classified into two 
types. Properties such as conductivity and magnetic 
susceptibility are related to the admittance of the sys- 
tem toan external conservative force. (Such admittances 
have been shown by Callen and Welton,‘ Kubo,® and 
others, to be related through the so-called fluctuation- 
dissipation theorem to time correlation functions.) Con- 
cisely put, the derivation is based on a solution of the 
Liouville equation (or its quantum analog, the equation 
of motion of the density matrix) for the linear deviations 
from equilibrium induced by the switching on of the 
external force. The possibility for such a solution arises 
from the fact that the external forces are derivable from 
a potential which may be made an additive part of the 
Hamiltonian. Possessing the distribution function, one 
may use standard methods of statistical mechanics to 
calculate the response to the force, then identify the 
admittance as the constant of proportionality. 

The other type of problem deals with properties such 
as viscosity and thermal conductivity which are not 
strictly admittances. McLennan® has extended the 
above technique by assuming that nonequilibrium states 
afte maintained by reservoirs which may be considered, 
on the average, as acting through external forces, albeit 
nonconservative ones. While it is not possible to detail 


‘H. B. Callen and T. A. Welton, Phys. Rev. 83, 34 (1951). 

5 R. Kubo, J. Phys. Soc. Japan 12, 570 (1957); M. Lax, Phys. 
Rev. 109, 1921 (1958). 

6 J. A. McLennan, Phys. Rev. 115, 1405 (1959). 


Copyright © 1960 by the American Physical Society. 
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completely the nature of these forces, fortunately one 
can obtain just the information about them which is 
necessary for the solution of Liouville’s equation. Using 
the distribution function arrived at in this manner the 
fluxes may be evaluated to terms linear in the forces ; the 
constants of proportionality are identified as the trans- 
port coefficients. 

Mori’ had developed a different technique for de- 
termining the distribution function. He hypothesizes 
that an ensemble artificially constructed at a given time 
with a local equilibrium canonical distribution will relax 
to the nonequilibrium ensemble appropriate to the given 
temperature, chemical potential, and velocity distribu- 
tion in a time short on the scale of macroscopic varia- 
tions. This provides an initial condition for the solution 
of Liouville’s equation (or the quantum analog). The 
time derivatives of the local energy, density, and velocity 
which arise are replaced by divergences of flows ac- 
cording to the macroscopic equations of motion (con- 
servation equations). 

Two approaches to this problem have appeared in 
which calculation of the distribution function is not re- 
quired. The work of Kubo, Yokota, and Nakajima* is 
based on the Onsager assumption that the average 
regression of fluctuations follows the macroscopic linear 
laws. One may then invert the linear laws wherein the 
time derivative is written as a finite difference quotient. 
One studies the entropy production in order to identify 
the variables. Equivalence between the behavior of 
macroscopic thermodynamic fluctuations and their cor- 
responding microscopic mechanical variables is 
plicitly assumed. 

Green® begins by deriving a Fokker-Planck type 
equation to describe the time evolution of a Markoffian 
set of variables (“complete set of gross variables” in his 
terminology). If the long wavelength components of the 
microscopic particle, momentum, and energy density 
are considered to be such a set, then the dissipation 
coefficients of these Fokker-Planck equations, which are 
expressible as time integrals of correlation functions, 
may be related to the transport coefficients. 

While all the above work has appeared rather re- 
cently, description of a transport process by means of an 
equilibrium ensemble actually dates back to Einstein’s 
study of diffusion of a Brownian particle. This work 
was based on a physical picture which it is our purpose 
to extend to the description of phenomena such as 
viscosity and thermal conductivity in a classical system. 
The result will be expressions for the transport coeffi- 
cients which emphasize their nature as measures of 


im- 


dissipation. The new equations can be shown to be 


7H. Mori, Phys. Rev. 112, 1829 (1958). 

8 R. Kubo, M. Yokota, and S. Nakajima, J. Phys. Soc. Japan 12, 
1203 (1957). 

9M. S. Green, J. Chem. Phys. 20, 1281 (1952); 22, 398 (1954). 

” A. Einstein, Ann. Physik 17, 549 (1905). R. Furth, in his notes 
to A. Einstein, Theory of the Brownian Movement (E. P. Dutton 
and Company, New York, 1926), p. 99, presents a clear description 
of the model upon which the Einstein calculation was based. 
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equivalent to the previous ones when an assumption 
about fluctuations of the wall forces is made. 


2. SELF-DIFFUSION 


To arrive at an expression for the self-diffusion 
coefficient we will attempt to describe the average 
spread with time in our knowledge about the location of 
a particle. Comparison between a phenomenological and 
a statistical mechanical approach to this problem will 
yield the desired formula. 

Consider an ensemble of systems canonically dis- 
tributed. At time /=0 in each of the systems measure 
the x position of the particle which has been designated 
as the ith. The ensemble may be divided into suben- 
sembles such that at /=0 the 7th particle of every mem- 

. ber of a subensemble has the same x position. (Physically 
we have in mind allowing a range about this x position 
and having the range approach zero.) Characterize the 
subensembles by this position, for example «jo. Now 
allow the systems to evolve for a time /, after which the 
x position of the ith particle is again measured. The 
number of systems in a subensemble which have 7 be- 
tween x and «+x at time /, divided by the total number 
of systems in that subensemble is 


c;(x,t| x0) A dx, 


where A, is the cross-sectional area perpendicular to the 
x direction. The notation has been chosen to indicate 
that c,; is the concentration of 7 at any point on the plane 
x after a time / in the subensemble characterized by xj’. 

Being a concentration, ¢ 
continuity 


satisfies the equation of 


d= —V-ji, (2.1) 


0c; 


where j; is the particle diffusion current. As will become 
evident, except at zero time, gradients of c; are small, so 
if we assume that the average behavior of 7 follows the 
macroscopic laws, then 

— DVc;, (2.2) 


i= 
D being the self-diffusion constant. Combining Eqs. (2.2) 
and (2.3) yields the usual diffusion equation, which, 
after a consideration of the symmetry of the problem, is 


0t= De*c ;/ Ox". (2.3) 


0c 


One boundary condition is that at ‘=0, 7 is definitely at 
x40’, OF 


(2.4) 


€;(x,0) x; 


Let us consider throughout a system which is infinite in 
extent in such a way that /,, /,, /., and V— « while 
N/V=c, where the volume V is the product of the 
lengths /,,/,,1,,and A ,=1,J., etc. In this case the second 
and third boundary conditions arise from the fact that 
the particle 7 cannot arrive at infinity in finite time, so 
that 


, 


c(+&, t|xi0")=0. 





DISSIPATION 


The solution to this problem is well known to be 


1 (x— x40’)? 
c= — exp| — | 
2A .(rDt)} 4Di 


This distribution is a Gaussian, representing a broaden- 
ing of the original delta function, which may be re- 
garded as the limit of a Gaussian. 

The product of D and ¢ characterizes the spread of the 
concentration or its second moment which, by (2.6), is 


(2.6) 


Dn 


M, D) = (x— x0’ )?c; (x,t x0 )dx=2Dt is, (2.7) 


a 


In order to set the pattern for succeeding work, although 
it adds nothing in this case, let us reassemble the 
ensemble by multiplying this second moment by the 
probability density of each subensemble, integrate over 
all initial positions of 7, and sum over 7. The required 
probability density is 


f% (x 40’) i es (2.8) 
We find 


lz 


N 
jo => M, f°  (xx0' )dxin’, 


i=l V9 


=2NDt/A ;z. (2.9) 

A statistical mechanical analysis of the same phe- 
nomenon may also be performed. The concentration, ¢;, 
is the average over the appropriate subensemble distri- 
bution function of the dynamical variable 6(4;—.x)/ Az. 
If the subensemble distribution function at time ¢ is 
7 (RY,P% | x40’) then c; is given by 


c; (x,t e!)= f flea) r oy 


x f(RY,P%,t| xio")dRXdP*. (2.10) 


For a canonical transformation of the variables of 
integration to zero time variables, Liouville’s theorem 
tells us that dRXdP*’ =dRo%dPp% and f (RP Jt! x0’) 
= f')(Ro¥,Po¥,0| xi’), where we consider the phase 
point R‘P* as a function of Ro¥Po’ and ¢. By the 
method of construction the exact zero time distribution 
function is known to be 


f N (Ry, P,’, t=0 x0’) 


=5(xi0—x50') f% (Ro Po’) f{" %) (x50), (2.11) 


the zero superscripted distribution functions being those 
appropriate to an equilibrium canonical ensemble. This 
relation expresses the fact that at zero time particle 7 
was definitely at xo’, instead of being distributed with 
probability f° (#,9). The concentration is given by 


c;(x,t ve)= f fd. ‘A 2)6 (Xj, —X)8(Xj9— X50") 


Kf 10) ( Ro* Po” )dRyXdP’. ( 2.12 ) 


IN CANONICAL 


ENSEMBLES 3 


The second moment M,? and the integral J“ may be 
written in terms of (2.12). After performing the inte- 
grations over the 6 functions and equating the statistical 
resuit to the quasi-phenomenological expression of Eq. 
(2.9) one finds that 


D= (1 2) ff (eu—x0) 


x f%(Ro%,PoX)dRo%dPo®, (2.13) 


where 2 = Xi:(Ro* ,Po%,é) is a solution of the mechanical 
equations of motion. Introducing a more succinct nota- 
tion in which Av;=2xi.—2 0, and ( ) denotes equilibrium 
ensemble averaging over zero time variables, we have 


D= (1/2i)((Ax,)?). (2.14) 


A few words should be said about the duration ¢. It 
must be of sufficient length to allow the hydrodynamical 
processes employed in the initial part of the derivation 
to become predominant. Thus / must at least be long 
compared with a mean collision time. A more quanti- 
tative estimate, following from the work of Uhlenbeck 
and Ornstein" with the Langevin equation, is >mD/kT. 
This estimate also suffices for the considerations of the 
next paragraph. Difficulties of an upper limit are 
avoided in the infinite system since Poincaré recurrence 
times probably go. at least exponentially with size. 

Expressions such as Eq. (2.14) for D may be con- 
verted to a form involving an integration over time of an 
autocorrelation function. We carry out the derivation 
with a general dynamical variable, G(R” ,P’), for future 


use. Write 
t 
AG -{ J dz, 
0 


J,=dG(R,*,P,*) dr, 


(2.15) 


where 
and examine 


(acy)= f f (J.J _)drdr’. 


Due to the stationarity of the equilibrium ensemble and 
the time symmetry of the equations of mechanical 
motion we have 


(2.16) 


JJ e)= JS rJo=UJe me PY (2.17) 


After a change of variables to o=r’—7, a change of 
order of integration, and the performance of one inte- 
gration, Eq. (2.16) becomes 


(2.18) 


. o 
((aGy)=2 f (:- )(ore\a. 
0 t 


If the autocorrelation function (JoJ,;) vanishes in 
sufficiently strong a manner for infinite time then the ¢ 


uG. E. 


Uhlenbeck and L. S. Ornstein, Phys. Rev. 36, 823 
(1930). 
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may be chosen large enough for the upper limit of 
integration to be extended to ~, and Eq. (2.18), be- 
comes asymptotically 


x 


2 f (J.J «de. 


{(AG)*)= (2.19) 


Specifically applying this result to Eq. (2.14) for D, one 
has 


(2.20) 


D=(1 m’) { (Pi zoPizsdl, 


where /,, is the « component of momentum. 

Equations (2.14) and (2.20) are well-known results. 
They have been developed here for the sake of illus- 
trating the technique which will now be applied to a 
study of the shear viscosity. 


3. SHEAR VISCOSITY 


At time /=0 in each system of a canonical ensemble, 
observe the x position and simultaneously the y mo- 
mentum of the ith particle, and make subensemble 
divisions based on the results of this measurement; for 
example, group those with xi’, Pi,o’. At a time ¢ later 
measure the y velocity of the fluid at each plane x in the 
systems. [The precise meaning of this measurement is 
clarified in the statistical mechanical section by Eq. 
(3.10). ] Form a subensemble average to determine the 
mean y velocity, u,(x,t| xio’,piyo’). After sufficient time 
this velocity satisfies the equation of motion 


dpu/dt=V-(e—puu)+cK, (3.1) 


where K is the external force per particle and p= mc is 
the mass density. For the stress tensor @ we will assume 
the Newtonian form 


o= —P1+¢(¥-u)14+2ne, 


(3.2) 


where P is the pressure, e= 4(Vu-+ Vu')—4(V-u)1 is the 
divergenceless symmetric part of Vu (known as the rate 
of shear tensor), and 7 and ¢ are, respectively, the shear 
and bulk viscosities. 

By the symmetry of the problem all variables are 
functions of x and ¢ only. The walls are at infinity, in the 
previously defined limit, so that the external force term 
may be neglected. Employing these facts in Eqs. (3.1) 
and (3.2), and linearizing in u, one obtains as the y 
component of (3.1) 


Ou, nou, 
Ot p Ox 
The boundary conditions are 


uy (x,0 X50 Piyo ) = Piyo 5(x— x40’) ‘pA Qn 
and 
Uy (+, t| x50’, Piyo') =0. 
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The equation and boundary conditions are identical 
with those encountered in Sec. 2, so that the solution is 


Piyo oe 
uy = —————- exp] - ———- ]. 
2A -(anpl)! 4nt 


The spread of this Gaussian is proportional to n/ and 
may be characterized by the second moment 


(3.6) 


u,0= f (x—2xi0')*¢y(x,t| xi0' Piyo dx 


—@ 


= 2Piyo nt, ‘p”.. { z (3.7) 

Note that when we consider 4,— ~, then u,— 0 
and the use of linearized equations is justified. What this 
amounts to physically is that while, in general, individual 
member of the ensemble do not have transition proba- 
bilities given by solution of a linearized hydrodynamic 
equation (or for that matter a nonlinearized hydro- 
dynamic equation), the average behavior is described by 
such an equation. 

The ensemble is now reassembled in the following 
manner. Multiply the second moment by fpi,0 and 
average over the probability density 


f° (xi0' iyo) 


=1 5" (2amkT)“ exp[(piyo’)?/2mkT ]. (3.8) 


To symmetrize in particle name, sum over 7. The result 


1S 
J foc ” fs 1,0 (xi0' Ps yf d \dxio'd Pi yo’, 


= 2kT1,nt/p. 


N 
[@ => 


i=] 


(3.9) 


Note that failure to multiply the second moment by 
Piyo’ leads to a zero. 

Next, consider the statistical mechanical description 
of the same procedure. The mean velocity, uy, is ex- 
pressible as a subensemble average of the dynamical 
variable (1/N)>- ;(p;/m)1.5(xj;— x); viz., 


' ’ , 
Uy(x,t| Xo ,Piyo ) 


IN Piy 
f [Fise-» 
m 


=—) 
N j=! 
Kf (RY, PY t| xo’ Diy 


‘\dR¥dP*. (3.10) 


A canonical transformation may be made to zero time 
variables. The subensemble distribution function at ‘=0 
is, by construction, 


{™ (Ro* Po ,0! io’ Piyo’) 
=5(«*— x40’ )5 (Piyo— Piyo ) 


x f%- (Ro¥,Po%), f 1,0 (x 0’ ,Piyo’). (3.11) 
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Therefore, we may write 


N nr i Dj 
>> J J [je 2) 8(00— 
7=1 


m 


uy= 


X5(piyo— Piyo’) 
X f% (Ro¥ Po*)/ fe (x0 pind) aRONAP". (3.12) 


The second moment M2 and the integral J‘ are 
easily calculated due to the presence of the 6 functions. 
Equating the result so obtained to the phenomenological 
Eq. (3.9) we find for large ¢ 


N 
n=[1 (2VRTt) K } (x j1—Xi0)?PjyePiyo)- (3.13) 


i,7=1 


Let us review the origin of the factors: (xj:—2 0)? arises 
in taking the second moment ; p;,; is from the dynamical 
variable which defines uw, in Eq. (3.10); piyo originates 
from the weighting employed in the definition of J. 
Using conservation of momentum it is possible to 
transform the shear viscosity to 


N 
n=(1/(2VAT#) KLE (xithive—xiopiyo) P), (3.14) 


by the procedure outlined in Appendix I. The shear 
viscosity is found to be proportional to the mean-square 
x displacement of the center of y momentum. 
Equation (2.19) may be applied to this last result 
with 
N 


G@ => XiPiy, 


i=] 


(3.15) 


N 
J@ =>. [ (pizPiy ‘m)+xF iyAxiK iy], (3.16) 
i=] 


so that in autocorrelation function form 


(3.17) 


n= (1 ver) f (FoF «dt. 
0 


In definition (3.16) the force on 7 has been divided into 
an intermolecular part, F;, and an external part, K;. 

To obtain correspondence between this autocorrela- 
tion function equation and previous results’ it is neces- 
sary to assume that the fluctuations of }°;2:K;, from 
the average value have short relaxation time or are 
small compared with fluctuations of >> [ (pizpi,/m) 
+4,F ;,], and that these two quantities are uncorrelated. 
Then >>; *:K;, may be replaced by its average value, 
zero. 

The necessity of including external forces in the me- 
chanical equation of motion, whereas they were neg- 
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lected in the hydrodynamical equation, (3.3), is evident 
from the case of bulk viscosity discussed below. 


4. BULK VISCOSITY 


The calculation of the bulk viscosity proceeds along 
lines similar to the previous two derivations, although 
some additional complications enter. At time zero the x 
position and x momentum of the ith particle of each 
system of a canonical ensemble is measured, and 
subensembles constructed on the basis of this result. 
After a time / the velocity in the x direction at every 
point in the fluid is determined and subensemble aver- 
aged to yield a quantity u.(x,t|xio',pizo’) satisfying the 
equation of motion (3.1). Considering the symmetry of 
the problem and employing the Newtonian stress tensor, 
(3.2) we arrive at the linearized equation 

Ou, You, 10P 
SE = om, (4.1) 
Ot p Ox? p Ox 


where y= ¢+4n. We shall drop the term p-'0P/dx. The 
reason for the neglect of this term will be examined in 
detail later. 

The calculation goes through in complete analogy to 
Sec. 3 with p, replacing py. For y we find 


N 
¥=[1/(2VRTt) 2. (xje—xi0)*PivePiyo), (4.2) 


i,7=1 


or, following the argument of Appendix I, 
N 
Y=[1/(2VRTt) KCX (xitbize—Xiopizo) P). (4.3) 
i=] 


This, in turn, may be converted to the autocorrelation 
function form 


D 


Y= (1, var) { (Jo «dt, (4.4) 
0 


where 
N 


IP=S¥ [(pishiz/m)+2F 2t%:K iz]. 


i=1 


(4.5) 


Note that J and J are, respectively, the xx and 
xy terms of a dyadic which we might label J‘. 

Again, this is the result of previous authors’, when 
>: «:K;, is replaced by its average value, — PV. 

In order to understand the reason for neglecting the 
term —p'dP/d«x in Eq. (4.1) let us examine the effect of 
its inclusion. The assumption will tentatively be made 
that the average behavior of u, is governed by the 
hydrodynamic equations of change under isothermal 
conditions, in keeping with the employment of a 
canonical ensemble. We shall assume, for argument’s 
sake, that the pressure is in instantaneous equilibrium 
with the density (later we shall point the finger of 
accusation at this assumption for yielding the erroneous 
results). Under these terms the equation of continuity, 
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(2.1), may be written as 


oP Ou, 


oP 
nif) 

Op/ 
Details of the simultaneous solution of this equation 


with Eq. (4.1) are discussed in Appendix I. One finds 
that the second moment of the velocity distribution is 


; (4.6) 
Ox 


x 


M. f (x—x jo)? dx 


x 
o> 


= (2pizo pA,)[ (y pit+ic,7t 5 


(4.7) 


where ¢, is the isothermal sound velocity, c,2= (0P/dp)r. 
Physically this result is easily understood. The solution 
for w, can be approximately decomposed into a propa- 
gation in the positive and negative directions, with 
velocity c,, of the disturbance originated at xj’, and 
Gaussian spreading about these centers, x jo’ c,/. There 
are further terms which represent a crossing of the two 
effects but these do not contribute to the second moment. 
The term proportional to ¥/ in Eq. (4.7) arises from the 
dissipative spreading, while the term containing the 
factor c,°? is due to the nondissipative propagation. 

If Eq. (4.7) for the second moment replaced the 
analog of Eq. (3.7) in the phenomenological part of the 
y calculation then we would have obtained instead of 
the final result (4.4) the equation 


1 t 
f (:- )ur 
VRT Yo t 


where the a// of Eq. (2.18) has been retained. From the 
equilibrium statistical mechanics of the pressure, based 
on the virial theorem,” we see that trace J‘’'*® has the 
character of a pressure fluctuation. If we wish to be 
consistent in employing Eq. (4.1) to describe the time 
evolution of average mechanical properties, then we 
would predict that as o becomes large the autocorrela- 
tion function (Jo’J,‘*’) does not approach zero but 
rather has the coherent part ((VAP)*). The fact that 
pressure fluctuations are conserved by the equations of 
motion (4.1) and (4.6) is demonstrated in Appendix III. 
The short time part of the autocorrelation function may 
be considered as giving rise to the viscosity coefficient 
by the method employed in the initial paragraphs of 
this section, so that the remainder of Eq. (4.8) which 
must be examined is 


1 é o 
{ ( yar} 1- Jao. 
VkT 0 t 


y+ Spc,t (4.8) 


do, 


Ac 2t= (4.9) 


Regarding P and T as the independent variables we find, 


2 J. O. Hirschfelder, C. F. Curtiss, and R. B. Bird, Molecular 
Theory of Gases and Liquids (John Wiley & Sons, New York, 
1954), p. 134. 
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by the method outlined in Landau and Lifshitz," that 
the isothermal mean square fluctuation ((AP))? are 
—kT(dP/dt)r or kT pc,’/ V. The validity of Eq. (4.9) is 
thus confirmed. 

The above argument is, of course, not physically 
meaningful, but the mathematical manipulations do 
give us an insight into its faults and the reason for not 
retaining the dP/0x part of the hydrodynamic equations 
of motion. While these equations of motion do appear to 
be useful in describing the average spread of a micro- 
scopic mechanical fluctuation, in some cases they also 
erroneously predict a conservation of the magnitude of 
the fluctuation. The difficulty is that the microscopic 
variables do not behave like thermodynamic variables in 
that they do not tend to drive the pressure to new local 
thermodynamic values. Thus the pressure should not be 
regarded as in equilibrium with the density, as implied 
by the equation of continuity, (4.6), but rather as 
remaining uniform as implied by the neglect of 0P/ 0x in 


Eq. (4.1). 


5. THERMAL CONDUCTIVITY 


The now familiar pattern of dividing a canonical 
ensemble into subensembles according to the results of a 
measurement is repeated. In this.case at zero time the 
x position and total energy of a single particle is to be 
measured. Typical results of this determination might 
be Xi0° and | my where the tilde denotes excess above the 
average particle energy; i.e., 


0 —(E;), 


(p?/2m)+3 >> V 


(5.1) 


At a time / later measure the excess energy density at 
each point in the fluid and take subensemble averages to 
determine a quantity E(x,t\ x i0' Ey’). 

This average energy satisfies the conservation equation 


c(0E/dT)+cu- VE=0e:Tu—V-jz, 


(5.2) 


where c is the concentration in particles per unit volume 
The energy flow, jz, we will assume to be given by the 
linear law 


Je K/C VE, 


0E/dT),, and x is the 
coefficient of thermal conductivity. Combining Eqs. 


where c, is the heat capacity 
(5.2) and (5.3), linearizing in deviations from equilib- 
rium, simplifying the vectors by means of the system’s 
symmetry, and neglecting the nondissipative ideal fluid 
term, — pdu,/dx, yields the diffusion type equation 


(5.4) 


13 LL. D. Landau and E. M. Lifshitz, Statistical Physics (Addison 
Wesley Publishing Company, Reading, 1958), Sec. 111. Here, too, 
the assumption of thermodynamic equilibrium among the fluctua- 
tions is made. This may account for the lack of the nonthermo- 
dynamic term for this external reaction fluctuation [R. H. Fowler, 
Statistical Mechanics (Cambridge University Press, Cambridge, 
1955), p. 755]. 


0E/ t= (x/cc,) (PE/ Ax). 
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The boundary conditions are 


E(«,0 x0’ £240’) = (z./ cA 2)6(x— x0’), (5.5) 


E(+~, t\xio', Exo’) =0. (5.6) 


Actually, the first condition involves neglect of the 
correlation of the energy and position of the other 
particles with that of i. This will be discussed more fully 
below. 

In analogy to previous sections one finds the second 


moment of £ to be 


L 


M, v= f (x—2X;0" 2 Fdx 
a 


= 2B iy'xt/cc,A ». (5.7) 


In reassembling the ensemble we weight each suben- 
semble with a factor Eyo’ and its probability of occur- 
rence, {f" % (x40') f(Ewn’), integrate over xj’, Ej’, and 
sum over 7, to obtain 


. N Zz 
I . => f E/M. (1 1.) f( Bio’ )\dxjo'd Exo! 


x 


2xt N . x: ss 
2. (Eoin)? f( Eo’ dE’. 


COA z =I VY _~ 


(5.8) 
The integral shall be evaluated in an approximation 
equivalent to the previous one, namely, independence of 
particle energy. 

Consider the fluctuations in energy in a canonical 
ensemble of systems: 
((E—(E))*) 

=kT*Ne, 


-¥ f faeproanvar 


+h& J [Perooanvas. (5.9) 


i ji 
If the particle energies are independent, the second term 
on the right-hand side may be neglected so that 
x 


1 N 
NeP?=—Dd | 


Cy i=] 


io’ ?f(Eiw’ dE’, (5.10) 
and 


I =2NRT*xt/CA ;. (5.11) 


Previous authors have seemingly circumvented the 
explicit neglect of particle energy correlations by a 
coarse graining in space.’ That argument as applied to 
the present method would introduce a modification of 
technique as follows. Instead of locating one particle at 


4 For the most complete discussion see Sec. A and the appendix 
to reference 9. 


IN CANONICAL 


ENSEMBLES 


xo’ and measuring its energy we would measure the 
energy in a macroscopically narrow but microscopically 
wide region about x,o’. We, could then argue that the 
energy correlations decrease in importance inversely 
with the width of the region. If we did this, however, 
difficulties of particle energy correlation would enter in 
the statistical calculation which follows, so it is not clear 
that the approximation can be avoided here. 
Paralleling the technique of previous sections we may 
derive a statistical mechanical expression for the integral 
I or, equivalently, x. No assumption about inde- 
pendence of particle energy is necessary. We find 


x=[1/(2VAT%) KD (x 2-2 0)°E Evo). 


t.] 


(5.12) 


The origins of the terms are again easily perceived [see 
the discussion following Eq. (3.13) ]. 

With the principle of conservation of momentum re- 
placed by conservation of energy the method of 
Appendix I may be employed to convert « to 


(5.13) 


f 
«=[1/(2VRT*) LD (eek —axiokv)P), 
i=] 


a form analogous to Eqs. (4.3), (3.14) and the Einstein 
relation (2.14). The thermal conductivity is pro- 
portional to the mean square x displacement of the 
center of energy. 

Another transformation may be made by Eq. (2.19) 
to yield the autocorrelation expression 


k= (1 vere) f (F 26 J odd, 
where the flow J is given by 


d ad 
J®=—)D r&; 
dt i 


p? 
—14+3 > (V(r. 14+1;,F :;] 


2m i#1 
Pi 
UE L+rK, ) : 


m 


The force, F;, has been resolved into pair components 


F,=> F,,, 


#1 
and use has been made of the Newton law 


F (= —V¥rV (95) =V2;V (15) = —F 


ij: 


The vector separation is defined as r;;=rj—r1;. To 
achieve identity between Eqs. (5.14-15) and the results 
of previous workers’ >> ; r;K;-p; must be identified with 
its spatially averaged value, — (1/V)>";(PV)pi. 
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6. CONCLUSION 


The purpose of this work has been to present a 
simple, somewhat more pictorial basis for recent theories 
of irreversible prowesses. The transport coefficients have 
been shown to be measures of the average spread with 
time of knowledge after the microscopic state of a single 
particle has been specified. In the cases studied the 
average transition probabilities followed a Gaussian law. 
Attention was fixed on the second moment which turned 
out to be proportional to the transport coefficient and 
the time. The equivalence of these second moment 
expressions to the usual forms involving autocorrelation 
functions was demonstrated. 

The question arises as to whether the second moment 
expressions have greater validity than the Gaussian 
curves upon which they are based.'® Consider the 
simplest case, which is self-diffusion. If the Gaussian 
distribution for c;, Eq. (2.6), was rigorously valid then 
one should be free to characterize it, for example, by the 
fourth moment ‘instead of the second. If this had been 
done we would have found the expression 


DP= (1/127) (Ax;)4), (6.1) 


which for equivalence with Eq. (2.4) requires that 


((Ax,)*)= 3[( (Ax,)?) P. (6.2) 


Uhlenbeck and Ornstein" have shown that the Langevin 
equation implies this result as well as the entire Gaussian 
distribution for c,; for times (1/8 and distances 
(x—x,o')>>u.*/8 where msg is the friction constant equal 
to kT/D, and u,* is the x component of some charac- 
teristic molecular velocity; i.e., w.*~ (kT /m)!. 

There appears to be a further degree of arbitrariness 
in our work, the significance of which is not fully 
understood. In ‘reassembling the ensemble” for the 
shear viscosity calculation we found that by weighting 
each subensemble with f;,0' we avoided an odd inte- 
grand which would have yielded zero. At the time there 
appeared to be nothing unique about this manner of 
weighting, and yet later we found that this particular 
procedure was essential in deriving the mean square 
displacement expression, (3.14), and the autocorrelation 
equation, (3.17). A similar situation arises in bulk 
viscosity, thermal conductivity, and even self-diffusion 
(where the weight unity is employed). This does not 
imply that there is anything wrong with the final results 
but rather that other expressions of the same type may 
be valid. 


APPENDIX I 
This Appendix is devoted to outlining the procedure 
which transforms Eq. (3.13) into Eq. (3.14). We begin 
with 


N 
A=( Xo (xjP—2xi0xje+xi0?)PjyPiyo), (A1.1) 


i,j=1 


18 A similar question has been raised by M. Lax, Revs. Modern 
Phys. 32, 25 (1960). 
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from Eq. (3.13). The equalities 
(X iO Piys i Piyo)= > XO Diy tPiys , (A1.2) 


==(¥> xj0*PjyoPiyo), (A1.3) 
t.2 


Xi0"Piyor), (A1.4) 
follow, respectively, from conservation of momentum, a 
canonical transformation, and the evenness of the 
distribution function in momentum. Similarly we find 


(~ Xie’ Pp; v tpi yo) - O23 Xo" pi yo") ( A 1 a ) 
t.2 t 


In Eq. (3.14) there appears the factor 


N , 
B=( (5X ieP jy tPiye— 2X jXioP jy tPiyo 


i,j=l 


+X joX oP; yoPiyo) (A1.6) 


The equalities 


(LO XjXitPiytPiyt)= (OL X j0Xi0P; voP iyo); 
7 i,j 


(A1.7) 


=(>> xi Piyo?), (A1.8) 
t 

follow by a canonical transformation and the evenness 

of the distribution function in momentum. Putting 

pieces together it is seen that A= B. 

Since total momentum is not strictly conserved due 
to wall interactions we have assumed above that the 
correlation of the deviations with the other factors are 
either small or short lived. 


APPENDIX II 


We wish to find a simultaneous solution of Eqs. (4.1) 
and (4.6). The zero of pressure in these equations may 
be regarded as the constant value at infinite distance 
since only derivatives of P appear. The Fourier trans- 
form with respect to x of these two equations may be 
written as the one matrix equation 


03/dt= M8, 
P pete 
” Apes ) 
—kY/p ik/p 
M-( ), 
ipc,"k 0 


k is the transform variable and the German 
denotes transform. The initial condition is 


; uz(k,0) 

dl ( B(z,0) ) 
The boundary condition analogous to Eq. (3.4) would be 
(A2.5) 


(A2.1) 
where 


(A2.2) 


(A2.3) 


type 


(A2.4) 


uz(x,0) == Piz (x— x io’) /pA Z 
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so that 
(A2.6) 
The initial pressure condition turns out to be immaterial 
for the final result and a reasonable choice is 

$8 (k,0) =0, (A2.7) 
corresponding to uniform pressure initially. The solution 
of Eq. (A2.1) is 


U2(k,0) = pyro e**'/pA g. 


8=exp(M2)3o. (A2.8) 


It is easily shown that the second moment is related to 
the Fourier transform by 


a 


M v= f (x—2%,0)*uz(x,b)dx 


—2 


2 


FS 
= Spal ie uA 10") pn0. (A2.9) 


One finds that 


f (x—x,0')?Z(x,t)dx 


£ 


(A2.10) 
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from which Eq. (4.7) follows. 


aM 
= -|: (A2.11) 


ak 


(A2.12) 


APPENDIX III 
By conservation of a pressure fluctuation we mean 
that the integral of the instantaneous pressure over all 
space is independent of time. To show that Eqs. (4.1) 
and (4.6) imply this result we must examine 


« 
fF Pede=BO,). 


— 


(A3.1) 


The matrix M is zero for k=0 so that Eq. (A2.8) ex- 
presses the conservation condition in the form $§(0,f) 
= (0,0). (We are no longer assuming that at zero time 
there are no pressure fluctuations.) 
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Effect of the 2 Transition on the Atomic Distribution in Liquid Helium by 
Neutron Diffraction 


D. G. HENSHAW 
Division of Physics, Atomic Energy of Canada Limited, Chalk River, Ontario, Canada 
(Received January 18, 1960) 


Neutron diffraction patterns for samples of liquid helium at 1.06°K, 2.29°K, and 2.46°K have been 
measured over the angular range 4° to 64° using 1.06, A neutrons. The liquid structure factor i(s)+1 was 
deduced for each curve and these show a change which is associated with the \ transition which indicates 
that the spatial order in the liquid is smaller below the A point than above. The measurements were trans- 
formed to give the radial distribution function 42r*[p(r)—po] from which was deduced the number of 
neighbors under the first shell of atoms and the nearest distance of approach of two atoms in the liquid. 


These lie between 8.; atoms and 9.s atoms and 2.35 / 


1. INTRODUCTION 


KNOWLEDGE of the atomic distributions, 

atomic motions and effective potentials in liquids 
is important in the theory of condensed systems. In- 
formation about the atomic distribution in liquids can 
be obtained from either neutron or x-ray diffraction 
patterns while information about the atomic motions 
can be obtained from determinations of the change in 
energy of inelastically scattered neutrons. Such informa- 
tions are of particular importance in the case of liquid 
helium because the details of the \ transition have not 
been explained and because liquid helium at low tem- 
peratures is essentially in its ground state and therefore 


A and 2.40 A, respectively. 


the liquid most amenable to theoretical investigations. 
Both neutrons' and x-rays*-* have been used to in- 
vestigate the atomic distribution in liquid helium while 
the excitation curve has been obtained through measure- 
ments of the change in wavelength of neutrons inejasti- 


1D. G. Hurst and D. G. Henshaw, Phys. Rev. 100, 994 (1955). 

? W. H. Keesom and K. W. Taconis, Physica 5, 270 (1938). 

3 J. Reekie, Proc. Cambridge Phil. Soc. 36, 236 (1940). 

‘J. Reekie and T. S. Hutchinson, Phys. Rev. 92, 827 (1953); 
T. S. Hutchison, C. F. A. Beaumont, and J. Reekie, Proc. Phys. 
Soc. (London) 466, 409 (1953) ; C. F. A. Beaumont and J. Reekie, 
Proc. Roy. Soc. (London) A228, 363 (1955). 

5 W. L. Gordon, C. H. Shaw, and J. G. Daunt, J. Phys. Chem. 
Solids 5, 117 (1958). 
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cally scattered from liquid helium.** The measure- 
ments®® have shown that there is a marked broadening 
of the spectrum of the inelastically scattered neutrons 
associated with the \ transition. 

The neutron diffraction measurements! suggested a 
change in distribution of scattered neutrons associated 
with the \ transition. This change has also been found 
in later x-ray measurements.°® 

This paper reports rémeasurements to higher statisti- 
cal accuracy of the angular distribution of scattered 
neutrons at temperature above and below the X point. 
The measurements have been transformed to the atomic 
density distributions in the liquid and analyzed in terms 
of number of neighbors under the first shell of atoms. 
The changes in the distributions are discussed in terms 
of the X transition. 


2. APPARATUS 


The angular distributions of scattered neutrons were 
measured using one of the Chalk River Neutron Spec- 
trometers in the arrangement used previously.’? The 
cryostat! with the scattering chamber modified as shown 
in Fig. 1, was a 1-in. diameter cassette with walls 0.010 
in. thick for a height of 23 in. at the level of the neutron 
beam. The cassette was vacuum sealed to the liquid 
helium chamber with indium. In this arrangement the 
liquid used as the refrigerant was also used as the speci- 
men. A carbon resistor,'' cemented into the base of the 
cassette, was used as a temperature sensitive element 
and calibrated against the liquid helium vapor pressure 
for temperatures down to 1.5°K using the T55¢ scale.” 

Hi. K. E 
Stedman, Phys. Rev. 112, 11 (1958). 

7J. L. Yarnell, G. P. Arnold, P. J 
Phys. Rev. 113, 1379 (1959). 

8’ D. G. Henshaw, Phys. Rev. Letters 1, 127 (1958). 

9K. Larsson and K. Otnes, Arkiv Fysik 15, 49 (1959). 

” 1). G. Henshaw, Phys. 111, 1470 (1958). 

J. R. Clement and E. H. {. Quinnel, Rev. Sci. 
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2]. R. Clement, 
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The scattering chamber used to contain the samples of liquid helium. 


Below 1.5°K the cattbention was extrapolated using the 
semiconductor formula."' The temperature of the liquid 
helium was controlled and recorded by means a its 
vapor pressure as has been described. 4 was also re- 
corded by continuously monitoring the resistance of the 
carbon resistor using an electronic recorder 


3. MEASUREMENTS 


The angular distributions of 1.06; A neutrons scat- 
tered from liquid helium at the series of temperatures 


shown in Table I, have been measured at about 210 
equally spaced angular points in the angular range 4° to 
64° to a statistical accuracy of about +2% by recording 
the number of arm counts for a constant and preset 
number of monitor counts. The background from the 
evacuated cassette at temperatures betw 4°K and 
80°K has been measured at each of the angular points. 
For angles greater than 10° the background was essen- 
tially constant between the lines associated with the fcc 
structure of the aluminum of the cassette and amounted 
to about 8% of the total scattering at large angles. 
Below 10° it rose continuously and became excessive 
for angles less than 3°. The measured background was 
corrected for attenuation in the liquid helium using the 
measured transmission cross section for helium of 0.73 
barn! before applying it as a correction 
curves. The resolution of the instrument, in the region 
of the main diffraction peak, measured by recording the 
scattering from powdered KBr and Al was 1.30°. 


to the helium 
} 


TABLE I. Liquid helium neutron scattering. 


Neutron 
Density wavelength 
g/cc) (A) 


Liquid 
temperature Helium 
Curve °K pressure 

1.06, 
1.06, 
1.06, 
1.06, 


0.1452 
0.1459 
0.1452 
0.1451 
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Fic. 2. The liquid structure fac- 
tor i(s)+1 for liquid helium under 
itsnormal vapor pressure at 2.29°K 
(closed circles) and 1.06°K (open 
circles) corresponding to densities 
of 0.1459 g/cc and 0.1452 g/cc, 
respectively. The effect of the A 
transition causes a lowering and 
broadening of the main maximum. 





4. RELATION BETWEEN DENSITY DISTRIBUTIONS 
AND SCATTERING PATTERNS 


The analysis assumes that the scattering is coherent 
and elastic'* and that the transformation commonly 
applied to x-ray and neutron scattering is applicable to 
these measurements. On these assumptions, the meas- 
ured angular distribution of scattered neutrons may 
be transformed to the radial distribution function 
4rr*[_p(r)— po] using the formula! 


2r 
4xr’[p(r) — po ]=— f 
Tv 0 


where r=distance from an atom chosen ‘as center, 
p(r)=atomic density at a distance 7, py>= mean atomic 
density of the liquid, s=(4m/d) sin(¢/2), \=neutron 
wavelength, g=angle of scattering. For liquid helium 


T,—Alsmax aaa) / 
QO; Cemex 


Ie Al smax 
x — : 
ae 
I, is the total scattering’ and Q, is the differential 
cross section for a free helium atom" for the wavelength 


\ at the corresponding values of the variable s, A= ratio 
of multiple'® scattering (assumed isotropic in laboratory 


x 


si(s) sin(rs)d(s), (1) 


i(s)= 


18 PD. G. Henshaw, D. G. Hurst, and N. K. Pope, Phys. Rev. 92, 
1229 (1953). 

4 The total scattering is corrected for background, resolution in 
the region of the main diffraction peaks, and for multiple scattering 
solely in the liquid helium. 

16 For a discussion and a theoretical justification of this pro- 
cedure see N. K. Pope, Report of the Second Informal Symposium 
on Melting, Diffusion, and Related Topics, Ottawa, October 
21-27, 1957 (unpublished). 

16 The multiple scattering included in A is that arising from 
neutron scattering both in the liquid helium and walls of the 
container. 
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S: = sin (T/2) 


system) to the total scattering at Sjox, the last measured 
value of s. 
In the analysis of the measurements, /, is chosen 


so that 
—2r'o= f s*i(s)ds. (3) 


0 


This ensures that p(r) > 0 as r—0. The value of A 
was chosen to make the average value of the transform 
rp(r)=0 for spacings out to 2.3 A the nearest distance 
of approach of two atoms in the liquid.’ 


5. ANALYSIS 


In order to compare the scattering patterns corre- 
sponding to Table I, they must be normalized. A suit- 
able function for such a comparison is the liquid struc- 
ture factor i(s)+1 where 7(s) is defined in Eq. (2). In 
computing the function i(s), the scattering was cor- 
rected for background, multiple scattering solely in the 
liquid helium and for resolution in the region of the 
main diffraction peaks. The intensities were plotted as 
a function of s and the ordinates were read from smooth 
curves drawn through the points at intervals of s=0.1A~ 
in the range 0.7<s<6.0 A”. The function 7(s) was then 
computed using a value of /,, which satisfied Eq. (2) and 
a value of A which made the average value of the cal- 
culated transforms'* rp(r)=0 for spacings out to 2.3 A. 
A was about 8% of the total scattering at large angles. 

The function 7(s)+1 is shown in Fig. 2 for the liquid 
at 2.29°K and 1.06°K. The curve at 2.46°K has not 
been shown, since it is within experimental error the 
same as that measured at 2.29°K. The curves of Fig. 2 

47 This method has been used to determine the level of inco- 
herent scattering in other liquids. D. G. Henshaw, Phys. Rev. 
105, 976 (1957); 111 1470 (1958). 

‘8 The Fourier transforms were calculated by Dr. N. K. Pope 
using the Datatron of the Computation Center, Division of 
Physics at the Chalk River Laboratories. 
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Fic. 3. The radial distribution functions 49r*[/p(r) —po] for each of the curves of Fig. 2. The closed circles and 
open circles are for the liquid at 2.29°K and 1.06°K, respectively. The curves show that the density fluctuations 
are less below the \ point than above. The parabolic curve through the triangles is —4mr*po, the negative of the 


mean atomic density. 


are similar in form but there are differences in detail. 
The curves show low scattering at small s and a peak 
in the region s=2.03 A“! beyond which there is an 
oscillation about unity with a maximum in the region 
s=4.3 A‘. The curves were extrapolated to 0.04 and 
0.095 which represent the level of the zero angle scat- 
tering for the liquid at 1.06°K and 2.29°K, respec- 
tively, calculated using the compressibility formula!” 
Lo=nkTXr where n=number of atoms per unit volume, 
k=Boltzmann’s constant, 7=temperature, and Xr 
=isothermal compressibility. The height of the first 
maximum is dependent upon the method of analyzing 
the curves and in particular upon the choice of J,, which 
depends mainly on the scattering at large s because of 
the s? relation in Eq. (3). Because of this, it is estimated 
that the error in the absolute determination of the peak 
heights is +6°% while the relative error between the 
two curves is +2%. 

Significant differences between the two curves occur 
at values of s less than 3 A~'. The curves at 2.29°K has 
a peak which is higher and narrower together with a 
higher calculated zero angle scattering than the curve 
at 1.06°K. The ratio of the peak height at 2.29°K to 
1.06°K is 1.04; while the ratio of the calculated zero 
angle scattering is 2.37. 

Both curves were transformed to the radial distribu- 
tion function 4r°[p(r)—po] in steps of 0.1A in the 
range 0<r< 20.0 A. The results are shown in Fig. 3. For 
small spacings the functions 42r°[p(r)—po] oscillate” 
about —42r’po then rise rapidly to a peak at 3.6A 


9 F, Zernicke and J. Prins, Z. Physik 41, 184 (1927). 

” |,, Brillouin, Ann. Physik 17, 88 (1922). 

21 As has been discussed,'!* these oscillations are most certainly 
spurious arising from statistical and experimental error and the 
finite range of s over which the measurements were made. 


beyond which the curves oscillate about zero with an 
amplitude which decreases with increasing radial spac- 
ing. The oscillations in the curve at 2.29°K are some- 
what greater than at 1.06°K presumably showing that 
the spatial order in the liquid at the higher temperature 
is somewhat greater than at the lower temperature. 
To analyze the measurements in terms of the density 
distribution in the liquid, it is necessary to calculate the 
function 4arp(r). The changes in this owing to the X 
transition are expected to be relatively small since it is 
the sum of 4xrpo and 42r[/p(r)—po] which gives the 
fluctuation of the atomic density about the mean. The 
changes in the latter, the quantity measured by diffrac- 
tion measurements, produce relatively smal] changes in 
4rrp(r) and quantities derived from it. The atomic dis- 
tribution 4rrp(r) is shown in Fig. 4 for each of the 
curves together with 4xrpo where po corresponds to the 
liquid density at 2.29°K. The corresponding curve at 
1.06°K is only slightly different, lying only 0.7% below 
the curve at 2.29°K and has not been shown. The 
atomic distributions 4rrp(r) for the two temperatures 
are similar showing oscillations” about zero for spacings 
out to 2.3A beyond which there is a maximum at 3.8 A 
and oscillations about 4xrp» at larger spacings. The ratio 
of the height of the maximum of the 2.29°K curve to 


Taste IT. Analysis of liquid helium atomic distribution functions. 


Number of nearest 
neighbors 
Peak Peak 
maximum symmetrical symmetrical 
in 4xrp(r) in 4rr%p(r) in 4xrp(r) 
(A) atoms atoms 


Radial spacing 

Point where 

density rises 
from zero 


Position of 
Liquid 
temperature 
“ 
3.80 8.5 
3.80 8.5 





TRANSITION AND ATOMIC DISTRIBUTION 


the 1.06°K curve is 1.013. At larger r, the amplitudes of 
the oscillation of the 2.29°K curve are somewhat greater 
than those of the 1.06°K curve. Table II gives from an 
analysis of the curves, the radial spacing where the 
density rises from zero and the first maximum of 47rp(r) 
together with the number of neighbors under the first 
shell of atoms which was calculated by two methods. In 
the first, the number of neighbors under a curve sym- 
metrical in 4rr’p(r) about the maximum in 4zrp(r) was 
computed while in the second the curve was made 
symmetrical in 4rrp(r) about the maximum in 4rrp(r). 
The spacing where the density rises from zero is greater 
for the curve at 2.29°K than at 1.06°K. The difference, 
in a direction consistent with the lower order in the 
liquid at 1.06°K, is smaller than the expected error of 
the measurements. 


6. DISCUSSION 


The liquid structure factor i(s)+1 has been measured 
at 1.06°K, 2.29°K, and 2.46°K, the first temperature 
being below the A point while the latter two were above. 
The densities of the liquid are equal at the lowest and 
highest temperature while at 2.29°K the density of the 
liquid is higher by 0.7%. There was no difference outside 
experimental error between the curves at 2.46°K and 
2.29°K but the peak of the curve at 1.06°K was lower 
and broader than the other two. The ratio of the peak 
height of the curves at 2.29°K to that at 1.06°K is 1.04;. 
This ratio is, within experimental error, the same as the 
value 1.06 deduced from our earlier neutron measure- 
ments! for the liquid at 2.25°K and 1.65°K and with the 
value 1.05 deduced from x-ray measurements’ for the 
liquid at 2.4°K and 1.4°K. 

The transforms of these measurements show that 
there is lower spatial order in the liquid below the X 
point than above. The major portion of the change 
occurs in the range 1.65°K to 2.25°K. Inelastic scatter- 
ing measurements® have shown that the atomic motions 
are more ordered below the A point than above and that 
the major portion of the change occurs in the tempera- 
ture range 1.57°K to 2.08°K. Thus, the liquid below the 
\ point shows lower spatial order and greater ordering 
of the atomic motions than above. 

The number of neighbors under the first shell of atoms 
lies between 8.; atoms and 9.; atoms, depending upon 
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Fic. 4. The atomic density 4rrp(r) for liquid helium at 2.29°K 
(closed circles) and 1.06°K (open circles). The straight line is 
4rrpo the mean atomic density of the liquid at 2.29°K. The mean 
density for the liquid at 1.06°K is not shown since it differs only 
slightly from the one shown. 





the method of analysis. These values are slightly larger 
than the value 7.4 and 8.. found previously’ but smaller 
than the number, 10.6 atoms, of the x-ray measurements. 

The point where the atomic density 4rrp(r) deviates 
from zero is between 2.35 A and 2.40 A. This gives the 
nearest distance of approach of two atoms in the liquid. 
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The angular distribution of 1.06, A neutrons scattered from liquid helium at temperatures and pressures 
in the range 1.2°K to 4.24°K and 0 to 51.3 atmospheres for densities up to 0.184 gram/cc has been measured 


at about 210 equally spaced points in the angular range 


5° to 62°. With increasing liquid density, the 


principle maximum moves to larger angles and increases in height. The liquid structure factors are given 
for densities of 0.166 gram/cc and 0.184 gram/cc. The density distribution functions are deduced for each 
of the scattering patterns. A study of these gives 2.27+0.08 A as the nearest distance of approach of two 
atoms in the liquid. The number of neighbors under the first and second coordinate shells changes from 
about 6.5 to 8.5 atoms and from about 9 to 5.5 atoms, respectively, for density changes from 0.095 gram/cc 
to 0.184 gram/cc. The corresponding change in the ratio of their spacings is from 1.47; to 1.38, which values 
are close to v2, the theoretical ratio for a close packed lattice. The analysis shows that the density changes 
in the liquid and during the solid-liquid transformation cannot be accounted for on the basis of a uniform 
dilation of a basic structure. The changes in the distribution function caused by pressure are different from 
those caused by temperature along the normal vapor pressure line. 


INTRODUCTION 


HE density distributions in liquids may be deter- 
mined by transforming the angular distributions 
of coherently scattered radiations and they yield infor- 
mation about the spatial order in the liquid. In the case 
of liquid helium, such measurements have been made 
using neutrons! and x rays*~’ for the liquid under its 
normal vapor pressure. For these conditions, the change 
in the atomic density distribution with liquid density is 
small. Both neutron!” and x-ray® scattering have shown 
that there is a change in the scattering pattern associated 
with \ transition which indicates that the liquid below 
the \ point has lower spatial order than just above. 

In the present work the angular distribution of 1.06; A 
neutrons has been measured for liquid helium at several 
densities up to 0.184 gram/cc by applying pressures up 
to 51.3 atmospheres to the liquid. The scattering 
patterns were transformed to the radial distribution 
functions. The changes in the scattering patterns and 
distribution functions are discussed in relation to the 
change in liquid density, the change in density during 
the solid-liquid transformation and the X transition, 
and in relation to the distribution functions previously 
measured! for the liquid under its normal vapor pressure. 


APPARATUS 


The angular distributions of scattered neutrons were 
measured with the Chalk River Neutron Spectrometer.® 


1D. G. Hurst and D. G. Henshaw, Phys. Rev. 100, 994 (1955). 

2 D. G. Henshaw, preceding paper [ Phys. Rev. 119, 9 (1960) ]. 

3 J. Reekie and T. S. Hutchison, Phys. Rev. 92, 827 (1953). 

*T. S. Hutchison, C. F. A. Beaumont, and J. Reekie, Proc. 
Phys. Soc. (London) A66, 409 (1953) 

§'C. F. A. Beaumont, and J. Reekie, Proc. Roy. Soc. (London 
A228, 363 (1955). 

6 W. L: Gordon, C. H. Shaw, and J. G. Daunt, Phys. Rev. 96, 
1444 (1959). 

7 W. L. Gordon, C. H. Shaw, and J. G. Daunt, J. Phys. Chem 
1444 (1959). 

§ D. G. Henshaw, Phys. Rev. 111, 1470 (1958) ; preceding paper 
[Phys. Rev. 119, 9 (1960) J. 
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The specimens of liquid helium 
helium cryostat.'! The scattering chamber, modified as 
shown in Fig. 1, consisted in a 1-in. diameter Dural 
cassette having walls 0.065-in. thick for a height of 
2}-in. at the level of the neutron beam. This cassette 
was sealed to the face of the liquid helium chamber by 
means of indium. A 3-in. diameter bar of aluminum on 
the upper end of the cassette extended into the liquid 
helium for a distance of 10 in. in order to ensure good 
thermal contact between the liquid and the cassette. A 
resistor? cemented into the cassette was used as a tem- 
perature sensitive element and calibrated using the bulb 
of the cassette as a vapor pressure thermometer. The 
cassette was connected to the high-pressure helium 
supply by means of a §-in. diameter, 0.005-in. thick 
wall nickel silver tube, one end of which was hard 
soldered to the base of the cassette; the other entered 
the vacuum system of the cryostat through the top 
cover plate and was soldered to a liquid nitrogen and 
helium chamber for thermal insulation. Radiation shields 
attached to the liquid helium and nitrogen chambers 
were used to insulate the cassette thermally. A cylinder'® 
of helium gas was used as the source of high-pressure 
helium. The pressure of the liquid in the cassette was 
measured using a 0-2000 psi Bourdon type gauge with 
10 psi subdivisions. The capacity of the liquid helium 
chamber was 6 liters. It was possible to make measure- 
ments for periods up to 72 hours and 24 hours with the 
liquid helium at 4.2°K and 1.5°K, respectively. 


were held in the liquid 


MEASUREMENTS 


The angular distributions of 1.06, A neutrons scat- 
tered by specimens of liquid helium at the series of 
temperatures and pressures in the range 1.2°K to 4.24°K 

2J. R. Clement and E. H. Quinnel, Rev. Sci. Instr. 23, 213 
(1952). 

This gas was supplied by the Matheson Company Incorpo 
rated, East Rutherford, New Jersey, U.S. A 
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Fic. 1. The cassette used 
as a scattering chamber to 
hold the specimens of liquid 
helium at pressures up to 
75 atmospheres. The solid 
aluminum extension was 
used to insure good thermal 
contact between the speci- 
men and the liquid helium 
used as the refrigerant. The 
carbon resistor was used 
as a temperature-sensitive 
element. 
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and 0 to 51.3 atmosphers, listed in Table I, were meas- 
ured over the angular range 5° to 62°. These measure- 
ments were made at several pressures at a constant 
temperature of 4.2°K and at several temperatures and 
pressures at a density of about 0.17 gram/cc. The back- 
ground from the evacuated cassette was measured at 
4.2°K. At angles greater than 10°, it was essentially 
constant between the intense lines associated with the 
fcc structure of the aluminum cassette and was about 
13% of the total scattering at large angles. Below 10°, 
the background rose continuously and became excessive 
at angles less than 3°. The background was corrected 
for the attenuation through the liquid helium using the 
measured transmission cross section for liquid helium 
of 0.73 barn! before applying it as a correction to the 
measured curves. 

The intensities" corrected for background, for counter 
resolution in the region of the main peak using the 
measured resolution of 1.3°, and for multiple scattering 
of neutrons solely in the liquid helium, were computed 


for each curve. Figure 2 shows the corrected curve for. 


the liquid at 4.2° and 51.3 atmospheres corresponding 
to a density of 0.184 gram/cc. The horizontal line repre- 
sents the level of multiple scattering of neutrons in both 
the liquid and walls of the container corresponding to 
the value of A of Eq. (2) of the accompanying paper and 
is about 4% of the total scattering at large angles. The 
curve shows low scattering at small angles, a peak in the 
region of 21.3° and at large angles an oscillation (with a 
maximum in the region of 45°) about a scattering level 
which decreases in much the same way as the scattering 
from free helium atoms.'? 

The statistical accuracy of the measurements is higher 
in the region 5° to 30° than 30° to 65° and may be 

The method of analyzing the measurements is that given in 
the preceding paper (reference 2) where the symbols are defined. 
Equation numbers used here refer to those given in that paper. 


INCIDENT NEUTRON 


estimated from the scatter of the experimental points. 
The curve is dotted in the region of the intense back- 
ground lines from the aluminum cassette where the 
accuracy of the measurements is low. The form of all 
the curves is similar but they differ in detail. With in- 
creasing liquid density, the shape of the main diffraction 
peak changes while its height increases relative to the 
large-angle scattering and its position moves to larger 
angles. The changes in the small-angle scattering were 
consistent with those expected on the basis of the 
changes in the zero-angle scattering calculated from the 
formula 


Ly=nhTXr, 


where Lo=zero-angle structure factor, 7= particle num- 
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Fic. 2. The angular distribution of 1.06, A neutrons scattered 
from liquid helium at 4.2°K and 51.3 atmospheres corresponding 
to a density of 0.184 gram/cc. The experimental points were 
corrected for background, counter resolution in the region of the 
main peak and for multiple scattering in the liquid helium. The 
scatter of the points (some not shown) in the region of 31°, 44°, 
and 52° is owing to the large background lines from the aluminum 
cassette. The horizontal line represents the level of the multiple 
scattering for neutrons scattered both by the liquid helium and the 
walls of the cassette. 
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TABLE I. The conditions at which the curves were measured, together with the data from which the curves were plotted. 


Height Position 
ot of ot 
maximum maximum 2nd zero 
(2/x)si(s) (2/)si(s) (2/)sé(s) 
(A~) (A™) (A) 


Position 


Pressure 
(atmos- 
pheres) 


Tem- 
perature 
(°K 


Density 
(grams 
cc) 


Position 
of 


3rd zero 
(2/)si(s) 
(A>) 


Number 
Number of first of Spacing 
neighbors second second 
peak symmetrical neigh- maximum 
in 4xrp(r) in 4xr%p(r) bors (A) 


Position Position 
where of 
4xrp(r) maximum 

rises from in 4xp(r) 

zero (A) (A) 





0.095 2.05 
0.125 
0.146 
0.170 
0.171 
0.171 
).184 
0.170 
0.174 
0.169 
0.154 
0.147, 
0.1775 


— 
pas 


0.27 
0.45 
0.47 
0.99 
0.106 
0.103 
1.14 
0.83 
0.95 
0.89 
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0.51 
1.10 
0.98 
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0.96 
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* These data have been taken from reference 1. 


ber density, 7= liquid temperature, and X7= isothermal 
compressibility. 


ANALYSIS OF MEASUREMENTS 


To compare the measured curves, it is necessary that 
they be normalized. Suitable functions" for their com- 
parison are i(s)+1 and (2/2)si(s). The function i(s) 
was deduced for each of the measured curves by plotting 
the corrected intensities against angle. Smooth curves 
were drawn through the points and extrapolated to the 
calculated zero-angle scattering. The intensities read 
from the smooth curves in steps of 0.1s forO<s<6.0 A“ 
were used to compute the function 7(s) of Eq. (2). The 
value of /,, was chosen to satisfy Eq. (3) while A was 
determined by calculating’ the transforms rp(r) for 
spacings out to 3.0 A for several values of A. The value 


| 
| 
| 


of A used was that which made the average value of 
rp(r)=0 for spacings out to 2.3 A and was about 4% 
of the total scattering at large angles. The error in 
determining i(s) arises mainly from the error in the 
determination of /,, which depends in large part on the 
scattering at large s owing to the s* relation in Eq. (3). 
The error in the determination of J,, is estimated to be 
+3% from which the error in the determination of i(s) 
may be estimated. In the region of the peak where i(s) 
is about 0.7, the corresponding errors would be 0.06. 
The relative error between the curves is less than this 
because of the consistency in their treatment. 

The function 7(s)+1, the liquid structure factor, has 
been plotted in Fig. 3 for the liquid at densities of 
0.184 gram/cc (4.2°K and 51.3 atmospheres) and 0.166 
gram/cc (2.05°K and 14.9 atmospheres). Each curve 
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Fic. 3. The liquid structure fac- 
tor i(s)+1 for the liquid helium at 
0.184 gram/cc and 0.166 gram/cc 
corresponding to 4.2°K and 51.3 
atmospheres and 2.05°K and 74.9 
atmospheres, respectively. These 
functions were deduced from 
smooth curves drawn through the 
corrected experimental points as 
described in the text. 








i, 
3.0 
Ss = sin P/p th) 


4.0 


® The Fourier transforms 


were calculated at the Computation Center, University of Toronto, on FERUT. 
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Fic. 4. The function (2/2)si(s) 
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shows low values at small s, a peak in the region of 
s=2.15 A and at large s an oscillation about unity 
with a minimum and second broad maximum in the 
region of 3.0 A“ and 4.7 A“, respectively, which are 
12% and 3% below and above the mean value at large 
s. Within experimental error there are no differences 
between the curves for s greater than 3.0A—. The 
function i(s)+1 for the higher liquid density lies below 
and above the lower density curve for values of s less 
and greater than 2.14 A~', respectively. At the higher 
density, the peak is higher and at a larger value of s 
than at the lower density. Thus density changes induced 
by pressure cause much more marked changes in the 
height and position of the maximum than are observed 
for the liquid under its normal vapor pressure.! 

The function (2/2)si(s) used in the transformation 
was the more suitable for the comparison of the curves 
and is shown plotted in Fig. 4 for each of the curves of 
Fig. 3. The form of the main diffraction peak is defined 
by the height and position of the main maximum to- 
gether with the positions of its zeros. They have been 
listed in Table I for each of the measured curves and 
have been plotted in Figs. 5 and 6, respectively, as a 
function of liquid density. The theoretical variations of 
these parameters assuming a uniform dilation of a basic 
structure (see Appendix I) are shown by the smooth 
curves. The experimental points do not fall on the theo- 
retical curves and thus indicate that the density changes 
in the liquid cannot be accounted for on the basis of 
such a simple model and that they are considerably 
more complex in nature. In the region of p=0.170 
gram/cc, the variation of peak height with density is 
almost linear. The heights of the maxima of the curves 
having densities in the region of 0.170 gram/cc were 
normalized to this density assuming this linear relation- 


3.0 4.0 
sin dy (a!) 


41 
s+ 
ship and plotted as a function of temperature in Fig. 7 
together with their estimated errors to determine 
whether or not there is any temperature variation of this 
parameter. The vertical arrow represents the \ tempera- 
ture corresponding to this density. Examination of the 
figure shows that the height of the peak at 1.15° is 0.90 
and is lower than 0.98 the average of the heights at and 
above the \ point. At 4.2°K there is considerably more 
scatter of the points. The lowest value has been shown 
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LIQUID DENSITY GRAMS/CC 

Fic. 5. The height of the maximum in (2/7)si(s) plotted as a 
function of liquid density. The smooth curve shows the expected 
variation assuming a uniform dilation of a basic structure. The 


experimental points do not fall on the theoretical curve. 
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Fic. 6. The lower, middle, and upper sets of points are the 
positions of the 2nd zero, the maximum, and the 3rd zero of 
(2/m)si(s) as a function of liquid density. The smooth curve gives 
the expected variation on the basis of a uniform dilation of a 
basic structure. The experimental points do not fit the theoretical 
curves 


with a larger estimated error because the measurements 
were made with lower accuracy. Allowing for this the 
average value in this region is 0.94. Although the change 
in peak height is not outside experimental error, these 
results suggest that there may be a change associated 
with the A transition. The ratio of the peak height above 
(in the region of 2°K) to below (1.15°K) the \ point is 
1.09+0.07 which may represent a significant change 
associated with the \ transition and this may be com- 





Fic. 7. The height of the maximum in (2 


density as a function of temperature. Each point has been normal 
ized to a density of 0.170 gram/cc. The vertical arrow represents 
the \ temperature at this pressure. 


w)si(s) at constant 


pared with the ratio'® 1.14 for the change? measured for 
liquid helium under its normal vapor pressure. These 
results then suggest that there is a change in the scatter- 
ing patterns owing to the X transition which would 
indicate lower spatial order in the liquid below the \ 
point than above which is consistent with the behavior 
found for the liquid under its normal vapor pressure.! ?:7 


DENSITY DISTRIBUTIONS 


The radial distribution functions 4rr°[_p(r)— po | were 
calculated for all the curves in steps of 0.1 A for O<r 
< 20.0 A. The curves for the liquid at 0.184 gram/cc and 
0.166 gram/cc have been plotted in Fig. 8 together with 
those measured" along the normal vapor pressure line 
at densities of 0.146, 0.125, and 0.095 gram/cc. The 
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RADIAL SPACING 
Fic. 8. The transforms 4zr*[[p(r)—po] for liquid helium at the 
densities shown. The curves at the higher densities were deduced 
from the structure factors of Fig. 3 while the three lower curves 
are for liquid helium under its normal vapor pressure (see refer 
ence 1). The parabolic curves are —4r°po where po is the mean 
atomic density. 


parabolic curves out to about 3A represent —4r°po, 
the negative of the mean atomic density. Each curve 
shows an oscillation'® about —42r*po for spacings out to 
2.3 A, a maximum in the region of 3.5 A and at larger 
spacings oscillations about zero with an amplitude which 
decreases with increased radial spacing. Changes in 
liquid density cause marked changes in the details of the 
oscillation. With increasing liquid density the ampli- 
tudes of the maxima increase while the rate at which 


these maxima decrease with increasing radial spacing 

13 The ratio of the heights of (2 
that quoted in reference (2) is i(s)+1. 

1* The curves for liquid densities of 0.146, 0.125, and 0.095 
gram/cc have been taken from our earlier publication." 

18 As has been discussed earlier, ':?-"° these oscillations are almost 
certainly spurious arising from experimental error and the finite 
range of s over which the measurements were made 


m)si(s) is quoted here while 
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decreases. The spacing where the curves deviate from 
—4rr*po is within experimental error constant and inde- 
pendent of density. 

The changes in the distribution function caused by 
liquid density are brought into more prominence in 
Fig. 9 where the normalized distribution functions 
4rr*{_p(r)/po—1 have been plotted. An examination of 
the curves shows that there is not a uniform change in 
the form of the first maximum with liquid density. The 
curves at the lower density 0.095, 0.125, and 0.146 
gram/cc recorded along the normal vapor pressure 
curve! show a smal! change in height together with a 


® 
= 
oO 
i? 
wn 
o 
2 
a 
7 
cs 
ile 
i -3 
v 


EEE EEE EE Eee 
12 14 16 18 20 


(ANGSTROMS ) 





2 i0 
RADIAL SPACING 


Fic. 9. The normalized transforms 4xr*[/p(r)/po—1] 
for each of the transforms of Fig. 8. 


slight shift in the maximum to smaller radial spacings 
while those at the higher density 0.166, and 0.184 
gram/cc for pressure above the normal vapor pressure 
line, show a more marked increase in height together 
with a shift of the maximum to smaller radial spacings 
For all the curves, the amplitude of the second negative 
maximum increases nearly uniformly with increasing 
density. 

The rate at which the amplitudes of subsequent 
maxima decrease with increased radial spacing is pre- 
sumably connected with the long-range order in the 
liquid. To show how these maxima change with radial 
spacing, the logarithm of the ratio of the mth peak height 


He 


BY EUTRON DIFFRAC T IGN 


Ra/R, 


Fic. 10. The rate of decay of the positive maxima of the transforms 
of Fig. 8. Straight lines have been drawn through the points. 


to the first peak height has been plotted in Fig. 10 
against the ratio of their spacings. Straight lines have 
been drawn through the points indicating that to a first 
approximation, there is an exponential decrease of peak 
height with radial spacing. The values of the exponent 
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Fic. 11. The radial distribution functions 4rrp(r) for each of 
the curves of Fig. 8. The straight lines are 4rrpo. 
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Fic. 12. The normalized radial distribution function rp(r)/p 
for each of the curves of Fig. 8. The straight line is r. 


in the exponential are 1.1, 0.86, 0.72, 0.37, and 0.3; 
corresponding to the liquid densities of 0.095, 0.125, 
0.146, 0.166, and 0.184 gram/cc, respectively. 

The function 4rrp(r) is shown in Fig. 11 for each of 
the curves of Fig. 8. These curves show an oscillation 
about zero for spacings out to 2.3 A, a maximum in the 
region of 3.6 A and an oscillation about 4rrpo at larger 
spacings. The effect of increasing liquid density is again 
seen, the effect of density changes caused by pressure 
being more pronounced than those caused by tempera- 
ture along the normal vapor pressure line. The effect of 
the density changes is brought into more prominence in 
Fig. 12 where the normalized distribution function 
rp(r)/po has béen plotted for each of the curves. The 
normalized distribution shows only small changes with 
liquid density for curves along the normal vapor pres- 
sure, the maximum moving to smaller radial spacings 
and the valley of the first maximum increasing in depth. 
The changes in the curves produced by pressure are 
much more marked. Not only is there a marked increase 
in the height of the main peak together with a shift in 
the maximum to smaller radial spacings but there is 
also a marked increase in the depth of the valley follow- 
ing the maximum. 

The point where rp(r) rises from zero and the position 
of the first maximum give the nearest distance of ap- 
proach and the radial spacing of the first shell of atoms. 
These positions have been determined for all the curves 
and are listed in Table I and have been plotted as a 
function of liquid density in Fig. 13. The position where 
the density rises from zero (lower set of points) changes 
from a value of 2.2 A at 0.095 gram/cc to a maximum 
of 2.35 A in the region of 0.17 gram/cc. Thus this value 


is within experimental error constant and independent 
of density giving the nearest distance of approach of 2 
atoms in the liquids as 2.27+0.08 A. The position of 
the maximum in rp(r) (upper set of points) decreases 
with increasing density showing that there is a change; 
in the mean radius of the first coordinate shell. The full 
curve represents the expected decrease for a uniform 
dilation of a basic structure. The experimental points 
do not fall on the theoretical curve, again indicating 
that such a simple model will not explain the density 
changes. 

The number of neighbors under the first shell of atoms 
has been determined for each of the curves using two 
methods.! The first was a determination of the number 
of neighbors under a peak symmetrical in 4rrp(r) about 
the maximum in 42rp(r) while the second was a peak 
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Fic. 13. The position where rp(r) rises from zero and its maxi 
mum as a function of liquid density. The upper smooth curve 
represents the expected variation of the position of the maximum 
as a function of liquid density assuming a uniform dilation of a 
basic structure. The points do not fit the theoretical curve. 
The lower horizontal line represents the average value of the 
position of the zero. 


symmetrical in 4rr’(r) about the maximum in 4zrp(r). 
The number of neighbors under the second shell of 
atoms assuming peaks symmetrical in 4rrp(r) has also 
been calculated.' The results are listed in Table I. The 
number of neighbors calculated by the first method gave 
values about 1.2 atoms greater than the number calcu- 
lated by the second. These results have been plotted as 
a function of liquid density in Fig. 14, in which the 
squares represent the number of second neighbors, the 
open circles and closed circles the number of first 
neighbors calculated by the first and second method, 
respectively. Smooth curves have been drawn through 
the points. The horizontal dotted line represents the 
number of neighbors under the first shell of atoms at 
the freezing point if the density change (7%) during the 
solid-liquid transformation were caused by a uniform 
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depletion of atoms from a basic structure in the close 
packed solid." 

The measured ratio of the spacings of the second to 
first coordinate shell has values 1.38, 1.36, 1.405, 1.404, 
and i.475 corresponding to liquid densities of 0.184, 
0.166, 0.146, 0.125, and 0.095 gram/cc, respectively. 
These values are not markedly different from the value 
\v2= 1.414, the value expected for a close-packed con- 
figuration. Thus the ratio of spacings of second to first 
neighbors decreases slightly with increasing density but 
has values close to that expected on the basis of a close- 
packed structure. The corresponding ratio of the num- 
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Fic. 14. The open and closed circles represent the number of 
neighbors under the first shell of atoms. The dotted curves were 
drawn as guides to the eye. The closed squares represent the 
number of neighbors under the second shell of atoms. The broken 
line was drawn through these points as a guide to the eye. The 
upper dotted line is the theoretical number of neighbors under 
the first shell of atoms if the solid-liquid transformation were due 
to a uniform depletion of atoms from a uniform structure. The 
experimental points fall below the theoretical curve. 


bers of first to second neighbors changes rapidly from a 
value of 0.72 to 1.5; for densities changing from 0.095 
gram/cc to 0.184 gram/cc and tends to approach the 
value 2 expected for a close-packed configuration. Thus 
the liquid is tending to form a close-packed array at 
higher liquid densities. 

The number of neighbors under the first shell of atoms 


16 D. G. Henshaw, Phys. Rev. 109, 328 (1958). 
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at a temperature of 1.9°K and a pressure close to the 
freezing line is about 8.5 atoms. This number is 29% less 
than the number in a hexagonal close-packed structure'® 
and shows that the 7% change in liquid density cannot 
be accounted for by a uniform dilation of atoms in a 
close-packed structure but that there must be a reorgan- 
ization of atoms during the solid liquid transformation. 
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APPENDIX I 


The calculation of the effect of a uniform dilation of a 
basic structure on the form of the scattering pattern is 
as follows: 

The formula connecting the normalized intensity i(s), 
with the atomic density distribution p(r) is 


x 


si(s)= f 4rr[_p(r)—po | sin(sr)dr. 


U0 
For a uniform dilation in which all distances are in- 
creased by a factor e, we may write 
, 
r=, 
. F 
po = (1/€*) po. 


Then 


x 


s‘i(s’)= f 4rr[_p’(r)—po' | sin(s’r)dr. 
0 


Since the integration extends from 0 to ~, we can re- 
place r by 1’: 


x 


vi(s')= | brrr’[p’(r’) — po’ ] sin(s’r’)dr’. 


0 


Now put p’(r’)= (1/e)p(r) and r’= er, whence 


ee ed oe 
s'i(s’)= J 4arer—————— sin(s’er)der 
0 


é 


a 


1 
-f 4arl_p(r) — po] sin(es’r)dr. 


Se 


Thus the value s’i(s’) at s’=(1/e)s is exactly 1/e times 
the value of si(s) at s. In particular, 


(i) 


(ii) 
(iii) 


the height of the maximum of (2/7)s’i(s’) 

= (p’/p)4X maximum of (2/2)si(s) ; 

the value of (s’) max= (p’/p)*X value of Smax} 
the position 5” (sero) = (p’/p)*X value of S¢sero)- 
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The angular distribution of 1.04 A neutrons scattered by specimens of liquid oxygen at 90.7°K, 


69.0°K, 


62.4°K, and 54.7°K has been measured over the angular range 3° to 78°. Pronounced excess scattering at 
low angles is taken to be magnetic in origin and its form suggests the possible existence of short range mag 
netic order in the liquid. The measured distributions corrected for magnetic scattering were transformed 
to the radial distribution functions 47r*[p(r) —po ]. An analysis of these gives 1.2, atoms and 1.26 A as the 
number of neighbors in, and the spacing of the diatomic shell, 2.7 A as the nearest distance of approach of 
2 atoms in adjacent molecules in the liquid and about 3.9 A as the spacing of the main density maximum. 
The total number of atoms in the main density maximum increases from about 16 to 21 atoms for tempera 
ture change from 90.7°K to 54.7°K. The possible existence of the O; molecule is discussed. 


INTRODUCTION 


OTH x rays' and neutrons* have been used to in- 
vestigate the structure of liquid oxygen. The neu- 
tron diffraction measurements? contained excess scat- 
tering at low angles which was taken to be magnetic in 
origin. The form of this scattering was not known and 
was not subtracted from the measurements before 
transformation to the radial distribution functions. 
This paper reports measurements of the angular dis- 
tribution of neutrons scattered from specimens of 
liquid oxygen at four temperatures in the range 90.7°K 
to 54.7°K. The form of the low angle neutron scattering 
is compared with that theoretically calculated for mag- 
netic scattering from oxygen with uncoupled magnetic 
moments. The distributions corrected for magnetic 
scattering were transformed to the density distribution 
in the liquid and were analyzed in terms of the spacings 
and number of neighbors under the coordinate shells. 
The accuracy of the measurements is discussed in terms 
of the effective resolution of the transforms. The pos- 
sible existence of the O, molecule in the liquid is 
considered. 


APPARATUS 


The angular distributions of scattered neutrons were 
measured using one of the Chalk River Neutron Spec- 
trometers* adjusted to monochromate 1.04 A neutrons. 
Measurements were made in the antiparallel rocking 
position. The specimens of liquid oxygen were held in 
a 0.970-cm diameter cassette having walls 0.010 in. 
thick for a height of 23 in. at the level of the neutron 
beam. The cassette was soldered to the base of the 
modified liquid helium chamber of the cryostat‘ in an 
arrangement similar to that used previously.* The 
cassette was filled with specimens of oxygen from a 
cylinder of oxygen gas.° The temperature of the cassette 

‘N.S. Gingrich, Revs. Modern Phys. 15, 90 (1943). 

?:D. G. Henshaw, D. G. Hurst, and N. K. Pope, Phys. Rev. 
92, 1229 (1953). 

’D. G. Henshaw, Phys. Rev. 111, 1470 (1958). 

‘D. G. Hurst and D. G. Henshaw, Phys. Rev. 100, 994 (1955 

5 The oxygen was supplied by the Dominion Oxygen Company 
Ltd., and was stated to have a purity better than 99.6%. Before 
filling the cassette, the gas was purified by passing it through a 


was measured, controlled and recorded by means of the 
vapor pressure® over the liquid oxygen used as the re- 
frigerant in the liquid helium chamber. 


MEASUREMENTS 


The angular distributions of 1.04 A neutrons have 
been measured at about 137 equally spaced points in 
the angular range 3° to 78° for the specimens of liquid 
oxygen at 90.7°K, 69.0°K, 62.4°K, and 54.7°K. The 
background from the evacuated cassette at 80°K was 
measured at each of the angular points. At large angles, 
the background was essentially constant between the 
lines associated with the fcc structure of copper. Below 
10°, it rose rapidly and became excessive for angles at 
and less than 3°. The background was corrected for the 
attenuation through the liquid oxygen using the known 
cross section for oxygen’ before applying it as a correc- 
tion to the measured curves. 

The results of the measurements of the angular de- 
pendance of the scattered neutrons for each tempera- 
ture are shown by the closed circles of Fig. 1. These 
intensities have been corrected for background, multiple 
scattering, and for counter resolution in the region of 
the main diffraction peak. The accuracy of the meas- 
urements may be estimated from the scatter of the ex- 
perimental points. The large deviation of the points 
measured at the scattering angle of 3° is due to the 
excessive background at this point. The forms of all the 
curves are similar showing moderate scattering at low 
angles with a broad maximum in the region of 9°, a 
principal maximum in the region of 19°, and at large 
angles a series of oscillations about a broad maximum 
in the region of 62°. With decreasing temperature, the 
main maximum increases in height and shifts to larger 
commercial type hydrogen purifier to convert the hydrogen to 
water, which was removed on passage through a trap at liquid 
nitrogen temperatures. It is believed that little if any of the scat- 
tering is due to impurities. 

6 The temperature of the liquid oxygen was deduced from the 
vapor pressure using the tables given in the Westinghouse Re- 
search Report R-94433-2-A, Westinghouse Research Laboratories, 
East Pittsburgh, Pennsylvania. 

7 Neutron Cross Sections, Atomic Energy Commission Report, 


AECU-2040 (Technical Information Division, Department of 
Commerce, Washington, D. C., 1952). 





STRUCTURE 


NEUTRON DIFFRACTION 





INTENSITY (NORMALISED) 


40 


DENSITY GM 
1.184 
1.265 
1.327 
1.367 


(d) 54.7°K 
| 


bi my | 
(b) 69.0°K 


(a) 90.7 °K 


50 80 


ANGLE (DEGREES ) 


Fic. 1. The angular distribution of 1.04 A neutrons scattered from liquid oxygen at the temperatures indicated on the curves. The 
curves are shifted vertically, the zero for each curve being marked. The closed circles are the measured intensities corrected for back- 
ground, counter resolution in the region of the main peak, and for multiple scattering. The smooth solid curve out to 30° gives the 
theoretically calculated magnetic scattering for oxygen with uncoupled magnetic moments. The open circles represent the scattered in- 
tensities corrected for magnetic scattering. The broken curve through these points at angles in the range 2° to 12° represents the intensity 


expected on the basis of similar x-ray diffraction measurements. 


angles while the level of the scattering at large angles 
increases. 


MAGNETIC SCATTERING 


The scattering at low angles observed in the present 
and earlier' neutron diffraction measurements is in 
excess of that observed in corresponding x-ray diffrac- 
tion measurements':* where the extrapolated zero angle 
scattering is consistent with that calculated by the 
formula Lo=nkTXz7 where Lo=zero angle structure 
factor, m=particle number density, T7=temperature, 
and X7=isothermal compressibility. Because isotope 
and spin incoherence are known to be small, this excess 
neutron scattering at low angles is taken to be magnetic 
in origin and must be subtracted before the curves may 
be analyzed in terms of the radial distribution function. 

The smooth solid curves out to 30° of Fig. 1 show the 
calculated intensity of magnetic scattering assuming 


* D. G. Henshaw (unpublished). 


no ordering of the magnetic moments of the oxygen 
molecule. These curves were calculated using the theo- 
retically calculated form factor due to Kleiner,’ the 
known measured nuclear scattering cross section’ of 
8.4+0.4 barns per molecule, the known measured zero 
angle magnetic scattering cross section” of 4.58 barns 
per molecule, and the intensities" corresponding to the 


*W. Kleiner, Phys. Rev. 97, 411 (1955). 

0H. Palevsky and R. M. Eisberg, Phys. Rev. 98, 492 (1955). 

For a monatomic liquid, the scattering at large angles for 
neutrons of these wavelengths exhibits a series of oscillations which 
decrease in amplitude with increasing angle about a scattering 
level which is to a good approximation proportional to oye, the 
free atom cross section. Thus the average scattering at large angles 
is proportional to oy. For a diatomic liquid it is expected that the 
average large angle scattering should vary as oya(1+sinx/x) 
where x = (42d/d) sin(g/2), \=neutron wavelength, g=angle of 
scattering, and d=diatomic spacing. To check this hypothesis, 
the scattering intensities at large angles were calculated using the 
above formula and fitted to the experimental curve normalized to 
the intensity at the angle where siny=0 corresponding to x=2z 
for values of d=1.20 A, 1.25 A, and 1.30 A, the separation of the 
expected diatomic spacing in liquid oxygen. A good fit to the aver- 
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Fic. 2. The ratio of the extrapolated measured zero angle scat- 
tering to the calculated zero-angle magnetic scattering from 
oxygen with no ordering of the magnetic moments. This ratio is 
related to the short-range magnetic order in the liquid. 


free atom cross section deduced from each of the curves. 

The magnetic scattering calculated in this way was 
subtracted from the total scattering at each angle (the 
closed circles of Fig. 1) for angles out to 30°, beyond 
which the magnetic scattering is small. The results of 
these subtractions are shown by the open circles of 
Fig. 1. A smooth curve has been drawn through each 
set of points. In drawing this curve the point at 3° has 
been neglected because of the excessive background at 
that angle. The dotted curve at low angles through the 
points represents the form of the intensity expected on 
the basis of the x-ray diffraction measurements. The 
curves through the open circles tend to fall below and 
above the dotted curves at angles less than 5° and 
between 5° and 12°, respectively. The possibility that 
the broad maximum in the region of 9° may be due to 
\,/2 radiation is small because such a maximum has 
not been observed in the scattering from other liquids 
and the second order contamination is known to be 
small. This suggests that the actual magnetic scattering 
is different from that calculated on the basis of un- 
coupled magnetic moments. Assuming the validity of 
the calculated form factor,® these results then suggest 
deviations which may mean magnetic ordering in the 
liquid similar to that found for solid MnO at tempera- 
tures above its Curie temperature.” A measure of this 
age experimental intensities was obtained using d=1.25 A while 
the calculated ctirves for d=1.20 A and d=1.30 A deviated consid- 
erably from the average scattering at large angles. It was therefore 
taken that the average scattering varied as oya(1+sinx/x) at 
large angles. The average value of the intensities at the angles 
where siny=0 for d=1.25 A was taken as the intensity corre- 
sponding to the free atom cross section and used in determining 
the level of the magnetic scattering. At this angle the calculated 
magnetic scattering is small and may be neglected. 


2 C. G. Shull, W. A. Strauser, and E. O. Wollan, Phys. Rev. 
83, 333 (1951). 
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ordering is given by Lo, the ratio of the measured zero 
angle scattering to that for a system of uncoupled mag- 
netic moments. This ratio was determined for each of 
the curves by extrapolating the total scattering to zero 
angle (dotted curves of Fig. 1). The ratio of the zero 
angle scattering found thus to that calculated above 
gives Lo. The results are shown plotted as a function 
of temperature in Fig. 2 and indicate that the ordering 
increases with decreasing temperature. These measure- 
ments are consistent with the observed™ behavior of 
the solid at temperatures above 23.8°K. Below this 
temperature, it is found that solid oxygen becomes 
antiferromagnetic.” 


ATOMIC DENSITY DISTRIBUTION 


The relation connecting the atomic distribution about 
an atom taken as center and the angular distribution of 
coherent nuclear scattered neutrons is given by: 


oo 
4rr*{p(r)— po} =— f si(s) sin(rs)ds, (1) 


T 0 


where r=distance from an atom chosen as center, p(r) 
=atomic density at a distance r, pp=mean atomic 
density of the liquid, s= (4m/d) sin(¢g/2), A=neutron 
wavelength, g=angle of scattering, i(s)= (J,—J..)/T., 
I,=intensity of coherent nuclear scattering for the 
value s of the variable, J,,=value of J, for s=«. 

For measurements made over a finite range of s, the 
value of J,, cannot be determined directly. In this 
analysis, the value of J,, was chosen to satisfy 


— 29’ po= f $*i(s)ds, 


which ensures that p(r) — 0 for r — 0. Since the inten- 
sity was measured out to a finite value of s, it was 
assumed that i(s)=0 at values of s greater than this. 

In the present analysis, the angular distributions of 
scattered neutrons corrected for magnetic scattering of 
Fig. 1 are taken as the dotted curve through the open 
circles for angles up to 12°, the solid curve through the 
open circles up to 28° and the closed circles at larger 
angles. 

Each of the diffraction patterns of Fig. 1 was 
transformed to the atomic distribution function 
4nr*[p(r)—po] using Eq. (1) in steps of 0.2 A for spac- 
ings in the range 0 to 20.0 A. The value of J,, obtained 
using Eq. (2) was used to deduce the function i(s) for 
each of the curves. The result of the computations are 
shown in Fig. 3 for each of the curves. The parabolic 
curves represent —4mr’po the negative of the mean 
atomic density. Each of the curves shows a peak in the 
region of 1.2 A, then an oscillation about —4ar*po, a 
rapid increase at 2.7 A to a broad maximum at 3.8 A 

3D. G. Henshaw (unpublished). 


“4 The Fourier transforms were calculated on FERUT by the 
Computation Center, University of Toronto. 
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Fic. 3. The transforms 4zr? 
x [(r) —po ]. Thecurvesare shifted 
vertically, the zero of each curve 
being marked. The parabolic 
curves are —4ar°po. 
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beyond which there are oscillations about zero with an 
amplitude which decreases with increasing radial spac- 
ing. The oscillations about —4zrpo at 2.2 A are almost 
certainly spurious arising from experimental error and 
the finite range (Smax=7.6 A~') over which the meas- 
urements were made which limits the resolution of these 
transforms!® to (24/Smax)=0.78 A and which produces 
nonrealistic oscillations on the transform. These oscil- 
lations extend to larger radial spacings and may cause 
the splitting of the main density maximum. 

The radial distribution function 42r’p(r) together 


18 J. Waser and V. Schomaker, Revs. Modern Phys. 25, 671 
(1953). 
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with the mean atomic density 4r’po is shown for each 
temperature in Fig. 4. Table I lists the analysis of these 
curves in terms of the radial spacing and the number of 
neighbors under each coordinate shell.'* Analysis of 
these curves gives 1.26 A and 1.2. atoms as the average 
separation and average number of atoms at the diatomic 
spacing. Owing to the fact that the effective resolution 
of the transforms was 0.8 A, it cannot be said whether 
the value 1.26 atoms js significantly different from 1.0 


16 The number of neighbors at the diatomic spacing was de- 
termined from the area under the peak centered about 1.26 A 
while for the main density maximum the peaks were assumed 
symmetrical in 4xr’°p(r) about the maximum in 477°9(r). 
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TABLE I. Liquid oxygen. 


Diatomic peak 


Spacing 
where 
density rises 


Number of 
neighbor 
atoms 


Liquid Liquid 
temperature density Position 
K) (A) 


Main density maximum 


from zero (A) 


Number of neighbors 
Second 
maximum 


First 
maximum 
in in 
4rr*p(r) 4rr*p(r) 
(A) (A) 


Second 
maximum 
symmetrical 
in 4rr’p(r) 
atoms 


First 
maximum 
symmetrical 
in 42r’p(r) 

atoms 


Total first 
and second 
atoms 





1.29 
1.26 
1.27 
4 


90.7 
69.0 
62.4 
54.7 


1.28 
1.25 
1.30 
1.20 
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Fic. 4. The quantities 44r’p(r) and 42r°po (parabolic curve). 
The zeros for each curve are indicated. 


atoms, the number expected for a diatomic molecule. 
The separation 1.26 A agrees with the spacing 1.25 A 
found above from the analysis of the large angle scat- 
tering. This value is not inconsistent with 1.21 A the 


3.42 4.14 1 
3.44 4.07 a 1 
3.4 4.14 ; 18 
3.5 21.2 


2 
0 4.20 


separation of the diatomic molecule in the ground 
state.'? The nearest distance of approach of two atoms 
in adjacent molecules is 2.7 A while the total number of 
ators under the shells at 3.4 A and 4.1 A increases from 
16 atoms to 21 atoms for temperature change from 
90.7°K to 54.7°K, respectively. These curves have been 
analyzed on the basis of two distinct peaks at about 
3.4 A and 4.1 A, respectively. The justification for this 
is not certain since the effective resolution of the trans- 
forms is 0.8 A. 


DISCUSSION 


The existence of O, has been suggested from the 
results of both spectroscopic and magnetic measure- 
ments on mixtures of liquid oxygen and nitrogen.'® 
Lewis,” from the magnetic susceptibility of such mix- 
tures, calculated that oxygen at 77.4°K should contain 
40% by weight of O,. Assuming that the molecule Oy, 
is tetrahedral with a spacing between atoms equal to 
that of the O2 molecule, a simple calculation on the basis 
of 1.26 atoms under the diatomic shell would indicate 
the existence of 12% by weight of Oy. This number is 
considerably less than that required to explain the sus- 
ceptibility measurements and these results cannot be 
used to confirm the existence of the O, molecule. An 
unambiguous determination of this number must await 
a determination of the radial distribution function with 
better resolution by recording the angular distribution 
of scattered neutrons to larger values of s. Such meas- 
urements will also determine whether the main density 
maximum of the distribution functions at 3.8 A is com- 
posed of a single or double shell of atoms. 
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The Boltzmann equation for electrons in a uniform isothermal plasma is solved by expressing the distribu- 
tion function as a series of orthogonal polynomials in velocity space with time dependent expansion coeffi- 
cients. The microwave conductivity is simply related to certain coefficients. Particular attention is devoted 
to the case in which the plasma is subject to a constant magnetic field and a microwave electric field. By 
introducing an “effective” eleétron temperature, convergence is attained for strong as well as weak electric 
fields. The formulation is particularly suited for problems involving partially ionized gases which contain 
several species of ions and neutrals. The conductivity of a completely ionized gas is calculated with and 
without consideration of electron-electron collisions, and the ratio (yg) of the two results is graphically 


illustrated as a function of microwave frequency. 


INTRODUCTION 


URRENT microwave studies of electrical dis- 
charges demand a more detailed description of a 
plasma than a hydrodynamic treatment can supply. 
Such detail is contained in the electron distribution 
function, f(r,v,/) which satisfies Boltzmann’s equation 


of 
; +v-V,ft+ta-V.f=>, C(fF;). 
ot 


(1) 


The quantity /f(r,v,/)drdv denotes the probable num- 
ber of electrons in the volume element dr about r having 
velocities in the range dv about v at time ¢. The con- 
figuration space gradient is V,, V, is the velocity space 
gradient, and a(¢) is the acceleration due to external 
forces. C(fF;) denotes the rate of change in f(r,v,/) as 
a result of elastic collisions with particles of type 7 
having a distribution function F;. The sum >; C(fF;) 
might be written 


LViC(fF )=CffP\+LCfFi)+ L C(fF,), 


ions neutrals 


to exhibit the fact that in general there may be several 
types of heavy ions and neutral atoms and molecules 
present in the plasma. If only binary collisions are of 
importance, the explicit form of C(fF)) is 


cur)=f f wo ;(w,W)dQ(x,W) 
vo 


X(f(w)F (VW) —f(v)F;(V)}dV. (2) 


The primes denote velocities after scattering and 


v— V 


, 


=W 


(3) 


is the relative speed, which is unchanged by an elastic 
collision. o;(w,y) is the differential cross section for 
elastic scattering of an electron through an angle y in 
the center-of-mass system. 


* Part of a dissertation submitted in partial fulfillment of the 
requirements for the Ph.D. degree at Yale University (1959). 
t Supported by the Office of Naval Research. 
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Our treatment is restricted from the beginning by the 
assumption that a arises from the Lorentz force of a 
constant magnetic field H and a microwave electric field 
E coswt, i.e., 


a(t) = (e/m)CE coswt+ (v/c) XH]. (4) 


The rf magnetic field is taken to be negligible in com- 
parison with H, while E and H are constant in space. 
The geometry is chosen such that H lies along the z axis 
and E in the x-s plane making an angle 8 with H. 

It is further assumed that all particle concentrations 
are spatially uniform and that no temperature (here 
identified with mean total energy) gradients exist. If in 
addition we are allowed to ignore the effect of a on the 
heavy ions, it can be safely assumed that they maintain 
a Maxwellian velocity distribution. A future paper will 
deal with the more complicated problem of space-de- 
pendent distributions. Uniform temperature and con- 
centration means: V,f=0 and f(r,v,/) becomes a func- 
tion of v and ¢ alone. 


il. EXPANSION OF f(v,¢) 


Our approach to the problem of determining f(v,?) 
follows Landshoff' and Grad.’ By developing /f(v,¢) as 
a series of orthogonal polynomials in velocity space one 
obtains a set of coupled differential equations for the 
expansion coefficients. The choice of orthogonal func- 
tions is guided by the fact that the angle factors of the 
eigenfunctions of the collision operator C(/F;) are 
spherical harmonics in velocity space, Y,"(@,¢). The 
appropriate radial functions prove to be generalized 
Laguerre polynomials,’ L,,'*?(mv?/2kT), apparently first 
used in kinetic theory by Burnett.‘ These polynomials 
are eigenfunctions of C(/F;) when wo;(w,y) is inde- 
pendent of w. 


1 R. Landshoff, Phys. Rev. 76, 907 (1949); 82, 442 (1951). 

2H. Grad, Commun. Pure and Appl. Math. 2, 331 (1949). 

3H. Buchholz, Die Konfluente Hypergeometrische Funktion 
(Springer-Verlag, Berlin, 1953). 

4D. Burnett, Proc. London Math. Soc. 39, 385 (1935); 40, 382 
(1935). 
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We are thus led to write 


x +l 


> ani™(t 


——- , 


x 
fa)=> 


n=) |<) m= 
Xexp(— wu?) L,'*3(u?)ul'¥7"(0,¢), (5) 
where u is the dimensionless velocity variable 
u= (m/2kT)'v. (6) 
The electron temperature, 7, is defined by the relation 
T= (1+ .¢)T,, (7) 


where 7, is the gas temperature, assumed common to all 
heavy particles. The parameter ¢€ is a measure of the 
increase in electron energy due to the external fields. It 
is defined by the relation 


e/2(1+€) — (dio /a (8) 


average: 
The time average of the mean electron energy is 


SRT (1 —ayo?/ doo?) tim SkT[1+6€/2(1+€) ], 

so that T is not the temperature in the usual sense. This 
definition of T greatly improves the convergence of the 
expansion for f(u,/). For example, suppose we wish to 
describe the velocity distribution of electrons in a 
microwave discharge. The mean energy of the heavy 
particles is 3k7T,. On the other hand the electrons absorb 
microwave power and may attain a mean energy many 
times that of the heavy particles. If we take T=T,, the 
expansion, Eq. (5), would require a prohibitive number 
of terms to approximate the distribution function. By 
choosing 


kT ~mean energy of electrons 
we “center” the distribution function in the 


densely populated region of velocity space. 
The generalized Laguerre polynomials are defined as* 


n (n+1+}\ (—#): 
L,'+4(4?)= > ’ (9) 
i=0 n— 7 y! 


A more useful relation is 


(l—s +4 exp(- w), (10) 
1l-—s 


The orthogonality condition, determined at once from 


Eq. (10), is 


most 


a 


f exp(—u?)L,'*4 (uw?) L549 (1?) 1d (u*) 


, C(p+/+3) 
ix 0) 
p! 


The familiar spherical harmonics are defined in terms of 
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Legendre polynomials by® 


V1"(0,¢)= (—1)>( 


2/+-1)(l—m)! 
- ) sin”@ 
4 (/+m)! 


P,(cos@)e™?, 
d cosé™ 


(12) 


Y; ™(A «) = ( — 1 "Vp" (Oo). 


They are orthonormal over the unit sphere 


fv (,e)ve" 


Since f(u,/) is real we must have 


6, a dQ 4, ¢ 


ant | (—1)"a,,7’ 


0 


constant do? is 


The 


condition 


V. fiw \du(2kT/m)i: \ 


Substituting for f(u,/) from Eq. (5) and using Eq. (11) 
we find [remembering that Lo}(u") = 1] 


fixed by the normalization 


number of ele 
per ct. 


trons 


Aoo°= (2N../) (m/2kT)!. 


(14) 
The distribution of heavy particles is 


F;(U) = Ao exp(— U2) Lo} (U2) ¥.0(0,®), (15) 


where again 


A wo®= (2N;/x)(M,/2kT,)3, 


and 
U= (M,,/2kT,)*V, 
N; is the concentration of type 7 particles and M; their 
mass. 
Ill. CONDUCTIVITY 
The conductivity tensor @ is a phenomenological con- 
stant relating the mean current density J and the 
electric field. We write 
E cosw/= Re(Ee‘*). 
The complex conductivity is then related to E by 
J=Re(o- Ee‘**) (17) 


=r: E coswite;: E sinw/, 


provided we take 
= Cr—i0;. 


(18) 
For the geometry chosen @ has the matrix form 


Orz Ory 0 
Sie. ¢, OF; 
0 0 Or 


Txrz—Tyy 


Cry= —Cyz. (19) 


5M. E. Rose, The Elementary Theory of Angular Momentum 
(John Wiley and Sons, Inc., New York, 1957). 
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The kinetic expression for J is 
J= ef uftudu(2er ‘m)?, 


where du is an element of volume in u space. 
Substituting for f(u,/) and using the orthogonality 
relation Eq. (11) one finds 


2kT\? 
—— } [4(aoy'— a *") 


m 


+-3(—taoy—iaoy*!) + kv2ao)"}. (21) 


Here, i, j, and k are unit vectors in the x, y, and z 
directions. Thus, # depends explicitly only on the ao,”. 
However, we shall find these to be coupled to the ayo’. 


IV. COUPLED EQUATIONS 


Here, we only outline the method of obtaining the 
equations for the a,;"(¢); details are given elsewhere.*® 
By substituting the expansion [Eq. (5) ] for f(u,¢) into 
the Boltzmann equation and exploiting the orthogo- 
nality of the spherical harmonics and Laguerre poly- 
nomials one obtains the following equation coupling 
the dn;(t). 


0a yi” - 
—imwydy!™+ DL (V2) pn@ni™ 
al n=0 


P—m? 


i 
— 2y(t) coss( ——_—— ) Gpi-1™ 
(2/+1)(2/—1) 


(l+-m—1)(/+m)\? 
—y(t) sna (——__—~) apa" 
(2/+-1)(2/—1) 


(l—m—1)(l—m)\ 3 
+( — —-) an] 
(2/+-1)(21—1) 


(l—m+1)(l—m+2)\3 
ry (ip sing| (——— —) M208 
(21+-1)(2/+3) 


(=) +] 
\ (a41y(i+3) Jo 


(1+1)?—m? \3 
4 2y(t)p coss(————— ) Ap-141"=0, (22) 
(2/+1)(2/+3) 


where the various symbols are defined as 


8=angle between E and H, (23) 
y(t) = (eE/m) coswt(m/2kT)!, 


oQy>= eH /mce. 


(24) 


®*D. Kelly, Ph.D. thesis, Yale University, 1959 (unpublished). 
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The (v:)pn are matrix elements for the collision 
integral. 
x C(p+/l+3) 
} Ont” V1) pn ga ae 


n=O 2(p!) 


--f ult? 74 (u?)\du >) C(fF;). (25) 


0 


Inspection of Eq. (22) shows that the expansion 
coefficients for a given value of / are coupled with those 
for /—1 and /+1. In practice one is forced to place a 
finite limit on the summations over and J, so that 
when /=Jmx the coefficients involving 7+1 must be 
dropped. The convergence of the a,;" with » and / then 
depend on the parameter ¢ introduced in Eq. (7). For 
e<<1 (weak electric field) we find 


1~0 


aniw"= € 2a 90° ; 
«1. (26) 


nO 


). 
Ano? ax €1y0 ; 


In this case the isotropic part of f(u,/) deviates from the 
Maxwellian form by terms of order ¢. For €>1 (strong 
electric field) 


e>>1. (27) 


Ani" = (m/M) "2a"; 


Convergence of the dy0o° with m depends on the micro- 
wave frequency, w, the characteristic frequency for 
momentum transfer, (v;)o0, and the concentration of 
electrons. Distortion of the isotropic part of f(u,f) is 
slight in all cases. To determine the conductivity it is 
sufficient to consider Eq. (22) with /=0 and /=1. On 
examining Eqs. (22), (26), and (27) we see that for 10 
we are justified in dropping the terms involving 
Gp141”'"=! while retaining those with ap;."""*". For 
1=0, the coefficients of @p;1.""*! vanish. This pro- 
cedure leads to the following set of coupled equations; 


OA po” P f 
——+ 3} (0) pn@no’ +2(4)*y (2) cosB pays 1° 
at n=0 
+ (3)'y(d) sin8p(a,117'— 
l=1;m=0 


ay-1 #1) =0, 


0a py" P 
——+ ¥ (01) pnOni°= 2(4)*y(t) cosBago’, 
al n=) $ 


l=m=1 


da,*} P 
= —twHap1t!+ ;& (¥1)on@n1™ 
al n=O 


= — (2)!y(t) sinBayo®. (22c) 


ay: ' can be found from a,;*! with the aid of Eq. (13). 
We have restricted the sum over » to a finite number 
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(P+1) of terms. By comparing results for P=0, 1, 2, --- 
one’ can test the convergence of this scheme. The solu- 
tion of these equations for the ao," needed to determine 
the conductivity is presented in the next section. 

Calculation of the conductivity requires explicit forms 
for the collision-integral matrix elements. We may 
denote the expansion, Eq. (5), as 


f(u,) = fo(u,t)+ ¢(u,d), 


f (5a) 
where /o(u,/) is the isotropic part of f(u,/) and ¢(u,?) is 
the small [as we have seen from Eqs. (26) and (27) ] 
portion which describes how the external forces “‘warp”’ 
the distribution of velocities. 

The portion of the collision integral describing e-e 
encounters, C(//), contains the terms 


{ fo(u’) fo(U") — fo(u) fo(U)} 
+ { fo(u’) ¢(U’) — fo(u) ¢(U)}. 


They yield what is referred to as the linear contribution 
of the e-e collisions. The remaining portion involves 


{¢(u’) ¢(U’)—¢(u) ¢(U)}, 


which gives rise to what we call the quadratic e-e 
contribution. 

Consideration of the convergence with / [Eqs. (26) 
and (27) | allows us to expand >>; C(/F;) and discard 
higher order terms. The details of this expansion are 
given elsewhere® and methods for calculating the matrix 
elements are given by Chapman and Cowling.’ One finds 
that the (v7) p, may be written as the sum of three terms. 


(v1) pn=[2(p!)/T (pt+/+ 3) ] 


xL(X, pr +(Y, pnt (Zi) pn |. (28) 


The (X ,) p» contain the linear contribution of electron- 
electron (e-e) collisions 


r [1—3(s+2) ] 
(st)? 
2 1—st 


[i—3(s+s)] 
=Xst { 
(1—st)* 


S"L?( Xo) pn 


s"l? X, pn i— 


ist) 


X(1—3(s+2) ]+3st(1—st)}. 


(30) 


Here X is a frequency characteristic of e-e collisions® 


ey? 3RTD\? 
( ) ( ) In} 1 +( ) . gg 
kT 2e 


D is the Debye length; 
kT, (1+ €) 


T kT 
A= N, 1) 
) 


m 


DP 


)) 


4nN [1+ 3(1+e) 


7S. Chapman and T. G. Cowling, The Mathematical Theory of 


Non-Uniform Gases (Cambridge University Press, Cambridge, 
1939). 

§ Collisions 
ignored. 


with an impact parameter greater than D are 
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and 4 is the mean ion charge for the plasma 


d= > 32N,/N.. 


tons 


For very strong magnetic fields Tannenwald’® has 
shown that D in the logarithmic term of Eq. (31) is 
replaced by a length proportional to the Larmor radius. 

The (V2) pa for the quadratic 


account electron- 


electron interaction and do not enter the equation for 


1=1. One may write 


Rs. 
ano’ Fe) pa = 


1, m)C(1,1,0 


where 


t(1—t)(s—r)[1—4(s +l+-r—rsl 
12a 4° 


X ($n- LA(r,5, 
provided 


1—3(r+s+i—rst) 
q=- 
1- st 


1—r)(1—s)(1—2) 
1—s 
A= 
1—3(r+st+t 


1—3(r+s+i—rst) 


p= E 

(1—r)(1—s)(1—2) 
The C(1,1,0;m—my2,m) in Eq. (34) are Clebsch- 
Gordan coefficients.® Finally, (Z1)»n is a sum of terms 
accounting for the electron-‘heavy” [ions (e-i) and 
neutrals (e-2) ] collisions. If we assume that the scat- 
tering cross section for these collisions is of the form of a 
power law 


y 
and define 
2kT 
vi(h,j)=24N; 
m 


x f Sil 
¥ 


*L. M. Tannenwald, Phys. Rev. 113, 1396 


= Pyle osw ) | sinydy, 


1959 
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Pi(cosy) being a Legendre polynomial, then we obtain 


s™P (Zé) on 


h+'5\, m . 
=> (har —)——(1—3)s"(1— 9 
4 


/ é 


J 


€ 
XK (1—st)- ler) *f ss), (39) 
1+e 


r 
. ty -njp/7_.\ 
ios S tZy pn 


0 


h+5 
=> rth, at( . *) 


-F$(1—s)"?(1—2)"/2(1—st)-tOr)71, (40) 

J 
Although we have presented results only for power law 
cross sections, the theory readily adapts itself to situa- 
tions involving more complicated forms of o;(w,y). Of 
particular interest is the case = —3 which describes e-i 
scattering. If all ions have the same mass, M;, and the 
mean ion charge is 4 we find 


0 0 0 


2m 
— brv2 
M, 


1—365 3 (15/8)5 


—$6 3—(15/8)6 13/4—(69/16)6 


3/2 15/8 


3/2. 13/4 69/16 


[Z, ] = aAV2 
15,8 69/16 433/64 
V. SOLUTION OF COUPLED EQUATIONS 
In seeking the solutions of Eqs. (22a)—(22c) we 
employ a substitution analysis and write 


1," sinwl+ B,,” coswt, 


d,0°=C,+D, sin2aw+F, cos2wt. 


(43) 
(44) 


ani” =. 


We also assume 
D,,, Fela 


It is found, a@ posteriori, that 
| 3) F,~ (m M,)C,; Do= F,)=0. 


On substituting Eqs. (43) and (44) into Eq. (22b) we 
obtain the results 


m\ieE P La" 
A,®=2 ) cose } wl — 9 
OkT7 m _ L 


m \ieE P L« 
- —cos8 2) (v1)qrFC—, 
ORT m r,q=0 


(46) 


igo 


OF 
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where 


L| =det[ Lon], (47) 


Lan=@ boat Cree (48) 
P 
= z. (V1 } 


r=) 


Vi")an ar\V1)rny (49) 


and L2" is the cofactor’ of L,,. In similar fashion it is 
found from Eq. (22c) that 


m 
3h *) 
m 
a = 
De 


P P 
x pa +a {(r1 qr— WHO9,r}Cr DI 


leR op Da 
sin8 >> wl,—, 

m =0 D 
Lek 


3 


(51) 


with 


9 9 e 1 9 4 
Dyn= (w°— wH~)0g,n1' V1) gn— 2iwH V1 qn: 


d 


(52) 


Unfortunately it is not possible to solve Eq. (22a) by 
using Eqs. (44) and (45)-(51) because the matrix 
elements (vo)pn Contain a contribution from the quad- 
ratic e-e scattering. Explicitly, 

P r'(p+3) 
> 2nv%vo) pn 

n=) 2: p! 


P 


I 
= F anoL(X 0) pn + (Zo) pnJ+3 > 


n=) 


- +1 


> > Qqi"a nl ” 


i=) g=O) m= l 


X(Vo)¢pnC (1, 1, 0; mi—m)C(1,1,0; 0,0). 


The last term on the right introduces products of the C, 
so that Eq. (22a) gives a set of nonlinear equations of 
the form 

P P 

DH pnCat Le apmnCmCn=k p- 

n=O m n=O 

We must therefore determine under what conditions 
it is permissible to ignore the quadratic term. This 
term will be of little consequence if the electron concen- 
tration is so low that 
ny \V} o<1, 


i.e., if e-e and e-i collisions are infrequent in comparison 
with e-z encounters. This will usually be the case for a 
degree of ionization below 10~°.":” In case we are con- 
tent with the approximation afforded by taking P=1 
the quadratic term vanishes—a result of the fact that e-e 
collisions cannot change the concentration or mean 
energy. However the collisions do affect the results 
indirectly through their contributions to (v;) and (»;°). 

 H. Margenau and G. Murphy, The Mathematics of Physics and 
Chemistry (D. Van Nostrand Company, Inc., Princeton, New 
Jersey, 1955). 

J. H. Cahn, Phys. Rev. 75, 293 (1949); 75, 838 (1949). 

2 J. M. Anderson and L. Goldstein, Phys. Rev. 100, 1037 


(1955). 
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(a) Quadratic Term Negligible 


We consider first the case where the quadratic term 
is negligible, by virtue of a low electron concentration or 
because we limit the analysis to P=1. The C, are then 
determined by the equations 


a 
2 Belle 


n=l] 


= pel 7 


where 


P 
Hoa = (nd met 3p] z= sin’3 


Ds 


’ Re( te han 1a 115 g al . 
D 


+-cos’B( ry, 


Q?= (m/2kT)(eE/m)?. 


In the P 


1 approximation we have 


—C1/Co= w10/ u11- 


In view of Eq. (54) this becomes 


Q2 


I Au 
> cos’B(v;) 90 


Ci (Vo) 10 
, 3 : + 
( 0 (vo) 11 3 v9 1149 


0,1 


D® 
+sin’s Re( V1) ,0— 1wH8,0} ~~) (56a) 
|D 
We now consider a special case ; it is assumed that the 
electron and ion concentrations are low enough to 
permit ignoring e-e and e-i collisions. We further assume 
that only one species of neutral scatterers is present and 
that it is of the A=O type. This is referred to as the 
constant collision frequency case. One finds 


(01) pn = ¥1(0, f)8 p. n= V5 png 


€ 
5, a~ bn|l—8, 0). (58) 
l+e : 


In this instance the Laguerre polynomials are eigen- 
functions of the collision integral. In general one finds 
that the rate of convergence depends on the degree to 
which the scattering departs from the 4=0 form. 
Noting that 


2m 
(v0) pn 


M, 


—C/Co= (ay0° e/2(1+.), 


one finds 


M; seE '{ cos’p 
re at 
3kT;\ m tie? 
1 1 


x| . | (59) 
vP+(w-wy)" P+ (wtwy)? 


c. ZECL®Z 


Although Eq. (59) is derived for constant collision 
frequencies it provides a reasonable estimate of ¢ for 
other situations with v replaced by (v1)o0."8 

Returning to the conductivity problem we use Eq. 
(56) in Eqs. (45), (46), (50), and (51) to determine the 
Ao” and By”. 

m \ieE 
i= 2/ 


v2. cosp 


m 
2B 0=2( — 
3kT 


(46a) 


p # {(r, — 1a) 5 ¢,r} 


sin8 > 


P pw pom”’ D* 
x |5.0- y ® (1—6,,0)Co (51a) 
1 py” D 
Substituting into Eq. (21) we can find J and thus o. 
The results are valid for arbitrary field strength in cases 
where e-e collisions are unimportant, and for arbitrary 
electron concentration with P=1. For the constant 
collision frequency case we obtain the well known 
result'*—'6 


Ne 1 1 

oom — i 

‘. Tyy— - | * 1 —— , 9 
2m tl v+(w-wy)? v+(wtwy)? 


P+w*—wy’ 
Xi v—w (60) 
& y + oy? wy 77? 


13 Note that for all but the 4=0 case, (v1)o0 depends on 7 and 
thus «. 

4H. Margenau, Phys. Rev. 69, 508 (1946). 

W. P. Allis, Handbuch der Physik, edited by S. 
(Springer-Verlag, Berlin, 1956). 

16L. Goldstein, M. Gilden, University of Illinois Electrical 
Engineering Research Laboratory Technical Report No. 9, 1956 
(unpublished). 
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Fic. 3 ma /N ee") Reo vs 
Vi)oo/w tor a completely 
ionized gas, including e-e 
collisions, in the P=0, 1, 
2, 3 approximations 


lic. 4. (mw/N,e?) Ime vs 
vijoo/w for a completely 
ionized gas, including e-e 
collisions, in the P=0, 1 
2, 3 approximations. 
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Fic. 5. The ratio yz defined by Eq 
(66) as a function of (¥1)99/w. 
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(b) Weak Electric Field, «<1; Quadratic 
Term Included 

The quadratic e-e term in Eq. (22a) changes the re- 
sults for Cz, n¥0, but does not affect!’ Co. When «<1, 
C,~ Cy and the conductivity depends only on Co= doo’. 
Thus, providing «<1, it is not necessary to solve Eq. 
(22a) with its troublesome quadratic term. One uses 
Eqs. (45)-(51) with C,=Co6,,0 and substitutes in Eq. 
(21) to obtain the result 


Né P 
= | Re > ((v1) go— 1015 0) 


m q=0 
D® D© 
X—-— iw Re—|, 
D D| 
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—COzy— “| Im > ((v1)q0— 1 9 9,0) 
m q=0 
D® Dm» 
nip im—| 
'D | 


| 

NET P (1) gol?—twL” 

Ces" : - : 
m La=0 L! 


17 Cy = aoe « TIT, 4 when «<1. 


Pj Je0 Iw 


For the constant collision frequency case, Eqs. (63) 
(65) give results identical with Eqs. (60)—(62). 

When there is no magnetic field present ¢ becomes 
diagonal 
H=0. 


Orr=Oyy—02:=0; 


Figures 1-4 illustrate the rapid convergence of the 
method. Figures 1 and 2 are plots of (mw/N,e)o vs 
(v;)o0/w for a completely ionized gas, 4=1, ignoring e-e 
collisions while Figs. 3 and 4 show the same quantity, 
but include both e-e and e-i collisions. (v,)oo is a fre- 
quency characteristic of the rate of momentum transfer 
between electrons and ions: 


(V1)00= ‘ (2 mw)? 8x. 


Spitzer and Hairm'* and Landshoff' have calculated 
for the d-c (w=0) case. Spitzer introduced a quantity yz 
to relate o(e-i only) and o(e-e and e-i). 


(66) 


O.-eand e-i~ YECe-is 


and found y~=0.582. Using the P=3 approximation yz 
was determined as a function of (v;)o9/w. The result is‘’ 
shown in Fig. 5. Figures 6-8 compare Reo,, for a 
completely ionized gas with and without e-e collisions 
for three values of (71)o00/w, in the P=1 approximation. 
Figures 9-11 show Reo, for the same values of (71)o0/w. 


VI. EXPERIMENTS; APPLICATIONS OF THE THEORY 


Very few experiments have been performed with 
electron concentrations high enough to show the effects 
of e-e and e-i collisions. Of particular interest is the work 
of Anderson and Goldstein” which shows that there is a 
critical degree of ionization above which the conduc- 
tivity is determined by e-i collisions. They measured the 
conductivity of a plasma formed by the afterglow of a 


18 L. Spitzer and R. Harm, Phys. Rev. 89, 977 (1953). 
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| ; 1.20 
Wy /W 


Fic. 7. (mw/N,e?) Reoz: vs w/w for (v))o9/#=1/10, for P=1, showing the effect of excluding e-e collisions 
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helium discharge, conc'ing that for pressures above 
about 5 mm Hg the conductivity was determined by e-n 
collisions. The “effective” 


found to be 


e-n collision frequency was 


Ve-n=3.12X 108P(T/300)!, p=pressure mm Hg. (67) 


The “effective” collision frequency as it is used here 
refers to the particular average value of the velocity 
dependent collision frequency which allows one to write 
the conductivity in the form 


‘NC? ve-j3— Ww 
= a ’ 

mM Ve. + 

when only type j scatterers are of importance. The 
conductivity appears in this form in the present theory 
only in the P=0 approximation, where it reads 

N .€? (v1(7))00— tw 


m (vi q) oo +a” 


At lower pressures e-i collisions determine the conduc- 
tivity, the effective collision frequency being determined 


as 


(ve-iexp=3.6N ,T— log (3.7 X10°TLV =). (68) 


This should be compared with the corresponding quan- 
tity in our calculations 


8. (mw/N,e2) Reo, v8 wH/w for (v1)o0/w=1, for P=1, showing the effect of excluding e-e collisions. 


} 
(v¢-:) theory = (Vq( ion )oo= ( ) A 


=3.6N ,T- log(4.39X10°- TIN =), (69) 


a result which is almost identical with that of Ginsburg’® 
who found 


(ve. i) theory = 3.59.N ,T—! log (3.22 K 10°TiN 4). 
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® V. L. Ginsburg, J. Phys. U.S.S.R. 8, 253 (1944). 
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0. (mw/N,e*) Reo,, vs wH/w for (ny; w=1/10, for P=1, 
showing the effect of excluding e-e collisions. 
The critical degree of ionization may be defined by 
Ven = Veni: 


Using (67) and (69) one finds that the critical degree of 
ionization for helium is 2.7 10~* at T=300°K. 


KELLY 


For hydrogen, Allis and Brown” found 


Ve-n=5.9XK10°p; hydrogen 
for electron energies above 2 volts. For air, the work of 
5 
Rose and Brown” indicates that for electron energies of 
several volts 
Ve-n=4.3X 10%; air. 


Because of the 7~! factor in (v,.,) the critical degree of 
ionization is strongly temperature dependent. 

Unfortunately the concentration of charged particles 
in the experiment of Anderson and Goldstein was not 
high enough to allow verification of the e-e contributions 
to the conductivity calculated in this paper. 

Lin, Resler, and Kantrowitz” measured the d-c con- 
ductivity (w=0) of a high temperature (15 000°) shock- 
produced plasma. They attained degrees of ionization in 
excess of 10-*. Their results show favorable agreement 
with the theory of Spitzer and Harm!’ for the d-c 
conductivity. Our results for the d-c case (e1) are of 
course identical with those of Landshoff, the calcula- 
tions agreeing to better than one percent with those of 
Spitzer and Harm in the P=3 approximation. 

The theory developed here is also useful in inter- 
preting cyclotron resonance experiments.”*.* The micro- 
wave power absorbed by a plasma subjected to a 
constant magnetic field and microwave electric field 





[U,] 06 /w = | 
Pel 
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*” W. P. Allis and S. C. Brown, Phys. Rev. 87, 419 (1952). 
1 —D. J. Rose and S. C. Brown, J. Appl. Phys. 28, 561 (1957). 
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(mw/ Ne?) Reoy: v8 wH/w for (v1)00/w=1, for P=1, showing the effect of excluding e-e collisions 


2 S.-C. Lin, E. L. Resler, and A. Kantrowitz, J. Appl. Phys. 26, 95 (1955). 
*% PD. Kelly, H. Margenau, and S. C. Brown, Phys. Rev. 108, 1367 (1957). 
* R. M. Hill, Sylvania Microwaves Physics Laboratory, Technical Report MPL-13, 1958 (unpublished). 
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exhibits a strong resonance peak at w=wy, provided 
w>>(vi)o0. For the constant collision frequency case the 
absorbed power density is 


N ¢@F v v 
Page| oe | 
4m LvY+(w—w)? vP+(wtwu)’ 
The width of the resonance curve at half its maximum 
value is 2y. For cases where the collision frequency is 
velocity dependent one generally assumes a power law 
behavior for the cross section, i.e., one takes 
wo (wy) = Sa, i(Y)w". (37) 
The half-width of the absorption curve allows the 
determination of h. In this respect, calculations based on 
the theory developed here® are in good agreement with 
results obtained earlier by the present author and also 
by Hill** who considered the cases A=0, +1, +2. 
There is one notable example where the theory de- 
veloped here has proved inferior to other approaches. 
It involves a method developed by Hirshfield and 
Brown” to measure collision frequencies of slow elec- 
trons. From Eq. (63) one sees that the imaginary part 
of oz, vanishes when 


ReD”/| D| =0. 


At this point the plasma becomes purely resistive and 
the resonant frequency of a plasma filled cavity is the 
same as that for an empty cavity. Hirshfield and Brown 
show that (provided w>mean collision frequency) the 
condition for zero frequency shift is 


oa) w — of 
o- f (:- : =) “do : 
0 v Ov ” 
- d fv 
= -f {3 (ont—w)—() fa, 
0 dv y 


25 J. L. Hirshfield and S. C. Brown, J. Appl. Phys. 29, 1749-1752 
(1958). 
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with fo(v) denoting the isotropic part of the distribution 


function. Taking and assuming fo(v) is Max- 
wellian they obtain the result 


r($) s2keT \* 
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The theory developed here does not give satisfactory 


= cv" 


agreement with this result because 


~d sv *“r3 2vdyv 
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in the P=0 case. Taking P= 1 does little to improve the 
agreement. More ambitious calculations with larger 
values of P might prove Eq. (70) useful in situations 
where the mean collision frequency is comparable with w. 


is approximated by 
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The theory of line broadening given by Lax is found not to apply to shallow impurities in Ge and Si 
Observed broadening may be instrumental at low temperatures and may be due to lifetime broadening 
through phonon interaction at nitrogen temperature. Calculations suggest that p-type spin resonance in 


germanium and silicon may be observable. 


I. INTRODUCTION AND CONCLUSIONS 
Wpeatergrues YNS by Lax and Burstein' have sug- 


gested that the width of impurity levels in silicon 
is due to the simultaneous emission or absorption of one 
or more phonons accompanying the change of state of 
the electron. We find that due to the weakness of the 
electron-phonon interaction in germanium and silicon 
the dominant optically induced transition is purely 
electronic without any change of phonon occupation 
number. 

Burstein' and Newman? have reported measurements 
on B and In in silicon, respectively, which show a signifi- 
cant increase in line broadening by 77°K. Hrostowski® 
showed that there is a lower excited state about 4X 10~* 
ev below the states observed by Burstein and Newman 
both for B and In. The observed broadening may bea 
lifetime effect due to a transition into this lower state 
by emitting a phonon. 

It has been suggested that the broadening mechanism 
of Lax and Burstein rules out the observability of spin 
resonance in p-type germanium and silicon.‘ Present cal- 
culations show that this is not the case. However, signifi- 
cant lifetime broadening due to phonon emission does 
occur. Calculations suggest that this broadening will not 
be sufficient to obliterate the line. Broadening due to 
strains or other imperfections may obscure the reso- 
nance as suggested by Kohn‘ in all but very pure and 
strain free samples. 

If the lifetime theory of broadening is correct, the 
predicted low-temperature line width of the lowest 
excited state is considerably smaller than the experi- 
mental measurements, particularly for indium in silicon 
where a two phonon ‘transition may be required. The 
low-temperature line widths appear to be limited by 
instrumental resolving power. 


Il. CALCULATION 


We write the total wave function of the system, 
impurity electron plus phonons, as a product function in 


1M. Lax and E. Burstein, Phys. Rev. 97, 39 (1955). 

2 R. Newman, Phys. Rev. 99, 465 (1955). 

3H. J. Hrostowski and R. H. Kaiser, J. Phys. Chem. Solids 4, 
148 (1958). 

4W. Kohn, in Solid-State Physics, edited by F. Seitz and 
D. Turnbull (Academic Press, Inc., New York, 1957), Vol. 5, p. 257. 
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the spirit of the Born-Oppenheimer approximation 
V=¢. II, Xo. (1) 
The optical absorption is proportional to the square of 
the momentum matrix element of Y between the two 
electronic levels under consideration 
| 9 / 9 9 
(Wal Pos We) |2= | (bal Perle) |? TD| (xe |g?) |2. (2) 


The electron-phonon interaction couples the states ¥ 
and W; with the matrix elements 


1 


(i| H1| j)=a,'a;;"(q)+aa;;(q), 


aij(q)=7 hq 2pVr; iz [ore "o,dr, 


q is the phonon wave vector, V the volume, p the 
density, » the sound velocity, and Z the deformation 
potential constant. When i and j are different, the 
electron-phonon interaction allows transitions between 
i and 7 with emission or absorption of phonons. This 
effect will be treated subsequently as a lifetime broaden- 
ing. When i=j7, the electron-phonon interaction dis- 
places the center of oscillation of the phonons, by differ- 
ent amounts for i=a@ and i=). The matrix element 2f 
Eq. (2) will then give an overlap between states of 
different phonon occupation numbers. In other words, 
phonons may be emitted or absorbed simultaneous with 
the electronic excitation. This is the broadening mecha- 
nism suggested by Lax.' However, there is also a matrix 
element for no change of phonon occupation which, for 
weak coupling, outweighs the totality of those transi- 
tions in which the occupation numbers change. 


a. a,;;=0, i=j 
The Hamiltonian of a given phonon oscillator is 
H=hw,(a,'a,+ s) +a;,*a,'+aia 2° 
The transformation to the displaced oscillator i 
H’=e'SHe 8; y’=e'Sy, 
S(q)=[—tai* (qQhag' +iais(g)aq |/hw,, 
HH!’ =hw,(ag'agt4) — | aii(g) |?/hwg. 


The overlap integral may be evaluated by expanding the 
exponential e’. Only zero and one phonon terms need be 
kept at this point. Higher terms vanish in the limit of 





PHONON BROADENING 


infinite volume when we are dealing with nonlocalized 
modes. It should be emphasized that we are justified in 
neglecting two and more phonons in a single mode. The 


|exp[ — (2n,+1) 


9 


<eeg ef tx.) 


| (aaa(q) —ave(g 
Substituting Eq. (6) in Eq. (2) gives 
M., 2e— Tab 
(Wal Pet >») |?7= 


Ma 2@- ab 





| hw, 


)) hw, 


] M1 | *e-7°| (aaa(q)—a00(q))/ hwy 


| (@aa(q) —av0(q)) |” (aaa(g’) —av0(q')) |? Mg \{ Ma’ 
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case of two or more phonons in different modes does not 
vanish for infinite volume and is here treated rigorously. 
The overlap integral may be evaluated as 


(@aa(qg)—av0(q)) hw, s] n' =n. 


No n’=n—1, 


ln +1 ‘=n+1. 


no phonons 


nm, absorption 
‘name phonon 


ln qg+1 emission 


jo phonons, 


hw,’ | (ag+1 || Ny t+1 


Yab=>.q| (@aa(g)—are(g))/hw,|?(2n,+1), 


M.1= (ba Per dp). 


If we sum over all one phonon, two phonon, 
possibilities we obtain 


CtC., 


(Wal Der! Wo) |2= | Mer|*ya0"e~72*/n! 


n phonons, (9) 


> | Mer|ya0"e~7°*/n!= | Meal ?. (10) 


n 


The fraction of the line strength in the no phonon transi- 
tions then depends on the constant, y, which is pro- 
portional to the strength of the electron-phonon inter- 
action. For weak interaction, the no phonon line is 
dominant; for strong interaction it is exponentially 
small. Although the above results are valid for strong 
coupling [for nonlocalized modes and neglecting a;; in 
Eq. (3) with i#7], the convergence will be slow and 
Lax’s moment method! would be more suitable for 
studying line shape. 

Our approach has assumed the phonons to be 
independent. This is true when we ignore the terms 
ix j in Eq. (3) and is analogous to the neglect of recoil 
in the polaron problem. 


b. Hydrogenic Model 
Using a simple hydrogenic ground state 
b= (B®) he", 


and ignoring the oscillator displacement in the excited 
state, we obtain for T=0°K 


(11) 


y= —27/6r-hSr* p. (12) 


Taking Z=15 ev for silicon and germanium gives 
y=0.15 silicon; y=0.05 germanium. A more accurate 
calculation using better wave functions, shear deforma- 


(8) 


tion, and transverse modes gives similar results. Values 
are not quoted since the deformation constants are not 
well known. It appears that for » and p germanium, the 
observed line is a no phonon line. The one phonon line 
might be observable as a broad tail, especially for silicon 
at higher temperatures. 


c. Lifetime; a;;~0, ixj 


If we now consider the i~ 7 components of the phonon 
interaction in Eq. (3) we get a lifetime broadening equal 
to hw, full width at half-maximum, where w is the transi- 
tion probability. Standard perturbation theory gives 


E37? (6:+B; \3 


hwi;= 


n absorption 


, (13 
n+1 emission 
Eo= (8:+8,)h0/B.8;. 

We have rather arbitrarily taken the wave functions 
of states 7 and j as 1s functions with Bohr radius 8. n is 
the number of phonons in a mode of energy E. 

To estimate the lifetime broadening of the B line 
observed by Burstein we note that the binding energy 
of the excited state is 0.011 ev. Another excited state 
lies 4X 10~* ev below it. We take 


B:=8;; e 
k=4 X10 


2x«8=0.011 ev; 
Z=15 ev: 


B=53 A; 
7 ev; v=long. vel., 
and compute 

Eo=2.1XK10-% ev; Aw=2.7X 10-5 (n+1) ev=6X 10 ev 


at 77°K. 





4? E. O. 


The experimental broadening js at least 10~* ev at 77°K 
even if the low-temperature breadth is assumed to be 
instrumental. The calculation is extremely sensitive to 
the value of 8 when E> £». If 8 had been taken a factor 
of 2 smaller, the broadening would have been 30 times 
greater, sufficient to agree with experiment. Correct 
wave functions are needed for a conclusive calculation. 
Another possible explanation for the disagreement might 
be the occurrence of a state not seen in optical transi- 
tions at the most for broadening, 
EE. 

At T=0°K the lifetime 
broadened only by transitions to the ground state. 
Equation (13) gives hw~3X 10~ ev for this broadening 
in B doped silicon. If the theory can be trusted to give 
relative values correctly the width would be ~ 5X 10~° ev 
on multiplying by 16 as suggested by the above calcula- 
tion. It seems possible, therefore, that measured low- 
temperature line widths are limited by instrumental 
resolving power for the lowest excited state transition. 


favorable energy 


lowest excited state is 


d. p-Type Spin Resonance 


A more accurate calculation of lifetime broadening 
appropriate to the p-type spin resonance problem has 
been carried out using a 4-fold degenerate wave function 
for p-type germanium of the form 


The phonon interaction was taken from Ehrenreich’s® 
deformable ion model with C;= + 6.6 ev, Cs= +13.3 ev, 
é=0.7. 

The effective deformation potentials for transitions 
between the 4+ magnetic levels are given by 
\. W. Overhauser, Phys. Rev. 104, 649 


5H. Ehrenreich and 
(1956). 


KANE 
(a) Z34 long = (8/45) 


Z 3,4 trans’ = (4 15)( 


CS) 
(CS) 


= Z; = QO. 


(b) 


) 


+ 


2C; 
5 

2C; 
5 


The values of Z? for transitions between levels of given 
my are the same as those for which the signs of both my 
values are reversed. The zero result in (15 e) is a conse- 
quence of time reversal symmetry. 

Using Ehrenreich’s values we compute Z 


(a) 9.5(ev)?; (b) 14.2(ev)?; (c) 5.4(ev)?; (d) 8.0(ev). 


For a magnetic field splitting of 10~* ev the broadening 
due to the (3, — 4) transition is 4X 10-7 ev. Additional 
broadening from the (+1) factor in Eq. (13) begins 
at about 1°K. 

The pairs of states (5, ) and (3, —4) are time 
reversal or Kramers’ doublets. No strain interactions 
occur between members of a doublet but linear combina- 


3 
> 


tions of the doublets due to strain may occur which gives 
a broadening due to the change in g value. 

It should be noted that because of the small value of 
E in this case, the results are independent of the value 
of 8. The main uncertainty lies in the determination 
of Z. The value of Z is very sensitive to the relative sign 
of C; and Cy. We have taken the signs to be the same, 
which gives the largest value of Z. Unless the values of 
C are badly in error, a p-type resonance may be observ- 
able in strain free samples. 
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A possible phase transition in liquid He* has been investigated theoretically by generalizing the Bardeen, 
Cooper, and Schrieffer equations for the transition temperature in the manner suggested by Cooper, Mills, 
and Sessler. The equations are transformed into a form suitable for numerical solution and an expression 
is given for the transition temperature at which liquid He’ will change to a highly correlated phase. 

Following a suggestion of Mottelson, it is shown that the phase transition is a consequence of the inter 


action of particles in relative D states. 


The predicted value of the transition temperature depends on the assumed form of the effective single- 
particle potential and the interaction between He’ atoms. The most important aspects of the single-particle 
potential are related to the thermodynamic properties of the liquid just above the transition temperature 
Two choices of the two-particle interaction, consistent with experiments, yield a second-order transition at 
a temperature between approximately 0.05° K and 0.1° K. The highly correlated phase should exhibit 


enhanced fluidity. 


I. INTRODUCTION 


UANTUM fluids have been the object of intense 
experimental and theoretical investigation for 
many years. At low temperatures, both the boson 
liquid He‘ and the fermion system of electrons in metals 
exhibit a phase transition to a superfluid state but, for 
the rare isotope of helium, He’, which liquifies at 3.2° K, 
on phase transition has been observed above 0.085° K 
the lowest temperature at which experiments have 
been performed. 

Indeed, Landau and his school! described liquid He’ 
as a fluid which has a ‘‘Fermi type spectrum” which is 
tantamount to assuming that the system does not 
exhibit a phase transition to a highly correlated state. 

Recently, an extension? of the successful theory of 
superfluidity of electrons** indicated that liquid He’ 
was unlikely to exhibit a phase transition, although 
this possibility was not demonstrated conclusively 
within the scope of the theory. In the present paper, the 
BCS theory at nonzero temperature is generalized in 


* Permanent address: Department of Physics, The Ohio State 
University, Columbus, Ohio. 

+ This research was supported in part by the National Science 
Foundation and in part by the U. S. Atomic Energy Commission. 

1L. D. Landau, Zhur. Eksp. i Teoret. Fiz. 30, 1058 (1956) 
[translation: Soviet Phys. JETP 3, 920 (1956).] For a review of 
the work of the Landau school, as well as a complete set of 
references see: A. A. Abrikosov and I. M. Khalatnikov, Uspekhi 
Fiz. Nauk 56, 177 (1958) [translation: Soviet Phys. Uspekhi 66 
(1), 68 (1958) }. 

2L. N. Cooper, R. L. Mills, and A. M. Sessler, Phys. Rev. 
114, 1377 (1959) (hereafter called CMS); N. N. Bogoliubov, 
Doklady Akad, Nauk (S.S.S.R.) 119, 244 (1958) [translation: 
Soviet Phys. Doklady 3, 292 (1958) ]. 

3 J. Bardeen, L. N. Cooper, J. R. Schrieffer, Phys. Rev. 108, 
1175 (1957) (hereafter called BCS) ; N. N. Bogoliubov, Doklady 
Akad. Nauk (S.S.S.R.) 119, 1 (1958) ; [translation : Soviet Phys. 
Doklady 3, 279 (1958) ]. 

* For the work of the Bogoliubov school see aiso: Bogoliubov, 
Tolmachev, and Shirkov, A New Method in the Theory of Super- 
conductivity (Consultants Bureau, New York, 1959). 
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the manner suggested by CMS and it is shown that 
this theory does in fact predict a phase transition for 
liquid He* at a temperature which should be attainable 
experimentally. The essential point is that the equa- 
tions which arise in the theory possess D-state solutions 
but not the S-state solutions which had been sought 
previously, without success. 

A brief description of the theory and the associated 
thermodynamics is given in Sec. II and, in Sec. ITI, 
the problem is expressed in a form suitable for numerical 
calculation. The results are presented in Sec. IV and 
discussed in Sec. V. 


II. BASIC EQUATIONS AND THERMODYNAMICS 


In the second quantization notation, the Hamiltonian 
H for a system of fermions may be written as 


h*k? 
H=> —ct(k,o)c(k,o) +3 ¥ ct(k,01) 


k,o 2m kick 


X ct (Ke,o2) (1,2) 0! 3,4)e(Kyoa)e(ks,o3), (1) 
where c'(k,o) and c(k,o) are, respectively, the creation 
and annihilation operators for a particle of momentum 
hk and spin direction ¢. The thermodynamic properties 
of the system are to be calculated from the entropy S 
and the free energy F of the system. 

In the method of BCS, F is evaluated in an ensemble 
of wave functions of the type 


Vexe= I] Coax t+Bubdxt 


k(G) 


TI Landy t—8x] 
k’() 


x I] Cik Pvacuum. (2) 
k’’(S 


by =C_utCut, (3) 
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G, ®, and §$ specify states occupied bv ground pairs, 
excited pairs, and single particles, respectively, and 
(k’”’) indicates either k’’t or k’’|. The wave function V 
is normalized by requiring 
ay=(1—Ay)*, By=hyle'**, (4) 
and hy which is real positive and less than unity, is to 
be determined by minimizing F. The wave functions 
of Eq. (2) allow a quite detailed treatment of the inter- 
actions between particles of equal and opposite mo- 
menta which are thought to be responsible for the phase 
transition. 
Introducing the distribution function, fy, for the 
system, it can be shown, in the manner of BCS, that 


S=-2k d {fe Infe+(1— fe) In(l’— fe}, (5) 
- 


h? 
B—p 


1- 2 fe hy | 
2m 


3 


Une LSet (1—2 fda Ife + (1—2 fer dhe] 


Vic wD (1M daw (1h) 


XC1—2 fn) 1—2 fe) Jere-ek—TS, (6) 


where T is the temperature, & is Boltzmann’s constant, 
u the chemical potential, and 


Ue = (kt, k’t |v kt, k’t 
— (kt, k’t| o| k’t, kt) 
+(kt, —k’J|o/ kt, —k’y) (7) 
— (kt, —k’y|0| —k’y, kt); 
View = (kt, —ky|o/k’t, —k’y) 
— (kt, —ky!o| —k’y, k’4). 


Introducing the definitions 


x (k) [hy(1- hy) (1-2 fide ek 
F(k)=—X Vicex(k’), 
. 
e(k) = (h?/2m)k?- ut+> Ue» 
~ 


Xf t+ (1—2 fier er J, (10) 


and 


E(k)= [e(k)+ F (k) |? }}, (11) 


it is easy to show that on minimizing F with respect to 
¢x, Ax, and fy, we find that, except for the normal state, 


¢s is arbitrary, (12) 


(13) 
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1 tanh}8E(k) 
x(k)=— 2 V «x (k’), 


2 E(k) “ 
with B=1/kT. 

There is a phase transition if there is a value 8, of 8 
for which Eqs. (9), (11), and (14) have a nontrivial 
solutions x(k) whenever 8>., and no solution other- 
wise. T.=1/k@, is the transition temperature. 

8. is that value of 8 for which the equation 


1 tanh3@.e(k) __ 
<<)=- D Vinx (k’) 
2 e(k) k 


(15) 


has a solution. This equation may be obtained from 
Eqs. (11) and (14) by putting F(k)=0 in E(k). 
Equation (15) may then have a nontrivial solution 
x(k) which is made identically zero by the normalization 
required by Eq. (9). 

It will be seen that Eq. (15), when transformed to 
coordinate space, can possess solutions if Vy. is the 
(formal) Fourier transform of a singular potential. If, 
however, U,., is the (formal) Fourier transform of a 
singular potential, then e(k) defined in Eq. (10) will 
be infinite in general. A more elaborate theory is neces- 
sary to circumvent this difficulty and, in the manner of 
CMS, we anticipate the result of such a theory by 
introducing the single-particle energies e(&) and writing 


e(k) =e(k) —p, (16) 
and then u=e(kr) follows from the requirement that 
the number of particles correspond to a Fermi mo- 
mentum tke. 

The form of e(k) is not to be calculated here but is 
to be determined from other considerations. However, 
it is clear from Eq. (15) that the value of 8, is strongly 
dependent on the properties of e(%), and, indeed, it will 
be shown in the next section that the derivative of e(k) 
at the Fermi surface is of dominant importance in this 
connection but that the result is insensitive to the other 
detailed properties of e(k). 

We shall now show that the value of de(k)/dk!\k=kp 
is determined by the specific heat of the liquid just 
above the transition so that, since Vx,x, is the only 
other assumed quantity in Eq. (15), the value of 8, will 
be made to depend on two empirically determinable 
factors. 

Using Eqs. (5) and (13), the specific heat C is given by 

‘=TdS/dT, 
so that 
C=2k8? yo Siw’ ( 1 — fy ) 
“ 
< [E*(k’)+B8E(k’)dE(k’)/dg). (17) 


Above the transition temperature, E(k)=e(k), and 
the right-hand side of Eq. (17) may be evaluated in the 
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usual way (see, e.g., Mayer and Mayer'), and it is 
found that 


eT — ,de(k’) 
C.= —ky / —“| 40(T?). 
3 dk! \t’=kr 


[C, is the specific heat for 8<8,—i.e., for the normal 
fluid. | Thus, for sufficiently low temperatures, C, is a 
linear function of 7, and this relationship holds down 
to the transition temperature. Now, the properties of 
the normal fluid do not undergo any discontinuous 
change at f,, so that 


(18) 


lim e(k)= lim e(k) for all &. 


8 —Be* B—Be- 
Consequently we may use the value of de(k)/dk|k=kr 
obtained for 8 <8, in the solution of Eq. (15) for 8=8.. 
The experiments of Brewer, Daunt, and Sreedhar,*® 
which extend down to 0.085° K, show that the specific 
heat has become a linear function of temperature which 
extrapolates to zero at absolute zero. If Cr is the specific 
heat of an ideal Fermi gas and Cp is the observed 
specific heat, then it is found that 


Co/Cr=2.00+0.05. (19) 


If we define the effective mass m* at the Fermi 
surface to be given by 


he? 1 de(k) 
—= lim - ——, 
m* kek dk 


then it is clear from Eq. (18) that, for small 7, 


C./Cr=m*/m, (21) 


which implies that we must use a single-particle 
spectrum with effective mass of 2m at the Fermi surface. 
Finally, Eq. (17) may be used to obtain an expression 
for the discontinuity of the specific heat which is the 
difference between the specific heat (Cx) of the highly 
correlated state (for B>@8.) and that (C,) of the 
normal state (for 8<£.). 
Neglecting terms of order 7°, we find, at the transition 
temperature, 
Cx-C, 3 
anne a, (22) 


MS T 


where & is the angular average of |F(k)dF(k)/d8| 
evaluated at |k| =kr and B=8,. 


Ill. EXPRESSIONS FOR THE TRANSITION 
TEMPERATURE AND THE SPECIFIC 
HEAT DISCONTINUITY 


1. Rearrangement of the Equations 
When e(k) has a given form, Eq. (15) becomes a 
5 J. E. Mayer and M. G. Mayer, Siatistical Mechanics (John 
Wiley & Sons, Inc., New York, 1940). 


6D. F. Brewer, J. G. Daunt, and A. K. Sreedhar, Phys. Rev. 
115, 843 (1959). 
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a set of equations each referring to a definite angular 
momentum /, (The formal manipulation is precisely the 
same as that used to separate the Schrédinger equa- 
tion.) 

CMS sought /=0 solutions of Eq. (14) (with B—> «) 
and showed that it was unlikely that such solutions of 
that equation (and hence of Eq. (15) existed). Indeed 
this conclusion is confirmed by the numerical work 
described later. 

However, it was suggested by Dr. B. Mottelson 
(private communication) that there might be an /=2 
solution. The plausibility of this suggestion may be seen 
at once from the results of Emery’ who showed that a 
sufficient condition for the existence of a solution of 
Eq. (15) is that the phase shift in the solution of the 
corresponding Schrédinger equation [with angular 
momentum / and with kinetic energy e(k) ] should be 
positive at the Fermi surface and that the energy gap 
increases as the phase shift increases. 

Now the free-space shifts* for the He® at kp are —61° 
for 1=0, —2° for J=1, +19° for /=2, and +11° for 
1=3. Higher angular momentum states show a steady 
decrease in phase shift as / increases. In e(k) the effective 
mass is 2m at the Fermi surface and is everywhere 
greater than or equal to m. This is equivalent to 
strengthening the potential and suggests that there 
should be a phase transition for /=2 and /=3, possibly 
for /=1 but probably not for /=0. The largest transi- 
tion temperature should be obtained for /=2. These 
qualitative conclusions are born out by our numerical 
results and the predicted transition temperature cor- 
responds to the calculated D-state value. (It should be 
noted that, since the /=2 and /=3 phase shifts are so 
nearly equal, changes in the conventional two particle 
potential could result in the largest transition tem- 
perature’s arising for /=3.) 

Consequently, we seek a D-state solution of Eq. (15) 
although for 8>8-, the solution of the nonlinear equa- 
tion (14) has a much more complicated angular de- 
pendence, which becomes more nearly pure D state as 
B-+ Be. 

In Dirac’s notation, the radial part, |W), of Eq. (15) 
for /=2, satisfies 


|y)= —Go|y), (23) 


tanh}6-.«(k) 


dk | k){k|———— 
e(k) 


, (24) 


and 
(r|k)=krjo(kr), 


j2(kr) being the spherical Bessel function of order 2. 
The most obvious method of solving Eq. (23) would 
be to introduce an eigenvalue (8) multiplying G and to 
determine the value 8, of 8 for which one eigenvalue 
Ao(8.)=1. It turns out, however, that there are several 


7\V. J. Emery, Nuclear Physics (to be published). 
8 J. de Boer, J. Van Kranendonk, and K. Compaand, Physica 
16, 545 (1950). 
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negative eigenvalues of smaller magnitude than Ao, and 
this fact makes it difficult to determine Apo with sufficient 
accuracy. Consequently we rewrite the criterion deter- 
mining 8, in a more convenient form which also displays 
in a most striking way the sensitivity of 8, to e(k) and 
to the two-particle potential. 
Define 
ky —Gy Y/); 


where 


1 7” tanh3@.e(k) 
a f dk{ | kXk| — | keke! ] 


WT “9 e(k) 
Then from Eqs. 
+ 
(glo 


Thus, defining 


L(g, 


1 fr” tanhdpe, 
f dk 
T 0 €; 


we find from Eq. (27) that 


L(8.)=—1/(¢|0| kr), (29) 


provided |y) is not identically zero, i.e., a highly cor- 
related state must exist. The evaluation of 8, now rests 
upon the determination of the integral in Eq. (28) and 
the solution of the inhomogeneous integral equation 
(25), which is not beset by the numerical difficulties 
associated with the solution of the eigenvalue equation 
(15). The numerical procedures used to obtain 
(¢|v| ke) are described in Appendix I. 


2. Evaluation of L(3.) 


In this section we describe the evaluation of L(8,) 
in the effective mass approximation. This approxima- 
tion is quite good, since the integral in Eq. (28) is most 
sensitive to the values of e(#) for k near to kr. The modi- 
fications of the result are quoted in Sec. IV for the 
specific forms of e(&) which are used. Thus we take 

e(k) =h?k?/2m*. (30) 
Then for 8, large there exists a x such that both 
(h?/2m*)8..|°—ke*|>>1, and k—kre'<K1, (31) 
so that L(8,.) may be approximated by 
2m* | 


Lip.) 
rh? Sy 


k?— kp? 


« tanh (A°8, 


2m* )krx } 
dx}. 
K 2k; x 


(32) 


The third integral on the right-hand side of Eq. (32) 
has been evaluated by BCS (for large 8.), and it is 
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found that (the value of « not appearing in the result) 


_  2m* 2.28h7k 8, 
L(g.)= nf ), 
wh kp m* 


hk pe r i kp 
kT ,.=2.28 exp ) (34) 
7 ke ) 


m* 2 m* (¢ 

in the effective mass approximation. A more careful 
evaluation of L(8.) shows that the effective mass at 
the Fermi surface appears in the result just as in Eq. 
(33), and that a more general form of e(&) away from 
ky merely alters the factor 2.28, to give a small change 
in the transition temperature [since as will be seen in 
Sec. IV (¢|v| kr) scarcely depends on the finer details 
of e(k) }. 

Equation (34) shows the precise manner in which T 
is determined by m* [which is an experimentally deter- 
mined property of e(k)] and by (¢!/2/ kr), which is 
calculated for the experimentally determined interac- 
tion and which is very insensitive to the value of 8, 
(see Appendix I). 


3. Specific-Heat Discontinuity 


To calculate the specific-heat discontinuity given by 
Eq. (22), we rearrange Eq. (14) by the method used in 
this section to transform Eq. (15). To first order in 

F (k) |? it is found that for real F(k) 


1 f*  tanh3sF(k) 
f io 
T E(k) 


0 
where 


E(k)=[e(k) + F?(k) 3, (36) 


F?(k) being the angular average of F?(k)P.?. It is shown 
in Appendix I that, for 8 very large, the right-hand side 
of Eq. (35) is independent of 8 to a very good approxi- 
mation. Thus the derivative: of the left-hand side of 
Eq. (35) with respect to 8 is approximately zero. For 
F(R) small, it makes an appreciable change in E(k) for 
k near to kp only. Consequently we replaced F(k) by 
F? (kp) for all k. With these approximations, the ex- 
pression for (d/d8)F*(ke) is independent of the form 
of the interaction » and has been evaluated by BCS. 
It is found that 
d 10.2 


Ff kr \— 


lim 
B Be dg 


provided that F(k) is not identically zero for |k| =p. 
[ For further discussion see Appendix IT. ] The left-hand 
side of Eq. (37) is equal to (30/7) & in Eq. (22), so that 

Ce=h7iC, 38) 


at the transition temperature. 
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TABLE I. Values of (¢!1 


Two-body 
potential 


6-12 [Eq. (39) ] 


Single particle 
potential 

None [Eq. (42) ] 

Schrédinger equation 


None [Eq. (42) ] 
B. and G. [Eq. (41) ] 


Y-S [Eq. (40) ] None [Eq. (42)] 


Schrédinger equation 


B. and G. [Eq. (41) ] 


IV. RESULTS 
1. One- and Two-Body Potentials 


The transition temperature has been evaluated for 
two choices of e(&) and of v in order to determine the 
sensitivity of the result to the assumptions. 

The first form of v(r) is a Lennard-Jones 6-12 poten- 
tial with parameters determined by de Boer,’ 


v(r) = VoL (r0/r)®—2(r0/r)*], (39) 


with Vo9=10.22°K, r9>=2.869 A. This potential is pre- 
sumably the best now available in that it has been 
fitted to a wide range of experimental data in the low- 
temperature region.” 
As an alternative, the Yntema-Schneider potential 
1.24 1.89 


v(r) = 7250] 1200e-4-*" — — 
r6 r 


rx, (40) 


has been used (r is measured in A). This interaction has 
not been {studied in the quantum mechanical region, 
although 4t is known to have too little attraction by at 
least 10%." 

For a form of e(k), we have used the results of 
Brueckner and Gammel.”:* Their potential does not 
include rearrangement energies which, on nuclear 
matter, have an appreciable effect. Consequently, we 
have taken their potential for a particle excited from 
the Fermi surface (f=1.0; see reference 12) and kept 
the same general shape while altering the scale so that 
e(kr) is equal to the mean binding energy, and also 
requiring the effective mass at the Fermi surface to be 


8 J. de Boer, Supp!. Physica 24, 90 (1958). We are indebted to 
Dr. J. de Boer for a most illuminating communication concerning 
the various two-body potentials. 

© A detailed discussion of potentials will be found in reference 9. 

J. L. Yntema and W. G. Schneider, J. Chem. Phys. 18, 646 

Brueckner and J. L. Gammel, Phys. Rev. 109, 1040 

Che authors are indebted to Dr. K. A. Brueckner and Dr. 

J. L. Gammel for the effective single-particle potential, as well 
as for informative communications concerning them. 
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kr) (Eq. (25), (26)] and the transition temperature, for various input functions. 


L(8.) evaluation 





m*/m=2.00 [Eq. (34) ] 


m*/m=2.00 [Eq. (34) ] 0.35 
m*/m=2.00 [Eq. (34) ] 
m*/m=1.00 LEq. (34) ] 


B. and G. [Eq. (43) ] 


0.16 
0.0045 
0.077 


m*/m=2.00 [Eq. (34) ] 0.14 


m*/m=1.00 [Eq. (34) ] 
B. and G. [Eq. (43) ] 


0.0018 
0.067 


2.0 rather than 1.85, which was obtained.” A good 
approximation to the curve was found to be given by 
the following analytic function ; 


—0.632+0.50k° for 0<k<0.9, 


h? 
R?—1.043+1.03(k—0.9) for 0.9<k< 1.913, 
2m 


> 


Rk? for 1.913<k, (41) 
where & is in units of A~' and kp has been taken as 
0.8 A~'. Calculations were also performed with no 
single-particle potential, i.e., 


e(k) =h*?k?/2m. (42) 


The value of L(8.) for e(k) given by Eq. (38) is 
determined by putting m*=m in Eq. (33). For e(k) 
given by Eq. (37), 


2m* 1.09h7k "8 
L(g.)=— in( - ), (43) 
th’ kp m* 
with m*=2m. Thus the more complicated potential of 
Eq. (41) simply causes a factor 1.09/2.28=0.48 in the 
expression (34) for T,. 


2. The Transition Temperature 


The results of the numerical calculations are sum- 
marized in Table I. 

The Schrédinger equation has also been used to 
evaluate (¢|v| kr) (see Appendix I). It can be seen in 
Table I that (¢| | &) is not sensitive to (i) the influence 
of the exclusion principle (see first and second entries 
for (¢|v| kr)) or (ii) to the dispersive effect of e(k) (see 
the second and third entries for (¢|/v|kr)). The dis- 
persive effect would be important, however if v(r) were 
a hard core plus attraction. At the same time, since 
kT. depends exponentially on (@/v|/kr), there is an 
order-of-magnitude difference between the correspond- 
ing values of kT,. 
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V. DISCUSSION 


The values of 7, for m*=m indicate the sensitivity 
of T, to the slope of e(&) at the Fermi surface. A change 
in the specific-heat curve at low temperatures could 
change the experimental value of m* and thus have a 
large effect on the calculated value of T,. 

The results indicate a considerable sensitivity to the 
assumed form of v(r), the agreement between 7, 
obtained from the 6-12 potential and the Yntema- 
Schneider potential being entirely consistent with the 
D-state scattering which they predict. It should be 
noted that these potentials are primarily obtained from 
the second virial coefficient which depends on the scat- 
tering for all angular momentum states and does not 
determine the potentia] accurately for any one angular 
momentum state. Certainly a small change in the 
potential could have a large effect on 7. without 
causing an appreciable change in the calculated value 
of the second virial! coefficient. 

Probably the best value of 7, which we can quote at 
present is 0.08°K which is obtained using the (adjusted) 
Brueckner and Gammel potential [Eqs. (41) and (43) ] 
and the 6-12 potential of de Boer [Eq. (39) ]. 

This value for the transition temperature lies in the 
region just below the lowest temperature at which He’ 
has been observed experimentally. It should be born 
in mind however that a small change in the two-body 
potential or in the low-temperature specific heat (in the 
normal state) can have a rather large effect on the 
predicted value of the transition temperature. 

Also, it is true that the validity of the theory depends 
on the assumption that the normal fluid can be de- 
scribed as a system of weakly interacting quasiparticles. 
It is possible that the temperature at which this de- 
scription becomes good is somewhat lower than our best 
predicted value of 7.. In this connection it is important 
to note the linear behavior of the specific heat® and the 
rapid increase of the self-diffusion coefficient!® at low 
temperatures. These experiments lend strong support 
to the increasing validity of the quasiparticle description 
of the normal fluid, at decreasing temperatures. 

We have not investigated, in this paper, the proper- 
ties of the highly correlated phase other than to cal- 
culate the discontinuity in the specific heat. There are, 
however, many properties of the state which should 
be subject to experimental investigation. In particular, 
there should be interesting spatially dependent proper- 
ties associated with orientation of the liquid, as well 
as striking effects in the magnetic susceptibility. 

The excitation energy near the, Fermi surface is 
given by 2|F(k)| for |k! =&,. Since’ F(k) is a function 
of the direction of &, it will be zero for some directions 
unless, when F(k) is expanded in spherical harmonics, 
the spherically symmetric part is dominant. (The 

4 Note that at kr (=0.8 A~), the 6-12 potential gives a phase 
shift of 17.7°, while the Y-S potential gives a phase shift of 17.5°. 

16H. R. Hart, Jr., and J. C. Wheatley, Phys. Rev. Letters 4, 3 
(1960) 
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angular average of the nonspherically-symmetric part 
is zero.) This is certainly not the case near to 8., where 
the D-state solution dominates, and seems to be unlikely 
for 8>8,. although the essential nonlinear character cf 
Eq. (14) makes it difficult to make a precise statement. 
In these circumstances the highly correlated phase 
is expected to exhibit a strongly enhanced fluidity with 
a viscosity which decreases with fluid velocity. 
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APPENDIX I. NUMERICAL PROCEDURES 


To evaluate (@|v|kr), the coordinate space repre- 
sentative of Eq. (25) was solved numerically using the 
IBM 704 at the Computer Center of the University of 
California in Berkeley, and a program written by means 
of the FORTRAN II system. 

For very small transition temperatures, @, is large 
and the hyperbolic tangent in Eq. (26) differs from 
unity only for k very near to kr. Thus, since the rest 
of the integrand in Eq. (26) is nonsingular near kp, the 
exact value of 8, is unimportant in the evaluation of 
(r|Go\r’) (provided 8, is large) and tanh(1/2)Ge(k) 
may be replaced by unity for this purpose. 

In coordinate space, Eq. (25) becomes 


D 


e(r) =kerjalker)— f dr'(r'Go|r’)v(r')eol(r’). (A1) 


This equation was solved by replacing the integral by 
a Gaussian quadrature approximation, the ensuing set 
of linear inhomogeneous equations being solved by 
means of a library subrouting.'® 

For the quadrature, the range of integration was 
broken into three parts bounded by a<d<c<d in each 
of which an m,-point Gaussian quadrature formula was 
used. The best locations of a, 6, c, and d were determined 
by trial. The values used were a= 1.0 A [since ¢(r) was 
essentially zero at this point ], = 1.997 A [since v(r)¢(r) 
had its maximum at this point so that the greatest 
number of Gauss points fell into the region in which 
v(r)o(r) was rapidly varying], c=3.5 A (results were 
insensitive to this value) and d=7.0 A [increasing d 
beyond this value caused no change in (@ v| kr) owing 
to the short range of »(r) ]. 

The difference in (¢|v| kr) for n;=10 and m,;=16 was 
1%. 


16 B. Garbow, Matrix Inversion with Accompanying Solution 
of Linear Equations, Share program F1 AN F 402 (unpublished). 
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To evaluate (r|Go|r’) write 


(r|G! r’)=G,(r,7')+G2(r,7'), (A2) 


where 
r<r’ 
(A3) 


G,(r,r') =—— 


—m | (ker) (Rer’) jo(Rer)no(ker’), 
hk p 


(ker) (ker’) jo(Rer’)ne ker), r>r' 
[where jo(ker) and me(ker) are spherical Bessel func- 
tions of order 2], and 


x 


G.2(r,r’) = f dk k’rr’[ jo(kr) jo(kr’) — jo(Rer) joker’) | 


Tv 0 


1 1 
x(- ; a Sy ) (A4) 
e(k)—e(kr)| (h?/2m)(k?— ke’) 


In this form, the integral over & could be terminated 
at kR=«=4.5 A with good accuracy and the integral 
evaluated by an m2-point Gaussian quadrature in each 
of the ranges O<&<kp and ke <k<x. (ke=0.8 AW). 
Changing m2 from 6 to 10 caused a 1/2% change in 
(@|v| ke). The integral (@|v| ke) was performed by a 
3n,-point Gauss quadrature formula. 

The time required to solve the problem with m,= 16 
and m.=10 was approximately 30 minutes. Of course 
this time could have been reduced considerably by 
decreasing the number of Gauss points in the regions in 
which the integrand was varying slowly. However, since 
so few different values of (@|v| kr) were required, the 
total computer time was less than would have been 
used by economizing trials. 

The calculations were expected to be sensitive to the 
singular regions of 2(r) which becomes sharply repulsive 
near r= 2.56 A. If v(r) had been a hard core plus outside 
attraction v(r)¢(r) would have had a 6-function be- 
havior at the core. In fact v(7)¢(r) did not vary too 
sharply in the core region and the accuracy of the 
solution in this region was checked (i) by changing m, 
from 10 to 16 and (ii) by putting G,(r,r’)=0 so that the 
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problem reduced to the Schrédinger equation for which 
an Approximate analytic solution could be obtained in 
the region in which v(r) was repulsive. The programming 
accuracy and, to some extent, the numerical accuracy 
were checked by evaluating the Schrédinger equation 
phase shifts (tandke=—(o|0\kvy)m/t?kp) and com- 
paring them with the known values. 


APPENDIX II. SOLUTIONS BELOW THE 
TRANSITION TEMPERATURE 


In this paper we have not solved the nonlinear 
equation (14) which describes the correlated state, but 
have only examined the linear equation (15) for the 
transition temperature, which is thus independent of 
the nature of the nonlinear solution. However, the 
predicted properties of the correlated state, such as the 
specific heat discontinuity at the transition tem- 
perature and the flow properties, depend explicitly 
upon the solution of the nonlinear equation. 

There exists a solution / (k) to the nonlinear equation 
which is nonzero for |k| =r, for at least some direc- 
tions. For this solution the coefficients 8, in the trial 
function W are discontinuous functions of angle for 
|k| =kr. We know of no reason to impose the require- 
ment that W be continuous, but observe that Y would 
be continuous if F(k) were identically zero for |k| =r. 
There appears to be a solution of the nonlinear equation 
of this nature, which would imply a zero energy gap, 
a consequent reduction in the specific-heat discontinuity 
at the transition temperature, and an increase in vis- 
cosity in the correlated state. We reject this solution, 
however, in favor of the solution with /(k) nonzero for 
k| =k, since the latter gives a lower value for the 
free energy at any temperature. 

It should also be observed that we have assumed 
F(k) real in the computation of the specific heat dis- 
continuity in Sec. III. 3. This result (and only this 
result) depends upon this assumed property of the 
solution below the transition temperature. 
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The dielectric strength of liquid He* under its saturated vapor pressure has been determined from 1.2 to 
4.2°K. With j-inch diameter spherical steel electrodes 0.15 mm apart the average breakdown field, Ks, is 


approximately 1 Mv/cm, nearly independent of temperature. At spacings of 0.5 and 1 mm, FE, 


is lower, 


and appears to decrease with decreasing temperature below 2.5°K. The mechanism of breakdown is not 
clear, but field emission of electrons from the cathode is probably involved, because the average breakdown 
voltage Vy, obtained with a point and plane electrode system when the point is negative, is about half that 
obtained when the point is positive, both above and below the A-point. Pre-breakdown currents were never 
detected, and were probably less than 10-" amp, implying an electrical resistivity for liquid helium of 


10'* ohm-cm 


1. INTRODUCTION 


ECENT interest in the behavior of ions in liquid 

helium’ prompted us to study liquid helium in 
high electric fields in order to examine pre-breakdown 
currents and dielectric breakdown? itself. The large 
effective mass of the ions implied' by these results was 
expected to reduce the chance of ionization of neutral 
helium molecules by collision of fast moving massive 
ion complexes immediately before breakdovin. We have 
in fact never detected a pre-breakdown current, and 
believe that such currents are probably less than 10~-" 
amp. In the absence of detectable currents we have 
studied the process of dielectric breakdown of liquid 
He‘ under its saturated vapor pressure from 1.2 to 
4.2°K. Most of these experiments were performed with 
23-inch diameter spherical steel electrodes spaced from 
0.15 to 1 mm apart, using dc potentials up to 50 kv. 
The remainder of the experiments used either point and 
plane, or plane and plane electrodes. 


2. EXPERIMENTS 


The ‘electrodes were located in a separate chamber 
immersed in liquid helium. The chamber® used was a 
Pyrex glass tube connected to a 2-inch o0.d. copper tube 
by a copper-glass seal. This part of the chamber could 
be removed between runs to change electrodes, and 
resealed to the chamber top by the use of an indium 
O-ring. The electrode chamber was filled separately 
with liquid helium by condensation of helium gas 
purified by a liquid nitrogen cooled charcoal trap, in 
order to keep impurities out of the liquid helium. The 

* Supported by the Office of Naval Research. 

'R. L. Williams, Can. J. Phys. 35, 134 (1957) 

2L. Meyer and F. Reif, Phys. Rev. 110, 279 (1958 

3G. Careri, F. Scaramuzzi, and J. O. Thomson, Nuovo cimento 
13, 186 (1959) 

*K. R. Atkins, Phys. Rev. 116, 1339 (1959). 

5B. S. Blaisse, A. van den Boogart, and F. Erné, Bull. inst 
intern. froid Annexe 1, 333 (1958). 

® H. Seki, Rev. Sci. Instr. 30, 943 (1959). 


temperature was adjusted by adjusting the bath tem- 
perature. The chamber pressure was measured by means 
of a Wallace and Tiernan precision dial manometer 
connected to the chamber. By keeping the chamber 
pressure at or very slightly above the saturated vapor 
pressure, boiling of liquid helium I was suppressed. 

The movable upper electrode was attached to a }- 
inch diameter steel rod 48 inches long, extending up 
through the top of the cryostat. This rod was a press 
fit inside a §-inch diameter hole 45 inches long drilled 
down the center of a ?-inch diameter Teflon rod.? The 
Teflon served as both vacuum and electrical insulation. 
The whole assembly was raised and lowered from the 
upper end using a sylphon bellows and three Starrett 
metric micrometer caliper heads, which also served to 
measure the electrode spacing. 

A 0-50 kv Beta Electric Corporation variable high 
voltage dc power supply was connected to a bushing 
on the upper end of the §-inch rod. The lower electrode 
was fixed and the low voltage lead from it was connected 
through a Keithley Model 610 Electrometer to ground. 
This electrometer has 28 overlapping current ranges, 
starting at 10~“ amp full scale on its most sensitive range. 
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DIELECTRIC BREAKDOWN OF 


Four electrode configurations were used. They are 
shown to scale in Fig. 1. The spheres used were §-inch 
(9.52 mm) diameter spherical steel ball bearings. Some 
of these were specially drilled and tapped during manu- 
facture before the hardening process. Other untapped 
spheres were mounted in brass holders (configuration 
B in Fig. 1). The “planes” were made by grinding flats 
5.7 mm wide on some of the tapped ball bearings. The 
“points” were machined from steel to a fine point which 
was then smoothed by hand-filing under a microscope. 
All electrodes were polished with alumina before use. 
The electrode pitting that occurred after one breakdown 
was at least ten times as severe as the worst polished 
areas which remained before installation. 


Breakdown Using Spherical Electrodes 


The upper electrode was normally negative. For the 
spherical electrodes, (configurations A and B of Fig. 1), 
the voltage was raised slowly, and a current reading was 
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Fic. 2. Average breakdown voltage of liquid helium for steel 
spheres of diameter 9.52 mm as electrodes, at three gap lengths, 
as a function of temperature. 
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taken roughly at 1 kv intervals. Breakdown either 
occurred as the potential was rising or after a fixed 
potential had been applied for some seconds. As soon 
as breakdown had occurred, the power supply was 
disconnected by a manually operated switch. The 
breakdown consisted of one or several bright white 
sparks between the electrodes, with an associated loud 
noise. About 10 such breakdowns were averaged to get 
V, the mean breakdown voltage at any temperature 
and gap setting. Figure 2 shows the results for V, for 
three gap settings at several temperatures. The standard 
deviation of the mean was usually around 2 kv, but the 
highest and lowest individual readings were often 50% 
higher and lower than the mean. Occasionally no break- 
down would occur even with 50 kv applied at spacings 
of 0.5 and 1 mm. 

Figure 3 shows these results in terms of the electric 
field required for breakdown. The average breakdown 
field Ey shown is the calculated maximum field obtaining 
between the two spheres along their line of centers, and 
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is taken to be greater than V,/d by 7.3% for d=1 mm., 
3.6% for 0.5 mm., and 1.1% for 0.15 mm.® This calcula- 
tion assumes there are no space charges present in the 
gap. 

Apart from the displacement current which flowed 
when the voltage across the electrodes was changing 
(the electrodes behave as a capacitor in series with the 
input resistance of the electrometer), no pre-breakdown 
current was ever observed. Even when a radioactive 
source of 1 mC of Co® as an aqueous solution of 
cobaltous chloride was attached to the outside dewar 
at the level of the gap, no current was detected, nor was 
the breakdown voltage altered. We believe we could 
have detected steady currents in excess of 10~% amp. 
On one occasion breakdown occurred 10 seconds after 
such a current measurement had been concluded, and 
before the voltage had been changed. Assuming that 
the effective area of the electrodes is 0.1 cm.*, then for 
the 0.15 mm gap just prior to breakdown, this implies 
an electrical resistivity for liquid helium of 10'* ohm-cm. 
This figure is considerably larger than the lower limit 
of 10'® ohm-cm. reported earlier by Wolfke and 


Fic. 4. Photomicrograph of a 0.1-mm diameter region of a 
cathode surface, showing detail near one large crater. 


SF. W. Peek, Jr., Dielectric Phenomena (McGraw-Hill Book 
Company, Inc., New York, 1915), p. 27. 
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Keesom.® In fact liquid helium has perhaps the highest 
resistivity of any liquid. 

After several breakdowns, electrodes showed exten- 
sive pitting over about a 2-mm diameter region. Figure 
4 is a photomicrograph of an 0.1-mm diameter region 
of one of the cathodes after about 65 breakdowns, 
showing one large crater and many small bumps and 
pits. The fact that we could detect no systematic 
reduction in the breakdown voltage later in a run, after 
such pitting became more severe, was puzzling, unless 
space charges were present in the gap. 


Breakdown Using Point and Plane Electrodes 


Figure 5 shows the effect of polarity on a point and 
plane electrode system (configuration C of Fig. 1). The 
radius of the tip of the point was approximately 0.075 
mm. The average breakdown voltage V,, with the point 


negative is about half that obtained when the point is 
positive, both above and below the A point. We take 
this as evidence that fielf emission of electrons from the 
cathode must occur for breakdown to take place. The 
inhomogeneous field in this case would make the 
buildup of space charges in the gap less likely than 
between spheres. 


Breakdown Using Plane and Plane Electrodes 


Figure 6 shows the average breakdown voltage, Vp, 
obtained with a plane and plane system (configuration 
D of Fig. 1). In general the edges of such planes tend 
to make them behave as a pair of points in parallel with 
a pair of planes. In fact some of the characteristics of 
both Figs. 3 and 5 seem to be shown in Fig. 6. 

3. DISCUSSION 

Blaisse ef al.® have studied dielectric breakdown of 
liquid helium in an ordinary dewar using a tungsten 
sphere and plane, with the plane as the cathode. They 
found that the highest values of breakdown voltage 
which they obtained implied a constant breakdown field 
of about 0.7 Mv/cm at 4.2 and 1.3°K independent of 
the gap d from 0.05 to 0.3 mm. Our results with spherical 
steel electrodes show in contrast a strong dependence 
of average breakdown field E, on gap d. It is difficult to 
see how “too high” a value of dielectric strength can be 
obtained experimentally, however, and we did occasion- 


*M. Wolfke and W. H. Keesom, Physica 3, 823 (1936). 
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ally find that no breakdown would occur with 50 kv 
across the electrodes for our longer gaps. Our experi- 
ments with point and plane electrodes show that field 
emission of electrons from the cathode probably occurs 
at breakdown. A pitted electrode might then be expected 
to experience local field strengths near its surface, 
higher than the recorded fields. 

As soon as electrons enter the liquid, they might tend 
to become “trapped” as part of a fairly massive entity 
by electrostriction as shown by Atkins.* These ion 
complexes, consisting of an electron and about 50 
helium atoms then would drift across the gap. Atkins” 
has proposed that the mechanism of dielectric break- 
down may involve the drift velocity of an ion exceeding 
the velocity of sound, and then leaving behind the 
density hump formerly associated with it, and proceed- 
ing on its way with greatly reduced effective mass and 
greatly increased velocity. Presumably multiplication 
of ions by collisions could then occur, leading to break- 
down. The drift velocity Va=pE where M is the ion 
mobility. Few measurements of ion mobility have been 
made at high fields. Extrapolation of Williams’ measure- 
ments! at 1.4°K and 4.2°K from fields of 50 kv/cm and 
130 kv/cm to 1 Mv/cm, assuming uw remains propor- 
tional to E~}, yields mobilities of 0.02 and 0.08 cm?/volt 
sec, respectively. At the breakdown field Z,=1 Mv/cm 
obtained with d=0.15 mm, this implies that the drift 
velocity was indeed within a factor of two of the speed 
of sound at the time of breakdown. This apparent 
agreement can only be tested more carefully when 
mobility measurements at higher fields become avail- 
able, and when the apparent dependence of the dielectric 
strength on the gap length is explained. As the variation 
with pressure of both sound velocity and liquid density 
are well known, a systematic investigation of ion 
mobilities and dielectric strength of liquid helium under 
higher pressures might well be informative. 
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The orientation of a rigid body is specified by the Cayley-Klein parameters. A system of such bodies 
subject to small random changes in orientation but not subject to any externally applied torque is then 
considered in some detail. A diffusion equation is derived with certain linear combinations of the Cayley- 
Klein parameters as independent variables. This equation is expressed in terms of quantum-mechanical 
angular momentum operators and a Green’s function for the equation is obtained as an expansion in angular 
momentum eigenfunctions. This expansion can be used to calculate averages of various physical quantities 
in a nonequilibrium distribution of orientations. It may also be used to calculate the spectral density of 
fluctuating quantities in an equilibrium distribution. Illustrative examples of both of these applications 


are given. 


INTRODUCTION 


URRY’! has treated the problem of the rotational 

Brownian motion of a sphere. He represents the 
orientation of a rigid body by a quaternion. Then, 
using three components of the quaternion as independ- 
ent variables, he derives a diffusion equation for the 
random rotational motion of spheres and finds a 
Green’s function for the equation. The present paper 
is an attempt to generalize Furry’s calculation to a 
body of arbitrary shape. 

The description of rotations used here differs from 
Furry’s in that the independent variables are derived 
from the Cayley-Klein parameters rather than the 
equivalent representation by quaternions and in that 
Furry’s description uses laboratory coordinates while 
body coordinates are used here. This distinction 
between body and laboratory coordinates is trivial 
when the body is spherically symmetric but is quite 
important when this is not so. Therefore, Sec. I is 
devoted to a rather detailed discussion of the proper 
interpretation of the variables that are used in this 
paper. 

Section II contains a derivation of the diffusion 
equation which applies to the random rotational 
motion of an asymmetrical rigid body. The method of 
derivation is essentially the same as Furry’s and the 
resulting equation reduces to his when the body is a 
sphere. However, instead of being expressed explicitly 
as a differential equation in the variables as Furry’s 
equation is, this equation is written in terms of certain 
rotation operators defined in Sec. I. 

In Sec. III it is shown that it is possible to use a 
Green’s function to solve the diffusion equation of 
Sec. II. It is also shown how one can exploit the 
similarity of the form of the diffusion equation to the 
form of the Schrédinger equation to expand the 


*Based on part of a thesis presented to the Department of 
Physics, Harvard University, May, 1959, in partial fulfillment 
of the requirements for the degree of Doctor of Philosophy. 

+ Present address: Department of Physics, Columbia Univer- 
sity, New York, New York. 
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Green’s function in quantum-mechanical rigid-rotator 
eigenfunctions. 

Section IV treats the special case of a body with an 
axis of symmetry. It includes a derivation of expressions 
for quantum-mechanical angular-momentum eigen- 
functions in terms of the present variables and an 
expansion of the Green’s function in the derived eigen- 
functions. This expansion is exact. 

Section V treats the case of a completely asymmetric 
body but the expansion of the Green’s function is only 
approximate. The first few eigenfunctions and their 
coefficients in the expansion are obtained and written 
in tabular form. In addition, it is shown how one may 
obtain higher order terms (but not the general term) 
in the expansion. 

In Sec. VI the results of the previous sections are 
applied to the calculation of the expectation values of 
several simple functions of orientation in a non- 
equilibrium distribution of orientations. The use of the 
Green’s function to calculate the spectrum of the 
fluctuations which occur in an equilibrium distribution 
is also illustrated by simple examples. It may be noted 
that the results in this section are all exact in spite of 
having been obtained from the approximate expansion 
of Sec. V. This is due to the fact that the neglected 
terms in that expansion make no contribution to any 
of the averages in this section. 

Finally, in Sec. VII the parameters appearing in 
the diffusion equation in the form of a diffusion tensor 
are expressed in terms of the elements of the viscous 
drag tensor in a form commonly referred to as an 
“Einstein relation.” 


I. DESCRIPTIONS OF ROTATIONS 


The orientation of a rigid body is completely deter- 
mined by fixing one set of coordinates in the body 
and another set in the laboratory and specifying the 
rotation which transforms one set into the other. 
Consider the case in which the body coordinates are 
rotated away from the laboratory coordinates through 
an angle a about the axis specified by the unit vector #. 
Such a rotation can be represented quite simply by 
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means of the Cayley-Klein parameters.? In this 
representation any vector A is replaced by a 2X2 
matrix, o-A, where @ indicates the three Pauli spin 
matrices. The of A in one coordinate 
system are then obtained from the components in the 


other by performing a unitary transformation on 
o:A. Thus, 


components 


(o-A Ihody = Qic-A iabQ?. 


It is easily shown that Q may be written in terms of a 


and fi as 


(1.0) 


(1.1) 


exp(iah-a/2), 
or alternatively as 


Q=T+ie-Q, (1.2) 


where ['= cos(a/2) and Q=# sin(a@/2). 

The four elements of the matrix Q are the Cayley- 
Klein parameters for the rotation (a#). Although these 
parameters themselves may be used as variables to 
describe the rotation (orientation) of the body, it is 
often more convenient to use the linear combinations 
lr and Q defined above. This leads to two geometrical 
descriptions of the rotation. In the first description, 
the variables Q, are plotted as coordinates in a three- 


wok 


dimensional space with I’ defined merely as a function 
of Q. In the second description, ! and the Q are 
treated symmetrically by plotting them as coordinates 
in a four-dimensional space with the subsidiary condi- 
tion that [+ Q*=1. In the first description, the region 


interest is the interior and surface of the unit 
phere centered at the origin. In the second description, 
this region is the surface of the unit four-sphere, also 
centered at the origin. In each case points at opposite 
ends of a diameter of the sphere are physically 
equivalent. Therefore, any physically meaningful 
function of the orientation must assume the same 
value at both ends of a diameter. 

The composition of two rotations is accomplished 
in the Q representation by multiplying the matrices 
involved. Thus, if one first performs the rotation Q» 
and then performs Q), the resultant rotation is given 
by Q=Q,Q>. It is at this point that the important 
distinction between body and laboratory coordinates 
appears. The components of the vector #; specifying 
the axis of the second rotation must be taken relative 
to the rotated axes as obtained with Qo in order to 
possess. a consistent description in terms of body 
coordinates. For a description in terms of laboratory 
coordinates, the components of #,; must be taken relative 
to the laboratory coordinates and Q' exchanged for Q 
everywhere. This last requirement is due to the fact that 


of 


2 See, for instance, H. Goldstein, Classical Mechanics (Addison- 
Wesley Publishing Company, Inc., Reading, Massachusetts, 
1950), pp. 109-118 

§ This double valuedness, of the representation results from the 
fact that the transformation (1.0) is quadratic in Q. Thus Q and 
(—Q) are indistinguishable. In the three-dimensional description 
this affects only those points representing rotations through 
away from the standard; in the four-dimensional description all 
representations are double-valued 
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it is the inverse of (1.0) rather than (1.0) itself, which 
the fundamental transformation in laboratory 
coordinates. Body coordinates are used throughout 
this paper since certain useful quantities associated 
with the shape of the body (inertia tensor, diffusion 
tensor, etc.) are constants when referred to these 
coordinates. Then, keeping in mind the fact that Q, 
must be referred to the body axes, one obtains for the 


transformation Q=Q,Q,, 
Q= T)Q)+ P,Q, iat Q, x Q ’ 


is 


(1.3) 
and 


Y=T Pp—- QQ (1.4) 


In addition to being regarded as a rule for the 
composition of rotations, (1.3) can be regarded as a 
change of independent variables from Q» to Q in the 
three-dimensional Q space. The Jacobian associated 
with the change is 


0(2)/d(Q,)| =T/To. (1.5) 


This leads to the important conclusion that the weight* 
associated with the volume (d*Q) is T 

The matrices Q above suffice to describe any rotation 
or combination of rotations which a rigid body may 
undergo. However, it is often desirable to possess a 
rotation operator that operates directly in terms of 
the variables Q,. That is, it is desirable to possess an 
operator which, when applied to any function of Q, 
produces the change of variables given by (1.3). The 
infinitesimal form of such an operator is given by the 
translation operator in Q space,° 


T (AQ) = 1+ (AQ;))d;, (1.6) 


where 0; indicates differentiation with respect to Q, 
and AQ; is obtained from (1.3) by putting AQ = (Q— Q») 
and passing to the limit of small Q;. In this case Q, is 
just half of the angle of rotation, say e/2, and the 
operator (1.6) is 


T (AQ) = 143 (Te;0;+2:€5€: 5.0%), (1.7) 


where €,;x is the usual completely antisymmetric unit 
tensor. This may be rewritten in the form, 


T (AQ)=R(e)=1—ie-M, (1.8) 


where a set of three operators M has been defined as 


M ;=31(T0;+0 4:50). (1.9) 


Equation (1.8) is the usual form given to rotation 
operators in quantum mechanics where M plays the 
role of the angular momentum operator. It may be 
iterated in the familiar fashion to obtain the operator 
for the finite rotation (af), 


(1.10) 


4 The use of the word ‘“‘weight”’ here may be clarified by thinking 
of ordinary spherical coordinates, (7,0,¢), where the weight 
associated with (dr,d@,d@) is r* sind. 

5 The Einstein summation convention is 
applied to all indices repeated within a term. 


R(afi) = exp(—iafti-M). 


henceforth to be 





ROTATIONAL 


The three operators M; of course satisfy the usual 
angular momentum commutation relations, 


[M;,M,.]= 1€;c1M 1. (1.1 1) 


There exists, however, an additional set of three 
operators which satisfy these commutation relations.*® 
These may be defined as 


Nj =431(—T0;+Q)€; 0x), (1.12) 
so that 
CNj,N a] = tej. 


Furthermore, it may be shown that [;,M,]=0 and 
that N?= M?. 

Both of these sets of “angular momentum” operators 
will be of considerable use in the later sections of this 
paper. 


(1.13) 


II. DIFFUSION EQUATION FOR 
ROTATIONAL MOTION 


We now consider an ensemble of similar rigid bodies 
each of which undergoes a large number of small 
random rotations in any macroscopic interval of time. 
It is assumed that the probability of a body’s under- 
going the rotation e in a time A/ is given in body 
coordinates by p(e,At)d*e where’ 


(a) p(e,At)= p(—e,Ad), 

(b) fd’ p(e,At)ee is proportional to Af, 

(c) it is possible to choose A/ so small that higher 
moments than (b) may be neglected. 


Let W(Q,t)d°Q be the probability of finding the 
orientation of a randomly chosen member of the 
ensemble in the volume element d°Q at some time ¢ after 
the establishment of the ensemble. This probability at 
some later time /+At may be obtained from W (Q,t)d°Q 
by adding the contributions due to all possible elemen- 
tary rotations e which may take place in the time A/ 
This yields an integral equation for W(Q,/)d°Q, 


w(a,+apaa= fae p(e,At)W (Qo,t)d’Q. (2.0) 


Q» here is just that orientation which, upon rotation 

through e, will yield Q. Thus, by using a rotation 
operator of the form (1.10), one may write 

W (Qo,t)dQo= exp(ie-M)W (Q,) a0. (2.1) 

Now, if one defines a weighted volume element dr 
and a probability density per unit weight P(Q,/) as 


dr=T'dQ, (2.2) 


6 The existence of another set of operators is a result of the 
possibility of describing the rotation (afi) as a four-dimensional 
rotation on the unit sphere in (I',Q@) space. In four dimensions 
there are six independent planes of rotation and hence six in- 
dependent rotation operators. 

7The absence of Q in the expression p(e,At) indicates that 
there is no externally applied torque tending to orient the body 
in any specific direction. Hence, the body described here is “‘free.”’ 
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and 
P(Q,t) =TW(Q,), 
Eq. (2.1) becomes with the aid of (1.5), 
P(Qo,t)dro=dr exp(ie-M) P(Q,!). (2.4) 


The integral equation (2.1) may now be written in the 
form 


P(Q, +al)= fa p(e,At) exp(ie-M)P(Q,f). (2.5) 


To first order in Af this equation is 
(0/dt) P(Q,t) = —M;Djx.M,P(Q,!), (2.6) 


where a diffusion tensor, Dj, has been defined as 


1 
Du= fa €j;ep(e,At)/ Al. 


2 


(2.7) 


Equation (2.6) will henceforth be referred to as the 
“diffusion equation” since it is the rotational analog 
of the ordinary translational diffusion equation. It 
may also be written in terms of a divergence of a 
current density in Q space, 


(0, ot) P= —Td,j.P, (2.8) 


where the current density operator j, is defined as® 
v= 4T—'(TDutQyei;Djx.)Mx. (2.9) 


If one considers P(Q,/) to be a function defined in the 
three-dimensional Q space, in order to solve (2.6) it is 
necessary to apply boundary conditions on the surface 

Q)| =1. It is clear physically that one such condition 
is that the outward normal component of the current 
density at one end of a diameter of the sphere must 
equal the inward normal component at the other end. 
This insures the conservation of total probability 
within the sphere. Another boundary condition is the 
obvious one that P(Q,/) have the same value for 
points at opposite ends of a diameter of the sphere. 

However, it is also possible to interpret P(Q,t) as a 
function defined on the surface of a hypersphere in 
the four-dimensional (I',Q) space. The “boundary” 
above is then just the surface between the two physically 
equivalent hemi-hyperspheres. Since this surface has 
no particular significance in four dimensions, we can 
make the space formally continuous across it. Thus, 
every point in the space is connected with other 
points on every side and there is no boundary upon 
which to apply conditions on P. However, this apparent 
loss of the boundary conditions is compensated for by 
the addition of the condition for physical meaningful- 
ness on the four-sphere: P must be even under reflection 
through the center of the sphere. This last condition, 
which can be shown to be exactly equivalent to the 


§ A direct derivation of this expression for j; is contained in an 
Appendix to this paper. 
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two boundary conditions above, will be used in this 


paper since it is more easily applied in practice. 
Ill. USE OF A GREEN’S FUNCTION TO FIND P(Q,?) 


Consider now another function P’(Q,i’—?) 


satisfying 
the diffusion equation, 


aP’/a(t'—2) (3.0) 


—M ;DixM,P’. 


After multiplying (2.6) by P’ and (3.0) by P and 
subtracting one from the other one obtains, 


(d dt) (PP’) '= ld,(P’'7,.P— P,P’). (3.1) 


This may be integrated over the three-sphere in Q 
space with the weighted volume element dz defined 
in (2.2) to obtain 

(d ai) f Para, t'—t)dr=0. 


After integration over / from 0 to ¢’ this becomes , 


3) 


franr (as \dr “| P(Q,0*)P’'(Q,')dr. (3. 


That particular function P’ which satisfies the 
initial condition,’ P’(Q,0*)=6(2,Q’) will be denoted 
by G(Q,Q’,/’—1t) and referred to as the ‘Green’s 
function” for the diffusion equation. From (3.3) it is 
apparent that P(Q,/) may be found in terms of G and 
the initial value P(Q,0*) as, 

P(Q',t’) - f rae 1G(Q,Q't’)dr. (3.4) 
Furthermore, G(Q,Q’,/) may be obtained from G(Q,0,t) 
by a simple change of origin in Q space." Thus the 
particular Green’s function G(Q,t)[=G(Q,0,t) | suffices 
to solve the diffusion equation for any choice of initial 
conditions. 

The calculation of G(Q,/) is particularly simple if 
one possesses a complete set of eigenfunctions ¥,(Q) 
of the operator M;D,;,M, for then one may write 


§(Q,0)=>-,, ¥.*(0)¥.(Q), 
so that the Green’s function becomes 


G(Q,t) =donvan* (OWWn(Q)e*", (3.6) 


where £,, indicates the eigenvalue corresponding to yn. 
Thus, the problem of finding the distribution P(Q,/) 
has been reduced to one of finding the eigenvalues and 
eigenfunctions of M;Dj.M,. It will be noted that this 
operator of the same form as the quantum- 
mechanical Hamiltonian, M;/;'M;,/2 of a rigid 


is 


® §(€2,Q’) here is the Dirac delta function so normalized that 
S5(Q,Q’)\dr=1 

” This change of origin may be interpreted as a change in the 
initial or ‘‘standard”’ orientation of the rotating body. Algebraically, 
the transformation os of the same form as (1.3) where the new 
coordinates of a point are 2, and the new origin is located at Qo. 
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rotator. Therefore, our problem is equivalent to the 
problem of finding the energy eigenvalues and eigen- 
functions of a rotator. It is well known that this may 
be done exactly for a rotator with an axis of symmetry, 
but only approximately for a completely general rotator. 
The method used here will be to treat the axially 
symmetric case first and then obtain an approximation 
to the general case from it. 


IV. DIFFUSION OF A BODY WITH AN 
AXIS OF SYMMETRY 


In actual calculations it is convenient to use that 
set of body coordinates in which Dj is diagonal so 
that the operator in the diffusion equation is D,M,2. 
This may be rewritten as 


D,M)2= D*M?+ (D;—D*)M?+D-(MY—M-), (4.0) 


where 


Dr= 4(D,+D.). (4.1) 


For a diffusion tensor with an axis of symmetry D- 
may be put equal to zero. It is then apparent from 
(4.0) that the simultaneous eigenfunctions of M? and 
M; are also eigenfunctions of D,M,2. Since the operators. 
M? and M; do not form a complete set, their eigen- 
functions are degenerate. It is usually convenient to 
remove this degeneracy by introducing one of the 
components of the operator N of (1.12) into the set. 
Therefore we shall obtain the eigenfunctions of the set 
(M?,M;,.V3). It will be observed that these operators 
form a complete commuting set, that they are 
Hermitian," and that either M? and M; or M?(=N?) 
and N; can be considered to be, respectively, the 
square and third component of a quantum-mechanical 
angular momentum vector. The eigenvalues associated 
with the set are therefore” 


M? — j(j+1), 


7=9,1,2,3, etc., 


M;—™m, m=—j, —j+1,---,/, (4.2) 


N3-—4n, n=—j, —j+1,---,J, 


and the eigenfunctions corresponding to the set of 
eigenvalues are complete and nondegenerate. 

It is useful to define certain auxiliary operators to 
facilitate the calculation of the eigenfunctions of (4.2). 
The first of these and their associated eigenvalues are 

(M;+.N3) —> My, p= 
(M;—.N3) me 


m+n, 

(4.3) 
v=m—n. 
h 


Ler 
avi 


Ine © Jiary operators are those which are 
usualiy referred to as “ladder” operators, 


“t+=M,+iM2, 


(4.4) 
\+= Nit1No. 
4“ This assumes thai -lie scalar product (U,V) of two functions 
tefined as jf {’*Wdr. The operators are not Hermitian if one 
unwcighted volume element @Q 
‘It may be observe! that the half-integral values of 7 must 
be excluded since their eigenfunctions do not satisfy the require 
wients of evenness under inversion in four-space. 


wSEs i! 
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These operators, when applied to an eigenfunction 
v;"*" of (4.2), produce the results 

M2yjr'"= (jm) (jm 1) yn", (45) 
N2Ypjri= (pn) (jent+1) yy! 


We now introduce a new set of variables (p,0,®) 
defined as 


p= (Q3+2.7)?, 
®= tan”! (Qs Pr), 


=tan-(22/2)), 


(4.6) 


in terms of which we obtain, 


1 1-3)" 
= Yara) 
4 p 
1 1 
-+ ( -)aet+ a4? | 


1—p": pe 
(4.7 
M;+N3=—10¢, 
M;+N;=100. 
Now, putting ¥,;"'"=w;“'” we obtain from (4.7), (4.2), 
and (4.3), 
(4.8) 


wi v— gj "(p)e iv eine 


where 


1—3p? 
[ 1-924 (— 
p 


iT 
—=+4i(i+1) ferro. (4.9) 
Fe 


This equation for g;“'” may be put in a more easily 
recognized form by making the substitutions, 
gir= (1 — F)irlgalal fimsr, 


9 


=p", and (4.10) 


to obtain 


{(1—£)£02+[c— (a+b+1)£]a;— ab} fi"=0, (4.11) 


where 
a=([(|u|+]v|)/2+j+1]; b=[(|ul+]»|)/2—J]; 
c=(\u|+1). (4.12) 


This is the hypergeometric equation satisfied by the 
hypergeometric function™ 


F(a; 6b; ¢; &) 


2 (at+k—1)!(b+k—1)! (c—1)! & 


(4.13) 


(b—1)! (c+k—-1)!k! 





k=0 lo 


13See, for instance, E. T. Whittaker and G. N. Watson, 
Modern Analysis (Cambridge University Press, New York, 1927), 
pp. 281-296. 
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Thus the function g;“'” may be written as 
git A ir(L— plo (3 (|u| + | )+5+1); 
bat th. eh at = al 
C3(\ul+ v|)—7)3(|u| +0); p*). 
The normalizing“ constants A;“*” may be determined 
by normalizing one function, say g;*°, and then using 
(4.5) to determine the ratios of the various constants 
by direct application of M+ and N* to (4.14). The 
result of this calculation is 


—p\" — (2j+1)! 
A#?= evr . 
m w\p|! 


AA((m) +] r!))!07+3(u! —!r|)]! 
(2 st al CBS. BA Ah PO ). 415) 


(4.14) 


Lj—3( Mit|y NEF —3( pi-lv )}! 


It is now possible to write down the expansion of 
the Green’s function G(Q,) for the special case Di = De, 
In terms of the w;#'”(=y,"*"), from (3.6), (4.8), (4.13), 
(4.14), and (4.15) one obtains, 


) 


_ (—% ) gp) 052m 


7=0 m=—) 


G(Q,!) =n! > (2j+1)! 
D,=De2 


Xexp{ —[D*j(j+1) 
+(D;—D*)m* jt}. (4.16) 


V. GENERAL CASE: COMPLETELY 
ANISOTROPIC DIFFUSION 

The case in which the diffusion tensor possesses no 
axis of symmetry will now be considered. In this case 
one must diagonalize the complete operator (4.0). 
Because M; does not commute with this operator, the 
functions y/"*" of the previous section are not eigen- 
functions of it. In fact, a complete set of eigenfunctions 
of (4.0) is not available in any form. However, for 
many purposes one needs only those eigenfunctions 
with low values of 7.'° These may be obtained by 
diagonalizing (4.0) directly with the functions y,"" as 
the unperturbed basis functions. Since M? will remain 
diagonal in this calculation the term involving it in 
(4.0) may be ignored. The remainder may be written as 


R=(D;—Dt)M?+4D-[(M*)?+(M-)2]. (5.0) 


In this form, the matrix elements of R are easily 

obtained by using (4.5). The result is 

(m'n'| R| mn)j;=((D3— D*) mmm: +3.D-OA 3m m+2 
+ 3D-A 30 8mm—2 bn’ ny (5.1) 


where 
A=[(j—m) (j+m+1)(j—m—1)(j+m+2)]}*. (5.2) 


Equation (5.1) shows that R never mixes even and 
odd values of m so that the secular equation may be 


4% The normalization assumed is f(w,*i”)*(wj;**)dr=1 or 
Si (gi#'”)* (;#**)pdp = 1/2z?. 

18 The reader will note that it is possible to maintain the index 
j on the eigenfunctions since M? commutes with (4.0). 





TABLE I. The terms appearing in G for j=0,1,2.* 


j7=0 (a) IW 9 


j=l (a )~1(3) HW 19:0 (Dit Do) 
(7) (99a 
(x) 7G) (wv, 


a 22_wW, 

— (w)*($)8 (24+! 
(wr) i t_y,l 

+ (474A) (15)2(D, — Do)? %e 
(4A) 65 hart 20i%e~ (6D424)¢ 
(4A) (§ hat (W.?2 +7)? he 

+ (49A)1(15/2)§(D, — Dz) (W292? +29? Je (82 


j=2 — (wr) 


6Dt2A)e 


* The following notation has been adopted in this table: 
D =}(Di+D:+D)), 
4=(D?2+D2+D# 

a” =24+3(Di—D) 
a 


—DiD:—D.:D:—D2D;)}, 


factored into an even and odd part by separating 
these values in the secular determinant. A further 
factorization may be effected by introducing a new set 
of basis functions defined as 


n } n | 
Vv" 2p minty m>v, 
yrin=2-} $90 ons 1) 6m<U, 
O:n—,.f, Orn 
V; = ¥; 


It is then observed that there are no matrix elements 
connecting positive values of m with negative values 
of m. This combined with the even-odd factorization 
above produces a four-fold factorization of the secular 
equation. For even 7, there are three factors of degree 
j/2 and one of degree (j/2+1) while for odd 7 there 
are three factors of degree (j+1)/2 and one of degree 
(j-—1)/2. This makes the solution of the secular 
equation relatively easy for low values of 7. The 
eigenfunctions so obtained can then be substituted 
into (3.6) to obtain an approximate! expression for 
G(Q,t). 

Table I is a list of the terms appearing in G for the 
first three values of 7 while Table II exhibits the 
functions of Table I in terms of the variables (p,0,®). 
These were obtained by the method outlined above. 
In the next section they will be used to obtain the 
average values of various quantities associated with 
the orientation of a body. 


VI. SOME APPLICATIONS OF THE THEORY 


The function of 
(represented by Table 


Green’s the previous section 
I) will now be used to obtain 
some physically meaningful results. The cases to be 
treated fall into two categories: the calculation of the 
average of some function of Q over a nonequilibrium 
distribution, and the calculation of the spectrum of the 
fluctuations of some function jin an equilibrium 


distribution. 


16 The approximation here is the neglecting of higher values of 


j. The result is exact for the values of 7 which are treated. 


j greater than 2. 
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As an example of a nonequilibrium distribution we 
shall take the Green’s function itself. The most easily 
calculated averages are those of powers of the com- 
ponents of Q. These quantities may be written in 
terms of (p,0,6) by means of the equations, 


Q)= =p cos®, Qs =p sin®, 


(6.0) 
cos®), 


Q;=(1—p?)!sinO, T'=(1—p)’)! 


and then in terms of the ¥;"*" by using Table I. For 


instance, one may write as 


San rah Dee ( 1 ) hyp 95 ae 


(3 ie ae lwp til 


$9 IY 1), 


(6.1) 
The average of Q;? may then be obtained by simple 
inspection of Table I since the ¥,"*" form an ortho- 
normal set. The result is 


2.2 = ite 3D t(D t___ pD2t — eDit) 


(6.2) 


The averages of Q,* and 22.” may be obtained from this 
result by permutation of the indices. Another class of 
nonvanishing" averages which will be useful in later 
calculations are the fourth order terms such as 


e 8D t(¢ »D3t 


+e sat 1( 


— e~3D3t) 


D3;—D) sinh(2tA) 
— 43 cosh(2¢A)) ], 


(2°22?) = sL3— 


(6.3) 
and 


(Q,*),= §[1+3e 


3Dit —3D2t o—3D3t 
+e “8D t( 3D1 — ¢3D2t __ D ) 
+e 6Dt 


It should be noted that the results above are exact 
in spite of the use of the approximate Green’s function 
of Sec. V. This is due to the fact that the expansions 
of the functions averaged above contain no terms with 
This is also true of all of the results 
which follow in this section. 

Now consider the problem of finding the average 
values of the components in the laboratory system of 


alae eP2t— @eD3t) 


(6.4) 


cosh(2/A 


TABLE II. Expressions for the functions of Table I 


W 00 = (7)! 


j=0 


= (1)! (})iLet2#Po?-—e 
(w)(3)8L1— 2p] 
= (r)1(+1)(})tLe 21 02 


(w)*(5)§L 1 — 6p? + 6p* ] 
(3) 1(§)iLe 21® (3 — 4?) p? — e210 (1 - p?)(1—4p?) ] 


= (w)1(1)(§)ife*2 (3 —4p?)p2 
+e¢ 20 1 —p?*) 
4110 (1—p?)?] 


1—4p?) ] 
= (x)1(§)iLe*#Pptte 
(wr)? (+1) (3) if ett pt — e+ 
— (wr) 1(30)4{ e*?* &+@)(1—,2 7] 


—ig) 1(15)4| (1 — pp? e >-6 


‘e(1— p* 7] 


y20= 


17 Since G(Q,t) is an even function of Q,, 
(Q)), (Q,Q2), etc., vanish. 


such averages as 
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some vector A fixed in the body. Let the fixed body 
components be (A,°,A2",A3°). Then, if (41,42,A3) a're 
the components in the laboratory system, our descrip- 
tion of rotations is such that A is obtained from A® by 
the unitary transformation 


o-A=Qia-AQ, 
which yields A as a function of A® and Q, 


A(Q,A°) = (1—2Q?)A°+2(1— Q?)!(QX A’) 
+2(Q-A°)Q. 


(6.5) 


(6.6) 
Thus, the average value of A can be written as 


(A(Q,A°)),=(1—2@2),A°+2(QQ),-A°. (6.7) 


By using (6.2) one can evaluate the averages in this 
expression explicitly to obtain 


(A ;(Q,A°)),= e~ 82-9: t4 9. (6.8) 


The average of A for any other choice of initial orienta- 
tion may be obtained from (6.8) by a transformation 
of the same type as (6.6). 

Equation (6.8),describes how the vector A relaxes 
to the random state when the initial distribution is 
represented by a delta function. The interpretation 
that immediately suggests itself is the case in which 
A is an electric or magnetic dipole moment fixed rigidly 
in the rotating body but other interpretations are 
possible. 

One can also calculate the averages of products of 
two components of A. The calculations are essentially 
the same as the one above and are not given here. 
Typical results are 


(A 1 { e:= e73(D+D3)t 4 °A2", 


(6.9) 
and 


(A Y= {4A?+A-e sD (D, —D) (A 1°)? 
+(D3—D)(A.°)? 
+ (D.—D)(A3°)*] sinh(2¢A) 
+e (4 ,°)?— 4A? ] cosh(2¢A)}. 


So far we have thought of the function G(Q,f) in 
terms of a nonequilibrium distribution relaxing to the 
equilibrium distribution. However, it also can be used 
to describe the fluctuations which occur in the equilib- 
rium distribution. This is possible because the under- 
lying random processes which cause each phenomenon 
are the same. The connection between the two 
phenomena is achieved mathematically by utilizing 
the Wiener-Khintchine theorem! and the ergodic 
hypothesis. 

The Wiener-Khintchine theorem relates the cor- 
relation function K (¢) of a random variable f(¢), 


(6.10) 


1 T 

K (t)= lim — f AU)FU+0d, (6.11) 
siaaodl S| , 

18 N. Wiener, Acta Math. 55, 117 (1930). 

19 A. Khintchine, Math. Ann. 109, 604 (1934). 
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to the Fourier transform fr(w) of f(0) 


(6.12) 


- 
fr(w) = (2m) if f(the**dt. 
_T 


The exact relationship is that A(é) and the spectral 
density 
g(w)= lim (27) |fr(w) |? 


Tox 


(6.13) 


are Fourier transforms of each other: 


a 


Kio= f g(we— "dws, 


x 


Qn) f K (t)e'*dt. 


2 


(6.14) 


g(w) (6.14) 


Thus, one can obtain the spectral density of a random 
variable from its correlation function. It will now be 
shown that the correlation function for a random 
variable associated with the orientation of a body can 
be obtained from G(Q,/). 

Suppose some function /(/) derives its time depend- 
ence from a functional dependence on the orientation 
of a rotating body, i.e., f(/)=F(Q(d)). The correlation 
function is then 


T 

K(t)= lim ar f F(Q(t'))F(Q(t'+1))dt’. (6.16) 
By using the ergodic hypothesis, we may convert the 
time average in (6.16) to an average over the ensemble, 


Ki)=rf frayracae, t|)drdr’. (6.17) 


Here dr’/r* is the probability of finding the representa- 
tive point at Q’ and /=0, and G(Q,Q’,|t|)dr is the 
probability of finding it at Q and ¢=1 if it was initially 
at Q’ This result together with (6.15) makes the 
desired connection between the diffusion process, 
represented by G(Q,¢), and the spectrum of a fluctuating 
variable, represented by g(w). 

As a specific example of the result above, consider 
F(Q) to the the function A(Q,A°) given by (6.6). The 
correlation function may be written in terms of the 
components as 


Kid=r* ff 4(0'A4(0,89 


XG(Q,Q’,|t|)drdr’. (6.18) 


This integral is most easily evaluated by transforming 
to coordinates centered at Q’ so that the new variable 


* The absolute value bars on ¢ allow for the possibility of 
either Q or Q’ being considered as the initial point. 
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of integration is 
"=I’Q—-TQ’+axQ’, (6.19) 

and the function A(Q,A°) i 
A(Q,A°)=A(Q’ A(Q 


The correlation function is then 


K,()=7 =f f. 1 ;(Q’,A°) A (Q’,A(Q”,A°)) 


tl )dr'’dr’. 


 A°)). (6.20) 


(6.21) 


The integrations over dr’ and dr” 
separately by first calculating 


Q’,A°)A,(Q’ B)), 


may now be done 


7 fava’ A°) A ,(Q’,B°)d7’, 
and then substituting the average 


= facar anc: Q” | t|)dr”, 


The result is 


1 o-3D\t 0 
ge*?'"'[ (41) 


(A( Q”,A°)),, 


for the vector B’. 


Ky()= 


eP! t + (A 2°)e?? t 


+ (A;°)e?3!"" Jb. (6.24) 


The spectral density of A in the laboratory system is 
then given by (6.15), 


es (A,°)?(D2+Ds3) 
lim —|A,;(w)|?= 
T-2 2T (D.+D3)?+a 
(A,°)?(D,+Ds;) 
i. 
(D,+D;)?+0? 


(A;°)?(D,+Dz) 


- (6.25) 
{ dD, + D.)?+e 


The final example which we shall consider is a 
problem that arises in the theory of nuclear magnetic 
relaxation.2" The problem is to obtain the spectral 
density, or equivalently the correlation function for 
the dipole-dipole interaction of a system of spin-} 
nuclei, say protons, which are rigidly bound together 
in the same molecule. This interaction is of the form 


(I,-L,.) Fa|' 
Ss (6.26) 


iPkL 


—3LI,: ae) 


r 5 

where I; represents the jth spin and ry is the position 

vector of j relative to k. This depends on the orientation 
1 For a detailed discussion of this probelm and a calculation 


of correlation functions with Furry’s Greens function, see P. S. 
Hubbard, Phys. Rev. 109, 1153 (1958). 
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of the molecule through the dyadic ryt. Its cor- 
relation function therefore involves terms of the form 


ne 
K sje= lim ( ary f A ,(t')A ;(t') By (UU +8) 
T-20 
. 


XX B,(t'+2)dt', (6.27) 


where A and B are vectors fixed in the molecule. This 
integral may be evaluated in the same fashion as Kj; 
to obtain 

Kijxnu= 5A°B*S 54: 


toy (De?! (6.45 jp +55, — 35542), (6.18) 


where y(/) is defined as 


+ (t) = {[(Bi)?(A 1)? + (B2)?(A2®)?+ (Bs)2(A 3°)? 
— 4B?A?] cosh (2! ¢/A)+[(D:—D) 
X ((A 1°)?(B,°)?+ (A2°)?(B3°)?+ (A 2°) 
ee gene, 
+(A3)*(B,°)*)+ (Ds—D)((As)*(B2)? 
+ (A,°)?(B2°)?+ (2 (BO) ' sinh (2|é| A) 
+2[. Ay 04. °B 0B. oe 3(D3—D) | t| 
+A 9A °ByB, ec 3(D2—D)|t 

+A.°A 3 BY B3°e 3(D1I—D)|t jj. 


2(B,°)?) 


(6.29) 


The complete correlation function for (6.26) will 
not be given here since it clearly depends on the 
specific structure of the molecule and in most cases 
many simplifications will result from using specific 
values of the vectors rj. 


VII. THE DIFFUSION TENSOR 


In order to interpret the results of the previous 
section physically, it is necessary to have some means 
of calculating the diffusion tensor Dj defined by 
(2.7). Perhaps the simplest way of doing this is to use 
the method used by Einstein” in his discussion of the 
translational Brownian motion. It is imagined that, in 
addition to the random motion represented by Dy, 
there is an externally applied torque, derivable from a 
potential ¢(@), which causes the orientations of the 
members of the ensemble to change systematically. 
One then requires that the Boltzmann distribution 


P®°(Q)=c expl—¢/ (RT) ] (7.0) 


be stationary in time. This results in ones obtaining 
Dy as a function of the temperature and the drag 
coefficients of the body. 

The first step in the calculation is to obtain the 
current produced by the potential ¢(&). The torque 
on a typical body is 


T(Q)=iM¢(Q), (7.1) 


2 A collection of translated reprints of A. Einstein’s original 
papers on this subject has been published as /mvestigations on the 
Theory of the Browian Movement, edited by R. Furth, translated 
by A. D. Cowper (Dover Publications, New York, 1956). 
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so that its equation of motion in body coordinates is 


(7.2) 


where I is the inertia tensor and § the tensor represent- 
ing the viscous drag on the body. Now we make several 
simplifying assumptions. First, we assume that @ is 
so. small that the nonlinear term w X(I-@) may be 
neglected. Second, we assume that the variation of ¢ 
with Q is slow enough that the torque may be treated 
as a constant over a small interval so that the solution 
of (7.2) may be written as 


I. (d/dt)w+X (1-@) = iM¢(Q)— 8-0, 


w—exp(—I-'- 2) - wo 


= i[1—exp(—I-'- 8/) ]-8-'-M¢(Q). (7.3) 


Finally, it is assumed that effects which take place in 

time intervals less than a typical element of §-'-I can 

be neglected. Then each element of the ensemble can 

be taken to be moving with the “terminal” angular 
velocity 

w,,.= iB-'- M@¢. (7.4) 

The rate at which the quantity Q changes is then 

(d/dt)Q=—iw,,-MQ, (7.5) 

so that the current density due to ¢ is given by 

Jie=W (Q) (d/dt)Q=TP(Q) (8,5 Mo) (MQ). (7.6) 


The total current is this current plus the random 
current obtained with (2.9). This total current is 


J:=T— (MQ) (DM j;P+P8j°M 3), (7.7) 


which, for the special case of a Boltzmann distribution, 


1S 


JP=T(MQ)(Dis—kT BG) MP. (7.8) 


The condition that P° be stationary is then 


0=0J2=M,(Dij—kT 8,57) MP”. (7.9) 


This yields the desired relationship between D and 8, 
Dijg=$kT(Bij"+ 83), 


so that the problem of calculating the diffusion tensor 
is reduced to the problem of calculating the viscous 
drag tensor §. It is this identification, (7.10), of the 
diffusion tensor which characterizes the random 
process as “Brownian” and distinguishes it from other 
processes which might cause the orientation of a body 
to vary randomly. 

The most general calculation of the drag tensor § of 
which the author is aware is that due to Edwardes* 
for the ellipsoid represented by 2x*/a?+4?/0?+22/?=1. 
He obtains, as a typical element of the diagonalized 


(7.10) 


3 [). Edwardes, Quart. J. Math. 26, 70 (1892). 
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tensor, the expression™* 


B.= 1697 (B?-+c2)/3(BB+2C), (7.11) 


where 


x 


B= f (P+y)—?(a@+y)3(e+y)— dy, 


0 


(7.12) 


® 


c= f (2+y)(a@+y)1(P+y)-tdy, 


and 7 is the viscosity of the medium in which the body 
is immersed. 

The validity of the approximations contained in 
(7.10) and (7.11) will not be discussed here since the 
analogous discussions for the translational case are 
readily available in the literature.** The only special. 
precautions one must take in the rotational case is to 
insure oneself that the nonlinear term in (7.2) is indeed 
negligible and to be careful that the elementary 
rotations e are not sufficiently large to introduce the 
effects of noncommutativity on the elementary level. 

Note added in proof. It has been brought to the 
author’s attention that some of the results contained 
in this paper have been published previously in a paper 
by Perrin.” 
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APPENDIX 


This Appendix contains a derivation of the expression 
for the current density operator j; of (2.9). We consider 
an element of surface dA, normal to the direction of 
increasing Q; at the point Q in Q space, and fix our 
attention on small rotations of some fixed size e. All 
such rotations that cause the point in Q space to pass 
through the surface dA will contribute to the current 
through the surface. In general a fraction, a, of ¢ will 
be needed to reach the surface; the remainder, (1—a) e, 
will cause the point to pass through the surface and 
beyond. 

The probability transferred through the surface will 
be P(Q’,t)dr’ where Q’ is the point of origin of the 
rotation. This may be written as 


P(Q' t)dr’ = exp(iae-M)P(Q,t)dr. 


The volume element dr is now located at the point 
Q. It is specified by a small parallelepiped seated on the 


*% The result given here actually differs from the one appearing 
in Edwardes paper by a factor of 6/5. This is a correction of an 
apparent misprint in the last equation of the derivation of 8, in 
that paper. 

26 The reader is especially referred to the collection of reprints 
published as Noise and Stochastic Processes, edited by N. Wax 
(Dover Publications, New York, 1954). 

26 F, Perrin, J. phys. radium 5, 497 (1934). 
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surface dA and oriented in the direction of the change 


in Q under the rotation eda, 


This must be integrated over all possible values of ¢ to 
obtain the total probability passed through the surface. 


AQ=~—ida(e-M)Q. The result, to first order in Af is 


This yields the expression for the volume element dr, dA AIT (MQ) Dj MiP (2,1). 


dr=T-'dA AQ, =I" Ada(—ie-MQ,)). This must be divided by dA and Af to obtain the 


res a . current density, /;, 
The probability passed through the surface due to 


all rotations of magnitude e in the time A/ is then Ji=T (MQ) DjyM,P(Q,t) =P (Q,)). 
. Thus 


pleanire f da T—'d A (—ie-MQ,) 


Xexp(tae-M) P(Q,t). 


p=" (MQ) DuM;, 
or 
T'S (TD tQi€.D, 


t= )M ... 
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Surface-Dependent 1/f Noise in Germanium* 


A. U. Mac Raet anp H. LevINsTEIN 
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The surface characteristics of 1/f noise have been investigated by using field effect techniques on 100 
micron thick single crystal germanium filaments. The 1/f noise is independent of the surface potential 
when an accumulation layer is on the surface but increases rapidly as the surface conductivity gradually 
becomes inverted with respect to the bulk. No 1// noise is observed due to charge transfer between the 
bulk and the slow surface states. An increase in the 1/f noise associated with the inversion layer occurs 
when the temperature of the germanium is decreased. The magnitude of the 1/f noise depends on the 
ambient, increasing as the slow state relaxation time decreases. An investigation of the relaxation processes 
associated with the charge transfer between the bulk and the slow surface states after the application of 
a de electric field to the field effect electrode reveals a 1/f noise relaxation which is independent of the mode 
of the conductivity relaxation. The noise relaxes back to its original value with a logarithmic time depen 
dence which is characteristic of a 1/7 distribution in time constants and the conductance decays with a 
combination of exponential and logarithmic terms, depending on the surface conditions 


I. INTRODUCTION be dependent on the samples’ ambient®'’ as well as its 
surface to volume ratio.’ The most promising experi- 
mental evidence for assigning the origin of 1/f noise to 
the surface is the 1/7 distribution in relaxation times 
of the slow surface states,* which are located on the 
oxide layer of a semiconductor. A 1/7 distribution in 
relaxation times will lead to a 1/f noise spectrum if 
individual noise spectra of the generation-recombination 
type are added.’ It has been pointed out, however, that 
the experimentally observed 1/7 distribution does not 
cover the range in times necessary to explain the com- 
plete 1/f noise spectrum." 

Even though it is well known that the surface has a 


‘XINGLE crystal semiconductor filaments generally 
exhibit a noise power spectrum which varies in- 
versely with frequency over a wide range of frequencies. ' 
The 1/f law has been observed at frequencies as low as 
6X10 
an appreciable temperature dependence! of 1/f noise 
has introduced difficulties into the formulation of a 
satisfactory physical explanation of the origin of this 
particular type of fluctuation. 

While the exact physical origin of the 1/f noise is 
presently open to conjecture, there is considerable evi- 
dence that the surface of the semiconductor may be the 
source of at least part of this noise. 1 f noise seems to 


®* cps* and as high as 12 Mc/sec.* The absence of 


5T. G. Maple, L. Bess, and H. A. Gebbie, J. Appl. Phys. 26, 
490 (1955). 
6G. L. Pearson, H. C. Montgomery, and W 


* Supported by the Aerial Reconnaissance Laboratory, Wright L. Feldman, J. 


Air Development Center. 

t Now at Bell Telephone Laboratories, Inc., Murray Hill, 
New Jersey. 

1H. C. Montgomery, Bell System Tech. J. 31, 950 (1952). 

2 T. E. Firle and H. Winston, J. Appl. Phys. 26, 716 (1955). 

3 F, J. Hyde, Proc. Phys. Soc. (London) B69, 231 (1956). 

41. M. Templeton and D. K. C. MacDonald, Proc. Phys. Soc. 
(London) B66, 680 (1952). 


Appl. Phys. 27, 91 (1956). 

7J. J. Brophy, J. Appl. Phys. 29, 1377 (1958). 

8 A. L. McWhorter in Semiconductor Surface Physics, edited by 
R. H. Kingston (University of Pennsylvania Press, Philadelphia, 
Pennsylvania, 1957), p. 207: 

9 J. Bernamont, Proc. Phys. Soc. (London) 49, (extra part), 138 
(1937). 


1H. C. Montgomery (personal communication) 
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profound influence on the magnitude of the 1/f noise, 
very little is known about the exact relation between 
the physical surface parameters and the 1/f noise. This 
investigation was undertaken in an attempt to correlate 
the 1/f noise in single crystal germanium filaments with 
various surface characteristics.'' This was accomplished 
by making both noise and field effect’ measurements 
on the same samples as a function of surface parameters. 


II. EXPERIMENTAL PROCEDURE 


This noise study was made on high bulk lifetime, 35 
ohm-cm, # and p-type germanium single crystals grown 
in this laboratory and at the Western Electric facilities 
in Allentown, Pennsylvania. Some preliminary measure- 
ments were performed at 78°K with gold-doped germa- 
nium": crystals containing 10’ gold atoms per cm’, 
Thin slices, having their (111) crystal axis perpendicular 
to the predominant surfaces were lapped and then 
etched to a thickness of from 50 to 100 microns. Prior 
to the etching, the germanium was sandblasted into 
the conventional bridge shaped samples used in noise 
measurements.” Typical dimensions for the straight 
central filament of the bridge were 2X0.6 cm. The side 
arms were so removed from the dc current carrying end 
electrodes, that spurious effects due to injection of 
charge carriers at the electrodes were eliminated. 

Ohmic contacts were made to the p-type germanium 
with indium and to the n-type germanium with a 95% 
tin, 5% antimony alloy. The specimens were then placed 
in a demountable Dewar-type container which could be 
evacuated to a pressure of 10-7’ mm Hg or filled with 
various gases. Provision was also made to cool the speci- 
men to temperatures as low as 78°K. 

A block diagram of the noise measuring circuit is 
shown in Fig. 1. The battery and load resistor provided 
a constant current source for the germanium filament. 
A modified Tektronix 122 low level preamplifier’ or a 
transistorized Millivac AC voltmeter, type MV45A 











Fic. 1. Noise measuring 
circuit. 
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Fic. 2. Noise spectrum of n-type Ge:Au, Sb at 90°K. 


was used to amplify the noise. This was followed by a 
General Radio 736A audio-frequency wave analyzer 
which consists of a tuneable 5-cps bandwidth filter. The 
noise output from the analyzer was recorded. 

The surface properties of the germanium were moni- 
tored during the noise measurements with conventional 
ac and dc field effect apparatus.'* A molybdenum plate, 
separated from the germanium filament by a few micron 
thick mica sheet, served as the field effect electrode. 
The capacitance of this arrangement was of the order 
of 50 to 100 wuf. The surface potential of the germanium 
was varied either by the Brattain-Bardeen cycle” in 
which different gases are allowed to interact with the 
material, or by the application of a dc voltage to the 
field effect electrode. This last mentioned method can 
be used only if the charge transfer between the bulk and 
slow surface states is sufficiently slow to permit a noise 
measurement. It is then possible to investigate the 
dependence of the 1/f noise on the surface potential. 
In addition, the noise relaxation process which occurs 
after the application of a dc voltage to the field effect 
electrode, may be measured. The required long relaxa- 
tion time is obtained by maintaining the sample in 
vacuum or holding it at a reduced temperature. 


III. NOISE SPECTRUM 


The noise spectrum of the filaments was determined 
prior to any detailed measurements on 1/f noise. In 
general the spectrum in the audio frequency region 
consisted of two components, one due to generation 
recombination noise'* and the other to 1/f noise. Typi- 
cal spectra are shown in Figs. 2 and 3. The decrease 
in the noise in the vicinity of 1 kcps for the n-type 
gold-doped germanium indicates the presence of the 
frequency dependent, (1+w’7*)-' generation recom- 
bination noise term. At lower frequencies the spectrum 
is of the 1/f type. p-type gold-doped germanium has a 
noise spectrum at 77°K which is also composed of these 

18 Semiconductor Surface Physics, edited by R. H. Kingston 
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Fic. 3. Noise spectrum of 30 Q-cm, p-type germanium 
at 300°K, 150 microns thick. 


two types of noise but no decrease in the g-r noise is 
observable in the audio-frequency region due to the 
very low lifetime of the current carriers. Lifetimes 
calculated from the magnitude of the g-r noise are of 
the order of 10~’ sec. By making use of apparatus 
developed for the measurement of short lifetimes by the 
photoconductive decay method,” agreement has been 
obtained between the experimentally determined life- 
time and the lifetimes as calculated from the magnitude 
of the g-r noise spectrum.”° 

When the p-type gold-doped germanium is cooled to 
a lower temperature, i.e., 65°K, the g-r noise due to 
thermal excitation of carriers by the lattice is no longer 
observed. At this temperature considerably more charge 
carriers are excited by the background radiation than 
by the lattice. The noise in the Ge :Au specimens is then 
due to fluctuations in the carrier generation rate which 
in turn is caused by fluctuations in the number of 
photons striking the crystal.*! This noise is similar to 
g-r noise since there are fluctuations in both the carrier 
generation and recombination rates, but in this instance 
the fluctuation in the generation rate is due to fluctua- 
tions in the photon stream. A calculation of the noise 
expected in a photoconductor due to the photons is in 
agreement with the experimentally observed results. 

The noise spectrum of nearly intrinsic germanium at 
room temperature as shown in Fig. 3, also is composed 
of both g-r and 1/f noise. The observed 1/f noise obeys 
a relationship 1/f" where » varies between 1.0 and 1.2. 
No significant deviation from the 1/f law was observed 
in the frequency region investigated. 

IV. FACTORS AFFECTING THE 1/f NOISE 
1. Surface Potential’? 

The dependence of the 1/f noise on surface potential 
was investigated. The surface potential may be varied 

%M. Garbuny, T 
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DH. LEVINSTEIN 
by two methods: by the application of a de voltage 
perpendicular to the surface, or by allowing gases to 
interact with the surface. The latter technique was not 
used since the different gases can change the physical 
structure of the slow surface states. In addition, the 
field effect method permits low temperature measure- 
ments which must be performed in a vacuum. 
Measurements on p-type bulk germanium show that 
the 1/f noise increases as the conductivity of the surface 
becomes increasingly n-type. No change in the 1/f noise 
was observed when the surface potential was changed 
such that the surface remained p-type. These results 
on p-type material indicate that the 1/f noise is associ- 
ated with the inversion layer. Typical results for p- 
type bulk material are shown in Fig. 4. In this instance, 
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Fic. 4. The dependence of the 1// noise on the induced 
surface charge for p-type bulk germanium 


as well as for other samples, it was possible to decrease 
the magnitude of the 1/f noise by eliminating the 
naturally occurring inversion layer on the sample. The 
relative decrease in 1/f noise voltage for different 
samples (a factor of five in Fig. 4) is dependent on the 
equilibrium value of the surface potential. 

Similar results were obtained using n-type germa- 
nium. The 1/f noise in n-type germanium, as shown in 
Fig. 5, is also associated with the inversion layer. 

It was very difficult to obtain a quantitative relation 
between 1/f noise and surface potential when there was 
an inversion layer on the surface. Figures 4 and 5 indi- 


23 A. MacRae and H. Levinstein, Bull. Am. Phys. Soc. 4, 179 
(1959). 
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cate that this increase may possibly be exponential with 
the introduction of additional surface charge. 

A typical example of the variation in the noise spec- 
trum which occurred when the surface potential was 
changed is shown in Fig. 6. The noise spectrum for the 
sample whose surface conductivity is inverted with 
respect to the bulk conductivity follows a 1/f* law 
where is approximately 1.1. The spectrum associated 
with the intrinsic surface is characterized by the 
presence of both 1/f and g-r noise. 

The invariance of the 1/f noise with surface potential 
(@,) for a surface accumulation layer and the large 
increase in the 1/f noise accompanying increases in 

@,| for an inversion layer, indicate that the 1/f noise 
is not related to the field effect mobility.* It also appears 
that charge transfer between bulk and slow surface 
states is not the dominant physical process in determin- 
ing 1/f noise.’ If such a mechanism were responsible 
for the 1/f noise, an increase in the noise would be 
observed when an electric field is applied perpendicular 
to an accumulation layer surface, since a large charge 
transfer occurs in this instance (as evidenced by the 
decay of the surface conductivity). 


2. Temperature Effects 


The importance of the slow surface states in deter- 
mining the 1/f noise has been questioned™ since the 
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Fic. 5. The dependence of the 1// noise on the induced 
surface charge for n-type bulk germanium. 


*4R. L. Petritz in Semiconductor Surface Physics, edited by 
R. H. Kingston (University of Pennsylvania Press, Philadelphia, 
Pennsylvania, 1957), p. 226. 
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layer was formed by the application of an electric field perpendi- 
cular to the surface. 


magnitude of the 1/f noise usually appears to be tem- 
perature independent while the slow state relaxation 
time is temperature dependent.”® The 1/f noise associ- 
ated with both inversion and accumulation layers was 
investigated as a function of temperature. The 1/f 
noise associated with an accumulation layer was found 
to be temperature independent while that associated 
with the inversion layer was found to be temperature 
dependent. The dependence on temperature when an 
inversion layer exists is shown in Fig. 7. It follows the 
relationship: 
(Av?)=A exp(— E/kT) 


for both m and p-type material, with E0.25 ev for T 
between 300°K and 200°K. Since normally an accumula- 
tion layer is present at low temperatures, it was neces- 
sary to induce the inversion layer onto the surface by 
applying a dc electric field to the field effect electrode. 

Usually the temperature dependence of the noise is 
investigated with samples whose surface potential is 
allowed to assume its own value. Dynamic ac field 
effect measurements as a function of temperature indi- 
cate that the surface of germanium tends to assume the 
same conductivity as that of the bulk below room tem- 
perature, even though an inversion layer may be present 
at room temperature. Thus ordinarily when the tem- 
perature dependence of the 1/f noise is investigated, it 
is the noise associated with the accumulation layer that 
is measured and found to be temperature independent. 


3. Relaxation Effects 


When excess charge is induced into the semiconductor 
space charge region by the continuous application of a 
dc field to the field effect electrode, an initial change 
occurs in the conductance of the sample. A change in 
the 1/f noise also occurs if an inversion layer exists at 


28S. R. Morrison in Semiconductor Surface Physics, edited by 
R. H. Kingston (University of Pennsylvania Press, Philadelphia, 
Pennsylvania, 1957). 
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Fic. 7. Temperature dependence of the 1// noise associated 
with an inversion layer on p-type bulk germanium. 


the surface. After this initial change, both the conduc- 
tance and the 1/f noise relax back to their original 
values. Charge transfer across the surface oxide into 
the slow surface states is responsible for this relaxation 
process. The length of this relaxation time is dependent 
on the temperature and the surface conditions. Ozone 
or wet air tend to produce a rapid decay. The decay in 
vacuum is fairly slow, of the order of several minutes at 
room temperature. 

The mode of the 1/f noise decay is independent of the 
surface conditions and follows a logarithmic time 
dependence. Typical relaxation curves for this process 
are shown in Fig. 8 for two different values of the voltage 
applied to the field effect electrode. As is indicated in 
Figs. 4 and 5, the noise change, upon the application of 
the field, is not linear with the impressed voltage. 

A logarithmic law characterizes the chemisorption of 
gases on metals”® and has been explained in terms of an 
exponential rate law.’ It is possible to synthesize such 
a time dependence from the sum of many exponential 
decays. If it is assumed that the surface is divided up 
into regions separated by a Debye length,* the conduc- 
tance and presumably the noise of the different regions 
will vary independently upon the application of the 
electric field. The conductance and noise of each region 
will decay back to their original values with an exp 


(—t/r,) time dependence. The total decay will be the 


26 P. T. Landsberg, J. Chem. Phys. 23, 1079 (1955). 
27 N. Cabrera and N. F. Mott, Repts. Progr. in Phys. 12, 163 
(1949). 


AND H. 


LEVINSTEIN 


sum of all these individual processes. If there is a 
distribution in the 7’s which is proportional to 1/f, the 
decay will assume a logarithmic form. It is specifically 
this distribution in 7’s which will account for the 1// 
noise spectrum.’ 

A 1/r distribution in slow surface states has been 
proposed to explain the frequency response of the ac 
field effect over a restricted frequency range.* The 
frequency response of the ac field effect and the decay 
of the dc field are essentially Fourier transforms of one 
another. The time dependence of the conductance 
decay was investigated in an attempt to correlate the 
noise and conductance relaxation with the surface 
conditions. It was observed that the mode of the con- 
ductance decay is independent of the mode of the 1/f 
noise dec ay. While the noise always relaxes back to its 
original value with a logarithmic time dependence, the 
conductance decay varies between exponential and 
logarithmic, depending on the surface conditions. 
Typical such decay traces are shown in Fig. 9. A loga- 
rithmic decay occurs when the sample is in a vacuum 
of 10-* mm Hg and an exponential decay in ammonia 
gas. This exponential decay would be characteristic of a 
single energy level introduced onto the surface by this 
gas. Usually the decay is a combination of the logarith- 
mic and exponential processes. A decrease in the tem- 
perature causes a change in the mode of decay as well 
as an increase in the decay time. No decrease in the 1/f 
noise over a period of several hours was observed at 
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Fic. 8. 1/f noise relaxation after the application of 
an electric field perpendicular to the surface. 
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Fic. 9. Typical de field effect relaxation: X— X in room air; 


©—© after exposure to HN;; @— @ in vacuum. 


78°K. The presence of the combination of an expon- 
ential as well as a logarithmic decay suggest that dis- 
crete states are superimposed upon a continuous 1/7 
distribution. It is the 1/7 distribution in the surface 
states, however, that effects the 1/f noise, as evidenced 
by the logarithmic noise decay. Even though the presence 
of discrete states is evident from conductivity decay 
measurements, the noise is not affected by these states. 
The presence of a distribution in surface states is not 
unique to the explanation of 1/f noise. It is necessary, 
for instance, to introduce an inhomogeneous surface 
to explain surface mobility results.?* 


4. Ambient Effects 


It was noticed during the course of this investigation 
that the nature of the ambient has a marked effect on 
the magnitude of the 1/f noise. Such an influence on 
the noise spectrum is depicted in Fig. 3. The noise 
spectrum which is predominantly of the g-r type in 
vacuum becomes 1/f upon exposure to room air. Similar 
effects. were noticed with all the samples. 

This variation in the 1/f noise is due not only to a 
change in the surface potential but also to a change in 
the effective slow surface state density. The effect of 
the slow surface density on the 1/f noise was investi- 
gated at a nearly constant value of the surface potential 


°°: D. H. Lindley and P. C. Banbury, Proc. Phys. Soc. (London) 
74, 395 (1959). 
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for a sample whose surface conductivity was of the 
same type as the bulk. The slow state density was 
varied by changing the pressure of the ambient. In this 
way it was possible to measure the magnitude of the 1/f 
noise and to correlate it with the slow surface state 
relaxation time, which should be a measure of the slow 
surface state density. Since this decay does not follow 
a single exponential relaxation, it is difficult to assign a 
single time constant to this process. It was necessary 
to define arbitrarily a quantity which is a measure of 
the relaxation in order to investigate the dependence of 
the 1/f noise on the slow state density. The fractional 
decay between 0.1 and 1.0 minutes was used to describe 
the decay. In this manner, large fractional decay is 
proportional to a large slow surface density. The con- 
ductance decay for a particular sample in several 
different ambients is shown in Fig. 10. The ambient was 
changed in the order indicated by the Roman numerals. 
In general, the slowest decay occurred after the sample 
had been in a vacuum (10~° mm Hg) for a few days and 
the most rapid decay when in room air. The 1/f noise 
associated with each of these decay curves is shown in 
Fig. 11. While this figure is qualitative in nature, it 
illustrates the dependence of the 1/f noise on the 
effective slow surface state density or the slow surface 
state relaxation time. The 1/f noise increases as the 
relaxation time decreases or the density of states in- 


creases. A similar decrease in the 1/f noise has been 
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Fic. i0. The resistance decay for a sample which has undergone 
the cycle: I, in vacuum of 10-* mm Hg for three days; II, in room 
air; III, immediately after evacuation; IV, in vacuum of 10-° mm 
Hg for one day; V, in room air. 
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Fic. 11. Dependence of 1/f noise on 
the slow state relaxation time. 


observed for silicon samples containing thick oxide 
layers.” This was attributed to the lack of charge 
transfer between the bulk and the slow surface states. 

The effect of a thin metallic film on the 1/f noise was 
also investigated. Aluminum was evaporated onto the 
surface of a thin germanium filament through a No. 325 
mesh screen. This produced 1.5X10* distinct high 
conductance regions of aluminum per cm’. Even though 
the resistance of the sample was not changed, the 1/f 
noise voltage increased by a factor of 200. Removal of 
the thin film by etching restored the 1/f noise to its 
original value. The evaporation of an insulator, SiO, 
onto the surface by the same technique caused no 
increase in the 1/f noise. 


5. Charge Carrier Density Effects 


Montgomery has made the observation that the ratio 
of the 1/f to the Johnson noise at a constant bias voltage 
tends to be independent of the resistivity of the mate- 
rial.! Similar results were observed for the variation of 
the 1/f noise with the resistance of gold-doped germa- 
nium. A large variation of the resistance was obtained 
by varying the temperature of the material in the 
vicinity of 77°K. It was found that the 1/f noise could 
be expressed as: 


(Av?)= 4A (F7R/f) (1) 


*M. M. Atalla, E. Tannenbaum, and E. J. Schreibner, Bell 
System Tech. J. 38, 749 (1959), 


ANE h. 


LEVINSTEIN 


or the 1/f noise power as: 


(Av*)/4R= AE?/f (2) 


where R is the resistance of the sample, £ is the electric 
field across the sample, and A is a constant. Aside from 
the frequency dependence, a similar result is valid for 
g-r noise. These results indicate that the 1/f noise power 
is independent of any change in the resistance or tem- 
perature of the germanium. No attempt was made to 
control the surface potential of these samples. Thus 
Eq. (2) is presumably true for the residual noise associ- 
ated with the accumulation layer and not the inversion 
layer. It is possible that this 1/f noise is due to the elec- 
trical contacts to the germanium. 

A further investigation of the temperature depen- 
dence of the 1/f noise associated with the accumulation 
layer revealed results which were apparently in con- 
tradiction to the above results. By varying the tem- 
perature of thin filaments of 35 ohm-cm m and p-type 
germanium from 300°K to 77°K, it was possible to 
obtain a dependence of the 1/f noise on the resistance 
of the sample. Even though there was only a small 
change in the resistance of these samples, it appears 
that the 1/f noise in this instance can be expressed as: 


(Av?) =4B(P-R/f) 


where J is the current through the sample and B an 
experimentally determined constant. While these last 
mentioned results may be accidental due to the small 
range in resistance covered, it may be possible that the 
total 1/f noise associated with the accumulation layer 
is the sum of Eqs. (1) and (3): (1) being due to the 
contracts and (3) due to the surface. Both surface and 
contact effects must be taken into consideration to 
explain the 1/f noise in InSb photodiodes.” 


V. DISCUSSION 


While several physical mechanisms have recently 
been proposed to explain 1/f noise,***' it appears that 
these mechanisms are not sufficiently inclusive to 
explain its many facets. 

The one common characteristic of the probable 
sources of 1/f noise (contacts, dislocations,” and the 
surface), is the presence of a potential barrier. The mere 
presence of a barrier does not guarantee the existence 
of 1/f noise, however. This is evidenced by the absence 
of 1/f noise at some p-n junctions and at a surface 
accumulation layer. It may be possible that inhomo- 
geneities in the width and height of the barriers may be 
the cause of 1/f noise. If there exist inhomogeneities in 
the surface barrier (as shown in Fig. 12), the different 
times necessary to produce this unique noise spectrum 
may arise from the tunneling of carriers through the 


%® W. Pagel and R. L. Petritz (personal communication) (to be 
published). 

31 1.. Bess, Phys. Rev. 103, 72 (1956). 

#2 J. J. Brophy, Phys. Rev. 115, 1122 (1959). 
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different thicknesses of the barriers. Another possible 
source of 1/f noise may be the region at the barrier 
where the conductivity changes from m to p-type. This 
region is characterized by a small number of carriers. 
Any fluctuation in the p-n product could be quite 
appreciable here. Such a fluctuation would cause a 
fluctuation in the Fermi level with respect to the band 
edges and would cause the trapping statistics to fluc- 
tuate in the vicinity of the barriers. These minority 
carrier inclusions may also be the centers referred to by 
Shockley in his model of 1/f noise. He maintains that 
a center is the source of electron-hole pairs, whose 
ability to emit or absorb charged pairs is modulated by 
its charge. Since the minority carrier charge in the 
barrier of an inversion layer diminishes with increasing 
distance away from the surface, it may be possible to 
have the necessary variation in the charge of these sites, 
giving rise to the time distribution which is responsible 
for 1/f noise. The 1/7 distribution in trapping times 
may then be a type of artifice which is the result of the 
distribution in the charge sites. 


VI. SUMMARY 


This investigation emphasizes the importance of the 
role of the surface in determining the properties of 1/f 
noise. The large increase in the 1/f noise as the surface 
conductance becomes inverted with respect to the bulk 
may provide an indication as to the source of this noise. 
A large temperature dependence of the 1/f noise caused 
by the creation of an inversion layer by the electric 
field was also observed. The absence of additional 1/f 
noise when an electric field is applied penpendicular to 
the surface containing an accumulation layer precludes 


® W. Shockley, Electrons and Holes in Semiconductors (D. van 
Nostrand Company, Inc., Princeton, New Jersey, 1950), p. 342. 
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Fic. 12. An ‘inversion layer on germanium: (a) inhomogeneous 
barrier distribution; (b) representative charge distribution 


the importance of charge transfer between the bulk and 
slow states as a source of noise. The possibility that a 
1/r type of distribution in “times” may exist at the sur- 
face is indicated by the logarithmic time dependence of 
the noise relaxation upon the application of a perpen- 
dicular dc field. This relaxation is independent of the 
mode of relaxation assumed by the conductance under 
similar circumstances. Even though many characteristics 
of 1/f noise are now known, additional information is 
needed before a satisfactory physical explanation of 
this phenomena can be attained. 
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The theory of the origin of the field gradient at nuclei in metals has been analyzed. The contributions of 
the ion cores and conduction electrons have been separately considered. In the case of beryllium metal, using 
orthogonalized plane wave functions, the conduction electrons are shown to enhance, by about eight percent, 
the field gradient due to the ion cores. Combining the results of our calculations with Knight's experimental 
value of 48 kc/sec for the Be® coupling constant egQ/h, a value of Q=0.032X10~* cm? is obtained. The 
dependence of the potential for the conduction electrons on the model chosen is analyzed in some detail 


The various uncertainties in our field-gradient calculation and the theoretical value 


beryllium metal are discussed 


INTRODUCTION 


HE nuclear magnetic resonance in powdered 

metallic beryllium has been studied by Knight.! 
He found that the resonance signal had two equally 
spaced satellites in addition to a central signal, char- 
acteristic? of a nucleus with spin 3 and a finite nuclear 
quadrupole moment eQ in an axially symmetric field 
gradient. The frequency separation between the two 
satellites yields a value for egQ/h of 48 kc/sec. The 
value of Q for the Be® nucleus is not known from other 
sources, and to determine it from Knight’s quadrupole 
coupling data requires a calculation of g. This paper 
will attempt to analyze the various sources that could 
contribute to the field gradients at nuclei in metals with 
special emphasis on beryllium metal. It is hoped that 
these deliberations will be useful in analyzing quad- 
rupole coupling data in other metals with more com- 
plicated band structures, e.g., the pure nuclear quad- 
rupole resonances** of Ga‘ and In" and the 
low-temperature specific measurements®'® in 
Re'**.'87 and Zn®. Previous attempts to estimate g in 
metallic beryllium were made by Kittel! and Cohen.’ 


heat 
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~ the Knight shift in 


Kittel estimated the contribution of the Be** ion cores 
to g and Cohen suggested a method for calculating the 
contribution of the conduction electrons. The relations 
of the works of these authors to ours will be discussed 
in Secs. I and ITI. 

Section I will list the various sources of contribution 
to g and deal in detail with the contributions from the 
array of Bett ion cores. Section IT will deal with an 
orthogonalized plane-wave calculation for the wave 
functions of the conduction electrons. Section II will 
discuss the contribution of the conduction electrons to 
g. In Sec. IV we shall discuss the accuracy of our field- 
gradient calculation and also briefly consider the Knight 
shift in metallic beryllium. 


I. FIELD-GRADIENT DUE TO ARRAY 
OF Be** ION CORES 


Beryllium metal has a hexagonal close-packed struc- 
ture with the c/a ratio equal® to 1.5671, somewhat 
different from the value c/a=1.633 for the ideal hep 
lattice. From general symmetry considerations, 
therefore expect the field gradient at the Be® nucleus 
to be axially symmetric about the threefold c axis. We 
thus have the asymmetry parameter »=0 and have 
only to calculate the single parameter g defining the 
field gradient. 

The field gradient eg at the nucleus 7 may be defined 
by the general relation 


we 


(1) 


where ep(r;) represents the charge density at the point 
r,;. The summation sign is considered to imply that for 
continuous charge distributions it is to be replaced by 
integration. Also, the prime over the summation denotes 
that the charge on the nucleus j has to be excluded from 
the summation. The direction z is taken along the c axis 
of the hexagonal lattice. 
We can write the general expression for p(r;) as 


e(r)=(Z dy 6(r;—IFyv) — Pcore(¥i) — p 


8D. R. Schwarzenberger, Phil. Mag. 4, 1242 
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NUCLEAR QUADRUPOLE 
where Ze is the nuclear charge, —épcore is the charge 
density associated with the core electrons and — épcona. 
is the charge density associated with the conduction 
electrons. For beryllium metal, Z=4, the core electrons 
correspond to the 1s electrons and the conduction 
electrons to the 2s electrons which now form a conduc- 
tion band. The vectors ry refer to the lattice sites and 
the summation in .V extends over all the lattice sites 
in the metal. If we assume the core electrons to be 
localized at the lattice sites in the metal and no overlap 
between cores on neighboring lattice sites (a very good 
approximation usually), then we can write 


Pcore(Fi) = 2_N Pore (Fi — FN). (3) 


For the conduction electrons we can write 


Pcond. (Fi) = (2/Q, f W(k,r;) |?dQ,., (4) 


where ¥(k,r;) is the wave function for a conduction 
electron with wave vector k and Q, is the volume of the 
occupied region of the k space below the Fermi level. 

In the free-electron approximation for the conduction 
electrons, we have 


Pcona.(¥;) = constant. 


From Eq. (1) we then find that the conduction electrons 
would not contribute to the field gradient in the free- 
electron approximation.’ In reality, however, the con- 
duction-electron wave functions depart significantly 
from plane waves, especially in the neighborhood of the 
nuclei and make a finite contribution to the field 
gradient. This contribution will be discussed in Secs. 
II and III. In the present section, we shall consider the 
contributions of the nuclear charges and core electrons 
to g. Remembering that there are two core 1s electrons 
per lattice site from Eqs. (1), (2), and (3) the value of 
q due to sources other than the conduction electrons, 
viz., due to the array of Be** ions is given by 


. 3s7-—r? : 
Glattice= 2, 2 ———— }. (5) 
ix0 r;° 


A correction factor (1+7..) has to be used in Eq. (5) 
to correct for the Sternheimer shielding effects arising 
from the deformation of the 1s core electrons. The 
value of y.. for free Be+* ion has been calculated” to 
be —0.185 and we do not expect it to be rather different 
for the core electrons in the metal. A correction for the 


’This result should not be considered to be in contradiction 
with N. Bloembergen and T. J. Rowland’s idea [Acta Met. 1, 731 
(1953) ] that in a metal with an impurity atom with a larger 
valency than the host metal the extra conduction electron shields 
the field gradient due to the extra charge on the impurity core. In 
this latter case, the extra conduction electron does remain partly 
localized around the impurity ion core and produces a field 
gradient at a neighboring nucleus with a sign opposite of that 
from the extra charge on the impurity core. 

«0 T, P. Das and R. Bersohn, Phys. Rev. 102, 733 (1956). 
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small alteration would require a knowledge of the core 
wave functions in the metal, and to the order of ac- 
curacy at which we aim in the present calculations it 
did not seem worthwhile computing this correction. 


322—r2 
Qpett= 2, a(- , Jatr) (6) 


ix0 v;° 


A number of analytic methods" are available for ob- 
taining the values of various lattice sums. We have used 
the method of Nijboer and deWette. The adaptation of 
Nijboer and deWette’s method to compute the series in 
Eq. (6) and its application to a number of other metals 
with hcp structure will be discussed in a subsequent 
publication. For beryllium metal the series in Eq. (5) 
is calculated to be 0.2953a~ which gives$® 


+= 2.37 10-(1+-y,,) esu/cm? 
= 1.9310" esu/cm’, 


€q Be* 


(7) 


using y,.= — 0.185. The convergence of the Nijboer and 
deWette procedure assures that the result is correct to 
within 0.1%. The method of direct summation adopted 
by Bersohn™ for other crystalline lattices seems to be 
unsuitable for the hcp lattice. We computed, by the 
direct summation method, the contributions to the 
series in Eq. (5) from points within spheres of radii 
R= 3v3a, 7v3a, and 8v3a corresponding respectively to 
the largest spheres that can be inscribed in hexagonal 
lattices with bases of side 6a, 14a, and 16a. These con- 
tributions" were found to be 


g=0.7200a*, R=3v3a, 
=0.6832a"*, R= iv3a, (8) 
=(0.8480a—*, R=8v3a. 


The disturbing lack of convergence originates from the 
fact that the value of g, as given by the series Eq. (5), 
is the difference of two nearly equal large terms of 
opposite sign which arise from the two types of lattice 
points in the unit cell. For R=8v3 for example, the two 
opposing contributions are given by 


a= — 9.58404 “8 
go= +10.4320a-, (9) 


Comparing the series (5) with a corresponding one that 
was obtained by McKeehan" in the calculation of the 


' For a list of references see p. 352 of reference 2. Also see 
BR. R. A. Nijboer and F. W. deWette, Physica 24, 422 (1958); 
L. L. Campbell, J. M. Keller, and E. Koenigsberg, Phys. Rev. 84, 
1256 (1951). 

2 R. Bersohn, J. Chem. Phys. 29, 358 (1958). 

18 The values of the lattice sums for R=7v3a and 8v3a were ob- 
tained using a program written for the University of Illinois high 
speed computer Illiac, which was kindly supplied to us by H. S. 
Gutowsky and R. A. Bernheim. The value quoted for R=3v3a 
was obtained using a program written for the IBM 704, furnished 
to us kindly by R. Bersohn. R. Bersohn informs us that the value 
quoted for g in reference 12 was obtained with an earlier program 
and probably involved an error. 

4 C. Kittel (private communication); L. W. McKeehan, Phys. 
Rev. 43, 924, 1022 (1933). . 
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magnetic field in a lattice of dipoles, Kittel’ found the 
value of egpe**= 3.2 10" esu/cm* for c/a= 1.58 without 
the factor (1+v7.,.). The difference between Kittel’s 
value and our value of 2.37 X 10" esu could probably be 
explained by the sensitive dependence” of gpe** on c/a. 


II. OPW WAVE FUNCTIONS FOR THE 
CONDUCTION ELECTRONS 


Calculations of the conduction-electron wave func- 
tions in beryllium metal have been performed by several 
authors.'® Raimes and Donovan used the Wigner-Seitz 
approximation, and calculated the state k=O. Higher 
values of k were considered by Herring and Hill using 
the orthogonalized plane-wave method,"’ and also by 
Jacques using several methods. In their papers, Herring, 
Hill, and Jacques do not give the wave functions as a 
function of & in an explicit way. We have, therefore, 
recalculated the conduction-electron wave functions 
taking account of the general conclusions by Heine’ re- 
garding the convergence of the OPW method. In this 
section we shall present some details of this calculation 
and a discussion of the potential in which the conduction 
electrons move, with the hope that they will be useful 
in future detailed band-structure calculations of beryl- 
lium metal. In addition, the text of this section will be 
useful in assessing the accuracy of the calculation of 
the contribution of the conduction electrons to q 
(Sec. ITT). 

Following Herring,'? the OPW functions for the 
conduction electrons are of the form 


(OPW,k,r) =A «{Le'* ° (VV)! J—->d, bx «i (r)}, 


where A, is a normalization factor, V=number of 
atoms in the crystal, Vo=volume per atom= $zr,' 
(ro=radius of Wigner-Seitz sphere), ¥x,:(r) is a Bloch 
function composed of atomic-like states. For beryllium, 
the only core states are (1s)*. Thus 


(10) 


Ve t= Vx ue= (1/VV) Dr e™®o,,(r—R,), (11) 


where ¢;,(r) is an 1s atomic-like function, R, represents 
the vth lattice position. ; is the orthogonalization 
parameter which is defined by the requirement that 
(OPW,k,r) be orthogonal to ¥x,:(r7). This gives 


1 * sinkr 
bi. 13> f ¢is(r)dr. 
VV Voto kr 


A major problem is the determination of the core 
functions ¢,:(7). Herman,'® in applying the OPW 
method to diamond and germanium lattices, used the 


(12) 


18 See Campbell et al., reference 11. 

16C, Herring and A. G. Hill, Phys. Rev. 58, 132 (1940); S. 
Raimes, Phil. Mag. 41, 568 (1950); B. Donovan, Phil. Mag. 43, 
868 (1952); R. Jacques Cahiers de Physique 70, 1 (1956); 71-72, 
31 (1956). 

17 C, Herring, Phys. Rev. 57, 1169 (1940). 

18 V. Heine, Proc. Roy. Soc. (London) A240, 340 (1957); thesis, 
Cambridge University, 1956 (unpublished). 

19 F, Herman, Phys. Rev. 91, 1214 (1954). 
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free atom core state wave functions. He found that the 
true wave functions for the conduction electrons were 
made up of linear combinations of a large number of 
OPW functions of the type (10). Heine'® has analyzed 
the causes of the poor convergence in Herman’s calcu- 
lations. There are two reasons for the admixture of a 
number of OPW functions in an eigenfunction for the 
conduction electrons. First, if we make an error in our 
OPW functions for small r—R,, i.e., near the nuclei, to 
correct for this error, apparently a large admixture of 
a number of OPW functions of higher & shall be re- 
quired. Heine pointed out that this latter source of 
admixture can be avoided if we use for the ¢,:(r) the 
lower eigenstates ¢,,’(r) in the same potential in which 
the conduction electrons move. Herring and Hill'® 
adopted this procedure in their calculations also, al- 
though they did not emphasize the points discussed by 
Heine. Secondly, even if our OPW functions are chosen 
properly, an admixture may be demanded by the non- 
spherically symmetric nature of the potential. This can 
be estimated once the potential has been calculated. 
In the present case, as will be seen later in this section, 
the influence of neighboring cells which impose hex- 
agonal symmetry on the potential proves to be small, 
so that a single OPW (k,r) may represent a good 
approximation to the true wave function y,(r). 

We shall now consider the potential in which the 
conduction electrons move. In the Hartree-Fock ap- 
proximation, the conduction-electron wave function ¢; 
can be considered to satisfy the following equation: 


(— V?-+- Va coret Va condor V exch. core 


+ V exch cond )on(r)= Exe:(r). (13) 


Atomic units will be used henceforth, viz., the unit of 
length equal to ao, the first Bohr radius in the hydrogen 
atom, the unit of energy equal to the ionization energy 
of the first Bohr orbit, and e=m=1 for the charge and 
mass of the electron. Vg core represents the direct 
Coulomb potential produced by the nuclei and the 
core electrons, Vg cong, the direct Coulomb potential by 
the other conduction electrons, Vexch. core the exchange 
potential due to the core electrons, and Vexch. cong, the 
exchange potential due to the other conduction elec- 
trons. In addition to these terms in the potential, we 
have to consider corrections due to the correlations 
among the conduction electrons. This correction, and 
Vexch. cond, dO not vary” strongly with r and so would 
not affect ¢x(r) very much, although they have sub- 
stantial effects on the energy. In computing the rest 
of the terms in the potential we shall confine ourselves 
to a Wigner-Seitz sphere”! of radius ro around one of the 
nuclei. 

The potential Vg core due to the core at the center of 


*7D. Pines, Solid-State Physics, edited by F. Seitz and D. 
Turnbull (Academic Press, Inc., New York, 1955), Vol. I, pp. 
392-393 and 400-401. 

21F. Seitz, Modern Theory of Solids 
Company, New York, 1940). 
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the Wigner-Seitz sphere is given by 


Va core(?) _ [2Z—4Yo(1s,1s|r)], tv, 


2.99 


where in Hartree’s” notation 


r r’ k 
Va(nl't |r)= f Palir)P(n't 'r)( —) dr’ 
0 r 
H r k+1 
+f P(alir)P(n't\r)( =) 
: r 


and P(nlr)=runi(r) where un:(7) is the radial part of 
¢gni(r). For gi, we took the 1s function of Morse, 
Young, and Haurwitz™ for the neutral Be atom, 


G1e(7) = Ure (7) V0 (8, ¢) = (u8a®/m) te #2", (16) 


with pa= 3.69. 

The potential Vacona, was obtained in two ways, 
namely (a) by considering both the electrons in the 
Wigner-Seitz sphere in OPW states and finding the 
Coulomb potential produced by them and (b) from 
the Hartree-Fock potential for the 2s electrons in the 
neutral beryllium atom. In the first procedure, two 
OPW states corresponding to k=0 and k= kp [radius 
of Fermi sphere given by ko’=8v3z°(a?c)“' from the 
theory of Brillouin zones ' were considered. The 
Fermi surface was approximated by a sphere wherever 
it was used. Thus, we took 


| | (OPW,0,r’) |? 
V opw, a(r) =4f « f ae dr’ 
r—r'| 


| (OPW, kor’) |? 
+a f - — —ar'l (17) 


[r—r’| 


the OPW functions being defined by (10), (11), and 
(12) with the function ¢;,(r) taken as in (16). A more 
explicit form for (17) is given in (A.1) in the Appendix. 
The choices made for the weighting factors were ao=? 
and a@i0=}, which are intended to represent wave 
functions with § s character and } p character. This 
choice is somewhat arbitrary, but it turned out that 
the contribution from the plane-wave part of the OPW 
to Vopw,a was dominant and this made the potential 
rather insensitive to the weighting factors. It is to be 
noted that in (17) we have a factor of 4; a factor of 2 
comes from the use of atomic units and another from 
the fact that an electron inside the Wigner-Seitz sphere 
sees the Coulomb potential due to two conduction elec- 
trons,*4 instead of one, as in the case of the 2s electron 
of a neutral beryllium atom. 


=D. R. Hartree, Calculation of Atomic Structures (John Wiley 
& Sons, New York, 1957). 

% P. M. Morse, L. A. Young, and E. S. Haurwitz, Phys. Rev. 
48, 948 (1935). 

* Each conduction electron in the metal sees the Coulomb po- 
tential due to (2N—1) conduction electrons, corresponding to 
(2N—1)/N=2 electrons per Wigner-Seitz cell. 
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In procedure (b), Va, cona. (denoted by Vur.a in this 
case) was taken as the weighted mean of twice the 
potentials seen by a 2s electron in the 1s°2s*? configu- 
ration and a 2p, electron in the 1s°2p,7 configuration of 
the neutral beryllium atom. The weighting factors were 
taken as j for the 1s?2s? and } for the 1s°2p,° configu- 
rations to agree with the corresponding assumption 
made for V opw,a: Thus, 


7f Yo(2s,2s|r) 
V ur, =| E os “| 
8 r 


1p Vo(2p,2p|r)+ (4/25) ¥2(2p,2p\r) 
+ —_ || (18) 
8 r 
The factor of 4 in (18) is used for the same reason as in 
the OPW approximation. 

In calculating Vexch. core, three alternative procedures 
were compared. 

(a) The OPW approximation: In this approximation, 
we took 


V opw, z(7) = : 


'—¢ 


¢1.(r) gis*(r’) (OPW,ko,r’) 
x i Kael +aud| f _ ~ — 7 iv 
(OPW,0,r) r—r'| 


¢1s(r) 
agate RS ) ; (19) 
(( PW, ko,r) ko 


where ( °)ko means an average over all directions of ko. 
In the second term on the right, the averaging over the 
directions of & is rather complicated because 
(OPW,ko,r) occurs both in the numerator and de- 
nominator. We made the simplifying approximation 
of averaging the numerator and denominator separately 
over the directions of Ko. a) and ayo were taken as 3 
and 4, respectively. The detailed expression for V opw,z 
is given in Appendix (A.2a). 

(b) The Hartree-Fock approximation: In this ap- 
proximation a weighted mean was taken of the ex- 
change potential seen by a 2s electron in the 15?2s? 
configuration and a 2p, electron in the 1s?2p,? con- 
figuration. 


gis*(r’) (OPW,0,r’ “] 


Vur, n= 


7f2Yo(1s,2s|r) P(As| “] 


8 r P(2s\r) 


1p2 ¥i(2p,1s\r) P(1s|r) 
+{ ~ . | (20) 
8L3 r P(2p\r) 


The weighting factors are the same as in calculating 
V wr,a- 

(c) Slater free-electron approximation: According to 
Slater’s free-electron approximation,”® the exchange 


J. R. Reitz, Solid-State Physics, edited by F. Seitz and D. 
Turnbull (Academic Press, Inc., New York, 1955), Vol. 1. 
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Fic. 1. 2Z(r)=rV(r) vs r for three methods of computing the 
conduction-electron potential in a Wigner-Seitz cell. 


potential at any point is given by 


— 6[ (3/82) 3 i | ¥i(r) 2}. (21) 


Since we are interested in Vexcn. core WE have to subtract 
from (21) the contribution of the exchange among the 
conduction electrons themselves. The detailed ex- 
pression for Vs),. after making this subtraction is 
given in the Appendix (A.2b). 

We thus have a choice of six potentials obtained by 
combining the two choices of Vacona, with the three 
Verh. cores The sum Of VaeucetVacond. 
+Vexch. core is written as 2Z(r)/r, and plots of 2Z(r) 
are given in Figs. 1 and 2 for the six possible choices 
of the potential. It is seen that the Z(r) curves obtained 
from the four potentials which do not use Slater free 
exchange approximation show irregularities and di- 
vergences between 0.5a9 and 0.6a9. This divergence is 
spurious and arises from the fact that the node of the 
approximate (OPW,,r) or P2,(r) in the denominator 
of the expressions for the exchange potential [Eqs. (19) 
and (20)] does not fall exactly at the node of the 
integrals in the numerator. Apart from this, it is seen 
that the two Z(r) curves obtained from combinations 
of HF, with OPW, and of OPW, with OPW, agree 
quite well over most of the range of r. The former was 
for the final calculation for the following 


choices of 


chosen 


a A 
~ 
. ~ | 
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Fic. 2. 2Z(rj=rV(r)’vs r for three methods of computing the 
conduction-electron potential in a Wigner-Seitz cell. 
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reasons: Vopw.a gives a better measure of the direct 
potential Vg cond. than Vur,a since the OPW functions 
more adequately describe the behavior of conduction 
electrons than atomic 2s or 2, functions. Secondly, of 
the three choices for Vexch, core, the Slater approxi- 
mation is the least justified because the core electrons 
are strongly localized. The expression V opw,z(7) suffers 
from the averaging approximation described before. 
The expression Vur,2(7) is expected to represent the 
exchange between the core and conduction electrons 
quite well, because near the nucleus, where the main 
overlap between the conduction electrons and core 
electrons occurs, the use of atomic 2s functions for the 
former is not a bad approximation. The smoothed Z(r) 
employed in our calculations is shown in Fig. 3. 

Using the potential depicted in Fig. 3, a normalized 
wave function ¢;,’(r) was calculated by the usual 
numerical integration procedure.“ The eigenvalue 
corresponding to this function was found to be —4.83 
rydbergs which is to be compared with the value 
—4.55 rydbergs found by Herring and Hill.’® Our 
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Fic. 3. 2Z(r) vs r used in the present calculation. 


lower eigenvalue probably arises out of the use of a 
better potential for the conduction electrons. In Fig. 4 
P,,(r)= (4r)'r¢1,’ is plotted against r together with 
the P;,(r) functions in Be** as calculated by Hartree.?® 
The P;,(r) function in neutral beryllium is practically 
identical to the function in Be**. It can be seen from 
Fig. 3 that the potential in which the conduction 
electrons move is less binding than the potential for 
the core electrons in Be atoms, which results in a 
spreading of the 1s function and a (numerical) reduction 
of the energy eigenvalue. Because, as seen from Eq. 
(12), further integrations involving P;,(7) are necessary, 
it was attempted to fit the function P;,(r)/r by two 
exponentials. This did not prove accurate enough, so 
the remaining integrations were performed numerically. 
Using the curve for P,,(r) in Fig. 4 and Eq. (12) in the 


2 5 L 


By | : 
b,.=—-[ - ) f P(r) sin k\rdr, 
|k To” 0 


*D. R. Hartree and W. Hartree, Proc. Roy. Soc 
A149, 210 (1935). 


(12’) 


(London) 





NUCLEAR QUADRUPOLE 
values of 6, within the Fermi sphere were calculated. 
These are plotted against & in Fig. 5. Using this plot 
of 6, and Eq. (10) in the form 


A; eik-r b;, 
(OPW,zk,r) = —|— a 
Ni Voi (4)! 


we can obtain (OPW,k,r) for all conduction electrons 
within the Fermi sphere. 


III. CONTRIBUTIONS OF CONDUCTION 
ELECTRONS TO g 


If we assume the conduction electrons to be ade- 
quately represented by single OPW functions, then we 
can use (10’) and (4) to compute the charge density as 
a function of r. Using a spherical Fermi surface of radius 
ky, we find that peona.(r) comes out as a function of r 
alone. In Fig. 6 pcona.(r) is plotted against r. The 
horizontal lines po, p;, and pq indicate the following 
densities: py (= —0.04) stands for the almost constant 
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ic. 4. The 1s solution in the conduction-electron potential 
compared to the 1s function in Be** 


density in the outer regions of the sphere (r= 1.6a»). 
The volume between r= 1.6a 9 and 2.35a is about 70% 
of the volume of the Wigner-Seitz sphere. p, represents 
the average density in the inner regions of the sphere 
(r<1.6a0). pa=2/V represents the average density in 
the unit cell if the conduction electrons were distributed 
uniformly (free-electron approximation). The effect of 
the atomic-like oscillations in the conduction-electron 
wave functions near the nuclei is thus seen to result in a 
diminished average density p, (=—0.03) near the 
nuclei and an enhanced density in the outer regions of 
the unit cells. This step function in the average density 
of charge can be represented, as far as the contribution 
to g at a nucleus from conduction electrons in external 
cells is concerned, by a density of —0.04 throughout 
the entire unit cell and a fictitious hole of density +0.01 
in the region r= 1.6ay to r=0, so that the average charge 
density there is still r= —0.04+0.01= —0.03. The hole 
around each nucleus is spherically symmetric and in 
computing g is equivalent to a point charge of magni- 
ude +0.01X (42/3) (1.6)’=+0.16 at r=0. Thus, the 
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Fic. 5. The orthogonalization parameter b, vs k. 





charge density seen by a nucleus is effectively (a) a 
uniform electron density of —0.04 throughout the 
metal, (b) an average hole density of 0.01 around itself 
distributed within a sphere of radius r=1.6a0, and 
(c) positive charges of +0.16 in addition to the ionic 
charges +2 at the other lattice sites. Using Eq. (1) 
it is seen that the distributions (a) and (b) make zero 
contribution to g while the additional charges (c) of 
+0.16 at the other lattice sites enhance the field 
gradient due to the ion cores, as given by (7), by 8%. 
We, thus, find our final calculated value of g to be given 
by 
g=1.93X 1.08 10 esu cm=* 


2 
= 2.08 108 esu cm™, (2%) 


6 
r(a.u) 


Fic. 6. Charge density in a Wigner-Seitz cell of Be metal. 
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Combining this with Knight’s observed value for 

e’gQ/h=48 kc/sec, we find the Be’ quadrupole moment 

to be 


QO (Be®) = 0.032 10-4 cm?. (23) 


Since only frequency splittings are measured in 
Knight’s experiment, it is not possible to assign a 
particular sign to Q by the present calculations. The 
magnitude of Q seems to fit on the semiempirical plot 
of Townes, Foley, and Low.?’ Bernheim and Gutowsky”* 
have recently computed g at Be** lattice sites in beryl. 
Combing their result with the NMR measurements of 
Be® and Al’ in beryl,’ they find Q(Be*) =0.039X 10-*4 
cm?, in fair agreement with our value. Both these values 
agree well with the semi-empirical curve of Townes, 
Foley, and Low.”’ It will be possible to assess better the 
accuracy of these calculations when an independent 
measurement of the Be® quadrupole moment is made 
either by an atomic beam study of optically excited 
atoms” in the (1s?2s2p)*P; state or by the study of high- 
energy electron scattering by Be* nuclei.” 

The accuracy of our calculation is discussed in the 
next section. At this point, however, we would like to 
remark on a method of calculation suggested by Cohen.’ 
He proposes to divide the metal into polyhedra around 
each of the lattice points as in the cellular approxi- 
mation. Each of these polyhedra has a center of sym- 
metry and contains two conduction electrons, and 
therefore it has zero over-all charge and zero dipole 
moment, but a finite quadrupole moment. The quad- 
rupole moment of each polyhedron can be computed 
if one knows the conduction-electron wave functions. 
The field gradient g at a nucleus can then be obtained 
by integrating over the charge distribution within the 
polyhedron surrounding the nucleus and summing over 
a more convergent series than (6) for the contribution 
from the electronic quadrupole moment of the other 
polyhedra. Since both Cohen’s approach and ours are 
artifices to take account of the departure in uniformity 
of the charge density of the conduction electrons, we 
believe that if the same conduction-electron wave 
functions are employed, both methods would give 
equivalent results. 


IV. DISCUSSION 


To assess the accuracy of our result it is helpful to 
list the various uncertainties involved in our calcu- 


27C, H. Townes, H. M. Foley, and W. Low, Phys. Rev. 76, 
1415 (1949). 

28R. Bernheim and H. S. Gutowsky, J. Chem. Phys. (to be 
published). 

#® J. Hatton, B. V. Rollin, and E. F. W. Seymour, Phys. Rev. 
83, 672 (1951); also see L. C. Brown and D. Williams, J. Chem. 
Phys. 24, 751 (1958); Phys. Rev. 95, 1110 (1954). 

*® See, for example, M. L. Perl, I. I. Rabi, and B. Senitzky, Phys. 
Rev. 98, 611 (1955). Note added in proof.—A. Lurio (private com- 
munication), from recent preliminary measurements of this type, 
has found a value of 0.0310 cm? for the Be® quadrupole 
moment. 

1M. K. Pal [Phys. Rev. 117, 566 (1960)] has considered the 
theory for evaluating nuclear quadrupole moments from high- 
energy electron scattering. 
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lation of the contribution of the conduction electrons 
to g. 

1. The first uncertainty arises from the sensitivity 
of the conduction-electron potential to the model 
chosen, as is evident from Figs. 1 and 2. This uncer- 
tainty is still an obstacle to accurate quantum me- 
chanical calculations of wave functions in solids, since 
it is extremely laborious at present to try to attain 
self-consistency in band-structure calculations. 

2. We have neglected the effects of the correlation 
and exchange between the conduction electrons on their 
density distribution. This is again a difficult point, as 
discussed by Callaway in a recent review. An im- 
provement over our procedure would be to consider a 
shielded interaction of the type found by Bohm and 
Pines” between the conduction electrons to compute 
the contribution of the exchange interaction between 
the conduction electrons to the effective potential in 
which they move. It is to be noted that the main 
contribution of the conduction electrons to g comes 
from the oscillations in their density in the neighbor- 
hood of the nuclei. In the neighborhood of the nuclei, 
one might argue that the effect of the correlation 
between the conduction electrons is relatively small 
compared to the core potential, and so the effect on the 
charge density near the nuclei is small. However, the 
charge density at the further ends of the Wigner-Seitz 
cell would be affected by correlation, and, by normali- 
zation requirements, the charge density near the nuclei 
would also be altered. 

3. In computing ¢;,'(r), we did not consider in the 
conduction-electron potential the contribution from 
adjacent Wigner-Seitz spheres. From Fig. 3, however, 
the value of 2Z(r) between r=2.0ao and 2.4ao is found 
to be less than 0.1 and so the overlap of the potentials 
of adjacent cells has probably a not too important effect 
on ¢,'(r). 

In computing the charge density due to the 
conduction electrons in Sec. III, we have assumed 
(a) that the conduction-electron wave functions are 
adequately represented by single OPW functions, and 
(b) that the Fermi surface is spherical. Assumption 
(a) includes assumption (b). Our belief that assumption 
(a) was not very erroneous was based on similar results 
obtained by Heine'® in aluminum metal using his pre- 
scription for the functions ¢,,; of Eq. (11). He found 
that for most of the conduction-electron states the ad- 
mixture of higher OPW functions was small. We have 
examined the admixture of higher OPW states at a few 
points in & space in the first and second Brillouin zones 
and find such admixtures to be in general less than 5%. 
In particular, we find that at the point'*T’, for the lowest 
energy state with [';+ symmetry (k=0), the admixtures 
of the higher and next higher OPW states of the same 


#2 J. Callaway, Solid-State Physics, edited by F. Seitz and D. 
Turnbull (Academic Press, Inc., New York, 1958), Vol. 7. 
3% A. Mukherjee and T. P. Das, Phys. Rev. 111, 1479 (1958). 
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symmetry are, respectively, 3.6% and 1.5%. In this 
calculation of the mixing the overlapping of adjacent 
cell potentials (point 3 above) was not considered. 
Inclusion of this overlap might increase the higher k 
mixing somewhat. It is evident from Eq. (1) that 
departures from the assumptions (a) and (b) would 
lead to departure from spherical symmetry of the 
fictititious hole around each nucleus and this would 
cause an additional contribution to g. Whether this 
contribution would enhance our calculated value of g 
or reduce it depends on details of the band structure.™ 
It would be useful to recalculate the conduction- 
electron contribution to g when more detailed band- 
structure calculations involving evaluation of the wave 
functions at a larger number of points in k space than 
those considered by Herring and Hill are available, 
together with a better knowledge of the Fermi surface 
from experimental measurements of the anomalous 
skin effect®* and the de Haas-Van Alphen effect.**® 

We should like now to make some comments on 
further checks on our calculation. Pressure measure- 
ment analogous to those of Kushida, Benedek, and 
Bloembergen*’ on powdered CuO should be made to 
examine our observation that the ion cores are the 
principal contributors to g. If our analysis is correct, 
and c/a is constant, then the value of e’gQ should vary 
inversely as the volume. If c/a changes with pressure, 
then the change in e’gQ can be predicted for the ionic 
model following Sec. I and using the same 8% correction 
due to conduction electrons as in Sec. ITI. 

An estimate of the Knight shift of the Be® nucleus 
due to the spin paramagnetism can also be made from 
our OPW functions using the formula of Townes, 
Herring, and Knight** 

AH/H = (8x/3)xpM(\¥r (0) |?)av. (24) 
Using the value of dso from Fig. 5 for ko= 1.0332 at the 
surface of the Fermi sphere, we find (| ~ (0) |*)ay= 1.028. 
Using Feher and Kip’s approximate experimental® 
value of the mass spin susceptibility x, of 110-7 cgs 
we then get 


AH/H =0.009%, 


(25) 


*In view of these comments, it should be remarked that our 
result that the conduction electrons in beryllium metal contribute 
little to the field gradient should not be generalized to other metals. 
Thus in the case of gallium metal, there is reason to believe 
(reference 3) from a consideration of various physical properties 
that there is appreciable covalent bonding among gallium atoms. 
This would imply an appreciable departure from spherical sym- 
metry in the conduction-electron distribution around the gallium 
nuclei and consequently an important contribution to g. 

% As an example of the investigation on shape of Fermi surface 
from anomalous skin effect measurements, see A. B. Pippard, 
Phil. Trans. Roy. Soc. (London) A250, 325 (1957). 

36 As an example of the use of de Haas-van Alphen effect 
measurements in investigating the shape of the Fermi surface, 
see A. V. Gold, Phil. Trans. Roy. Soc. (London) A251, 85 (1958). 

37 T. Kushida, G. B. Benedek, and N. Bloembergen, Phys. Rev. 
104, 1364 (1956). 

38 C, H. Townes, C. Herring, and W. D. Knight, Phys. Rev. 
77, 852 (1950). 

39 G. Feher and A. F. Kip, Phys. Rev. 98, 337 (1955). 
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which is larger by about a factor of five than Knight’s 
observed” value of <0.002%. Townes, Herring, and 
Knight* find, using the functions of Herring and Hill," 
a value of 0.4 for 


(|¥ (0) |?)/|¥o(0) |? 


[¥o(0) referring to the value of the wave function near 
the nucleus for k=0] while our wave functions give 0.6. 
The difference could be partly ascribed to our use of 
single OPW functions and spherical Fermi surface. 
However a more detailed calculation of the wave 
functions would not be expected to reduce the value 
of AH/H by as much as a factor of five below Eq. (25). 
A more precise experimental value of x, is desirable. 
A reason for the disagreement might also be found in 
the following two sources. One mechanism which could 
reduce ‘the calculated Knight shift is the exchange 
polarization effect on the core 1s electrons by the 
unpaired conduction electrons analogous to that found 
in atoms.*' In addition, a careful analysis should be 
made of the orbital contribution to the shielding effect 
of the 1s core electrons in the metal from that in the 
Bet* ion. It should be noted, however, that the calcu- 
lated values of the Knight shift and spin susceptibility 
due to conduction electrons depend on the conduction- 
electron wave functions in the neighborhood of the 
Fermi surface alone. Hence an error in the wave func- 
tion near the Fermi surface or the shape of the Fermi 
surface affects the Knight shift quite sensitively while 
the electric field gradient at the nuclei would not 
necessarily be much affected because it depends on all 
the region of & space within the Fermi sphere. 

Finally, we may remark that our considerations in 
Sec. III indicate that the field gradient due to the 
conduction electrons depends on both the momentum 
and position dependences of the wave functions. The 
difference in the momentum dependence of the wave 
functions for normal and superconducting states as 
envisaged in the Bardeen, Cooper, and Schrieffer 
theory* would therefore entail a change in the field 
gradient at the nuclei. Evidence for such change has 
recently been found for gallium and indium metals by 
Hammond and Knight. 
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APPENDIX 


1. Direct potential due to conduction electrons using 
OPW functions: 
Using Eq. (17) together with Eqs. (10) and (11) for 
the OPW wave functions, we get 


j 3 r 3&3 
V opw alr) = 4a; A¢ (:- )—260( ) 
2ro 3ro" ro° 
ne : 
x f rovers f P(r 
Ly 0 r 
1 7’ ro P?(r’) 
+ be| f Prir)dr'+ f ir| 
rv¥o r r’ 
3 r 2bin Z 3 \3 
2-2-5) 
2ro 3re Ro N90? 


+ 4atoA?| 


1 ¢’ ro P(r’) 
x| f P(r’) sinkyrdr'+ f sinks 
rw#o r r’ 
1 ¢’ ro P?(r’) 
+b] f Prirydr'+ f ir| . (A.1) 
rvo r’ 
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2. Contribution to the conduction-electron potential from 
the exchange with core electrons: 

(a) The OPW approximation: Using Eq. (19) to- 
gether with Eqs. (10) and (11) for the OPW wave 
functions and making the approximation mentioned 
in the text of averaging the numerators and denomi- 
nators in Eq. (19) separately, we get 
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(6) Slater free-electron approximation: Using Eq. (21) 

twice, including the core electrons and excluding them, 

respectively, and subtracting the result of the latter 

from the former, we get the following expression for the 

exchange potential arising from exchange with the core 
electrons: 
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Nuclear Spin-Lattice Relaxation Caused by Paramagnetic Impurities* 
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The behavior of the nuclear magnetization has been examined for the transient region immediately 
following saturation of the nuclear spin system in the case in which the nuclear relaxation is limited by 
spin diffusion to paramagnetic impurities. Relaxation effects in the absence of diffusion and the presence of 
rapid diffusion are discussed. An experiment is reported which substantiates the calculations for the case 
of diffusion-limited relaxation and, in addition, allows a determination of the correlation time of the magnetic 
moment of the paramagnetic ion and the coefficient of nuclear spin diffusion. 


I. INTRODUCTION 


EVERAL authors'* have considered the problem 

of the spin relaxation of nuclei in a crystal contain- 
ing paramagnetic impurities when the transfer of spin 
energy to the lattice is limited by the diffusion of nuclear 
spin energy. It is the purpose of this paper to examine 
the problem of the recovery of nuclear magnetization 
after saturation for times very short compared to the 
relaxation time and to consider the problem of nuclear 
relaxation caused by paramagnetic impurities for two 
cases not discussed by the above authors. The results 
of an experiment are reported which show that the 
behavior of the nuclear relaxation follows the theoretical 
expression derived here. 

Bloembergen! observed some relaxation effects which 
he attributed to the effect of paramagnetic impurities. 
He assumed that the coupling between the magnetic 
moment of the paramagnetic ion and the magnetic 
moments of the nuclei in the crystal was via terms in 
the dipolar Hamiltonian. Thus the transition prob- 
ability of a nucleus at a distance r from the impurity is 


P= (3/22) (ypynh)?S(S+1)r-* 
Xsin’6 cos*67(1+w?r?), (1) 


where 6 is the angle the line joining the nucleus and the 
impurity makes with the magnetic field, and y, and y,, 
are the magnetogyric ratios of the paramagnetic ion 
and the nucleus, respectively. The correlation time of 
the zs component of the spin S of the paramagnetic ion 
is denoted by r. In dilute crystals, where we neglect 
any interaction between impurities, t becomes the spin- 
lattice relaxation time of the paramagnetic ion. 
Bloembergen further assumed that the interaction 
between nuclear spins could be characterized by a 
characteristic time 7, for spin-spin exchange of Zeeman 
energy. If the probability (1/7,,) of a mutual spin flip 
between a given spin and one of its neighbors is inde- 
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National Security Agency. 

t Present address: Bell Telephone Laboratories, Murray Hill, 
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pendent of all previous spin flips involving either of 
them, this amounts to a random-walk problem of 
characteristic time increment 7,, and step distance a, 
the spacing between like nuclei. Thus the problem is 
describable in terms of the diffusion equation, provided 
that times much longer than 7,, and distances much 
greater than a are involved in the problem. Bloembergen 
derived the approximate relation for the nuclear spin 
diffusivity: D=a?/50T2, where T2 is the transverse 
relaxation time of the nuclei. 

If the length dimensions appearing in a problem are 
much greater than a, the lattice may be treated as a 
continuum. We define a nuclear spin magnetization 
density by 


p(r,t) = (M,(1,1))/a°. (2) 


The expectation value of M, may vary with both time 
and position in the crystal in a nonequilibrium situation. 

Since the local magnetic field in the neighborhood of 
a paramagnetic ion is large, the Larmor frequency of 
some nuclei near the ion will be different from those in 
the bulk of the crystal. This has two effects: first, these 
nuclei do not contribute to the nuclear resonance line, 
and, second, these nuclei cannot undergo spin-spin 
transitions with the remaining nuclei in the resonance 
line. We may say, roughly, that all nuclei within a 
sphere of radius 6 are removed from the resonance line, 
where 0 is defined as that distance at which the mag- 
netic field due to the ion equals the local dipolar field 
of the crystal. If the moment of the paramagnetic ion 
is static, this is given approximately by 


b=(up/mn)'a, 7>T2. (3) 


If the z component of the spin of the paramagnetic ion 
is fluctuating rapidly in a time 72, however, the local 
field of the ion is motionally averaged, and only this 
average field is felt at a nuclear site. Thus we write 


b=(uPH/unT)'a, rKT 2. (4) 


We assume that there can be no spin diffusion for r<6, 
and thus we call 0 the diffusion barrier radius. It is 
possible that removal from the resonance line and 
quenching of diffusion do not occur at the same radius, 
but this would not influence the following calculations 
appreciably. 
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It is assumed that the concentration .V of paramag- 
netic ions is sufficiently small that (49b*/3).V is a small 
fraction of the volume of the crystal. Thus most of the 
nuclei are in local magnetic fields not perturbed by the 
proximity of a paramagnetic ion. 

If we neglect the detailed angular dependence in (1) 
by averaging over @(av sin’@ cos*?@= 2/15), we may write 


PX (1/54) (ypvah)2S(S+1)r-*r(1 +272)" =Cr-8, (5) 


where now C is independent of the position of a given 
nucleus in the crystal. The diffusion equation to be 
solved for the behavior of the nuclear spin system in the 
absence of radio-frequency excitation is then® 


dp/dt= DV? p—C(p— po) din |t—tn|~*, (6) 


where r, is the location of a paramagnetic ion, and po 
is the thermal equilibrium value of p. In the region of a 
given paramagnetic impurity, which we take as the 
origin, we may write the equation approximately as 


dp/ d= DV p—C(p— po)r*®. (7) 


There are several length parameters which character- 
ize a problem of relaxation by spin diffusion to a para- 
magnetic ion. Of these, we have already introduced a, 
the internuclear spacing, and 0d, the barrier radius. A 
third is the average distance R between impurities, 
which is of the order of .V~!. A fourth length parameter 
p is defined by Khutsishvili® as 


7 
p= —(C/D)'=0.68(C/D)}. (8) 
2'(1 (5/4) F 


This has been called the pseudopotential radius by 
de Gennes,’ who developed an elegant solution to the 
diffusion equation using scattering theory. He has 
examined the solution to (6) for the case in which a and 
b&p<R and has obtained the result that the return 
of the nuclear magnetization to its equilibrium value 
approaches an exponential function of time for a 
sufficiently long time after a disturbance of the mag- 
netization. The characteristic time 7; of this exponential 
function is given by 


1/T,;=49NVpD=8.5NC'D?. (9) 


This agrees with the result of Khutsishvili, who took a 
much different approach to the problem and obtained 
(9) by solving equation (7) in the approximation that 
at large t, 0p/dt could be set to zero. 


Il. THEORY 
A. Case of No Spin Diffusion 


It will be of some interest to solve (7) for the case in 
which there is no spin diffusion. It is not possible to 
make the spin diffusion vanish, but it can be made 
quite small by making the internuclear spacing large. 
This can be accomplished by substituting a given 
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species of nucleus dilutely into a crystal not containing 
that species. In such a case, it is not difficult to violate 
the ‘requirement p<R for de Gennes’s solution to be 
valid. 

If diffusion is not important, then the equation to be 
solved is 


Op/dt= —C(p— po) don |t—Fn|~, (10) 


which has the solution 


p= pol 1—exp(—Ct >. |r—rn|~*) J. (11) 


If the total nuclear magnetization is measured after a 
time #, the value will be 


M,(t)= Jf var, 


where the volume integral is to be carried out over the 
entire crystal, excluding the nuclei within each barrier 
radius. It is impossible to perform this integral unless 
the details of the distribution of paramagnetic ions in 
the crystal are known. 


(12) 





Po 











Fic. 1. Theoretical curves for the nuclear magnetization density 
p vs distance r from an impurity for various values of the time for 
the case in which there is no nuclear spin diffusion. 


For a short time after the nuclear magnetization has 
been disturbed, any given nucleus will be influenced 
primarily by the nearest paramagnetic ion, and we can 
write an approximate solution for p as 


p=pol1—exp(—Cir-*) ], 


(small 4), 


(13) 


where r is the distance from the nearest paramagnetic 
ion. We take the case of p(r,0)=0, i.e., initially the 
nuclear magnetization is saturated, and then it is 
possible to evaluate (12) for small /: 


M,(t)=(499/3)NC’, t>0b9/C. (14) 


We note that in this case the magnetization increases as 
the square root of time, after a time 5°/C. For r<T2, 
this time is of the order of a microsecond, but in other 
cases it may become as large as one second. 

Figure 1 shows p vs r for the region near an impurity 
with the time as a parameter. Note that, for each value 
t, p approximately defines a sphere in which the nuclei 
have returned to thermal equilibrium. We may define 
the radius 7 of this sphere by p(r0,t)=1—e" or 


ro= (Ct)*’S, (15) 





NUCLEAR 


This solution for the case D=0 is of no physical im- 
portance at a long time after a disturbance of the nuclear 
magnetization. If it is required that the effects of 
diffusion be negligible, we must have (Dt)!<ro. As ro 
approaches R, this becomes (DR®C-')!<R. For typical 
values of V=10'* ions per cm* (R=10-* cm) and 
C=10-" cm*/sec, this requires D< 10~** cm?/sec, which 
is absurdly small, even for very dilute nuclear systems. 
Thus one would gain no insight into a physical system 
by an evaluation of (12) with ¢ large and using p 
from (11). 


B. Case of Diffusion-Limited Relaxation 


As Khutsishvili and de Gennes have shown inde- 
pendently, for a sufficiently large time M,(¢) approaches 
M,(«)[1—exp(—t/T;) ]. For a short time after a dis- 
turbance of the nuclear magnetization, however, their 
solution does not hold. If initially the magnetization is 
saturated, there is no gradient of magnetization density, 
and, thus, diffusion cannot be of importance at the 
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Fic. 2. Theoretical curves for the nuclear magnetization density 
p vs distance r from an impurity for various values of the time 
for the case in which the nuclear relaxation is limited by the 
diffusion of nuclear spin energy to the paramagnetic ion. The 
radius p is the pseudopotential radius of de Gennes. 


start of the relaxation process. One would therefore 
expect that the solution (14) would hold for a short 
time following saturation of the nuclear resonance line. 
In fact, it should be valid until (Dt)*=ro or for *<C'D-4. 
For a typical physical system, this time may be as 
large as one second. Thus we expect M,(?) to start as / 
and proceed asymptotically to an exponential function 
of time. 

Khutsishvili’s? theoretical function of p vs r for 
various values of the time are plotted in Fig. 2. Note 
that, in contrast to the case with no diffusion, the sphere 
of radius p in which most of the nuclei are relaxed does 
not enlarge with time. This may be compared to 
de Gennes’s approach to the problem in which he set 
p(r,t)=0 for all r<p and solved for the behavior of the 
magnetization outside this sphere. 


C. Case of Rapid Diffusion 


Part of de Gennes’s solution of the problem of 
diffusion-limited relaxation involved a boundary condi- 
tion imposed on (6) at r=p. If b>p, however, (6) does 
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not hold at r=p, and the method fails. Thus de Gennes’s 
solution applies on!y when p> Od. It is a rather common 
occurrence, however, that this restriction is violated. 
When this happens, it means, physically, that nuclear 
Zeeman energy can diffuse to the paramagnetic ion 
faster than the paramagnetic ion can transmit it to the 
lattice. It is clear that in the limit p<<d the nuclear mag- 
netization can be redistributed among the nuclear 
spins fast enough to maintain an internal equilibrium 
while it slowly approaches its thermal equilibrium value. 
Thus it would be expected for this case that M,(t) 
would follow an exponential function of time for all 
values of ¢ and that the initial region in which M, is 
proportional to /! would be missing. 

Figure 3 shows p vs r for the case of b=5p. Khutsish- 
vili’s general solution has been used, and the boundary 
condition that there be no diffusion across the surface 
of the sphere r=b has been satisfied. The curves for p 
for any time are approximately flat, indicating that the 
local spin systems in all parts of the crystal are approxi- 
mately at the same spin temperature as the relaxation 
proceeds. If this is true, we may take p to be a function 
of time only, and then the rate at which nuclear spin 
energy can be transmitted to the lattice is 


1 na 
= nv f (Cr-®)r°dr= (4r/3)NCO™. = (16) 
b 


p 


There are two ways to distinguish between the case 
of diffusion-limited relaxation and the case of rapid 
diffusion. Most obvious is the existence of the transient 
region in the first case in which M.~12}. Second, there is 
a difference in the dependence of the relaxation rate 
on the magnetic field. This dependence falls into several 
cases according to the relative magnitudes of 7, T2 and 
w, the Larmor precessional frequency of the nuclei. We 
write explicitly the dependence of C and } on H as 


C~H>, 

C~H, 
b~HH, 
b~H, 


w>I1/r, 
w<1/r, 
7T<To, 
t>T2, 


(17) 
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Fic. 3. Theoretical curves for the nuclear magnetization density 
p vs distance r from an impurity for various values of the time for 
the case in which the nuclear spin energy can diffuse toward the 
paramagnetic ion faster than the ion can transmit it to the lattice. 
The barrier radius 6 is here chosen as five times the pseudopotential 
radius p. 





W. E. 
TABLE I. Magnetic field dependence of relaxation rate 


Diffusion-limited Rapid diffusion 


Restrictions* case case 


t<1/w, r<T2 H® H- 
t>I1/w, r>T2 H+ H-3 
t>1/w, r>T2 H-+ H? 


* It is assumed that r is independent of H 


provided 7 is independent of H. If the dependence of + 
on H is known, it can easily be included in (17). 
Combining these dependences on magnetic field, we 
obtain from (9) and (16) the resulting dependence for 
1/T; shown in Table I. From an examination of Table I, 
we may, for example, conclude that the experiment of 
Uehling and Bjorkstam,‘ who found that the relaxation 
times of H' and P* nuclei in certain crystals were 
linearly dependent on the magnetic field, falls into the 
case of rapid diffusion with 7< 1/w if, for their impurity, 
r was independent of H. 


Ill. EXPERIMENT 


Since the transient region in which M,~? had not 
been reported in the literature, an experiment was 
undertaken to search for this phenomenon. The nuclei 
chosen were protons in NHsHSO,. This compound was 
chosen because of its high density of protons and its 
long intrinsic relaxation time at room temperature 
(29 sec). This compound was doped with (NH4)2CrOu,, 
which dissolves readily in fused NHsHSO,. Polycrystal- 
line samples were made in relative concentrations of 
1, 2, 4, 8, and 16 by successive dilution. The most dilute 
sample contained 5.3 10" Crions per cm*, It is assumed 
that the Cr ions exist in the crystal in the Cr**+ 
(S=3) state. 

A pulsed nuclear resonance experiment® was carried 
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Fic. 4. Nuclear magnetization recovery vs time for the pure 
sample (A) and each of the doped samples (B-F). The abscissa 
has been shifted 10 sec for successive samples to separate the 
curves. 


4E. A. Uehling and J. L. Bjorkstam, Bull. Am. Phys. Soc. 3, 
318 (1958). 

5’ The pulsed nuclear resonance apparatus used has been de- 
scribed in detail by E. G. Wikner, thesis, University of California, 
1959 (unpublished). 
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out on each of these samples and an undoped sample at 
a magnetic field of 3500 gauss (12-Mc/sec Larmor fre- 
quency for the protons). The apparatus was programmed 
to operate in the following manner. The radio-frequency 
transmitter was triggered to give a series of ten 2/2 
pulses® spaced 50 microseconds apart. Since the T» of 
this compound is approximately 35 microseconds, there 
was no appreciable coherent effect between pulses, and 
thus the ten pulses saturated the nuclear spin system. 
At a time / later, the transmitter was triggered to give 
another w/2 pulse to measure the nuclear magnetiza- 
tion. The detected free precession signal resulting from 
the last 2/2 pulse was displayed directly on an oscillo- 
scope. The signal-to-noise ratio was sufficiently large 
(>100) to allow measurements to be taken directly 
from the face of the oscilloscope. 

Results of the experiment for />0.2 second are pre- 
sented in Fig. 4. The ordinate of Fig. 4 is 1—M.(t) 
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Fic. 5. Asymptotic rate of relaxation due to paramagnetic 
impurities vs concentration. The relative concentratio1 
sponds to 5.310" Cr ions per cm’. 


1 corre- 


M,(«) plotted on a logarithmic scale. The abscissa 
has been shifted 10 seconds for successive samples to 
separate the curves. It is noted that the effects of the 
transition region are quite apparent for all the samples 
containing Cr. Eventually, however, all these curves 
approach an exponential time dependence. Thus it is 
concluded that the relaxation is diffusion-limited. The 
pure sample is observed to have an exponential depend- 
ence for all time. We may say that its relaxation, if 
caused by paramagnetic impurities, is not diffusion- 
limited. The final rate W of each of these exponentials 
may be expressed as 

W=1/T, intrinsic +1/71 paramagnetic: (18) 
De Gennes* has shown that, as long as the intrinsic 
relaxation rate is not large, the rates due to it and the 


6 E. L. Hahn, Phys. Rev. 80, 580 (1950). 
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effects of impurities are additive. From (18) and the 
final slopes of the curves of Fig. 4, the relaxation rate 
due to the impurities was calculated and is shown in 
Fig. 5. The errors of the points, especially that of 
sample F, are rather large, but one can say that there 
is an approximate linear dependence of the impurity 
relaxation rate on concentration as would be indicated 
by (9) or (16). 

Figure 6 shows the experimental points taken for 
t<0.2 second. The ordinate is M,(t)/M.(*) and is 
plotted against the square root of time. The ordinate 
of curves for successive samples has been shifted up- 
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Fic. 6. Nuclear magnetization recovery in the first 0.2 seconds 
after saturation for various samples (A-F). The abscissa is the 
square root of the time. Successive curves have been displaced 
vertically 0.02 to prevent overlapping of the experimental points. 


ward by 0.02 to prevent overlap of the experimental 
points. It is observed that, for each of the samples 
doped with Cr, the signal rises proportional to ¢}, but 
for the pure sample no signal at all was observed in the 
first 0.2 second. This would indicate that Eq. (14) holds 
even for the smallest time shown, 10~* sec. The slopes 
of these curves should be proportional to the concentra- 
tion as is indicated in (14). The slopes of these curves 
are plotted against concentration in Fig. 7. An approxi- 
mate linear dependence is observed. 

From (14) it is seen that the slope of the line in Fig. 7 
should be (423/3)C}. Since this factor involves 7 for the 


SPIN-LATTICE 


RELAXATION 


Ls 





COEFFICIENT OF t’* Term (sec-¥2) 











8 
RELATIVE CONCENTRATION 


1) E 
SAMPLE 
Fic. 7. Slope of the lines of Fig. 6 (coefficient of 
the ¢# term) vs concentration of Cr ions 


paramagnetic ion spin as the only unknown, it may be 
used to obtain r. In this case, one obtains r= 10-* sec. 
This value is not inconsistent with the observed para- 
magnetic resonance’ line width of the most concen- 
trated sample and the observed saturation behavior 
of the resonance line. The total line width, undoubtedly 
inhomogeneously broadened due to the polycrystalline 
nature of the samples, was 700 gauss so that r>2 
X10-" sec. With a microwave field H, of approximately 
0.3 gauss, the system was only partially saturated, indi- 
cating ypHir<1 or r<2°X107 sec. 

Using the value of C obtained from Fig. 7, it is now 
possible to calculate the coefficient of diffusion of the 
nuclear spin system from the slope of the line in Fig. 5. 
This slope, from Eq. (9), should be 8.5C*D?, which 
gives D=10~“ cm?/sec. Unfortunately the protons in 
NH,HSO, are not arranged on a simple lattice, and it is 
not feasible to compute a theoretical value for D. This 
value of D is somewhat smaller than the value expected 
by Bloembergen! for a cubic lattice, 10~" cm?/sec. This 
might be expected if the protons in NHyHSO, lie in 
groups of five with relatively weak interaction between 
groups. 


IV. CONCLUSION 


We have seen that of the three possible cases of 
nuclear relaxation by paramagnetic impurities, (1) 
relaxation without spin diffusion, (2) diffusion-limited 
relaxation, and (3) relaxation with rapid diffusion, 
only the latter two are of physical importance, but a 
solution for the first case suggests a behavior for the 
second for a very short time after a disturbance of the 
nuclear magnetization. We have seen that the latter 


7 The author is indebted to D. T. Teaney, who allowed his 
equipment to be used for this measurement. The equipment used 
has been described by A. M. Portis and Dale Teaney, J. Appl. 
Phys. 29, 1692 (1958). 
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two cases can be distinguished in two ways: by the 
existence or nonexistence of a region of 
M,(t)~ and by the magnetic field dependence of 
M,,(t) for large ¢. In either case, it is possible to compute 
C and thus determine 7 for the paramagnetic ion inde- 


transient 


pendent of a paramagnetic resonance experiment. In 
the case of diffusion-limited relaxation, it is also possible 
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to calculate the coefficient of spin diffusion from the 
asymptotic behavior of M,(¢) for large ¢. 
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It has been shown that the previously observed decrease in the values of g’ for weakly magnetized speci 
mens of Fe and Ni was caused by a systematic error in the measurement of magnetic moment. Recent 
experiments on these two metals indicate g’ values of 1.919+0.002 for Fe and 1.835+0.002 for Ni 


INTRODUCTION 


A NEW laboratory has recently been built for the 
purpose of making measurements of the mechani- 
cal inertia effects associated with magnetism.! This 
laboratory was designed with the objective of obtaining 
a working space in which magnetic fields could be re- 
duced to the order of 10~° to 10~® oersted. All ferro- 
magnetic materials were eliminated from the building 
construction. 

Much of the equipment used is similar in design to 
that previously reported,?~ however, many refinements 
have been made. The variometers for following changes 
in the earth’s magnetic field are considerably altered 
and the changes are now followed by photoelectric 
servo systems. 

Refinements have also been made in the previously 
used procedures** for measuring angular momentum 
and magnetic moment changes. Electronic timers are 
now used to supply current reversals automatically to 
the torsional pendulum system at the proper intervals 
to obtain resonance. Also as a precautionary measure the 
magnetic moment changes of the sample are monitored 
throughout the experiment. This is accomplished by a 
pair of pickup coils surrounding the instrument in which 
the ferromagnetic sample is resonating. Reversal of the 
magnetic moment induces a current pulse in these 
pickup coils. This pulse is led through the secondary of a 
mutual inductance to a ballistic galvanometer. Current 
in the primary of the mutual inductance is reversed 
simultaneously with that flowing in the magnetizing 
winding of the sample. After adjusting for a null the 


1 Constructed by the Charles F. Kettering Foundation. 
2G. G. Scott, Rev. Sci. Instr. 28, 270 (1957). 

3G. G. Scott, Phys. Rev. 82, 542 (1951). 

4G. G. Scott, Phys. Rev. 99, 1241 (1955). 


primary current is determined by measuring its drop 
across a standard resistor. This monitoring system is 
calibrated by the torsional comparator previously 
used.34 


RESULTS 


It was found that the previously observed change in 
the values of the gyromagnetic ratios for weakly mag- 
netized specimens of Fe, Ni, and the FeNi alloys,*~® was 
caused by a systematic error in the determination of 
magnetic moments. 

In the nonlinear initial region of the B-H curve the 
induced magnetization is a function of the rate at which 
H is applied. In our old equipment a conducting ring 
surrounded the specimen in the torsional comparator. 
The additional circuit damping introduced by this ring 
slowed the rate at which H changed. This resulted in a 
decrease in the magnetic moment change when weakly 
magnetized specimens of these metals were reversed. 
Since this ring was not used when the corresponding 
angular momentum changes were measured, an error 
resulted. This effect became insignificant for the larger 
values of current used in the older work. Hence all of 
the high intensity values in references 4-6 are reliable. 

A new series of experiments on a different sample of 


Taste I. Analysis of ellipsoidal Fe sample. 


99.89% 
0.05% 
0.01% 
0.008% 
0.005% 





Iron 
Nickel 
Silicon 
Oxygen 
Cobalt 


5G. G. Scott, Phys. Rev. 99, 1824 (1955). 
6 G. G. Scott, Phys. Rev. 103, 561 (1956). 





GYROMAGNETIC RATIOS 


TABLE II. Values of g’ for ellipsoidal sample of Fe obtained 
for various different runs. 








Magnetizing current 
milliamps 8 


4.00 1.916 
10.00 1.918 
5.00 1.913 
10.00 1.920 
5.00 1.920 
10.00 1.918 
10.00 1.924 
5.00 1.921 
1.919 








Average 





pure iron was conducted at this new laboratory. In 
order to obtain uniform magnetization of the material, 
this sample was made in the form of a prolate spheroid. 
It had an eccentricity of 14.2 and was symmetrically 
placed in a hollow cylindrical winding which formed 
part of the torsional pendulum. Table I gives a list of 
the principal impurities in the sample. Table II shows 
a summary of this series of experiments which resulted 
in a g’ value for Fe of 1.919. 

Readings were also taken on the cylindrical Fe speci- 
men used in our earlier experiments.‘ These new readings 
resulted in a g’ value of 1.917. 
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TABLE III. Results of various g’ experiments on same sample of Ni. 


Reference g' 


a 1.837 
b 1.831 
b 1.834 
Present work 1.837 


1.835 





Average 


*S. Brown, A. J.-P. Myer, and G. G. Scott, Compt. rend. 238, 2504 
(1954). 
> See reference 5. 





New experiments were also conducted on our old 
cylindrical specimen of Ni. Table III summarizes all of 
the values of g’ which have been measured for this sam- 
ple of Ni excluding those obtained at low magnetization 
earlier.® 

It is concluded from this work that g’ values should 
be 1.919+0.002 for Fe and 1.83520.002 for Ni. 
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An activation energy for the surface migration of tungsten 
atoms on the tungsten crystal lattice structure and under the in- 
fluence of a high electric field has been measured using field emis- 
sion techniques. The initially hemispherical field emitter tip 
surface deforms into a polyhedral shape in a process known as 
build-up, when the emitter is heated in the presence of large elec- 
trostatic forces. Build-up proceeds in a regular and reproducible 
manner; certain stages of build-up can be identified by character- 
istic changes in both the field emission patterns and the current 
vs time characteristics of the emitter. An activation energy of 
2.44+0.05 ev/atom was determined, from the measured values 
of the time required to achieve a given degree of build-up at 
various operating temperatures. This value may be compared with 


I. INTRODUCTION 


IELD emission microscope techniques have yielded 

important advances in the understanding and 

measurement of surface migration. Two basic methods 
have been applied to quantitative migration studies: 

* This work was supported in part by the Research Corporation. 

+t This paper is based on a thesis submitted by Philip C. Bettler 

in partial fulfillment of the requirements for the degree of Doctor 

of Philosophy at Oregon State College. 


the value of 3.14 ev/atom determined from the rate at which the 
tip of a heated tungsten emitter recedes in the absence of an elec- 
tric field. Explanations for the difference are presented, involving 
two distinct factors: (1) a reduction in activation energy, through 
the effect of polarization of the surface atoms by the electrostatic 
field, by an amount which was determined in a special experiment ; 
and (2) an inherent difference which remains after allowance has 
been made for the field effect. The latter is ascribed to the dif- 
ference in the paths of migration in the two cases whereby, for the 
conditions existing in this experiment, the activation energy meas- 
ured is that corresponding to migration primarily over the low 
index (100), (110), and (211) planes. A value of 2.79+-0.08 ev/ 
atom is obtained after correction for the field effect. 


(1) In the first method, the surface migration con- 
stants of selected adsorbates on a fixed substrate have 
been obtained from measurements of the surface rate 
of flow of such adsorbates whose presence alters the 
work function of the emitting surface and thus con- 
tributes changes in the emission which can be followed 
on the field emission pattern.'? 


"13. A. Becker, Advances in Catalysis 7, 135 (1955). 
2 Robert Gomer, Advances in Catalysis 7, 93 (1955). 
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(2) In the second method, which was used in the ex- 
periments described here, the self-migration constants 
for surface atoms on their own lattice are obtained from 
measurement of the time rate of change of the field 
emitter geometry, and the corresponding changes in 
the electron emission characteristics. 

When no electric field is applied at the surface of the 
heated emitter, surface migration is caused by surface 
tension forces which produce a rounding and smoothing 
of the emitter tip and lead to subsequent dulling of the 
tip through a transport of material from the apex 
toward the shank. The activation energy of tungsten 
for the dulling precess has been determined by Muller,’ 
Dyke and _ co-workers,® and more recently by 
Sokolskaya.’ Except for Muller’s early values, the 
results are in good agreement and yield a value of ap- 
proximately VYo= 3.14 ev/atom. 

When a sufficiently high field is applied the electro- 
static field forces predominate and reverse the direction 
of the migration, resulting in a geometric deformation 
of the emitter tip called “build-up” in which certain 
crystal planes become enlarged. The activation energy 
for build-up has been measured by Sokolskaya’ and in 
the present work. Here again the results are in close 
agreement and yield a value of approximately Qr=2.4 
ev/atom. 

The difference between the values of Qo and QF is 
well outside the respective experimental uncertainties. 
An explanation of this difference is proposed in the 
concluding section. 


II. THEORETICAL CONSIDERATIONS 


The theoretical basis for the interpretation of the ex- 
perimental data is found essentially in Herring’s appli- 
cation of thermodynamic principles to the theoretical 
study of transport phenomena and of the associated 
geometrical changes in heated metal crystals.*:? This 
study yields a condition for the geometrical equilibrium 
of the solid-vacuum interface at the surface of an iso- 
thermal single crystal of arbitrary shape, and also gives 
an expression for the flux of atoms in the absence of 
equlibrium. 

The field emitters used in the present experiments 
have, prior to build-up, a shape illustrated by the elec- 
tron microscope shadowgraph of Fig. 8(a), i.e., they 
consist of a spherical tip smoothly fitted into a conical 

3 E. W. Muller, Z. Physik 126, 642 (1949). 

*W. P. Dyke and W. W. Dolan, Advances in Electronics and 
Electron Phys. 8, 89 (1956). 

5 J. K. Trolan, J. P. Barbour, E. E. Martin, and W. P. Dyke, 
Phys. Rev. 100, 1646 (1955). 

6 J. P. Barbour, F. M. Charbonnier, W. W. Dolan, W. P. Dyke, 
E. E. Martin, and J. K. Trolan, Phys. Rev. 117, 1452 (1960). 

7]. L. Sokolskaya, J. Tech. Phys. (U.S.S.R.) 26, 1177 (1956) 
(translation: Soviet Phys. (Tech. Phys.) 1, 1147 (1956) ]. 

*C. Herring, in Structure and Properties of Solid Surfaces, 
edited by R. Gomer and C. S. Smith (University of Chicago Press, 
Chicago, Illinois, 1953), p. 5; also in The Physics of Powder 
Metallurgy, edited by W. E. Kingston (McGraw-Hill Book 
Company, Inc., New York, 1951), p. 143. 

9 C. Herring, J. Appl. Phys. 21, 301 (1950). 


M. CHARBONNIER 


shank. The emitter tip radius (normally less than one 
micron) is much smaller than average crystal dimen- 
sions in the tungsten emitter, so that the fraction of the 
emitter which is of primary interest in the build-up 
process normally consists of a single crystal to which 
Herring’s theory may be applied. The experimental 
verification of Herring’s theory through the study of 
heated field cathodes has been described in recent 
publications.*”" Scaling laws have been used to estab- 
lish that surface migration is the transport process 
predominantly responsible for the geometrical changes 
observed in heated field emitters. Surface tension, and 
surface stress gradients produced by application of an 
electric field at the emitter surface, supply the motivat- 
ing forces responsible for the migration. 

Surface tension forces predominate at low values of 
the applied electric field, resulting in a net migration of 
atoms away from the tip which causes the heated 
emitter tip to recede and dull with time; experimental 
measurement of the receding rate as a function of 
applied field yields a determination of the surface 
tension y and the surface migration constants for the 
emitter material.® 

For intermediate values of the applied field a balance 
can be achieved between surface tension and electro- 
static forces, whereby the net surface migration rate is 
essentially reduced to zero and geometrical stability of 
the heated surface is maintained. This case is of great 
interest from the standpoint of practical applications 
of the field cathodes, and has also been discussed in the 
literature." 

Finally, electrostatic forces predominate when the 
electric field F at the emitter tip exceeds the value: 


F.& (16ry/r)}, (1) 


Fic. 1. “Marbles-for-atoms” model of a portion of a hemi- 
spherical field emitter with body-centered cubic crystal structure; 
surface radius of 50 atoms is about one-twentieth that of a typical 
emitter. 

0 J. L. Boling and W. W. Dolan, J. Appl. Phys. 29, 556 (1958). 

 W. P. Dyke, F. M. Charbonnier, R. W. Strayer, R. L. Floyd, 
J. P. Barbour, and J. K. Trolan, J. Appl. Phys.*31,,790 (1960). 
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where 7 is the emitter tip in cm, and F% is in electro- 
static units. In this case, with which the present paper 
is concerned, surface migration results in local re- 
arrangements of the tip surface and also in a net flow of 
atoms from the emitter shank toward the tip, both of 
which contribute to the build-up process. 

In the case of large applied fields a theoretical treat- 
ment is greatly complicated because the anisotropy of 
the crystalline cathode material has a preponderant 
effect on the geometrical changes which occur. By 
analogy with the low field case one might expect the 
heated emitter to grow in length when the applied field 
exceeds Fo; however, simple extension does not occur 
because of the very low probability of nucleating new 
atom layers in certain crystallographic plane orienta- 
tions [such as (110), and to a lesser extent (100) and 
(211), in the case of body-centered cubic crystals | 
corresponding to relatively smooth surfaces. This low 
probability inhibits crystal growth in the corresponding 
directions, and as a result the heated field emitter does 
not remain smoothly rounded when subjected to fields 
greater than Fo, but builds up into a polyhedral shape 
in which the tip surface eventually consists of large 
plane facets separated by sharp edges and corners. The 
emitters used in this study were all made of tungsten 
wire with a [110] crystallographic direction parallel to 
the emitter axis, and the electric field at the emitter 
apex was at Jeast twice Fo, resulting in a strong pre- 
dominance of the electrostatic forces leading to build-up. 

It will be recognized, from the marble-for-atom model 
of a tungsten field emission tip shown in Fig. 1, that 
small plane facets exist on an atomic scale for even the 
most smoothly rounded tip; the size of these facets, 
even though it remains small compared to the tip radius, 
is further increased because of the small anisotropy in 
the surface tension of tungsten. The initial stages of the 
build-up process are believed to consist essentially of a 


Fic. 2. Suggested mechanism of migration in the build-up 
process. Atoms from the low index planes are deposited in inter- 
mediate regions. Motion is toward the regions of higher field, i.e., 
greater curvature. 
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Fic. 3. Schematic drawing of the projection microscope field 
emission tube. A—anode; C—field emission cathode. 


local rearrangement of atoms, as illustrated in Fig. 2; 
here we see that since the local fields are largest in the 
regions of greatest curvature, i.e., between the low 
index planes, the migration will be toward these regions, 
leading to some enlargement of the plane facets. This 
local migration is accompanied and followed by a slower 
transport of material from the emitter shank toward the 
apex, which gradually leads to the completely built-up 
form. 

Two sets of experiments have been performed. In the 
first, the variable parameter was the tip temperature, 
while the tip radius r and the initial electric field F at 
the emitter apex were held constant, and the time in- 
terval ¢ required to evolve from one to another char- 
acteristic degree of build-up was determined as a func- 
tion of temperature. Since this time interval is inversely 
proportional to the migration rate, the theory predicts 
a relationship of the form": 


‘=CT exp(Qr/kT), (2) 


where C depends on the initial and final degrees of build- 
up selected for the measurement but is otherwise con- 
stant under the conditions of the experiment (constant 
r and F), and QF is the activation energy for the cor- 
responding stage of the build-up process; thus a plot of 
In(t/T) vs 1/RkT' would be expected to yield a straight 
line whose slope measures the activation energy Qr. 

In the second series of experiments the variable 
parameter was the initial electric field Fo applied at the 
emitter apex, while the tip radius and temperature were 
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Fic. 4. Typical sequence of emission patterns for (211) build-up. 
T = 1800°K, r=4X10-5 cm, V = 8000 volts. 


held constant. The dependence on F of the character- 
istic build-up time ¢ was measured, and the theory was 
then used to determine the field dependence of the acti- 
vation energy, as discussed in a later section. 


III. EXPERIMENTAL METHOD 


Projection microscope tubes, of the type shown in 
Fig. 3, were used in the initial stages of the work. Their 
fabrication and evacuation, to pressures of the order of 
10-" mm Hg, have been discussed in the literature.!?* 
Electrons diverge from the field cathode C and impinge 
on the metal backed phosphor coating which serves as 
the anode. The emission pattern as observed on the 
phosphor screen reveals an electron density distribution 
which is characteristic of the crystal structure and the 
geometry of the cathode surface. The magnitude of the 
current density depends on the work function and the 
shape of the surface and changes in those parameters 
are easily observed. 

The emitter was heated by conduction from a re- 
sistively heated support filament. The temperature of 
each emitter was carefully calibrated as a function of 
filament current by use of an optical pyrometer, and 
the temperature was held constant during an experi- 
mental run. Correction was made for the calculated 
temperature drop due to radiation along the emitter 
shank. 

2 W. P. Dyke, J. K. Trolan, W. W. Dolan, and George Barnes, 
J. Appl. Phys. 24, 570 (1953). 

3 W. P. Dyke, J. K. Trolan, E. 


} E. Martin, and J. P. Barbour, 
Phys. Rev. 91, 1043 (1953). 
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To observe build-up, the temperature of the emitter 
was set to a desired value and the electric field was then 
applied. The emission current was monitored on a chart 
recorder, and photographs of the emission patterns were 
taken as significant changes occurred. 

Two distinctly different sequences of pattern changes 
were observed during build-up of the [110] oriented 
tungsten emitter. These are illustrated in Figs. 4 and 5. 
The two sequences differ significantly only in the latter 
stages of build-up when the (211) crystal regions 
“fill-in” in the first case and the (100) crystal regions 
fill-in in the second. The corresponding respective emis- 
sion currents are shown in Figs. 6 and 7; correlation of 
the patterns with time and the emission current are in- 
dicated on the curves. It is to be noted that an initial 
rapid change in the patterns and current is followed by 
a relatively quiescent stage during which little change is 
observed ; only a general growth in the large dark areas 
representing the low index (100), (110), and (211) 
planes of the crystal surface is noted. Finally there fol- 
lows a rapid sequence of events in which certain of 
the dark areas fill in and brighten, accompanied by large 
increases in the current. The current then levels off to 
a somewhat unstable value and the patterns cease to 
change. Continued operation at this level usually results 
in destruction of the tip through vacuum arc." This 
would be expected since the local current density in the 
build-up regions is very high (of the order of 
10° amp/cm?) and would lead to resistive heating of the 
emitter tip.” 


q h i 


Fic. 5. Typical sequence of emission patterns for (100) build-up. 
T = 1800°K, r=4.1X10~° cm, V = 8070 volts. Dark areas in center 
of (100) regions of patterns g, 4, i are caused by intense electron 
current heating phosphor and destroying fluorescent property. 


4 W. W. Dolan, W. P. Dyke, and J. K. Trolan, Phys. Rev. 91, 
1054 (1953). 
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Shadow micrographs of the emitter tips before and 
after build-up illustrate the changes from the smoothly 
rounded to the polyhedral form as shown in Figs. 8 and 
9 for “211” and “100” build-up, respectively. The 
middle and right-hand profiles in each figure correspond 
to two different orientations of the emitter. These 
orientations are indicated on the appropriate pattern 
pictures of Figs. 8-B and 9-B. The polyhedral angles 
appearing in the profiles of the build-up emitters were 
measured and compared with the calculated values for 
the body-centered cubic crystal structure of tungsten. 
Very close agreement was obtained. 

The built-up emitter can be restored to its initial 
smooth form by flashing to a high temperature (about 
2700°K) for a short period. Build-up can then be re- 
peated at the same or a different temperature and an 
essentially identical sequence of patterns and currents 
is observed; however, the rate of build-up is highly de- 
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Fic. 6. Typical emission current change for (211) build-up. 
Letters indicate corresponding patterns of Fig. 4. 


pendent on the temperature. This is especially true for 
the initial period of the build-up process andfprovides 
the method for obtaining the activation energy Q. 

The projection microscope tube was used in the early 
stages of the experimental work since the ability to view 
the emission patterns and thereby follow the changes in 
the emitter geometry was invaluable in the establish- 
ment of the current-geometry relationship and the inter- 
pretation of the results. However, it was recognized that 
in this type of tube the inability to outgas completely 
surfaces on which the electrons impinged could lead to 
liberation of surface gases and to ion bombardment and 
contamination of the emitter during operation. It was 
felt that these effects might have some effect on the mi- 
gration rate. After experience was gained through ex- 
tensive operation, it was found that the build-up process 
could be followed through monitoring the emission 
current alone. This allowed the substitution of a tung- 
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Fic. 7. Typical emission current change for (100) build-up. 
Letters indicate corresponding patterns of Fig. 5. 


sten anode which could be thoroughly outgassed during 
evacuation. The latter tube is illustrated in Fig. 10. 
The tungsten anode almost completely surrounds the 
emitter and effectively traps the primary and secondary 
electrons, keeping them from bombarding the poorly 
outgassed portions of the tubes. In addition these tubes 
were made of Corning No. 1720 glass which is relatively 
impervious to the infusion of helium from the atmo- 
sphere.'® Tests showed that these tubes could be 
operated cold at a high de current level for many hours 


(B) 
Fic. 8. Electron micrograph profiles of emitter before and after 
(211) build-up. Insert shows orientation of build-up profiles with 
respect to emitter patterns. 


18 F, J. Norton, J. Am. Ceram. Soc. 36, 90 (1953). 
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Fic. 9. Electron micrograph profiles of emitter before and after 
(100) build-up. Insert shows orientation of build-up profiles with 
respect to emitter patterns. 


with no appreciable deterioration of the field cathode, 
and from this it is concluded that contamination and 
ion bombardment rates were negligible. 

From the discussion given above it is evident that 
there exists a very close correspondence between the 
changes in the emission patterns and changes in the 
emission current during build-up. Similar points on each 
of a family of current curves for which temperature is 
the variable parameter can be identified and are as- 
sumed to correspond to the same degree of build-up. 
The temperature dependence of the rate of build-up is 
thus obtained and the activation energy Q derived 
through the use of Eq. (2). Figure 11 represents a typi- 
cal set of curves. The points labeled k,k, . . ., & repre- 
sent the same stage in the build-up process. The cor- 
responding values of temperature and time are presented 
as points of Fig. 12. The slope of the line determines a 
value of Q. Other sets of points such as a, a,.. ., 
b, b, ., 6, etc., could have been selected. However, 


TABLE I. Summary of mean values for Q(ev/atom). 


Mean for 
each emitter 


Mean for type 
of anode 


Emitter No. 


W2A415 
W2A418 


W2A642 
W2A643 


—Phosphor Anode 2.31+0.07 (Qp) 


2.34+0.08 
2.29+0.06 


2.46+0.04 
? 


Tungsten Anode 42-+.0.06 


2.44+0.05 (Qy 
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those indicated by & were preferred for the following 
reasons: (1) they represent the most prominent identi- 
fiable feature, the knee of the curve where it levels off 
after the first large increase in current; (2) the promi- 
nent knees correspond to the emission patterns of 
Fig. 4(c) and Fig. 5(d) and occur fairly early in the 
build-up process, so that they do not represent a large 
departure from the initial rounded form of the emitter 
tip. Therefore, conditions are more likely to be the same 
for each repetition of the process than at some later 
time, and Eq. (2) can be used with confidence. At 
earlier times a well defined break or inflection is often 
lacking. 


IV. EXPERIMENTAL RESULTS 


The mean values of Q and the statistical probable 
errors are given in Table I. These have been grouped 
according to the type of anode and tube used. 

The difference in the values of Q as obtained from the 
two types of tubes is significant since a calculation of 
oa, the standard deviation of the difference between the 
two values, gives 

oq=0.04. 


The difference in Q is 
Or—Op=0.13 = 30 ” 


As has been suggested previously, the larger value of 
Q obtained in the tungsten anode type of tube is be- 
lieved due to the better environmental conditions which 
alleviate ion bombardment and the resulting excitation 
of the surface atoms of the emitter tip during operation. 


a 


Fic. 10. Schematic drawing of tungsten anode field emission 
tube. A—anode cup, C—field emission cathode. 
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For this reason the larger value of 
O=2.44+0.05 ev/atom 


is believed to be the more acceptable value. 

A résumé of the results of other investigators has 
been given in the introduction. Their quoted values for 
the activation energy for surface migration are sum- 
marized in Table II for convenience. 

The values obtained for the activation energy fall 
into two groups, depending on the direction of the net 
migration. The values within each group are consistent 
within the accuracy of the measurements. However, the 
difference of about 30% between the two sets of values 
is well outside the respective experimental uncertainties 
and requires explanation. 

An obvious factor contributing to this difference is 
the fact that a large electric field is present at the 
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Fic. 11. Typical family of build-up current curves for constant 
applied potential V =6960 volts. 


emitter surface in the case of the build-up experiments, 
and the activation energy is expected to vary with ap- 
plied field as pointed out by Drechsler.'® A quantitative 
estimate of this effect is a prerequisite to a meaningful 
comparison of the two sets of value. The experimental 
data gives no clear evidence of a change of Q with 
applied field. However, because of the small range of 
field accessible to the experiment, the small correspond- 
ing variation in Q may well be masked by the spread 
in experimental measurements.” In order to elucidate 


16 M. Drechsler, Z. Elektrochem. 61, 48 (1957). 

17 Electrostatic stresses at the crystal surface are proportional 
to F*. Therefore, as confirmed experimentally, the effect of an 
external electric field on the surface migration and build-up rates 
depends on the magnitude of the field but not on its polarity. 
However, in the present experiments the emitter tip was made 
cathodic to permit monitoring of the build-up process through the 
field emission current and pattern, and only a narrow range of 
applied fields could be used satisfactorily because of the very 
sensitive dependence on field of the field emitted current. 
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“1G. 12. Plots of log t/T vs 10*/T for data from curves of 
Fic. 11. Slope of line equals Q/R. 


this point, the following analysis and experiment were 
performed. 


V. FIELD DEPENDENCE OF THE ACTIVATION ENERGY 


As noted earlier, the data used for the determination 
of the activation energy was restricted to the early 
stages of the build-up process, during which the emitter 
departs from its well-known initial shape by a small 
amount only. Under those conditions it is permissible 
to use the initial emitter profile, obtained by electron 
microscope shadowgraphs as illustrated in Fig. 8(a), to 
determine at the tip surface the curvature and field 
distributions which are needed for the determination of 
the surface migration constants by means of Eq. (2). 
The functional dependence of the characteristic build-up 
times ¢ on the essential parameters (tip radius r, applied 
electric field F at the emitter apex, and tip temperature 
T) may thus be obtained," leading to the expression: 


LT expQr/kT 


t=Cr . (3) 
F?—F, 

where C is a constant depending on the initial and final 
degrees of build-up selected for a specific measurement, 
and Fo is the minimum field required to produce build- 
up and given in Eq. (1). 

According to Drechsler'® the effect of an external 
electric field is to induce an electric dipole in an atom 
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Fic. 13. Schematic representation of the field at a metal 
surface on microscopic scale. 
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TABLE II. Measured values of activation energy for the surface migration of tungsten on its own lattice. 


Activation 


energy in 
ev/atom 


Author Date 





Direction of 
migration 


Temperature 
range 





‘Miller "1949 


G Sokolskaya 1956 
sroup I 


Barbour et al. 1959 


L 
Sokolskaya 1956 


Group II Present work 


migrating on the surface, which results in an additional 
binding energy Fr given by: 


Er= saF?, (4) 


where a is the polarizability coefficient. If we take into 
account the atomic structure of the emitter tip, the sur- 
face field may be represented as illustrated in Fig. 13 
where F, is the field corresponding to an ideally smooth 
surface, F,=k,F, is the field at a stable site for the 
migrating atom (&,<1) and F,=&,F, is the field at the 
potential saddle which the atom must cross when mi- 
grating from a stable site to the next (k,>1). It follows 
that the activation energy for surface migration, which 
is the difference between the binding energies of the 
migrating atom at the trough and saddle positions, will 
decrease with increasing field according to the 
expression : 


Or=Qi—}a(k2—k?)F 2=0.—AF;, (5) 


where Qr is the activation energy measured in the 
presence of field and Q, is the activation energy cor- 
rected for the field effect (i.e., Qi rather than Qr should 
be compared to the activation energy Q» measured in 
the dulling experiments of Table II, group I). 
Substituting Eq. (5) into Eq. (3) yields: 
T exp[(Qi:-AF*)/kT] 
t= Cr-———_____—_—_—__ (6) 
F°?—F° 


Taking the natural logarithm of both sides of Eq. (6) 
and differentiating with respect to F, one obtains: 


n=2AF2/kT 
+2F?/(F?—F,), (7) 


d(Int)=—nd(\InF), where 


and finally, in view of Eq. (5): 


n Fe 
O=r+é7| aeeenees | (8) 
2 (F°—F,) 


This expression allows calculation of Q; from the ex- 
perimental data, since Fo is given by equation (1) and 
since is a directly measurable quantity equal to the 
slope of the curve ¢(F) plotted in logarithmic coordi- 


3.540.3 
3.240.2 
3.14+0.08 


2.36+0.2 


2.44+0.05 





Dulling (no 1200°K to 1500°K 
applied field 

Dulling (no 
applied field) 

Dulling (no 
applied field) 


1200°K to 1600°K 
1800°K to 2700°K 


Build-up (large 1200°K to 1600°K 
applied field) 
Build-up (large 
applied field) 


1700°K to 2100°K 


nates. It will be noted that, whereas the value of the 
constant A depends on the detailed atomic structure of 
the surface, through the coefficients 2; and &,, the final 
Eq. (8) for Q: does not require knowledge of these 
quantities, and its validity requires only that the field 
dependent term of Q be proportional to the square of F. 

Experimental values of m were obtained for emitters 
W2A642 and W2A643 by observing the field dependence 
of the build-up time at constant temperature. A typical 
set of time versus current curves for this test is given 
in Fig. 14, and the corresponding In ¢ vs In F curves are 
shown in Fig. 15. The mean of six experimental deter- 
minations yields: 

n=7.5+0.24, 


where +0.24 represents the probable error correspond- 
ing to the statistical scatter of the measurements. Sub- 
stituting into Eq. (8), the reference value 

Q\= (2.44+0.05) + (0.35 +0.06) = 2.79 +0.08 ev/atom 
is obtained for the activation energy for build-up of 
tungsten emitter tips, after correction has been made 
for field effect. 
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lic. 14. Typical family of build-up current curves for constant 
temperature. Applied potential is the variable parameter, 
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VI. DISCUSSION OF RESULTS AND CONCLUSIONS 


The diffusion theory developed by Herring’ has been 
utilized to obtain an experimental value of the activa- 
tion energy of surface migration in the presence of 
electric field (build-up) on the heated tungsten field 
emission tip. The work has yielded a value (Qr=2.44 
+0.05 ev/atom), calculated from the experimental 
data, which is considerably lower than that obtained 
by other workers from the dulling rate of a smoothly 
rounded, heated emitter when no field is applied 
(Qc=3.14+0.08 ev/atom). Considerations of the pos- 
sible effects of field on the migration rate and of the 
atomic structure of the tungsten crystal, and observa- 
tion of the build-up process in the field emission micro- 
scope have led to proposal of the following mechanisms 
to explain the difference. 

The high electrostatic field present at the crystal 
surface during build-up causes, through induced po- 


larization of the surface atoms, a reduction of the po-_ 


tential hill which an atom must surmount in order to 
migrate from one stable site to another. One should 
therefore expect a variation of Q with applied field; 
however, in the initial experiment the range of fields 
which could be used was too small to give conclusive 
evidence of this variation. An auxiliary experiment has 
yielded an experimental determination of the field effect, 
which leads to an adjusted value of Qi:=2.79+0.08 
ev/atom for the activation energy of the build-up 
process referred to zero applied field. 

This value of Q; is directly comparable to the value 
of Qo= 3.14+0.08 ev/atom found for the dulling process. 
The difference is statistically significant, and since it 
cannot be ascribed to field effects it shows that build-up 
is not simply a reverse of the dulling process, i.e., 
build-up is not due entirely to material migrating from 
the emitter shank toward the tip. An explanation of 
this difference is proposed, based on the study of the 
physical processes involved and supported by experi- 
mental evidence. Observations of the growth in size of 
the dark (100), (110), and (211) areas of the tungsten 
field emission pattern during the early stages of build-up 
have suggested that the predominant change in the 
emitter during this initial period results from the migra- 
tion of atoms outward from the center area of these 
regions, producing an extension of these low index 
planes and a deposition of atoms at the intermediate 
regions. The consideration of the local action of the 
fields at the emitter tip and the study of electron micro- 
graph profiles of the emitter tip after build-up, as well 
as current studies of emitter tips containing screw dis- 
locations, have further supported and corroborated this 
view. 

It is difficult to give a detailed evaluation on an 
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atomic scale of the energy required to achieve migration 
at all specific surface lattice sites. However, because of 
the relative smoothness and lack of deep potential traps 
on the (110), (100), and to a certain extent (211) planes, 
compared to other regions of the emitter tip surface, 
migration over these regions is expected to proceed more 
easily, yielding a relatively low value of activation 
energy. On the other hand, the activation energy as 
measured for the emitter dulling process involves a 
gross transport of atoms from the apex of the emitter 
toward the shank; the migration thus takes place to a 
large extent over a rougher surface, and a correspond- 
ingly greater value of activation energy is to be 
expected.® 

Thus it is concluded that, in its early stages, the 
build-up process results primarily from local rearrange- 
ments of the tip surface in which the large applied 
electric field causes the atoms in the uppermost layers 
of the initially small (110), (100), and (211) plane facets 
to accumulate by surface migration at the outer edges 
of these facets, and that the lower activation energy 
associated with this local migration accounts for the 
difference between the activation energies measured for 
the build-up and dulling processes which remains after 
allowance has been made for the variation of activation 
energy with field. Preliminary observations suggest, 
however, that surface migration from the emitter shank 
predominates in the later stages leading to complete 
build-up. 
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The nuclear magnetic resonance of fluorine in K MnF; has been studied and hyperfine interactions between 
the fluorine nucleus and the magnetic electrons measured. The values are A,= (16.26+0.4) & 10-4 cm™ and 


(A,—A,) =(0.17+0.1) X 10-* cm". These values correspond to (0.52+0.02)°% 


? 


s and (0.18+0.1)% 2p 


character for the unpaired electron. The implications of these results in terms of the ¢ and z bonding in this 
compound are discussed. By a comparison with hyperfine interactions measured in recent paramagnetic 
resonance studies of KMgF;: Mn*? the amount of distortion in the mixed crystal is estimated. An antiferro- 


magnetic transition is observed at 88.5°K. 


INTRODUCTION 


UCLEAR magnetic resonance studies! of fluoride 

nuclei in magnetic crystals have shown the 
presence of large internal magnetic fields at the nuclei. 
These fields have shifted the nuclear resonance and 
have determined the line widths and spin-lattice re- 
laxation times. They have been shown to include 
hyperfine interactions as well as the dipole fields. The 
dominant component of the hyperfine interaction has 
been shown to be isotropic while the smaller anisotropic 
fields include large contributions from the dipole inter- 
action. The hyperfine interactions have been explained 
by unpaired spins in the fluoride ion orbitals—unpaired 
2s electrons considered as the origin of the isotropic 
effects and unpaired 2 electrons as responsible for the 
anisotropic interactions. Detailed interpretations of the 
hyperfine interactions in terms of spin densities in 
particular atomic orbitals requires accurate knowledge 
about the directional character of the wave functions 
involved in the interaction between the fluoride ion 
and the surrounding magnetic electrons. In MnF,! the 
fluoride ion’s environment has the symmetry C2, while 
the environment of manganese is D2,. This low sym- 
metry introduces uncertainty into the direction of the 
orbitals containing unpaired spins and complicates the 
interpretation in terms of fluoride ion orbitals. 

In the interests of interpreting the nuclear resonance 
shifts in terms of spin density in atomic orbitals it is 
desirable to study a crystal of high symmetry. The 
cubic crystal of KMnFs, ideal perovskite in structure? 
was studied for these reasons. 


EXPERIMENTAL 


K Mnf; is one of a series of mixed salts KXF3; where 
X=Cr, Mn, Fe, Co, Ni, Cu, Zn, or Mg. They have 
perovskite-like structures, as shown in Fig. 1, with the 
divalent metal at the body-centered position, potassium 
at the cube corners and three fluorides at the face- 
centered positions. In the cubic KMnF3, the symmetry 
is such that each manganese ion at a site of symmetry 
O, is surrounded by a regular octahedron of fluorides 


R. G. Shulman and V. Jaccarino, Phys. Rev. 108, 1219 (1957). 
K. Knox (to be published) 
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while each fluoride at a site whose symmetry is D4, has 
two colinear manganese neighbors as illustrated in 
Fig. 1. There are three unique fluorine environments 
identical except for their orientations with respect to 
the three Cartesian coordinates. The internal magnetic 
fields in this crystal at the fluorine nuclei come from 
To 
the extent that these interactions are anisotropic they 
have the angular dependence (3 cos*@—1) where @ is 
the angle between the direction of electron polarization 
and the internuclear radius. It can be seen from this 
consideration that for an arbitrary orientation of an 
external magnetic field there are three distinct fluorine 
sites. This applies to the paramagnetic state where the 
electrons with isotropic g factors are partially polarized 
by the external magnetic field. For Ho in (110) there 
are in general only two distinct fluorine sites and 
consequently two fluorine resonance fields while for 
H)\\[111] all fluorines are identical and there is one 
resonance. Our measurements in the paramagnetic 
state were made with Hp in the (110) plane so that in 
general there are two resonances observed except for 
H,|\[ 111]. A spherical sample ~6 mm diameter was 
cut from a single crystal? of KMnFs, oriented by x-rays 
and cemented with silica cement to a single crystal 


magnetic interactions with the manganese ions. 
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Fic. 1. Perovskite structure of KMnF;. The Mn** ion at the 
body centered position with site symmetry O, is surrounded by 
six fluoride ions. Each fluoride ion is colinear with two Mn** ions. 





NUCLEAR MAGNETIC 
sapphire rod with a [110] direction parallel to the axis 
of the rod. For the room temperature measurements 
shown in Fig. 2 a Varian Associates fixed frequency 
induction spectrometer operating at 60.000 Mc/sec 
was used, the magnetic field being varied to bring about 
the resonance condition. A Varian variable frequency 
spectrometer was used for the 90°K measurements 
shown in Fig. 3. The magnetic field was measured by 
observing the Li’ nuclear resonance in a water solution 
of LiCl using a modified? Pound-Knight spectrometer. 
Two resonance lines for KMnF; were clearly resolved 
under these conditions and a recorder trace of the 
absorption derivative is shown in Fig. 4 for Ho||[001 ] 
which is the point of greatest splitting. As can be seen 
from the trace the two lines are not, equally wide, but 
rather the more displaced line is broader. The less 
displaced, higher field, resonance corresponds to two 
identical fluorine sites along [100] and [010]. Its width 
between derivative extrema is 17+1 gauss corre- 
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Fic. 2. The resonance field Ho versus the angle between Hy and 
[001] for Ho in (110) plane at 298°K and v=60.000 Mc/sec. The 
dashed curve represents the dipole sum whose numerical value 
for this configuration is given by Eq. (7). 


sponding for this Lorentzian shape to T.=2.4 X 10-* 
second. The weaker resonance at a lower field has 
contributions from one fluorine site along [001], and 
its integrated intensity is ~} that of the higher field 
line. Its width between extrema is 22.5 gauss so that 
T.=1.8 X 10~- second. The origin of these line widths 
will be discussed in the next section in terms of exchange 
narrowing*:> of the hyperfine interactions. 

When we started this investigation the only available 
information concerning the antiferromagnetic ordering 
in KMnF; was in a short note® by Martin, Nyholm, 
and Stephenson in which they briefly reported suscepti- 
bility measurements between 90°-400°K on several of 
these complex fluorides. KNiF; had a susceptibility 


3 J. M. Mays, H. R. Moore, and R. G. Shulman, Rev. Sci. Instr. 
29, 300 (1958). 

4 T. Moriya, Progr. Theoret. Phys. (Kyoto) 16, 23, 641 (1956). 

5 P. W. Anderson and P. R. Weiss, Revs. Modern Phys. 25, 269 
(1953). 

6 R. L. Martin, R. S. Nyholm, and N. C. Stephenson, Chem. & 
Ind. (London) 1956, 83. 
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Fic. 3. Similar to Fig. 2 but at 90°K and v=15.637 Mc/sec. 


maximum at 275°, KCoF; at 135°K, KFeF; at 115°K, 
and, although it was indicated that KMnF; was anti- 
ferromagnetic, the results were incomplete. 

In Fig. 5 we have plotted the NMR shifts measured 
with H||[ 111] at different temperatures between 90°K 
and 300°K. It has been shown in the past! that these 
NMR shifts in paramagnetic materials are proportional 
to the expectation value of the electron spin (S) which 
is a function of temperature. For Mn** salts such as 
KMnfF; in which (S) is proportional to the suscepti- 
bility x, as is shown below, we expect the shifts to be 
proportional to the susceptibility. When a comparison 
is made between the susceptibility measurements’ and 
the NMR shifts they have the same temperature 
dependence within the experimental errors. 

At 90°K the resonance pattern had the same sym- 
metry as it did at higher temperatures as shown in a 
comparison of Fig. 2 and Fig. 3. However at 77°K a 
different pattern was observed in our somewhat cracked 
single crystal sphere. The lines were quite broad, rather 
difficult to measure exactly, but plainly did not have 
the same angular dependence as they had above 90°K. 
This indicated that a transition to an ordered state had 
occurred between 90°K and 77°K. This would be con- 
sistent with the published results® stating that Ty was 
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Fic. 4. Recorder trace of F resonance derivative with H\|[001] 
at T=298°K, »=60.000 Mc/sec; modulation is 8.9 gauss and 
output time constant is 0.8 second. 


7 The susceptibility of KMnF; has recently been measured in 
three independent experiments. Dr. N. Elliott and Dr. R. L. 
Martin have kindly provided us with their unpublished results. 
While waiting for their data we made an independent measure- 
ment at selected temperatures in collaboration with Dr. M. A. 
Gilleo. In the text we only use the value of Xm at 298°K. 
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Fic. 5. In this diagram AH is the displacement of the F™ 
resonance from its unshifted position of w/yy. The susceptibility 
should be proportional to AH/ and in fact the experimental] values 
of 1/AH plotted can be fitted quite well to the susceptibility data’ 
of N. Elliot and R. L. Martin. 


<100°K and also with our measured NMR shifts. 
These measured shifts, being proportional to the sus- 
ceptibility, give a straight line of 1/AH versus T with 
an intercept of —238°K (Fig. 5). Corresponding to 
these data the susceptibility, which was then not 
available in this temperature region, should approxi- 
mately follow a Curie-Weiss law of the form x=[C 

(T+0)] where ©=238°K. Obviously the data were 
taken at temperatures too close to Ty to expect the 
Curie-Weiss law to be valid, since the first term in the 
expansion of x in powers of 1/T only predominates for 
T>T yx. However in a qualitative way the data indi- 
cated first that the ordered state would be antiferro- 
magnetic (because © was positive) and second that 
90°K>T\.>77°K was reasonable. In order to observe 
the transition a single crystal sample was placed in 
liquid oxygen with Ho\|[ 111] so that one resonance line 
was observed as the temperature was lowered by 
pumping on the oxygen. The intensity of the signal 
was observed to vary with temperature in the manner 
shown in Fig. 6. In the region of 88.5° a transition in 
the resonance intensity occurred over a temperature 
interval of about one degree. Measurements were made 
by sweeping back and forth through the resonance line 
as the temperature was lowered. The three points 
indicated by crosses in Fig. 6 were taken as the tem- 
perature was raised, the others while it was lowered. 
Whether they indicate hysteresis at Ty as observed® 
in oxides by F. J. Morin, or merely reflect a temperature 
lag of the thermocouple fastened slightly above the 
sample is not certain. Our preliminary report® of 


8F. J. Morin (private communication) and Phys. Rev. Letters 
3, 34 (1959). 

*R. G. Shulman, K. Knox, and B. J. Wyluda, Bull. Am. Phys. 
Soc. 4, 166 (1959). 
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T w=88.3°K has been confirmed by 
bility measurements." 


recent suscepti 
Measurements have been made on powder samples 
of KCoF; and KNiF;. Both showed paramagnetic 
NMR shifts at 300°K which we could not measure 
accurately because the resonances were very broad and 
showed structure. When the KNiF; was observed at 
77°K the structure had disappeared and a broad 
symmetrical resonance was observed. The transition 
between these two patterns in KNiF; occurred in the 
vicinity of 250°K. Martin, Nyholm, and Stephenson® 
reported a susceptibility maximum at 275°K. Con- 
sidering that these KNil’; experiments are only pre- 
liminary the agreement seems reasonable and the anti- 
ferromagnetic transition of K Nil; is in this region. 
From the F" resonance data in the ordered state it 
is in principle possible to determine the antiferro- 
magnetic ordering. Work in this region was made very 
difficult by the broad lines observed. However it was 
clear that the large internal fields which would be 
expected from the isotropic interaction with two Mn** 
neighbors whose spin alignments were parallel would 
have shifted the F® resonance in zero magnetic field" 
to several hundred megacycles. Since the lines were 
on the average not shifted this far, but only displaced 
up and down in field from the normal position of w/yv, 
the absence of large isotropic shifts could be explained 
by each F® having its two neighboring Mn** spins 
arranged antiparallel. Our results are therefore con- 
sistent with the findings of Scatturin, Corliss, Ellictt, 
and Hastings” which have recently become available 
in which they have established by neutron diffraction 
measurements just this spin alignment, i.e., every spin 
has six nearest neighbors whose spins are antiparallel 
to the first spin. Other recent studies indicate addi- 
77.3° 


which should explain our broad observed resonances. 


tional complications in the magnetic structure at 
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Fic. 6. Intensity of F® resonance line versus temperature 
showing the rapid decrease of intensity near 88.5°K. 
1S. Ogawa, J. Phys. Soc. Japan 14, 1115 (1959). 
11 V. Jaccarino and R. G. Shulman, Phys. Rev. 107, 1196 (1957). 
2 VY. Scatturin, L. Corliss, N. Elliott, and J. Hastings (private 
communication). 
13 Q. Beckman, A. J. Heeger, A. M. Portis, and D. T. Teaney, 
Bull. Am. Phys. Soc. Ser IT, 5, 188 (1960). 
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HYPERFINE INTERACTION 


As mentioned above, KMnF; was investigated 
because its symmetrical structure allows an unam- 
biguous interpretation of the hyperfine interactions 
observed in terms of atomic orbitals. The nuclear 
Hamiltonian has been discussed previously. It can be 
wriiten 


H=-—vyhl-H+> I-A;-S, 


(3 cos*6;— 1) 
eae 


‘; 


where the first term is the nuclear Zeeman energy and 
the second is the hyperfine interaction with the jth 
magnetic ion of spin S;. The dipole interaction with the 
jth ion whose gyromagnetic ratio is g and which is 
located at a distance r; from the nucleus is given by the 
third term on the right-hand side. Anisotropic dipole 
fields are functions of 6;, the angle between the external 
magnetic field Ho and r;. If we make the simplifications 
permitted by the geometry of KMnF; and sum the 
hyperfine interaction over the two nearest Mnt** 
neighbors we can derive'® from Eq. (1) the resonance 
frequency as 


hv= gnBn(Hot+H”)—[A.4+ (A.—Ax)(3 cos*®,—1)] 
X[(S1)+(S2)]} (2) 


in which (S;) and (S2) refer to the spin expectation 
value of the two Mn** neighbors. In this expression 
gy is the nuclear g factor, 8y the nuclear magneton, 
and H® is the dipole field of the Mn** ions which will 
be defined. Following Tinkham™ the hyperfine inter- 


action has been considered to consist of an isotropic 


component A, and anisotropic components A, and A,. 
The A, interactions arise from unpaired spins in the 
fluorine p orbitals which lie along the Mn*+-F- inter- 
nuclear radii. The A, interactions arise from electrons 
in the p orbitals perpendicular to this direction. Some 
of the assumptions involved in writing Eq. (2) in this 
form are discussed more fully in the Appendix. The 
angle between Ho and the internuclear radius is @,. It 
can be seen from Eq. (2) that there are only two 
independent parameters of the hyperfine interaction, 
i.e., A, and (A,—A,), so that our experiments can only 
determine these two unknowns. The reason for this is 
that the magnetic field at the F nucleus from equal 
densities of unpaired spins in the three # orbitals can 


be expressed as a sum of the three spherical harmonics . 


of order /=1. Since the sum of this complete set is 
invariant under any rotation it is clear that the aniso- 
tropic terms, by definition direction dependent, must 
be expressed in terms of the differences of spin density 
in two of the orbitals as compared with the third. 
Taking the third orbital to be one of the , orbitals 


4M. Tinkham, Proc. Roy. Soc. (London) A236, 535, 549 
(1956). 
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perpendicular to the o bonds it can be seen from the 
fourfold symmetry about the o bond that the two x 
bonds must be identical. These considerations have 
been used to simplify Eq. (2). In Eq. (2) the dipole 
fields H? are obtained from the expression 


HiXn 
H? =— 


(3 cos’@;—1) 
- (3) 


] r; 


which results from the dipole contribution to Eq. (1) 
if we substitute 


. It has also been assumed that X,, is isotropic as it should 


be for KMnF; and it has been removed from the 
summation. The summation over the entire lattice has 
been performed on the IBM 704. 

It is convenient to write the measured NMR shifts as 


hy=gn8vHo(1+a). (4) 


Substituting these expressions in Eq. (2) for the two 
resonances observed with H)||[001] we have 


gnPn (a,—H,? Hy)Ho 
= (Xm/Ng8)[24.—2(Ae—Az)] (5) 
and 


gnvBv(an—H,?/Ho)Ho 
= (Xm/Ng8)[2A .+4(A.—Axz)] (6) 


where the distinction between the two manganese 
neighbors, which is unnecessary in the paramagnetic 
state, has been omitted and where | and || refer to 
the orientation with respect to Ho of the radius from 
manganese to the fluorine nucleus whose resonance is 
being observed. These equations reflect the fact that 
for Ho|\[001] there are two fluorines in the unit cell 
whose o bonds to the manganese ion are perpendicular 
to Hp» and one fluorine whose o bonds are parallel, 
where we use o bonds to mean the interaction between 
the ions symmetrical about the internuclear radius. 
The numerical values of the dipole field for these two 
sites for the particular case of Ho in the (110) plane, 
which corresponds to the measurements in Fig. 3 and 
Fig. 4, are 


H,?/Ho= — 2H /Ho=0.3418Xn(3 cos’@—1) (7) 


where @ is the angle between Ho and [001]. We are 
fortunate in that all three measurements’ of X» at 
298°K have a total spread of only 3.5% so that at 
this temperature the value of X,,=(10.2+0.2) X 10-% 
cm** mole includes a generous limit of error. Before 
substituting these values in Eqs. (5) and (6) we will 
rewrite those equations so as to make the best use of 
the experimental accuracies. 


(N gBgnBy Xm) (ay;—a,4 3H,P Hy) = 6(A,—A,;) (8) 
(NgBgnBn Xm) (ai;+ 2a,) = OA.. (9) 
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From the measurements shown in Fig. 2 it can be deter- 
mined that at 298°K 


a= (2.970+0.02) K 107°; 


a,= (1.852+0.02) k 10° (10) 


and H,?/Ho! 25°= —0.349 X 10-? where we use the 
room temperature data because the susceptibility 
errors should be smallest in the vicinity of 298°K. 
Substituting these values in Eq. (8) and Eq. (9) we find 


A,= (16.26+0.4) & 10-* cm™ 


(A,—A,)=(0.1740.1) &K 10 cm" (11) 


where the accuracy of each of these quantities reflects 
the possible errors of +2% in the susceptibility and 
+1% in the experimental measurements. The errors 
in the susceptibility cause a larger fractional uncer- 
tainty in the (4,—Am) than in A, because they 
introduce fractional errors into 3H,?/H» which is a 
large quantity compared to its difference from (a,;;—a,). 
If we convert these measured values of the hyperfine 
interaction to spin densities in the 2s and 2 orbitals 
of F~ we have, using the values of the hyperfine 
interaction given by Moriya‘ 
f.= (0.52+0.02) X 107° 
(f.— fe)= (0.18+0.1) K 107° (12) 


where f,, f,, and f, are the fractions of unpaired spin 
in 2s, 2p,, and 29, orbitals. It is interesting to compare 
these values with the published values' of hyperfine 
interaction measured in MnF>» in which 


A,'=(15.4+0.3) & 10- cm™! 
A= (16.2+0.3) X 10- cm! 
A,‘}—A,'= (0.240.3) X 10 cm" 
A,'—A,'= (0.4+0.3) & 10 cm" 


(13) 


and where we have used the analysis of Keffer, Oguchi, 
O’Sullivan, and Yamashita.!® The weighted average 
of the two values of A,!' and A,!!, which refer to the 
two different Mn*++—F- bonds, is! 15.7+0.3 X 10-4 
cm! while the average of the two values of (A,—A,) 
=0.3+0.3 X 10 cm. The isotropic interaction 
agrees with the values observed in KMnF; to within 
the experimental error while the anisotropic inter- 
action also agrees in that to a first approximation 
(A,—A,) is small and not much larger than the 
experimental error. However in KMnF; where there 
are fewer parameters, in fact there are only two as 
opposed to six in MnF2, we have determined without 
making simplifying assumptions that (A,—A,) is only 
very slightly larger than the experimental error. 

Let us examine the origin'>—” of these shifts in more 

16 F. Keffer, T. Oguchi, W. O'Sullivan, and J. Yamashita, Phys. 
Rev. 115, 1553 (1959). 

16 A. Mukherji and T. P. Das, Phys. Rev. 111, 1479 (1958). 

17R. G. Shulman, Am. Soc. Metals (Cleveland, Ohio, 1959), 
p. 56. 
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detail. In our original paper on MnF,! we interpreted 
the hyperfine interactions in terms of unpaired spins 
in antibonding molecular orbitals. It has been shown 
that only when the molecular orbitals are orthogonal 
is this approach proper and equivalent'®: to considering 
joint effects of the Pauli distortion and coulombic 
interactions. If the molecular orbital bonding and 
antibonding orbitals are not chosen to be orthog- 
onal,'®!7.'8 then the matrix element of the hyperfine 
interaction involves nonvanishing cross terms between 
different states. We shall continue to use the molecular 
orbital approach bearing in mind the need for ortho- 
gonalized functions in order to simplify the inter- 
pretation of the experiments. It is not necessary to 
write out the compiete orthogonalized set of molecular 
orbitals for the O, environment because they are 
available.!7 However the pertinent aspects can be 
represented in terms of a two center model of 
Mn*++—F-. The molecular orbital wave functions are 


>= WnntVr 


Ya=¥Mn—\ flr (14) 


where the orthogonalization requires that 


\ f=yts (15) 
where 


o™= (Won v F 


and 4/f is the amount of s or p character admixed in 
the antibonding orbital. Notice that in the absence of 
any admixture of metal ion wave function into the 
bonding orbital, or y=0, there still will be an unpaired 
spin in the antibonding orbital. This contribution has 
been called the Pauli distortion'®’*'* and arises from 
the nonorthogonality of the atomic orbitals used as 
starting functions. The second contribution to //f, 
described by y, is the energy term which describes how 
the original atomic orbitals are changed by the Coulomb 
interactions in the solid. 

Keffer ef al. have calculated f, and f, for the 
Mnt++—F~- bond distances in MnF» which are only a 
few hundredths of an angstrom larger than the 2.09 A 
found in KMnF;. They concluded that f,~0.36 K 107 
and f,~1.0 X 10°. The discrepancy between f, 
calculated and observed is not serious considering the 
difficulty of the calculation. However the large value 
of f, compared with the small value observed indicates 
there are large ~, contributions which cannot be ig- 
nored. In order to show the relative magnitudes of p, 
and , contributions we have plotted the appropriate 
atomic orbitals in Fig. 7. The energy terms, i.e., con- 
tributions to y, are not necessarily equal for p, and p, 
interactions, however a comparison of the overlaps of 
p, and p,F~ orbitals with the suitable Mn** 3d orbitals 
provides an indication of the relative sizes of these two 


(16) 


18 B. S. Gourary and F. J. Adrian, Phys. Rev. 105, 1180 (1957). 
19W. Marshall (private communication); W. Marshall and 
R. N. Stuart (to be published), 
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interactions. In Fig. 7 we have plotted the fluoride ion 
2 functions using Slater functions of the form 


¥(2p.)=5.16r cosbe?-”* (17) 


where r is in atomic units of 0.529 A. For the fluoride 
ion the Slater function has been shown!'® to be very 
close to the more accurate Hartree-Fock function. For 
the Mn** 3d orbitals however it is necessary to use 
the Hartree-Fock functions. We have used the following 
expressions given by Mukherji and Das'® 
W (3d.2) = (5/)*4(3 cos?@—1)r?(0.11148e71 47!" 
+8.743¢-? 687+ 68. 29¢e—5-6r) 
W(3d,.)= (15/42)#7? sing cos¢(0.11148e1 47" 
48.743¢e-2-653"4 68, 29¢-5-22r), 


(18) 


These functions are plotted in two parts. In Fig. 7(a) 
we present the Mn** (3d,.) function and the 29, 
function of the fluoride ion. These are the overlaps of 
the r bond. The o bond overlap is presented in Fig. 
7(b). A comparison of the two overlaps is interesting 
because it shows that the r bond overlap is of the same 
order of magnitude as the o bond. This near equality 
is of course helped by the fact that the r bond has 
two lobes, only one of which is illustrated. The large 
value of the w overlap was pointed out to us by W. 
Marshall'’® who had calculated these overlaps numeri- 
cally. Marshall has included the energy terms of the 


electron cloud distortion, represented in Eq. (15) by y, 
in the overlap term s by using an expanded version of 


Fic. 7. (a) Contour lines of Hartree-Fock 3d,, orbitals of Mn** 
as described by Eq. (18) are shown overlapping the 2, Slater 
function of the F~ ion given by Eq. (17). These orbitals are both 
antisymmetric with respect to the horizontal axis so that this plot 
represents only one half of the interaction. The two nuclei are 
located 3.95 atomic units apart corresponding to 2.09 A. 
(b) Similar plot of contour lines of the 3d, orbital and the 2p.F 
ion orbital. 
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the Mn++ ion Hartree-Fock wave functions. In this 
way the overlap, when calculated, should equal the 
amount of admixture in the antibonding molecular 
orbital or 1/ f=s’ is the overlap of the expanded Mntt+ 
ion functions. These overlaps have been calculated by 
Marshall for MnF» as 


(3d.*| p2)*=0.74 X 10*= f, 
and 
(3dz2| p:)*=0.28 X 10-°= f,. 


It can be seen that (f.—f.)=0.46 X 10~ from this 
calculation which is larger than the experimental value 
of (0.18+0.1) X 10-*. Whether these results indicate 
the need for considering preferential expansion of the 
x orbitals with respect to the o cannot be definitely 
stated at this time. It is expected that our” investi- 
gations of single crystals of NiF2 and KNiF; which are 
underway will indicate the strength of the o inter- 
action alone since in the nickel salts with a 3d® con- 
figuration of Ni** ion only o-bond electrons contribute 
to the hyperfine interactions. When this information 
is available these KMnF; results will be reconsidered 
in more detail. 

In our abstract* on KMnF; we reported an erroneous 
value of (A,—A,)=1.27 X 10-* cm™. This arose from 
an error in the dipole sum which has been corrected as 
a result of a conversation with J. M. Mays. In order to 
check this we have performed the dipole sum for the 
near neighbors by hand and found it to converge on 
the machine calculations. Following our abstract® 
Ogawa and Yokozawa”™ reported the results of their 
electron spin resonance experiments on Mntt as a 
dilute impurity in KMgF;. They obtain for the fluoride 
ion interactions the values A,=(18.2+0.9) x 10- 
cm and (A,—A,)=(1.1+0.9) KX 10-* cm”. Their 
value for the anisotropic hyperfine interaction agrees 
with our value of (A,—A,)=0.1740.1 X 10“ cm“ 
only by including the extreme limit of error of both 
experiments whereas the isotropic contribution is 
definitely larger than our value of A,=(16.26+0.4) 
xX 10~* cm“. Another interesting comparison, un- 
fortunately only of the isotropic part of the interaction, 
is found* in a paper by van Wieringen in which he 
measured the electron resonance of Mn** as a dilute 
impurity in a number of different diamagnetic host 
crystals. One of these crystals was KMgF; and a pattern 
of five lines was observed for each of the six components 
arising from Mn* hyperfine interactions. These five 
lines in the powdered sample are undoubtedly the five 
strong central lines of the seven line spectrum expected 
from hyperfine interactions with the fluorine nuclei. If 
we assume that Fig. 2 of that paper is drawn to scale 
we can measure A,=18.5 X 10-* cm™ which agrees 
with the value reported by Ogawa and Yokozawa.”! 

20 R. G. Shulman (to be published). 

1S. Ogawa and Y. Yokozawa, J. Phys. Soc. Japan 14, 1116 
(1959). 

2 J. S. van Wieringen, Discussions Faraday Soc. 19, 118 (1955). 
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These values of the isotropic interaction reveal the 
influence of interatomic distance upon the s electron 
admixture. In KMnF; the Mn++—F- distance is 
2.095+0.003 A while in KMgF; the Mg+*+— F~ distance 
is 1.993+0.002 A. We would like to show how the two 
values of A, in the different salts can be used to 
determine the Mn*++—F>- distance in the mixed crystal. 
The strong dependence of A, upon separation has been 
shown by Kushida and Benedek™ who applied hydro- 
static pressure to MnF» while measuring the fluorine 
resonance frequency. They were able, by using the 
theory’® discussed above, to relate these changes to 
the variation of overlap with distance as calculated by 
Marshall and Stuart. The same calculation can be 
applied to the KMgF;:Mn system to determine the 
Mn*t++—F>~ distance is in this crystal. It is necessary to 
extrapolate the calculations as the values are only given 
in the range of internuclear separation from 2.14A 
to 2.10 A. The plot of fraction s character vs dis- 
tance gives a straight line with a slope at 2.10 A of 
df,/dr=0.18/angstrom. We determine from the A, 
values that in KMnF;, f,=(0.518+0.02)% while in 
KMgF;:Mn**, /,=(0.580+0.03)% where we have 
used the relation f,=3.184A, which is based upon the 
values given by Moriya.‘ The difference between these 
two values of f, is (0.062+0.035)% which is equivalent 
to the Mn*++—F- distance in KMgF;:Mn** being 
(0.03340.018)A shorter than in KMnF;. This value of 
2.062+0.018 A is intermediate between that observed 
in the two salts corresponding to an intermediate degree 
of distortion as one would expect. More accurate calcu- 
lations and measurements can be made so that one can 
hope to obtain the internuclear separations in mixed 
crystals with greater accuracy by this method. 


LINE WIDTHS AND SHAPES 


The Lorentzian shape lines coupled with our in- 
ability to saturate them indicate that the resonances 
are exchanged narrowed. Moriya‘ has calculated the 
widths for this mechanism and has shown that one 
expects 


1 sr\'S(S+1) 
—~(<) ——— ¥ (cos%,+} sin’,)A2 (19) 
T, \2/ 3¥u, 2.0.0 


where S is the electronic spin and w, the exchange 
frequency in these dense paramagnetics. The sum is 
over the three principle axes of the hyperfine interaction 
while 0; is the angle between the ith principle axis with 
combined dipole and hyperfine interaction A; and the 
direction of Ho. A feature of this expression is the con- 
tribution of the off-diagonal terms to the line width. 


Using Eq. (19) we obtain for the two lines 
1/T2:=3.42 X 10'8/w, (20) 


%7T. Kushida and G. Benedek, Bull. Am 
(1959) and (private communication). 
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and 

1/T.=2.67 X 10'*/w, 
for the lines designated as parallel and perpendicular 
in Eq. (6) and Eq. (5), respectively. The ratio of these 
two theoretical widths is 1.28 while the observed ratio 
is 1.32+0.1. It is worth noting that if instead of Eq. 
(19) we were to assume that only the secular terms 
contribute to the relaxation, the line width would be 
proportional to the square of the hyperfine interactions. 
Then the ratio would be 2.6. Thus we see the experi- 
mental confirmation of the importance of considering 
the off diagonal contributions. 

If we confine our attention to the broader of the two 
lines, considering that its width is more reliable since 
it is less subject to other sources of line broadening, we 
can calculate that w,.=6.2 X 10" sec". This same 
quantity can be estimated from Ty by the relation 


kT 6 ; 
et. ( ) 
h \2S(S+1) 


we find that for 7y=88° and z=6 the value of w, is 
3.9 X 10". Considering the assumptions of Eq. (21) 
this agreement must be regarded as satisfactory. 


(21) 


CONCLUSIONS 


1. A change in the fluorine nuclear magnetic reso- 
nance pattern in the vicinity of 88.5°K is consistent 
with an antiferromagnetic transition occurring at this 
temperature. 

2. The shifts of the F’® enable us to 
calculate the isotropic and anisotropic hyperfine inter- 
actions between this nucleus and the electrons. These 
are A,=(16.26+0.4) X 10-* cm™ and (A,—A,) 
= (0.1740.10) X 10-* cm“ respectively corresponding 
to f<=(0.52+0.02) X 10° and (f,—/f-)=(0.18+0.1) 
X 10-° which are the admixture of magnetic electrons 
in fluoride ion orbitals. 

3. The small value of (f,—/,) compared to f, is 
partially explained by a cancellation of the o-electron 
contribution by the z electron’s contribution. 

4. The difference between the isotropic coupling 
constant of A,=16.26 X 10~* cm™ and the value 
observed in KMgF;:Mn** is explained on the basis 
of the change of coupling constants with bond distances. 
We determine that in KMgF3;:Mn** the Mn+t+—F 
distance is intermediate between the Mgt*—F- dis- 
tance and the Mn*++—F- distance in KMnF;. 


resonance 
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APPENDIX 


It is not obvious that the description of the system 
in terms of the orthogalized ligand field orbitals is 
perfectly suitable for explaining the experimental 
observations. After all—the measurements are made 
on the fluorine nucleus and it is the total spin density 
in one fluoride ion, with the possibility of interactions 
between the fluoride orbitals, that should be considered. 
This question has been discussed by Keffer'® e¢ al. in 
terms of the fluoride ions in MnF»2. They assume two 
different models of interaction. The first, which they 
call the independent bonding model, is what we have 
assumed in the text. In this approximation one con- 
siders there to be two separate contributions to the 
fluorine hyperfine interaction from the two neighboring 
manganese ions. The interactions of the individual 
fluorine orbitals with these neighbors are independent 
of each other. 

As a second model they consider the effects of 
hybridization of the fluorine orbitals. They recognize 
this is a suitable approximation only in the event of 
strong covalent bonding which they do not expect in 
these fluorides. As proof that the hybridized orbitals 
do not contribute appreciately to the electronic con- 
figuration they calculate the hyperfine interactions on 
this interdependent basis, i.e., where relative s and p 
contributions depend upon the bond angles, and show 
that the results do not agree with the values measured 
for the individual bonds by Tinkham for Mn** in 
ZnF».. As long as the energy considerations do not 
encourage the formation of strong covalent bonds 
hybridization is not important. However we have 
become accustomed to think of certain geometrical 
arrangements in terms of directed valences and the 
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consequential hybridization. For example, a linear 
configuration like Mn++— F-— Mn++ immediately sug- 
gests s-p hybridization. Therefore it seems necessary 
to show that LCAO molecular orbitals can be written 
for this three-centered configuration which are basis 
functions of the irreducible representations of the 
point group Dy. It can be shown that the orthonormal 
linear combinations of fluoride ions 2s and 2p functions 
(y, and y,) with the manganese ion 3d orbitals (¥; and 
¥2) which describe the sigma bonds are: 


e=[1+4+40S.4-20 Ly. +aYity2)] 
¢ =[14+46S,+ 20S 'Yp+bi-y2)] 
o=[2-4S,4+2} [oy — Witvs)] 

go =[2—4dS, +2} [dy p— Vi—v») J 


(A-1) 


where 


2(a+S,) 
c= "7k eee aw 
1+2aS, 


: 2(S,+) 
in 
1420S, 


and where 


Si= [vaar= fvabadr 
So= f vibe = [vata 


These three-center molecular orbitals include the 
same degrees of freedom as the independent bonding 
model used in the text as the basis for Eq. (2). The 
antibonding orbitals gy“ and ¢™ contain the unpaired 
spins responsible for the hyperfine interactions observed, 
while similar orbitals can be written for the 7 electron 
interactions. The admixture parameters c and d are 
related to the parameters of Eq. (12) in the text by 
the relationship 


and (A-2) 
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Angular Distribution of Secondary Electrons from (100) Faces of 
Copper and Nickel*? 


Jay Burns 
Department of Physics and Chicago Midway Laboratories, The University of Chicago, Chicago, Illinois 
(Received February 8, 1960) 


The angular distributions of secondary electrons from (001) faces of copper and nickel single crystals 
have been measured for secondaries in four energy ranges (0-10 ev, 10-20 ev, 20-40 ev, and 40-90 ev) for 
primary electron energies of 250, 500, and 800 ev. Fine structure was observed which consisted of weak 
peaks in the angular distribution superimposed on a background having approximately a cosine distribution. 
After making corrections for the refraction of secondaries at the surface of the crystal, the internal angular 
distribution peaks fall along principal low-index directions in the crystal as suggested in the quantum- 
mechanical collision theories of Wooldridge and of Dekker and van der Ziel. The positions, intensities, and 
widths of the peaks cannot be accounted for in terms of diffraction of the internal secondaries. The observed 
peaks are believed to be secondaries produced in the initial collision between the primary electron and a 
lattice electron of the crystal, enough of these secondaries having escaped the crystal without further 
collisions to make their observation possible. Details of the angular distribution are in agreement with 
collision theory based on a screened Coulomb interaction with a velocity-dependent screening length. The 
velocity dependence of the screening coefficient in the screened Coulomb interaction leads to a sharp drop 
in the inelastic cross section for energy transfers larger than the plasma excitation energy, and it also leads 
to increased probability for collisions in which the primary suffers only small deflections. The role of the 
band structure of the crystal in determining the features of the collision is discussed. In Cu and Ni the 
vacuum level of potential lies in the second Brillouin zone, so only interzone (umklapp) transitions can lead 
to secondary electron emission from these metals. Surface refraction is treated in terms of a velocity-de- 
pendent refractive index, and the experiment offers a means of determining the velocity dependence of the 
index. Experimental procedures and precautions required to observe the angular distribution fine structure 
are discussed. 


I. INTRODUCTION Quantum-mechanical treatments of the collision be- 


EW measurements!” of the angular distribution of 
secondary electrons have been reported in the rela- 

tively voluminous literature on secondary emission of 
the past thirty years. The scarcity of information about 
this important aspect of secondary emission may be 
ascribed in part to the experimental difficulties inherent 
in such measurements and in part to the absence of any 
particularly interesting or noteworthy features in the 
angular distributions measured to date. As a result most 
workers in the field have accepted the view, supported 
by these measurements, that secondary electrons are 
emitted with very nearly a cosine distribution devoid 
of any fine structure and that there is little information 
to be gained by further study of this feature of the 
emission. The various theories that have been advanced 
to explain secondary emission have at some point em- 
ployed approximations and simplifications which lead 
to the expectation of a cosine angular distribution. 
Usually the motion of a secondary from the site of its 
production to the surface of the solid is treated as a 
diffusion process with a relatively short scattering 
length, a procedure which randomizes the directions of 
the secondaries approaching the surface and leads to the 
prediction of a cosine distribution for the emitted 
electrons. 

* Supported by the U. S. Air Force Office of Scientific Research. 

+ Thesis submitted in partial fulfillment of requirements for 
Ph.D. to the Department of Physics, University of Chicago. 

1H. E. Farnsworth, Phys. Rev. 25, 41 (1925). 


2]. L. H. Jonker, Philips Research Repts. 6, (1951); 8, 434 
(1953); 12, 249 (1957). 


tween the primary electron and a lattice electron of the 
solid have clearly shown* that the lattice itself can 
play a role in conserving momentum in the collision. As 
a result, the newly excited secondary electrons may 
under certain conditions have their initial momenta 
oriented generally along the principal axes in the crystal. 
However, it is only in collisions that excite a lattice 
electron into a higher Brillouin zone (interzone or 
umklapp transitions) that the lattice can play a role in 
conserving momentum; thus the effect can be found 
most clearly in those solids having the vacuum level of 
potential in a higher zone than the top of the valence 
band for in these substances only interzone transitions 
can yield electrons having enough energy to escape the 
surface. One more condition must be met in order that 
the initial orientation of the internal secondaries can be 
observed, namely that an appreciable fraction of these 
secondary electrons reach the surface before undergoing 
a strong scattering collision. This requires a collision 
mean free path for the secondary electron which is 
roughly comparable with that of the primary and there- 
fore appreciably larger than values commonly accepted. 
It must be remembered, however, that these secondary 
mean free paths are obtained empirically by using the 
diffusion length as a disposable parameter in an over-all 
theory to be adjusted finally to produce agreement 
between measured secondary emission ratios and those 
predicted by the theory. The diffusion length so de- 


3A. J. Dekker and A. van der Ziel, Phys. Rev. 86, 755 (1952). 


3 
*D. E. Wooldridge, Phys. Rev. 56, 562 (1939). 
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termined contains many of the residual errors intro- 
duced along the way by the approximations adopted at 
various stages in the calculation. It is rather difficult to 
assess the reliability of mean free paths obtained in this 
way, and it is not certain @ priori that the secondary 
mean free path must be so much smaller than that of the 
primary as to render the orientation effect of the crystal 
unobservable. 

The possibility that details of the primary collision 
process might be revealed by secondaries that reach the 
surface without undergoing further collisions provided 
the incentive to examine the angular distributions from 
single crystals more carefully, with special attention 
given to the preparation of the crystal surface and to 
the design of the apparatus to minimize the adverse 
effects of tertiaries and stray electrons scattered from 
other parts of the tube. The work to be described repre- 
sents a successful attempt to detect the presence of fine 
structure in the angular distributions of secondaries 
from two metals, Ni and Cu, considered to be particu- 
larly suitable for such an investigation. 


Il. THEORY 


The sequence of events leading to the emission of 
secondary electrons from a solid bombarded by primary 
electrons may be conveniently divided into three proc- 
esses. First is the initial collision between the primary 
electron and an electron of the crystal lattice of the 
solid in which the latter electron gains sufficient energy 
to be capable of escaping from the crystal. As the in- 
ternal secondary moves to the surface, it may collide 
elastically or inelastically with other lattice electrons, 
and in these collisions it will lose varying amounts of 
energy and will be deflected from its original path. This 
process is often treated phenomenologically as a diffu- 
sion stage with suitable diffusion and absorption lengths 
assigned to bring agreement between calculated and 
observed secondary emission ratios. Finally, as the 
secondary approaches the surface potential barrier it 
may be reflected, or it may be refracted and escape from 
the solid with kinetic energy equal to its kinetic energy 
within the crystal minus the potential energy of the 
surface barrier. 

Several quantum-mechanical treatments have been 
given*~ for the initial collision between the primary and 
lattice electrons. The most general of these is due to 
Dekker and van der Ziel*—later amended by van der 
Ziel® who introduced a screened Coulomb interaction to 
avoid divergences in the original treatment arising from 
the use of a pure Coulomb interaction. Following the 
notation of these authors, we consider a collision be- 
tweena primary electron with wave vector K and energy 
E,= (#?K?/2m) and a lattice electron with wave vector 
k and energy E(k). Note that in general E(k) ¥ (h?k?/ 2m) 
since the lattice electron is not free, in contrast with the 


5H. Frohlich, Ann. Physik 13, 229 (1932). 
6 A. van der Ziel, Phys. Rev. 92, 35 (1953). 


DISTRIBUTION OF SECONDARY ELECTRONS 


E(k’) 





Es 


| Vocuum Level 





Ferm: Level 








E(k) 








Fic. 1. Sommerfeld model of a metal with notation employed 
in describing energy relations in inelastic collisions involving ex- 
citation of lattice electrons. 


primary which may be regarded as free to a much better 
approximation. The products of this collision are a 
scattered primary (wave vector K’ and energy #?K’?/2m) 
and an excited lattice electron [k’ and E(k’) ] which 
may have enough energy to escape the surface barrier 
and become an observable secondary electron. It should 
be remarked that “‘lattice electron” refers here to any 
of the electrons of the solid including the tightly bound 
atomic core electrons. When we refer to valence elec- 
trons, we mean electrons whose wave functions are 
strongly perturbed by the solid binding forces and these 
include, in addition to the conduction electrons of a 
metal, the more tightly bound but still not highly 


localized outer electrons such as the 3d electrons in Cu 


and Ni. Since we shall be concerned with these metals 
in this paper, we shall take as a model of the solid the 
simplified, conventional Sommerfeld model shown in 
Fig. 1. All energies are measured from the bottom of 
the band except E,, the kinetic energy of the emitted 
secondary, which is measured from the vacuum level of 
potential. 

Using a one-electron approximation, neglecting ex- 
change and correlation, Dekker and van der Ziel’ treated 
the collision by perturbation theory. Van der Ziel’s 
extension® to a screened Coulomb potential yielded the 
following expression for the transition probability 


2me'P’dqdd 


hE yqgi[1+ (a2/g?) F 


In this expression E, is the initial energy of the primary 
electron, J is the matrix element 





P(K, k— K’, k’)dQ= 


fn f du" (ney (nd, (2) 


connecting the initial and final states, ¥, and Wx’, of the 
lattice electron. The vector q is defined by the relation 


q=K-K’, (3) 


and the quantity A is the screening parameter in the 
screened Coulomb potential : 


V(R—r)=(2/|R—r| )e?'®-*!, (4) 
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The angle ¢ is the azimuthal coordinate of K’ in a polar 
coordinate system having its z axis along the wave vec- 
tor K of the primary electron. In this system, @ and ¢ 
define the direction of K’. 
Necessary conditions for 


P(K, k — K’, k’) are 
k’=k+q+n 


the nonvanishing of 


and 

K?— K”= (2m/h?){ E(k’) — E(k) ]. (5) 
The first of these equations expresses the conservation 
of momentum and the second the conservation of energy. 
The vector n appearing in the momentum equation is a 
vector of the reciprocal lattice such that an/2m has 
integer components where a is the lattice spacing. Tran- 
sitions for n=0 have k and k’ in the same Brillouin zone 
(intrazone transitions) and those for n>0 involve tran- 
sitions to a higher zone (interzone transitions). Since 
the vacuum level of potential lies above the first zone 
in copper and nickel,’ the interzone transitions are the 
only ones that can produce secondaries in these metals. 
This feature makes Cu and Ni well suited for a search 
for fine structure in the angular distribution, because 
the smallest nonzero values of n along the (100) direc- 
tions for these fcc metals are 1.74 and 1.79 A“, respec- 
tively, and these values of n are considerably larger 
than values of k and q for which the transition proba- 
bility is large. In these metals, therefore, the momentum 
conservation equation becomes approximately k’~n, 
showing that the secondaries are initially strongly 
oriented along the directions of n, that is, along the 
principal directions in the reciprocal lattice. 

In his paper van der Ziel was persuaded by an argu- 
ment of Marshall® that the transition probability for 
interzone transitions vanished by virtue of the orthogo- 
nality of the lattice electron wavefunctions. This argu- 
ment is valid only for q=0, which actually means no 
scattering at all since K=K’ for this case. In all other 
cases the matrix element J does not in general vanish. 
That this is so follows from the form that the lattice 
wave functions must take’ to satisfy the symmetry con- 
ditions of the lattice; that is, they must be sums of 
Legendre polynomials (Kubic harmonics in the termi- 
nology of von der Lage and Bethe) of like parity and 
between these there exist nonvanishing matrix elements 
of e*4-*, The existence of allowed dipole transitions be- 
tween zones is a well-known example. 

A convenient way to represent these interzone tran- 
sitions is by means of a diagram in reciprocal space in 
which the collision may be described by the vectors 
K, K’, k, k’. Such a collision diagram is shown in Fig. 2 
which, for the sake of simplicity, is drawn for a simple 
cubic lattice. Extension to the fcc lattice of Ni and Cu 
is straightforward. In this diagram the primary electron 


7D. J. Howarth, Proc. Roy. Soc. (London) A220, 513 (1953). 
8 J. F. Marshall, Phys. Rev. 88, 416 (1952). 
*F. von der Lage and H. Bethe, Phys. Rev. 71, 612 (1947). 
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(wave vector K) is considered to be traveling along a 
[001] direction in the crystal. It collides with a lat- 
tice electron of wave vector k. The vector q resulting 
from such a collision will lie within the semicircular 
shaded area on the diagram for the following rea- 
sons. First, there exists a minimum value of q for a 
given AE= E(k’)— E(k). From Eq. (5) this value is 


approximately 
AEsm\} 
Gnian™ = ) ’ (0) 
h \2E, 


where E, is the initial energy of the primary. Since AE 
must be at least as large as the work function of the 
metal if electrons excited in a collision are to gain enough 
energy to excape, gmin Will be of the order of 0.05 A~ 
for the primary energies considered here. On the other 
hand, inspection of Eq. (1) shows that for g>d the 
transition probability decreases rapidly with g. Thus, 
the shielding parameter \ imposes a rough cutoff value 
on g, namely gmax*A, above which P decreases as g-°, 
and below which P increases approximately linearly 
with g (or AE). 

The shielding parameter \ is commonly considered to 
be a constant, and for most purposes it may be regarded 
as such. However, it is well to remember that the shield- 
ing we are dealing with is a polarization effect in which 
a perturbing charge in a crystal causes the surrounding 
electrons to move in such a manner as to compensate 
partially for the perturbation, that is, to shield it out. 
A finite time is required for the readjustment of charge 
to take place, and until this action reaches equilibrium, 
the shielding is incomplete. If the perturbing charge is 
a fast electron moving through the crystal, it may not 
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Fic. 2. Diagram in reciprocal space of a collision between a 
primary electron and a lattice electron resulting in an interzone 


excitation of the latter. This diagram applies to a simple cubic 
lattice. 
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remain in any given region long enough for the shielding 
to approach its static value in that region. We may 
allow for this by considering the shielding parameter to 
be a function of the velocity of the primary electron. 
We do not know the exact velocity dependence of \ 
but it is reasonable to expect that A(E,) is a decreasing 
function of £, for primary energies greater than some 
critical value, approaching the static value for primary 
energies much smaller than the critical energy. The 
plasma energy ww, would seem to a first approximation 
to provide a natural division between values of E, below 
which A approaches the static value and above which A 
decreases with E,, since the plasma energy provides a 
similar separation between collective (lightly screened) 
and individual particle (strongly screened) interactions 
in Bohm and Pines’ treatment of electron interactions in 
plasmas.” That \ should be proportional to E,~ (i.e., 
A «v~') is suggested by the plasma dispersion relation as 
well as by the following simple argument. If the charac- 
teristic time for electron polarization to reach equilibrium 
after the onset of a perturbing field is r, then for times 
much shorter than 7 one would expect that \/Ao=t/r. 
A fast primary electron acts as a time-dependent pertur- 
bation lasting for a time ¢ inversely proportional to its 
velocity, leading to the expectation that A/Xo varies 
approximately as (fw,/E,)! for primary energies much 
larger than the fundamental plasma energy. 

To the extent that \ and g both show the same E,~3 
dependence on primary energy for E,>fw,, the ratio 
\/q is independent of primary energy in Eq. (1) for 
large primary energies and depends only upon AE. The 
result is that there is a cutoff value of q which corre- 
sponds to energy losses AE approximately equal to the 
plasma energy #w,, larger losses occurring with rapidly 
diminishing probability according to Eq. (1). These then 
are the considerations which lead to the limitations on 
the size of q indicated by the shaded areas in Fig. 2. It 
should be noted also that the upper limit on q implies 
that the angle between K’ and K is small, i.e., that small 
angle scattering is the dominant process in the collisions 
under consideration. 

Continuing with the discussion of the collision dia- 
gram, to q must be added a reciprocal lattice vector n 
which simply transfers the origin 0 to an equivalent 
point 0’ or 0”. Finally, to the sum q-++n must be added 
the initial lattice electron wave vector k. This cannot 
be determined unambiguously from the information 
furnished by the experiment, but it can have any direc- 
tion and any value from zero up to 2/a corresponding 
to the zone boundary. So if at every point q+m a circle 
of radius Rmax is drawn, the envelope of all these circles 
(the somewhat flattened spheroid shown in Fig. 2) 
delineates the boundary of the end points of all the 
vectors k’=k+q-+n, and every point within one of 
these spheroids represents a possible k’ vector drawn 


1D. Bohm and D. Pines, Phys. Rev. 82, 625 (1951); 85, 338 
(1952); 92, 609 (1953); D. Pines, Phys. Rev. 92, 626 (1954). 


DISTRIBUTION OF 


SECONDARY ELECTRONS 


36, —-———_ —- ——---—-—, 


2 RBs we S 








ny 
nN 


‘ 
‘ 


YY 
° 


‘ 


® 


4 
| 
| 
| 
| 
| 
| 
| 


| Second 
+ Brillouin 
Zone 7 


First 
Brillouin 
Zone 


‘ 


a 


3B 


nee 


Vacuum Level 





Cn 8b HO w@ SAH 


aaaniee 


| 

| 

}- 4s Electron | 
Fermi Level | 
| | 

} 3d Electrons 

; | 

| 


Energy in Electron Volts Measured from the Bottom of the Valence Band 








1.2 


re) 04 0.8 6 20 

=f 
Approximate Density of |Lottice Wovevector, kin Units of 2¥/a( L74A ) 
of Stotes (dN /dE) in the [O01] Direction 


Fic. 3. E(k) curve for copper along the [001] direction (after 
Howarth) and density of states function for fcc metals (after 
Koster). 


from 0 to that point. The aggregate of these k’ vectors 
gives the internal angular distribution of the newly 
formed secondaries. From this picture it may be seen 
that the main lobe of the angular distribution along the 
[001] direction should have a half-width of approxi- 
mately tan~!(3) = 27° while the lobes along higher index 
directions should be sharper. It may also be seen that 
the angle of incidence of the primaries should have only 
a very minor influence on the angular distribution. 
The energy band structure of the metal influences the 
angular distribution of secondaries through the relation 
between E and k, through the matrix element J, and 
through the density-of-states function. In Dekker and 
van der Ziel’s treatment the weighting effect of the 
density of states was not considered, and since no appli- 
cation to a particular metal was made, the role of the 
E(k) function was not considered in detail. In Fig. 3 the 
E(k) versus k curve along the [001 ] direction in k space 
is shown for copper’ together with the approximate 
density of states curve for a fcc crystal."' The extension 
of E(k) into the second Brillouin zone is merely sche- 
matic, since the band structure has not been determined 
for these states. Making use of the inverse proportion- 
ality between the density of states and Vi[ E(k)] one 
expects large densities of states near the boundaries of 
this second zone. Combining the work function of 
Cu(eg=4.50 ev) with the energy of the Fermi level 
(7.1 ev), the vacuum level should lie approximately 
11.6 ev above the bottom of the valence band which 
places it definitely beyond the first Brillouin zone. 


"1G. F. Koster, Phys. Rev. 98, 901 (1955); J. C. Slater, Phys. 
Rev. 49, 537 (1936). 
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Whether it falls in the second zone or on the forbidden 
gap along this [001] direction is not certain at present, 
although if it fell in the gap, this would give rise to 
anomalies in other electron emission phenomena from 
the (100) face (e.g., thermionic, photoelectric) which 
have not been reported. 

The maxima in the densities of the 3d electrons in Cu 
and Ni are for two groups of electrons, one with k~0, 
the other with k= 2z/a. The first group should give rise 
to a relatively sharp series of lobes in the angular distri- 
bution while the second group is responsible for the much 
broader lobes discussed earlier in connection with Fig. 2. 
In the present experiment there was some evidence that 
the [011 ] lobes were narrow enough to have originated 
with k=O group of electrons; however, due to experi- 
mental limitations it was difficult to determine the de- 
tailed shape of the [011] lobe with any certainty. The 
other lobes appeared broad enough to be accounted for 
mainly by the k~2z/a group of electrons, although it 
is not possible to say definitely that the other group 
did not make some contribution. 

The internal secondary electrons have their angular 
distribution strongly distorted by refraction and total 
internal reflection at the surface of the metal. The 
simple Sommerfeld model of a metal (Fig. 1) regards the 
electrons inside as moving in a uniform internal po- 
tential W. An electron moving toward the surface inside 
the metal at an angle 6’ from the surface normal is 
refracted and appears outside at @ with the kinetic 
energy E,. From the usual law of refraction 


sin8 W 3 
——=|1+ |. (7) 


sind’ E, 


This picture is too simple for our purposes. A secondary 
electron inside the crystal with wave vector k’ has a 
velocity v(k’)=(1/h)Vx E(k’) and the more general 
law of refraction becomes 


sind Vy E(k’) 
— = —__—_ (8) 


sin’ h(2eE,/m)! 


We should expect the index of refraction, sin@/sin6’, to 
depend upon k’ as well as upon E£, if the secondaries 
inside the metal may not be regarded as free electrons. 
In general, the refractive index would be anisotropic, 
depending on the direction of k’ as well as its magnitude. 
In the present work it has been necessary to use different 
values of the refractive index for different energy groups 
of secondaries in order to obtain consistent angular dis- 
tributions. The assumption that the index is isotropic 
was adequate to account for the results within the limits 
of accuracy of the present experimental data, although 
more precise measurements might reveal the expected 
directional dependence of the index. 

It should be pointed out that the k’ dependence of 
refractive index here follows Eq. (8) rather than (7) 
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and therefore would seem to support Slater’s views” 
about the inadequacy of the free-electron approximation 
for these excited states. However, the refractive index 
values determined in this work are averages over rela- 
tively large ranges of secondary electron energies and 
therefore are not sufficient to determine the E(k) curves 
and the departure from free electron states in the second 
and higher zones by working backward from Eq. (8), 
as might be done in principle. 

Surface refraction also alters the measured angular 
distribution through its effect on the element of solid 
angle dQ. Jonker has discussed this point and has 
shown that only a cosine distribution is unchanged by 
this effect. Consequently, it was necessary to correct all 
of the observed angular distributions, first for solid 
angle, then for ordinary refraction, to obtain the angular 
distributions as they would appear inside the crystal. 
It is these latter curves which are discussed presently in 
terms of the scattering process described in the foregoing. 

The quantity which is measured experimentally is the 
secondary electron current emitted into the incremental 
solid angle dQ subtended by the electron collector. If 
J(@,6) is the secondary current per unit solid angle 
emitted in the direction (8,6), then the collector current 
in this direction is J(@,¢)dQ2. These same electrons 
travel in direction (6,6) inside the metal where 
6’=arc sin((v/v’) sin@) and »’,v are the velocities inside 
and outside the metal respectively. If the current den- 
sity inside the metal is /(9’,6), then J(0’,6)d0’ is the 
current that the electron collector would measure inside 
the metal corresponding to the current J (6,¢)dQ outside. 
The ratio J(0,6)/J(6’,6) is therefore the ratio dQ’/dQ 
of the incremental solid angles and this quantity is 


J(06) dQ 
—= —(n’?—sin’6)}, 


J(6,6) dQ’ cosé 
where the index of refraction 7 is given by the expression 


v= - Vy E(k’) 


v h(2eE,/m)} 

The internal angular distribution J (6’) is obtained from 
the measured external distribution by applying first the 
solid angle correction above and then refraction correc- 
tion, @’=arc sin((1/n) sin@). Note that the dependence 
of the above current density ratio on azimuth angle @ 
is contained implicitly in y since the refractive index is 
proportional to V,-£(k’), and in general this velocity 
v’ will not be independent of direction. In the present 
experiment the refractive index could not be determined 
with great enough precision to detect any angular de- 
pendence of 7. 


2 J. C. Slater, Revs. Modern Phys. 30, 197 (1958). 
3 J. H. L. Jonker, Philips Research Repts. 12, 249 (1957); 8, 
434 (1953). 
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Fic. 4. Secondary emission angular distribution apparatus. 


Ill. EXPERIMENTAL 


There are three principal requirements of an appa- 
ratus for accurate angular distribution measurements. 
First, the secondary electrons from the target must be 
emitted into a sensibly field-free region so they travel 
in straight paths from the point of emission at the target 
to the entrance of the electron collector. Second, care 
must be taken to reduce the effects of stray electrons in 
the tube. Finally, the target surface must have a well- 
defined and reproducible physical state. The last re- 
quirement is clearly essential to any measurement of 
secondary emission which is to be interpreted in terms 
of fundamental processes, and it is here interpreted to 
mean that the target should be a smooth, strain-free, 
atomically clean face of a pure single crystal. 

The apparatus used is shown in schematic form in 
Fig. 4 with the circuit shown in the inset. It consists of 
an electron gun to focus the primary electron beam on 
the target, together with a movable electron collector 
to measure the secondary electron current as a function 
of angle. Provision is made to observe secondaries within 
selected energy ranges by means of retarding potentials 
applied to the Faraday cage in the collector. The axes 
of the two bearings which support the collector assembly 
intersect the primary beam at the surface of the target, 


and a combination of rotations about the two bearing 
axes makes it possible to scan virtually the full hemi- 
sphere into which secondaries are emitted except for a 
small region near the primary beam where the beam is 
intercepted by the collector. This excluded region ex- 
tends approximately 8° on either side of the beam, In 
operation the azimuth bearing is locked by means of a 
pin which can be inserted and withdrawn magnetically, 
and the other bearing is left free to rotate. The tube is 
positioned so the collector hangs vertically under its 
own weight, and the tube itself is rotated so the freely 
hanging collector scans the secondary emission current 
in a longitudinal plane as a function of the co-latitude 
angle 6. The retarding potential method employed to 
select ranges of secondary energies for measurements 
requires that moderately large potentials be applied to 
the inner conductor and Faraday cage of the collector. 
These potentials must be carefully shielded if the region 
between target and collector is to remain field-free. 
Equally important, there are stray electron currents 
in the tube which come from reflected and tertiary 
electrons produced at the walls of the tube under bom- 
bardment by secondaries from the target, and these 
must be prevented from entering the collector or from 
striking the inner conductor at the bearings. For this 
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reason the coaxial labyrinth shields shown in Fig. 4 
were used to surround the bearings, and a long conical 
snoot was used at the entrance to the collector to pre- 
vent stray electrons from entering there. Even though 
the tube was large (a 5-liter flask was used) and the 
walls were coated with a material (Mo) of relatively low 
secondary emission ratio, the stray electron density was 
large enough to mask completely the fine structure in 
the angular distribution in early versions of the tube 
when either the snoot or the shields were omitted. This 
experience suggests one possible reason why fine struc- 
ture in the angular distribution has not been observed 
previously. 

In regard to maintaining a field-free region wi 
tube, a simple calculation shows that if such fields 
not to cause a measurable error in the angular distr’- 
bution of the slowest secondaries of interest when the 
collector subtends an angle of 4° at the target, the mag- 
netic fields (earth’s field, residual fields of the nickel 
slugs used to operate parts of the tube magnetically, ac 
magnetic fields in the vicinity of the apparatus, etc.) 
must be reduced to a few milligauss, and the electric 
fields (chiefly due to contact potential variations inside 
the tube) must be reduced to a few millivolts per centi- 
meter. In this experiment the earth’s magnetic field was 
compensated by a pair of 2-meter Helmholz coils oper- 
ated from storage batteries, and the residual field over 
the region of the tube did not exceed 3 milligauss, ac- 
cording to tests made by measuring the deflection of a 
low energy electron beam, the figure 3 milligauss being 
the limit of sensitivity of the test method. Likewise the 
ac fields were below this limit as were also the residual 
fields of the nickel slugs after they were demagnetized 
by means of an ac degaussing coil. Electric fields were 
shielded out of the tube by application of a grounded 
conductive layer of stannous chloride“ to the inside 
walls of the glass envelopes and a conductive layer of 
platinum (Hanovia No. 130-A) to the outside of the 
glass parts of the collector assembly. Finally, contact 
potentials were equalized as fully as possible by evapo- 
rating a layer of molybdenum a few monolayers thick 
onto the inside walls of the tube and onto the collector 
and its supporting structure just before making a series 
of measurements. The targets were protected in a side 
tube during the evaporation from a Mo filament located 
inside the tube as shown. During the final stages of 
evacuation of the tube, and after seal-off, freshly evapo- 
rated layers of Mo also served as effective getters for 
cleaning up the residual adsorbable gases in the tube. 

The electron gun was an RCA type B gun modified by 
substituting a tungsten hairpin filament for the usual 
oxide cathode and enlarging the grid aperture to 0.060- 
in. diameter to provide better focusing and grid control. 
Two shields were added between the last deflection 


plates and the main targ 2t chamber of the tube to ensure 


“ R. Gomer, Rev. Sci. Instr. 24, 993 (1953). 
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that neither electric fields nor stray electrons from the 
gun could enter the target region. 

Provision was made to draw the targets into a sidearm 
as shown in Fig. 4 by means of a nickel slug attached to 
the sliding rod which carries the targets. In the sidearm 
the targets could be cleaned by ion bombardment and 
annealed and degassed by electron bombardment. In 
this position the target faces were also protected against 
contamination by Mo when the Mo getter film was 
evaporated onto the tube walls prior to a run. The 
targets were positioned at the center of the tube by 
means of a simple magnetically operated indexing 
mechanism (Fig. 4) consisting of a series of fins attached 
to the target support rod, the desired fin being engaged 
‘vy a magnetically operated claw which prevented 
further sliding motion of the fin but allowed the fin and 
target to be rotated to change the angle between the 
target normal and the incident electron beam. In this 
way the angle of incidence of the primary beam could 
be varied in the plane perpendicular to the target sup- 
port rod. A magnetically operated sliding latch served 
to lock this mechanism so it would not disengage when 
the tube was rotated as the measurements were 
made. A similar latch was also used on the azimuth 
locking pin which serves to fix the azimuthal plane of 
rotation of the collector. 

The collector current was measured with a Keithley 
Model 410 micromicroammeter. This instrument was 
carefully insulated from ground, and the retarding po- 
tentials were applied by varying the potential of the 
entire electrometer, case and all, with respect to ground. 
The retarding voltages were obtained from a precision 
10-turn potentiometer connected across a battery stack. 
The output from the electrometer amplifier was fed into 
a Varian recorder mounted over a turntable to provide 
a polar coordinate plot of collector current vs collector 
angle, and the polar chart drive was synchronized with 
the motor driven frame which rotated the sealed-off 
tube to vary the angle the collector makes with the 
target crystal face, as described earlier. The data ob- 
tained in this way consisted of a series of polar curves of 
secondary electron current entering the collector against 
the retarding potential as a function of collector angle, 
a separate curve being plotted for each value of retard- 
ing potential. The radial differences between any two 
such curves give the angular distribution of the second- 
aries in the energy increment represented by the retard- 
ing potential differences between the curves. 

The pumping system consisted of a three-stage, 
water-cooled, fractionating, all-glass, oil diffusion pump 
backed by a mechanical forepump with a liquid nitrogen 
trap between to prevent contamination of the diffusion 
pump oil by the forepump oil. On the high vacuum side 
two liquid nitrogen, copper foil traps were used in series. 
The first of these was located below the bakeout oven 
where it could be baked out separately by means of 
flexible heating tapes. The second was located inside the 
bakeout oven. After its initial bakeout, the lower trap 
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was kept filled with liquid nitrogen by means of an 
automatic filling device for the duration of the evacua- 
tion schedule. Between the upper trap and the tube, a 
magnetically operated ball joint valve was placed. The 
purpose of this valve was to isolate the tube from the 
pump while argon was admitted for ion bombardment 
cleaning’® of the target crystals. 

The gas handling system for admitting the argon con- 
sisted of a Bills and Allen valve'® between the experi- 
mental tube and a one-liter flask, all inside the bakeout 
oven, followed by another valve and a flask of spectro- 
scopically pure argon outside the oven. The intermediate 
flask contained an ionization gauge and a molybdenum 
getter filament whose purpose was to purify the argon 
further before it was admitted to the tube. 

The targets were prepared from single crystal speci- 
mens of spectroscopic purity (total impurity content 
<10 ppm) from two sources. The nickel crystal was 
obtained from the Virginia Institute for Scientific Re- 
search, 326 North Boulevard, Richmond, Virginia, and 
the copper crystal was grown at the Institute for the 
Study of Metals, University of Chicago. The crystals 
were oriented by x rays (Laue back reflection method) 
and by etching. The etchant for Cu was a saturated 
solution of ferric chloride in 25% hydrochloric acid. 
This etch used at room temperature develops the {100} 
planes most readily. The Ni crystals were etched in 55% 
HNO; when a rapid etch was desired, followed by the 
same FeCl;+HCl etch used on Cu. The latter etch 
works more slowly but develops the crystal faces more 
clearly without the pitting produced by HNO3. 

The etched crystals were mounted in a goniometer 
and orientation was carried out by observing the posi- 
tions at which the crystal facets flashed out reflecting a 
collimated light beam. The orientation could be checked 
by x-ray diffraction without removing the crystal from 
the goniometer. With care the two methods agreed 
within about 0.5°. 

The nickel crystal was cut with a very fine jeweler’s 
saw. The saw marks were removed with metallographic 
polishing paper followed by a series of alternate ferric 
chloride etches and electropolishes in 50% H3PO,4. With 
care it was possible to remove a thickness of as much as 
1 mm from the (100) face maintaining a flat, well- 
oriented surface which was mirror smooth after the 
final electropolishing treatment and which contained a 
very few pits (estimated pitted area <2%). The reason 
for removing such a large amount of material was to 
ensure complete removal of the surface layer damaged 
in cutting and polishing, the objective being a strain-free 
surface. Laue photographs of the crystal after cutting 
and polishing but before etching and electropolishing 
showed diffraction spots with considerable distortion. 
The final surface, however, gave sharp, symmetrical 


16H, E. Farnsworth, R. E. Schlier, T. H. George, and R. M. 
Burger, J. Appl. Phys. 26, 252 (1955). 
16D). G. Bills and F. G. Allen, Rev. Sci. Instr. 26, 654 (1955). 
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Laue spots indicating that the disturbed layer had been 
removed. 

Surface damage penetrates much deeper into a Cu 
crystal than into Ni so a different method of cutting the 
crystal was employed. Following a technique described 
by Maddin and Asher,’ the crystal was cut by a Saran 
multifilament thread wet with 55% HNOs3. The result- 
ing (100) face gave sharp Laue spots without further 
treatment. However, to produce a face which was mirror 
smooth and flat, the alternate etching and electropolish- 
ing cycle was employed just as in the preparation of the 
Ni crystal, using the same reagents. Both crystals were 
washed thoroughly in triple distilled water, distilled 
acetone, and methy! alcohol and dried rapidly. They 
were stored in a vacuum dessiccator prior to being 
mounted in the experimental tube. 

The crystals were supported by threads made from 
four 0.001-in. diam tungsten wires twisted together and 
passed through 0.020-in. holes drilled near the periphery 
of the ?-in. diam crystals. These threads were drawn 
tight and spot welded to the Mo wire frame on which 
all targets were supported. This method of mounting 
was rigid enough for this work, and it provided a means 
for heating the targets by electron bombardment with a 
minimum of contamination from the support and with 
minimum conductive heat loss (approximately 90% of 
the heat loss was by radiation). 

The vacuum processing was straightforward. The 
tube (minus the targets) was evacuated and baked 
(together with the upper trap and the gas handling sys- 
tem) for several days at 450°C until the pressure at the 
entrance to the oven just above the first trap fell below 
5X 10-7 mm Hg with the system hot. Then the tube was 
cooled and all accessible parts were degassed by induc- 
tion heating, all filaments were operated, and some parts 
of the tube were heated by electron bombardment. This 
was followed by more baking and again by degassing of 
the metal parts and so on until further induction heating 
did not evolve any significant amount of gas. Then the 
upper trap was filled with liquid nitrogen, and the Mo 
getter was flashed briefly. This reduced the pressure to 
below 1X 10-* mm Hg as read on one of the two Westing- 
house WL-5966 ionization gages (Bayard-Alpert type) 
attached permanently to the tube itself. If the vacuum 
remained below 10-* mm Hg after closing the glass valve 
between the tube and the pump, the tube was considered 
ready for the targets. It was then opened, the targets 
inserted, and the evacuation schedule repeated. A good 
vacuum could be obtained rapidly this time, and when 
it was possible to maintain a vacuum better than 
10-* mm Hg with the valve to the pump closed after 
thoroughly degassing the targets by electron bombard- 
ment (to 950°C for Cu and 1300°C for Ni as measured 
by an optical pyrometer), then pure argon was admitted 
to a pressure of 1-10 microns, and the faces of the targets 
were bombarded with 400-ev argon ions (100 wa) for 


17 R. Maddin and W. R. Asher, Rev. Sci. Instr. 21, 881 (1950). 
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Fic. 5. Copper crystal, (001) face, 250-volt primary beam at 
normal incidence. All curves are for 0-10 ev secondaries showing 
(a) data uncorrected for solid angle or refraction; (b) data cor- 
rected for solid angle; (c) final curve corrected for solid angle and 
refraction using index of refraction 1.29. 


a period of about 15 minutes after which the argon 
was pumped out and the crystals were annealed at 
600—700°C. 

This procedure was repeated three or four times. 
When the argon had been completely pumped away, a 
final check on the vacuum was made by closing the 
valve to the pump, flashing the getter filament and 
pumping with the ionization gauge for a few hours. The 
total pressure at this point was usually about 5 10-” 
mm Hg (in one case 2X10-" mm Hg). With care the 
seal-off could be accomplished without raising the pres- 
sure above 2X10~* mm Hg. Evaporating a little Mo 
and ion pumping a few hours yielded pressures of about 
5X 10-” mm Hg again, and this was the minimum total 
pressure after seal-off. As atmospheric helium diffused 
into the tube through the walls, the total pressure rose 
to about 2 to 5X10-* mm Hg where it reached equi- 
librium with the ionization gauge pumping rate in about 
two weeks. 

Periodic evaporation of a little Mo progressively re- 
duced the partial pressure of adsorbable gases until 
after about two weeks monolayer formation times were 
obtained that ranged from a few weeks to approximately 
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Fic. 6. Copper crystal, (001) face, 250-volt primary beam at 
normal incidence. Curve (a) is for 0-10 ev secondaries; index of 
refraction 1.29. Curve (b) is for 10-20 ev secondaries; index of 
refraction 1.36. Curve (c) is for 20-40 ev secondaries; index of 
refraction 1.48. 
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one year, which was the limit sensitivity of the flash- 
filament technique used to measure the adsorption time. 
During the period in which the vacuum was improving, 
the electron gun was operated frequently for prolonged 
periods and the targets were heated to 800°C occasion- 
ally. Eventually, none of these operations produced any 
observable rise in pressure in the tube (i.e., <10-" mm 
Hg). Actual measurements were not begun until the 
monolayer formation time exceeded a month (partial 
pressure of adsorbable gases <3 10-* mm Hg, assum- 
ing a sticking probability of unity), ensuring that a run 
could be completed before more than a few percent of 
the target surface was contaminated by adsorbed gas. 
The flash-filament technique was used in the following 
manner. Earlier in the processing schedule when the 
partial pressure of adsorbable gases was high enough 
(10-* to 10-* mm Hg) to give a monolayer in a reason- 
able time, the flash filament was calibrated in the usual 
way by measuring the momentary pressure rise in the 
system when the filament was heated rapidly as a func- 
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Fic. 7. Copper crystal, (001) face, 500-volt primary electron 
beam, normal incidence. Curve (a) is for 0-10 ev secondaries, 
index of refraction 1.29. Curve (b) is for 10-20 ev secondaries, 
index of refraction 1.36. Curve (c) is for 20-40 ev secondaries, 
index of refraction 1.48. 


tion of the elapsed time since the preceding flash. In 
this way the pressure rise could be determined as a 
function of the partial coverage of the filament. Then 
when the vacuum improved, the monolayer formation 
time could be found by extrapolating the time required 
to produce partial coverage of the filament. With care 
partial coverages as low as 0.1% could be measured 
corresponding to pressure rises of 10- mm Hg upon 
flashing the filament. 

The measurements were made in the manner outlined 
earlier. The sealed-off tube was mounted in a motor 
driven cradle which rotated it in such a way that the 
electron collector, hanging free under its own weight, 
moved slowly from 6=+90° to 6= —90° with respect 
to the target normal. The azimuthal plane in which the 
collector moved could be varied in ten-degree incre- 
ments. The target could be rotated to vary the angle of 
incidence of the primary beam from normal to near- 
grazing, the limit being set principally by the diameter 
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(~0.7 mm) of the electron beam. As the collector 
traced out its path, the electron current into the Fara- 
day cage was recorded as a function of angle 6, and a 
separate run was made for each retarding potential 
applied to the Faraday cage. A series of such runs was 
made for each combination of primary beam energy 
and angle of incidence. 

The lower limit on primary beam energy was approxi- 
mately 200 ev. Below 200 volts the current from the 
electron gun was too small for accurate measurements. 
The upper limit was approximately 2500 volts set by the 
insulation of the electron gun; however, few measure- 
ments were made above 1000 volts, since no new features 
were found at higher voltages. The sizes of the retarding 
potential increments applied to the collector were dic- 
tated by the smallest currents which could be read with 
the desired accuracy. The applied potentials were 0, 5, 
10, 20, 40, 90 volts. Smaller intervals would have been 
very desirable, particularly in the range below 10 volts 
where the refraction correction changes rapidly with 
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Fic. 8. Copper crystal, (001) face, 800-volt primary beam, 
normal incidence. Curve (a) is for 0-10 ev secondaries, index of 
refraction 1.29. Curve (b) is for 10-20 ev secondaries, index of 
refraction 1.36. Curve (c) is for 20-40 ev secondaries, index of 
refraction 1.48. 


secondary electron energy, but the signal-to-noise ratio 
was such that smaller intervals were not practical in 
this experiment. 


IV. RESULTS AND DISCUSSION 


Before the measured angular distribution of secondary 
electrons can be analyzed in terms of the picture out- 
lined above it is necessary to transform it into the shape 
that it has inside the metal before it is spread and dis- 
torted by refraction at the surface potential barrier. 
This is done by applying successively the solid angle 
and the refraction corrections as described previously. 
Figure 5 (solid curve) shows the external measured 
angular distribution from the (001) face of copper for 
secondaries in the energy range 0-10 ev and a primary 
electron energy of 250 ev. The dashed curve shows how 
the angular distribution appears after the solid angle 
correction dQ’/dQ has been made, and the remaining 
curve shows the internal angular distribution obtained 
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Fic. 9. Nickel crystal, (001) face, 250-volt primary electron 
beam, normal incidence. Curve (a) is for 0-10 ev secondaries; 
index of refraction 1.36. Curve (b) is for 10-20 ev secondaries; 
index of refraction 1.48. 


by applying the refraction correction (Snell’s law) to 
the dashed curve. 

This procedure applied to the data of this experiment 
gives the angular distributions shown in Figs. 6-13. The 
refractive index was adjusted to put the prominent 
[012], [023], and [011] peaks in their proper positions 
for each energy group of secondaries. The index chosen 
in this way for electrons in a given energy range was 
found to be independent of primary energy and angle 
of incidence, as it should be. As mentioned earlier, in 
general one would expect that the index of refraction 
would vary somewhat with the direction of k’ ; however, 
it is doubtful whether the precision of this experiment 
was adequate to detect this effect which would show 
itself in the form of shifts in the angular distribution 
peaks from their proper positions. Such shifts as were 
observed were within the estimated angular accuracy 
of the apparatus (~+3°). 

Table I gives the refractive indices that were used to 
obtain the internal angular distributions shown in 
Figs. 6-13. The uncertainties in the values in this table 
are about +3% and the differences in refractive index 
for the various energy groups of secondaries are well 
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Fic. 10. Nickel crystal, (001) face, 500-volt primary electron 
beam, normal incidence. Curve (a) is for 10-20 ev secondaries, 
refractive index 1.36. Curve (b) is for 10-20 ev secondaries, re- 
fractive index 1.48. Curve (c) is for 20-40 ev secondaries, re- 
fractive index 1.30. Curve (d) is for 40-90 ev secondaries, refrac- 
tive index 1.10. 
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Fic. 11. Nickel crystal, (001) face, 800-volt primary electron 
beam, normal incidence. Curve (a) is for 0-10 ev secondaries, 
refractive index 1.36. Curve (b) is for 10-20 ev secondaries, re- 
fractive index 1.48. Curve (c) is for 20-40 ev secondaries, refrac- 
tive index 1.30. 


outside the estimated experimental uncertainty. In 
interpreting these indices it must be remembered that 
they are averages over relatively large energy incre- 
ments weighted somewhat by the energy distribution of 
the secondaries. Table I also gives approximate values 
of the index according to the free electron model in 
which n= (1+W/E,)! with W=12 ev and rough, 
weighted average values of E,=4, 13, 28, and 60 ev 
respectively for the four energy groups of secondaries. 
Only the refractive index of the most energetic group of 
secondaries (40-90 ev) agrees with the free-electron 
value. The departure from the free electron value is 
quite pronounced for the low energy secondaries. 
Figures 6-8 show the angular distributions of internal 
secondaries in three energy groups (0-10 ev, 10-20 ev, 
and 20-40 ev) for a copper crystal with the primary 
electron beam normally incident on the (001) face. Each 
of these figures is for one of the primary electron energies 
used (250, 500, 800 electron volts). Figures 9-11 give the 
corresponding internal angular distributions for a nickel 
crystal with the primary beam striking the (001) face at 
normal incidence. The curves are extended as close to 
the critical angle for total internal reflection as the ex- 
ternal observations warrant. (The measurements are 
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Fic. 12. Nickel crystal, (001) face, 500-volt primary beam inci- 

dent at 25° from normal in the (001) plane. Curve (a) is for 0-10 ev 

secondaries; index of refraction 1.36. Curve (b) is for 10-20 ev 
secondaries; index of refraction 1.48. 
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reliable generally to 70—75% from the normal.) Although 
there are variations in the relative strengths of the 
various peaks in the different energy groups and in the 
same energy group at different primary energies, the 
main features of all these curves are similar. They all 
exhibit a broad central peak which according to our 
interpretation consists of secondaries scattered inelas- 
tically along the [001] direction and superimposed on 
this central peak appear smaller maxima in the [015], 
[014], [013 ] directions, rather poorly resolved in most 
cases. The peaks along the [012] and [023] directions 
generally appear well-defined, and there is frequently 
evidence of a peak at [011 |]. However, this latter peak 
is so strongly refracted at the surface of the crystal that 
it is emitted at angles of from 65° to 75° from the normal, 
depending on the refractive index, and the observations 
at such large angles of emission become increasingly 
difficult so it is not always possible in the data taken at 
normal incidence to observe the complete peak at 45° 
({011] direction) but only one side of it. Qualitatively, 
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Fic. 13. Nickel crystal, (001) face, 800-volt primary electrons 
incident at 45° from the normal in the (100) plane. Curve (a) is 
for 0-10 ev secondaries; index of refraction 1.36. Curve (b) is for 
10-20 ev secondaries; index of refraction 1.48. 


these curves show clear evidence of maxima in the angu- 
lar distributions in agreement with the theory, and the 
widths of these peaks insofar as one can determine them, 
diluted as they are by the large number of multiply 
scattered secondaries, are consistent with the predic- 
tions of theory. 

The shape of the central peak could not be measured 
accurately for normal incidence because the electron 
collector intercepted the primary beam within approxi- 
mately 8° on either side of the axis. However, some 
information about the shape of this peak was obtained 
by rotating the crystal about the [010] axis to give an 
angle of incidence 6;. Figures 12 and 13 show the result- 
ing internal angular distribution for primary beams 
incident at 25° and 45° from the normal respectively. 
Aside from the asymmetry which accompanies off- 
normal incidence, all the prominent peaks seen in 
Figs. 6-11 are present here also. This seems to be strong 
evidence that the observed peaks are actually properties 
of the crystals and not some accidental disposition of 
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contact potentials within the apparatus which by coinci- 
dence gives the observed structure to the angular distri- 
bution. The asymmetry which appears in the curves for 
non-normal primary incidence becomes more and more 
pronounced as the angle of incidence is increased. How- 
ever, no satisfactory explanation for the cause of the 
asymmetry has yet been found. In Fig. 13 a definite 
peak appears at 40° on the side of the incident beam 
(incidence angle=45° in this figure). It is not certain 
whether this is a misplaced 45° [011] peak or not. The 
displacement of the peak in this case is greater than the 
experimental uncertainty if it is indeed the [001] peak. 
Before the observed angular distribution peaks can 
be explained in terms of umklapp excitations according 
to the theory discussed earlier, it is necessary to rule 
out diffraction of the internal secondaries by Bragg 
planes in the crystal and by the surface lattice as possible 
origins of the angular structure. There are two kinds of 
evidence against diffraction as an explanation of the 
experimental results. First, the measured peaks are too 
narrow to be diffraction maxima, and second, they are 
too intense. To visualize the internal diffraction, con- 
sider the secondaries to be emitted at all angles from a 


TABLE I. Experimental values of the index of refraction for 
various energy groups of secondary electrons from Cu and Ni 
determined from the angular distributions, together with approxi 
mate free-electron refractive indices in these metals. 


Secondary 


energies 0-10 ev 10-20ev 2040 ev 40-90 ev 





1.29 
1.36 
2.00 


Copper 
Nickel 
Free electron 


1.48 
1.30 
1.19 


1.10 
1.10 





localized source within the crystal. Those moving with 
appropriate energies and directions will be diffracted by 
various Bragg planes in the lattice according to the 
familiar Bragg equation. Each group of secondaries ob- 
served encompasses a relatively wide range of energies, 
and there is a correspondingly wide range of wavelengths 
for the internal secondaries. Consequently, the aggre- 
gate of the Bragg reflections from a given set of planes 
is spread over a wide and easily calculable angular 
interval. Comparison of the calculated angular spreads 
of the diffracted secondaries with the widths of the 
observed peaks shows the diffraction peaks to be much 
broader in all cases for the lower energy groups of emitted 
electrons. A similar statement can be made about 
diffraction by the two-dimensional surface lattice. In 
regard to intensity, if the internal secondaries move 
isotropically a rough upper limit on the intensity of the 
diffraction peaks can be determined by a simple geo- 
metrical calculation, and this upper limit turns out to be 
at least an order of magnitude too small to account for 
the experimental results. Consequently, there can be 
little doubt that diffraction plays a negligible role in 
the phenomena being considered here. 
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CONCLUSIONS 


The most immediately evident result of the present 
work is that the angular distribution from single crystals 
of copper and nickel is not a simple cosine distribution 
as earlier work leads one to expect, but instead it pos- 
sesses a considerable amount of structure in the form 
of weak maxima superimposed upon a_ background 
which has approximately a cosine distribution. 

The observed structure in the angular distribution 
cannot be accounted for in terms of diffraction of the 
internal secondaries either by Bragg planes in the crystal 
or by the surface lattice. Instead, the observed angular 
distribution is found to be consistent with quantum- 
mechanical collision theories in which the role of the 
crystal lattice in conserving momentum is properly 
taken into account. The correct interaction potential 
to employ in such a collision theory is a screened 
Coulomb interaction with a velocity-dependent scre- 
ening length giving weak screening at large velocities 
and strong screening at low velocities, 

The explanation of the angular peaks in terms of such 
a collision theory presumes that an appreciable fraction 
of the internal secondaries, initially oriented more or 
less strongly along the principle crystal axes in accord- 
ance with momentum conservation requirements, can 
move to the surface of the crystal without suffering 
collisions that disturb the initial directions of motion. 
The implication is that the mean free paths of the 
secondaries are roughly comparable to those of the 
primaries. Although the prevailing view is that the 
secondaries have much shorter mean free paths than 
the primaries, this view is supported experimentally at 
present only by diffusion lengths which are adjusted to 
bring agreement between theoretical and measured total 
yield curves for polycrystalline samples and in these 
values may reside the accumulated errors introduced by 
the approximations made throughout the theory. The 
existence of comparable mean free paths for primaries 
and secondaries is qualitatively consistent with a 
screened interaction having a variable screening length. 
In such a case the slow secondaries are much more 
strongly screened than the primaries. As a result, the 
secondaries can undergo collisions with a much smaller 
number of lattice electrons (essentially only near neigh- 
bors) than the lightly screened primary. This restriction 
of the interaction distance for the secondaries decreases 
the collision rate markedly; on the other hand, the 
collision probability is inversely proportional to the 
energy of the incident particle in the collision [Eq. (1)], 
and this factor increases the collision probability for the 
slow secondaries compared with that of the primaries. 
It is conceivable that these opposing influences could 
counteract each other, resulting in a mean free path for 
the secondaries roughly comparable to that of the 
primaries. Certainly the present results imply that this 
is the case. 

In order to interpret the observed angular distribu- 
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tion, it is necessary to correct for refraction at the sur- 
face of the crystal to obtain a picture of the internal 
distribution of the secondaries. This correction involves 
the choice of a refractive index for the crystal. For each 
crystal studied it was possible to find by trial a unique 
value of the refractive index for each energy group of 
secondaries which gave consistent internal angular dis- 
tributions for all primary energies and angles of inci- 
dence employed. The distribution so obtained gave 
peaks whose positions and widths are in agreement with 
the theory for interzone transitions. The values of the re- 
fractive indices obtained in this manner differ markedly 
from free-electron refractive indices in the range of low 
and medium secondary energies. The implication is 
plainly that electrons of these energies in nickel and 
copper are not free, or nearly free," and with refinement 
the study of angular distributions may be used as a tool 
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to study in detail departures from the free electron 
approximation in the excited states of many solids. 
Since the refractive index is proportional to Vx (k), it 
is possible in principle to determine the shape of the 
E(k) curve for these excited states, given sufficiently 
detailed information about the index of refraction. 
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Temperature Dependence of Optical Bleaching of KCl Crystals near 0°C* 
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Further insight has been sought into the mechanism of optical 
bleaching in the vicinity of room temperature by studying the 
temperature dependence of the bleaching curves for KC! crystals 
which had been initially irradiated with hard (filtered) x-rays. The 
absorptions at the maxima of the F, M, R,, and R2 bands were 
observed to change during illumination with F-light and to be 
strongly temperature dependent in the range of —30°C to +10°C, 
whereas the absorption at the V’; band was essentially unchanged. 
For comparison an analysis was made of the data of Petroff on 
the early growth of the M band during bleaching with F-light in 
additively colored KC] crystals. In this case a unique activation 
energy, e, of 0.35+0.05 ev and a number of defect jumps V;~ 10" 


INTRODUCTION 


NUMBER of mechanisms have been proposed to 

account for experimental results obtained when 
F centers in alkali halides are bleached with light in the 
F band in the vicinity of room temperature. Among the 
mechanisms proposed are the following: Bleaching 
occurs when (i) the photoelectrons produced through 
the ionization of F centers are annihilated at holes 
associated with V centers’ (ii) photoelectrons are 
captured by clusters of vacancies, which results in the 


* Part of a thesis submitted by W. E. Bron in partial fulfillment 
of the requirements for the degree of Doctor of Philosophy in the 
Faculty of Pure Science, Columbia University, 1959. This paper 
was originally presented at the International Symposium on Color 
Centers in Alkali Halides, at Oregon State College, September, 


1959. 

1E. E. Schneider, Photographic Sensitivity 
Scientific Publications, London, 1951), p. 13. 

* I. L. Mador, R. F. Wallis, M. C. Williams, and R. C. Herman, 
Phys. Rev. 96, 617 (1954).. 

3 F. Seitz, Revs. Modern Phys. 26, 7 (1954) 
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are indicated by the data. It appears that the bleaching curves of 
the x-irradiated samples are composed of a temperature inde- 
pendent and a temperature dependent part. The temperature 
dependent part probably is the same as that responsible for 
bleaching in additively colored crystals. The above results for « 
and N; suggest that the temperature dependent bleaching process 
results from the trapping of photoelectrons at vacancy clusters 
which are formed during bleaching through the migration of 
mobile defects, possibly vacancy pairs. This conclusion is sup- 
ported by the observations by others that the a@ band is not 
observed during bleaching at room temperature. 


production of secondary color centers either immedi- 
ately or after a suitable ejection of surplus vacancies 
from the cluster,‘ and (iii) negative-ion vacancies 
obtained through the ionization of F centers combine 
with other vacancies and migrate to form aggregates, 
which upon the proper acquisition of photoelectrons 
form R, M, and N centers.® The bleaching of F centers 
through the formation of F’ centers need not be con- 
sidered as a possible mechanism, since in alkali halides 
such as NaCl and KCI the F’ center is not stable in the 
vicinity of room temperature.® 

It will be convenient to refer to the bleaching me- 
chanisms which involve diffusion of defects as “‘defect- 
migration” mechanisms, and to refer to the mechanisms 
which involve only the motion of electrons from F 
centers to existing electron trapping center: elec- 

4M. Ueta and W. Kinzig, Phys. Rev. 97, 1591 (1955). 


5 F. Seitz, Revs. Modern Phys. 18, 384 (1946). 
6H. Pick, Ann. Physick 31, 365 (1938). 
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tron-transfer” mechanisms. One way of distinguishing 
these two types of mechanisms is in terms of the 
temperature dependence of the bleaching process. A 
“defect-migration” mechanism, such as mechanism 
(iii), should lead to a strongly temperature dependent 
bleaching process, the activation energy of which is 
equal to the motion energy of the defect that controls 
the migration process. On the other hand, one may 
anticipate that the simple “electron-transfer” mechan- 
ism gives rise to an essentially temperature independent 
bleaching process. This may be seen as follows: Pick® 
has shown that above —80°C photoelectrons are pro- 
duced at F centers in KCI with a quantum efficiency of 
unity by light lying in the F band. In other words, 
above —80°C when an electron is raised into its excited 
state by F-light, there is sufficient thermal energy 
available to carry the F center electron into the conduc- 
tion band from the excited state. This step of the 
electron-transfer process is, therefore, temperature 
independent. A classical calculation’ has shown that 
the capture cross section for photoelectrons of charged 
and uncharged potential secondary centers* and of V 
centers should not be strongly temperature dependent. 
A possible exception is the trapping of photoelectrons 
at V3; centers, which is thought to involve a thermally 
activated step of the order of 0.25 ev.’ 

Unlike the simple ‘‘electron-transfer” mechanism as 
defined above, a modified electron-transfer mechanism 


proposed by Ueta and Kanzig* can be expected to pro- 
duce temperature dependence. Ueta and Kinzig con- 
sider the early stage of optical bleaching to involve the 
transfer of a photoelectron from an F center to a neutral 


quartet of vacancies. The quartet may capture the 
electron to produce an M center and a positive-ion 
vacancy. The later must then be ejected from the 
cluster. Ejection of a positive-ion vacancy from the 
quartet might be anticipated to involve an activation 
energy similar to that for the migration of a positive-ion 
vacancy (about 0.8 ev)..§ 

It should, therefore, be possible to learn more about 
which of the proposed mechanisms controls optical 
bleaching by determining the kinetics of the process. 
Accordingly, it was decided in the present experiment 
to investigate the temperature dependence of the 
bleaching process in x-irradiated crystals. In this con- 
nection it should be noted that Schneider and co- 
workers'*:° have conducted optical bleaching experi- 
ments from room temperature to 160°C and found the 
initial, or first stage" of bleaching to be temperature 


7S. I. Pekar, Untersuchungen iiber die Elektronentheorie der 
Kristalle, (Akademie-Verlag, Berlin, 1954). 

8 A “potential color center” is here defined as having the vacancy 
configuration of the color center without the electrons or holes 
of the color center. 

*D. F. Grant, thesis, University of Durham, April, 1950 (un- 
published). 

10R. V. Hesketh, thesis, University of Durham, October, 1953 
(unpublished). 

1! Tt has been known for some time that in the vicinity of room 
temperature coloration with ionizing irradiation as well as optical 
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independent. In the present experiment measurements 
of the kinetics of bleaching of F centers were made in 
the range of temperatures from +10°C to —30°C. It 
was further decided to extend the previous work by 
observing the effect of bleaching with F-light on the 
absorption of all observable prominent color bands 
(F, M, R, N, and V; bands). The investigation has been 
restricted primarily to the first stage of optical 
bleaching. 


EXPERIMENTAL METHODS 


Crystals of potassium chloride approximately 10X 
10X 1 mm in size were cleaved from a large single crystal 
of KCI obtained from the Harshaw Chemical Company. 
Samples were used in the as-received condition. All 
samples were colored by subjecting them to x rays from 
a copper target operated at 40 kv and 20 ma. The x ray 
unit contained voltage and current regulating circuits. 
X rays were filtercd through 1.5-mm thick crystals of 
NaCl so as to filter out the soft components. During the 
irradiation the sample was mounted at a distance of 3 
inches from the x ray port with the large face perpen- 
dicular to the x ray beam. In this way the sample was 
irradiated uniformly over the area of observation, which 
was a square of dimensions 4 mm X4 mm. Each sample 
was irradiated for a period of three days under ambient 
conditions in the dark, which was sufficient to bring the 
crystal to within 90% of the saturation of the first stage 
of F center coloration. 

Optical absorption measurements were made in a 
Beckman Model DU spectrophotometer equipped with 
a stabilized ac power supply. Absorption measurements 
were made over the spectral range of 200 mu to 1075 mu. 
The major absorption bands which were observed were 
the F, M, Ri, Ro, N, and V3; bands. In general the 
accuracy in the measurements of the optical density 
were highest for the F band and are accurate to about 
+0.01. This estimate of the error does not apply to 
optical densities of less than 0.6 or at wavelengths in 
the vicinity of the V; band. Because of the reduced 
sensitivity of the spectrophotometer in these cases, the 
estimated error in the optical density increases to 
+0.05. 

Optical bleaching was accomplished in the spectro- 
photometer with the variable slit set at 2 mm, and the 
wavelength set at 560 mu (F-light). Under these condi- 
tions the spectral band-width of the bleaching light was 
approximately 100 my. The integrated light intensity 
with the slit set at 2 mm was 0.13 lumens/cm? at the 
560 my setting. Rough light intensity measurements 
were made with a Photovolt Model 200 photometer 
which had a special selenium photocell as the sensing 
unit. The calibration supplied by the manufacturer was 
applied to these measurements. The measuring light 
bleaching of alkali halides occurs in two stages [see, e.g., J. J. 
Oberly, Phys. Rev. 84, 1257 (1951); and A. S. Nowick, Phys. Rev. 


111, 16 (1958) ]. In each case, an initial rapid stage is followed by 
a second stage during which events occur much more slowly. 
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had a bandwidth of approximately 1 my and a total 
energy flux of at least two orders of magnitude less than 
that of the bleaching light. Bleaching by the measuring 
light was negligible and was, therefore, neglected in all 
of the present experiments. 

For the low-temperature observations a cryostat was 
constructed which was designed to be an integral part 
of the spectrophotometer. The construction of this 
cryostat is similar to that described by Dorendorf.” 
Uniformity in the temperature of the specimen was 
obtained by mounting it in the cavity of a copper block. 
This unit was in turn mounted on a second copper block 
which was suspended from the bottom of the inner tube 
of the cryostat. The second copper block contained two 
square holes of exactly the same dimensions. One of 
these ports was used as the optical reference, while the 
specimen was mounted in front of the other port. Light 
passed through the cryostat through optical-grade 
quartz windows. It was possible to place either of the 
ports in the path of the light beam of the spectro- 
photometer by a simple, fixed translation of the cryo- 
stat. Temperature at the specimen was measured with 
a copper-constantan thermocouple attached to the 
copper block containing the specimen. Temperatures 
in the range from +10°C to —40°C were obtained by 
filling the inner tube of the cryostat with a mixture of 
dry-ice and trichlorethylene. It was possible to vary the 
temperature by heating a small carbon resistor, one 
lead of which was soldered to the copper block holding 
the specimen. The current through the resistor was 
regulated with an electronic proportioning temperature 
controller, and the temperature was maintained to 
+0.2°C. Absorption measurements were made at 
temperature. 

Measurements were also made of the total quantum 
efficiency of the room temperature bleaching process 
using F-light. For this experiment the slit width of the 
spectrophotometer was reduced to 0.6 mm. At this 
setting the intensity of the 560 my light incident on the 
center of the sample was estimated to be about 2.2 10" 
photons/sec cm’. This estimate is based on the assump- 
tion made by various previous investigators, that the 
light intensity is constant for all the wavelengths of 
light which pass through the slit. Some doubt of the 
validity of this assumption is raised by the intensity 
distribution supplied by the manufacturer of the 
spectrophotometer, according to which the light inten- 
sity decreases approximately linearly from the center 
wavelength of the band pass, and reaches zero intensity 
at the edges of the slit of the spectrophotometer. It 
seems doubtful that this “triangular” distribution can 
be correct. It is obvious that the light intensity at 560 
my calculated in terms of this “‘triangular’’ distribution 
would be twice as great as that calculated from the 
present assumption of a “rectangular” distribution. 


" H. Dorendorf, Z. Physik 129, 317 (1951). 
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NOWICK 
EXPERIMENTAL RESULTS 


The x ray irradiation as described in the previous 
section leads to an absorption of the F band of approxi- 
mately 0.45 mm at room temperature. In terms of 
Smakula’s® equation and an oscillator strength of 0.81 
this absorption corresponds to an F center concentra- 
tion of approximately 3X 10'® cm~™. On the low-energy 
side of the F band only slight absorptions were observed 
at the M (A=830 my), R: (A= 680 my), Re (A=740 my), 
and N (A=975 my) bands, when absorption measure- 
ments were made at room temperature. In the ultra- 
violet a sharp, prominent band appeared with a maxi- 
mum at 215 my. This coincides with the position of 
the usually observed V; band. As had been reported 
elsewhere," filtered x-irradiation did not produce an 
observable V2 band (A= 230 my). In addition to the V; 
band, two minor absorption bands were observed at 
260 my and 320 mu. 

A preliminary bleaching experiment was conducted 
to determine the effect of the intensity of the bleaching 
light on the initial rate of bleaching of the F band. 
Samples of KCl were irradiated to the same extent as 
the crystals which were used for the study of the tem- 
perature dependence of the bleaching process, and then 
bleached with F-light of various intensities from about 
1X10" to a maximum of about 7.410" photons/sec 
cm? at the center of the sample. These intensities were 
obtained by setting the spectrophotometer wavelength 
indicator to 560 my with the slit opened to 2 mm, and 
placing between the slit and the specimen a series of 
Kodak neutral filters. 

The results of the experiment are shown in Fig. 1. 
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RELATIVE INTENSITY OF F —LIGHT 


Fic. 1. Initial rate of bleaching as a function of the intensity of 
the light incident on the sample. In this graph the ordinate is the 
ratio of the initial rate of bleaching of F centers with light of 
reduced intensity to the rate of bleaching using light of maximum 
intensity. The abscissa is the relative intensity of incident F-light. 
The maximum intensity of F-light used was 7X10" photons/sec 
cm?, 

13 A. Smakula, Z. Physik 59, 603 (1930). 

4 R. Casler, P. Pringsheim, and P. Yuster, J. Chem. Phys. 18, 
1564 (1950). 
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In this figure the initial rate of bleaching of F centers 
with filtered light relative to that with unfiltered light 
is plotied against the relative amount of incident light. 
It can be seen that the initial rate of bleaching is 
approximately proportional to the light intensity up to 
approximately 50% of maximum light intensity. 
However, the initial rate of bleaching is found to be 
independent of light intensity for intensities greater 
than 75% of maximum, i.e., greater than about 5.1X 
10'* photons/sec cm?.!* It can readily be shown, for the 
range where the bleaching rate is independent of light 
intensity, that bleaching will not alter any gradients in 
F center concentration present in the crystal prior to 
bleaching. In accordance with this result, only F-light 
with a maximum intensity (7.4 10" photons/sec cm’) 
was used throughout the study of the bleaching of the 
F band, except for the determination of the quantum 
efficiency of the bleaching process when F-light with 
the intensity of 2.210" photons/sec cm? was used. 
Since it had been previously observed that re- 
irradiation after complete optical bleaching does not 
bring a sample to the same state as after the first 
irradiation, each sample could be irradiated and 
bleached only once. Accordingly, a number of samples 
irradiated to exactly the same initial F band absorption 
(ar) are required in order to investigate the bleaching 
process over a range of temperatures. Because of 
fluctuations in the room temperature during x-irradia- 


tion, it was found possible to obtain only three such 
— These were used for bleaching runsat —30.7°C, 


—20.5°C, and —10.7°C. For experiments at —0.9°C 
and + ws specimens were used for which a, varied 
by +5% from the standard value of 0.45 mm. It was 
observed from experiments at several temperatures that 
the bleaching curves of a number of such samples 
differing slightly in ar. could be superimposed by a 
shift along the absorption scale. It was, therefore, 
possible to interpolate, point for point, the bleaching 
curves of these samples and obtain, to a high degree of 
accuracy, the corresponding bleaching curve for a 
sample with the standard value of aro. 

Since the absorption measurements were performed 
at the temperature of the sample during bleaching, an 
additional correction is required because of the shift in 
wavelength and the change in the absorption at the 
maxima of the various absorption bands as a function 
of temperature. Accordingly, the shifts in the position 
and magnitude of the maximum absorption of each of 
the prominent bands was measured in one sample over 
the range of temperatures employed. The at-tempera- 
ture bleaching measurements were then always made 
at the wavelength of maximum absorption for the 
temperature of the run. In order that the results for 
different temperatures be comparable, the magnitude 


15 The significance of this independence of the bleaching rate 
on light intensity is to be discussed in a later paper. 
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Fic. 2. Changes in the absorption at the F band during bleaching 
with F-light at various temperature ranging from —30.7°C to 
10.6°C. Absorption measurements were made at the maximum of 
the F band at each of the temperatures shown. The magnitude of 
the initial absorption was arbitrarily corrected to the absorp- 
tion at —30.7°C 


of the initial absorption was arbitrarily corrected to 
the absorption at —30.7°C, i.e., ar-=0.49 mm™. 

The results for the initial stage of bleaching of the 
F band are given in Fig. 2. These measurements show 
that this stage of bleaching is strongly temperature 
dependent. Observations were also made on the M and 
R band absorption during bleaching with F-light. Since 
the optical density at these bands was often less than 
0.6, the accuracy in the absorption measurements were, 
as noted earlier, somewhat less than that for the F 
band. As has been repeatedly observed by others, it 
was found that during the time the F band bleaches, 
the M band rises rapidly to a maximum and then 
decreases slowly. It was also observed, as previously 
reported by Petroff'® for additively colored KCl, that 
the time of occurrence of the maximum of the M band 
was shorter and the magnitude at the maximum was 
smaller the higher the temperature of the sample during 
optical bleaching. The rate of growth of the M band 
during the initial period of bleaching with F-light was 
found to be strongly temperature dependent. During 
room temperature optical bleaching, the R band also 
goes through a maximum, though at a later time than 
the M band. A strong temperature dependence was also 
found for the growth of R centers. This temperature 
dependence had the following features. The growth 
curves of the R band for the +10.6°C, —0.9°C and 


16S. Petroff, Z. Physik 127, 443 (1950). 
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1c. 3. Comparison of the changes in the M and R: band absorp- 
tion during bleaching with F-light with the crystal held at —0.9°C 
and —30.7°C. Absorption measurements were made at tempera 
ture. 


— 10.7°C runs were similar in character to that observed 
during room temperature bleaching except that the 
growth rate was successively slower the lower the 
temperature during bleaching. In contrast, it was found 
that for the two lowest temperatures, —20.5°C and 
—30.7°C, the growth of the R band essentially ceased 
after 100 sec of illumination with F-light. This effect is 
shown in Fig. 3, where a comparison is made between 
the —0.9°C and —30.7°C runs for the M and R band 
absorptions. 

The absorption at the V band is very weak through- 
out the bleaching process. Therefore, no attempt was 
made to observe the change in V band absorption. In 
each sample tested, the V; absorption remained constant 
throughout the bleaching phase, while the absorption 
of the two minor V bands mentioned earlier decreased 
slightly during the first fifty seconds of bleaching and 
then remained constant. 

Schneider and co-workers in their analysis of the 
optical bleaching process were able to subtract out the 
second stage of bleaching by considering that bleaching 
during this stage follows the equation n=n, exp(— vt) 
where / is the bleaching time, v a frequency parameter, 
and m and m are respectively the instantaneous and 
initial concentration of F centers. It may be argued, 
therefore, that the difference between the present result, 
that the first stage is temperature dependent, and 
Schneider’s result that it is temperature independent!.® 
occurs because in the present analysis the second stage 
was not subtracted out. In the analysis of the data of 
the present experiment, however, it was found im- 
possible to fit the results for the second stage to an 
exponential form or to any other simple analytical 
expression, therefore making it impossible to subtract 
out the second stage from the total bleaching curve. 

If a single activation energy controlled the bleaching 
of F centers, it would be possible to superimpose the F 
band bleaching curves for the various temperatures by 
making an appropriate change in the time scale for each 
temperature. It is observed, however, that no such 
superposition can be achieved, in that the curves for the 
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various temperatures diverge rapidly from each other, 
after adjustment of the time scales to produce coinci- 
dence at the early part of the curves. The strongest 
divergence occurs in the curves for the —20.5°C and 
—30.7°C runs relative to those obtained at the three 
highest temperatures. It is generally considered that 
the bleaching rate of F centers depends on the growth of 
the secondary centers such as M and R centers. It is, 
therefore, probable that the strong divergence of the F 
band bleaching curves at —30.7°C and —20.5°C from 
the higher temperature curves is related to the fact that 
for these lowest two temperatures the growth of the R 
center essentially ceases after a short period of time 
(Fig. 3). 

As in the case of the F band it, was found that the 
curves for the growth of the M band at various tem- 
peratures during bleaching with F-light could not be 
superimposed by a change in the time scale, because 
these curves diverged too rapidly from each other. 
However, the divergence of the M band curves from 
each other appeared to be less than that of the F band 
curves. No unique activation energy could, therefore, 
be determined for the growth of the M band during 
bleaching. 
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Fic. 4. The total quantum efficiency (F centers bleached per 
absorbed quantum of F-light) as a function of the change in 
absorption at the F band as bleaching at room temperature 
progresses. The change in the absorption is measured as the 
difference in the F band absorption at the start of bleaching (ar.) 
and the instantaneous absorption at the F hand (ap). 








OPTICAL BLEACHING OF 

The main conclusion to be drawn from the data of 
the present experiment is that the initial stage of optical 
bleaching of crystals colored by x rays is temperature 
dependent, although the temperature dependence 
cannot be described in terms of a unique activation 
energy. 

The total quantum efficiency (F centers bleached per 
absorbed quantum of F-light) was determined at room 
temperature during the first stage of bleaching of the 
F band, in crystals initially irradiated to ar,=0.45 
mm. The results are given in Fig. 4, where the 
quantum efficiency is plotted against the decrease in 
the F band absorption during bleaching. Unfortunately, 
accurate measurements could not be made at the 
beginning of the bleaching process where the rate of 
bleaching is very high. The results are not inconsistent 
with a value of unity at the start of bleaching, but 
thereafter the quantum efficiency decreases rapidly to 
values in the vicinity of 0.1. This result also differs from 
that found by Schneider,'! who reports that the entire 
first stage of bleaching proceeds with a quantum effi- 
ciency of unity. The value of 0.1 is to be compared with 
the value of 0.3 reported by Mador ef al.,? and 0.23 
reported by Camagni and Chiarotti,!’ both for NaCl. 

It seemed interesting to compare the present results 
on x-irradiated crystals with data for the bleaching pro- 
cess in additively colored crystals. Accordingly, an 
analysis was made by the present authors of the data 


reported by Petroff'® on the temperature dependence 
of the growth of the M band in additively colored 
crystals during bleaching with F-light, in the range of 
temperatures from O0°C to 76°C. Petroff apparently 
made absorption measurements with a highly sensitive 
spectrophotometer, which was able to measure very 
small absorptions at the M band to an unusual degree 
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Fic. 5. Optical absorption at the maximum of the M band in 
additively colored KCl during bleaching with F-light at various 
temperatures. Absorption measurements were made at tempera- 
ture (after reference 16). 


17 P. Camagni and G. Chiarotti, Nuovo cimento 11, 1 (1954). 
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Fic. 6. Variation of the iog ¢ with reciprocal absolute tempera- 
ture, where # is the time to attain a given level, ay of absorption 
in the M band during bleaching with F-light. The various curves, 
for different values of ay, are obtained from the data of Petroff 
(Fig. 5). 


of precision: The growth curves of the M band, which 
exhibit a strong temperature dependence, are replotted 
in Fig. 5. Although Petroff does not report any con- 
current measurements on the F band, the same tempera- 
ture dependence can be expected for the bleaching of F 
centers in the additively colored crystals if the formation 
of M centers in the early stage of bleaching occurs by 
the simple reaction: F > M. 

A unique activation energy can be obtained from a 
plot of the logarithm of the time for the M band to 
grow to a fixed absorption vs the reciprocal of the 
absolute temperature. Such plots are presented in Fig. 
6, for absorption levels ranging from 13% to 40% of the 
maximum absorption at room temperature. It has 
already been pointed out that the M band absorption 
goes through a maximum during bleaching of the F 
band. This maximum in the M band absorption un- 
doubtedly results from a superposition of competing 
growth and bleaching processes. Accordingly, only the 
early part of the M band growth curve, which is con- 
siderably removed from the maximum, can be expected 
to be representative of the growth process. In view of 
the fact that the magnitude at the maximum in the 
M band curve is considerably smaller for the 76°C 
curve than for the lower temperature curves, the least 
weight should probably be given to the points from the 
76°C curve when drawing the best straight line through 
the points in Fig. 6. The value of the activation energy 
obtained from the lines drawn in this way is 0.350.05 
ev. The constancy of the activation energy up to 40% 
of the maximum absorption suggests that at least in 





120 W. E. BRON 
this range of absorption there exists a unique activation 
energy. 


DISCUSSION 


In the Introduction three mechanisms have been 
outlined which have been proposed in the literature to 
account for optical bleaching of F centers in alkali 
halides in the vicinity of room temperature. In me- 
chanism (i) bleaching is considered to occur through 
the annihilation of photoelectrons from F centers at 
holes associated with V centers. One should, therefore, 
observe during the bleaching of F/ centers a corre- 
sponding bleaching of V centers. In the present experi- 
ment the only prominent V band which was observed, 
the V3; band, was found to be resistent to bleaching. 
Only a small amount of bleaching was observed at the 
two minor V-type bands, however the duration of 
bleaching of these bands was much shorter than that 
observed at the F band. Thus, bleaching by annihilation 
of electrons at V centers, although possibly present to 
a small extent, can be ruled out as the dominant 
mechanism. Apparently, the dominant optical bleaching 
of crystals colored with hard x-rays is similar to that of 
additively colored crystals, since in both cases bleaching 
consists primarily of the formation of secondary electron 
centers. 

In the Introduction it has also been noted that one 
distinguishing feature between the proposed mechan- 
isms of optical bleaching is the temperature dependence 
of the process to be expected from each mechanism. 
In the present experiment it has been observed that the 
first stage of bleaching of the F band in x-irradiated 
crystals is temperature dependent, although the process 
is not governed by a unique activation energy. A strong 
temperature dependent process has also been observed 
by Petroff'* in the growth of the M band during optical 
bleaching of additively colored crystals. Annihilation 
of photoelectrons at V3; centers is the only simple 
electron transfer mechanism which can lead to a 
strongly temperature dependent bleaching process. The 
bleaching of V3 centers was not, however, observed in 
the present experiment. The observed temperature 
dependence of the bleaching process, therefore, most 
probably results from the motion of defects such as 
proposed in mechanism (iii) or in the mechanism pro- 
posed by Ueta and Kanzig. 

There are two results from Petroff’s data which tend 
to eliminate the Ueta and Kinzig mechanism. First, 
the value of the activation energy obtained, 0.35 ev, is 
substantially lower than the value (near 0.8 ev) ex- 
pected to control this mechanism. Second, the number 
of defect jumps calculated from Petroff’s data is incon- 
sistent with this mechanism. If bleaching is controlled 
by the migration of defects to form potential secondary 


centers, then the time constant (7) for the process may 


be described as 


t= (N;/vo) exp(€/kT), (1) 


AND 
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where N; is the number of jumps of the migrating defect 
before it combines with other defect, vo the frequen nf 
factor for the individual jumps of the particular defect, 
e the activation energy, and T the absolute temperature. 
In the case of the ejection of vacancies from vacancy 
clusters as envisioned by Ueta and Kinzig, the same 
equation ought to apply, and one should expect it to 
yield a value for N; of the order of unity. Inserting 
into the above equation the following values obtained 
from Petroff’s data: e=0.35+.0.05 ev, r=10?° sec at 
T = 300°K, and assuming that v°= 10" sec (in accor- 
dance with results for other defect migration processes), 
one obtains a value for V; of 510"! jumps. It can 
be concluded, therefore, that the mechanism proposed 
by Ueta and Kanzig is not compatible with the infor- 
mation obtained from Petroff’s results, but rather that 
migration over a considerable distance is involved. We 
are then led to focus attention on mechanism 
presented in the Introduction. 

Mechanism (iii) supposes that the negative-ion 
vacancies obtained through the ionization of F centers 
enter into combination with other defects during the 
bleaching process. The temperature dependence of the 
process is then controlled by the slowest moving defect 
which is involved. In favor of this mechanism is the 
recent observation'’® that during room temperature 
optical bleaching of KI the a band is not observed after 
partial bleaching of F centers. On the other hand, the 
a band is observed to grow during bleaching at liquid 
nitrogen temperatures.'? When a crystal is warmed-up 
to room temperature after bleaching at liquid nitrogen 
temperatures, however, the a band is again observed to 
disappear. Added confirmation of mechanism (iii) is 
obtained from the recent work of Hesketh” on the 
variation of the quantum efficiency during the optical 
bleaching of / centers in KCI. Hesketh concludes from 
his results that in the vicinity of room temperature the 
vacancies generated during irradiation with x rays are 
only stable when occupied by electrons. 

The question then arises as to which defect controls 
the bleaching process. In the particular defect-migration 
process proposed by Seitz,® bleaching is considered to 
occur as follows. Negative-ion vacancies, formed by the 
ionization of F centers are joined by positive-ion 
vacancies to form pairs, which are considerably more 
mobile than the negative-ion vacancies. These pairs 
meet other vacancies to form, upon the proper acquisi- 
tion of electrons, M, R, and N centers. The bleaching 
process is, therefore, dependent on the rate of formation 
of the secondary centers, the latter being formed 
through a migration process. In the model proposed by 
Seitz, the rate controlling process should be the migra- 
tion of the lower mobility defect, viz., the positive-ion 
vacancies, involving an activation energy of about 0.8 


(iii) 


18H. Hersh (private communication). 

9 C, J. Delbecq, P. Pringsheim, and P. Yuster, J. Chem. Phys 
19, 574 (1951). 

” R. V. Hesketh, Phil. Mag. 4, 114 (1959). 
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ev. It is difficult to reconcile the Seitz mechanism with 
the considerably lower activation energy of 0.35 ev 
determined from Petroff’s data. Alternatively, the con- 
trolling defect may be vacancy pairs already present in 
the crystal during bleaching which combine with the 
ionized F centers immediately to form potential M 
centers. The controlling process could then have an 
unique activation energy as low as about 0.4 ev,” in 
agreement with the value obtained from Petroff’s data. 

The results of the present experiment on the bleaching 
of x-irradiated crystals seem at first hand to be in con- 
tradiction to mechanism (iii), in the sense that although 
a temperature dependent bleaching process is observed 
it is not found to be controlled by a unique activation 
energy. This result can, however, be explained if it is 
assumed that in crystals colored by hard x rays the 
first stage bleaching of F centers occurs by a combina- 
tion of the defect-migration and electron-transfer me- 
chanisms. Bleaching then occurs as the superposition 
of the two processes, one of which is independent of 
temperature and the other of which is controlled by an 
activated step. In this experiment, the observed param- 
eter of the process, the F band absorption coefficient, 
ap, can be expressed as the sum of two functions, 


ar=f(t)+g(t,T), (2) 


where ¢ is time, and T the absolute temperature. It is, 
however, impossible to obtain an activation energy 


from data at different temperatures unless the functions 
f and g are explicity known. A very rough estimate of 
the activation energy can be obtained if it is assumed 
that in the lowest temperature run of the experiment, 
the —30.7°C run, the temperature dependent part of 
bleaching is very small compared to the temperature 
independent part, i.e., the data over the time interval 
of Fig. 2 represent only f(t). An estimate of the tempera- 
ture dependent part of bleaching, g(t,T), is then ob- 
tained when the bleaching curve for the —30.7°C run 
is subtracted from the curves of each of the higher 
temperature runs. The value of the activation energy 
found in this way is approximately 0.3 ev. It, therefore, 
appears that the temperature dependent part g(t,7), of 
the bleaching process in x ray irradiated crystals may 
be the same as that observed in additively colored 
crystals, since it is controlled by an activation energy 
in the same range as that obtained from Petroff’s results. 
The temperature independent part of bleaching may 
be due to the transfer of photoelectrons either to 
potential secondary electron centers present in the 
crystal prior to bleaching, or to annihilation of photo- 
electrons at holes associated with the two minor V 
bands. 


"4G. J. Dienes, J. Chem. Phys. 16, 620 (1948). 
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The observed variation in the quantum efficiency 
(Fig. 4) can now also be explained. The transfer of 
electrons from F centers to some pre-existing traps 
present only in x-irradiated crystals is considered to 
occur during the initial, very rapid, part of the first 
stage of bleaching with a quantum efficiency near unity. 
As the traps become fully occupied, and the electron- 
transfer mechanism subsides, bleaching becomes in- 
creasingly dependent on the rate of formation of 
secondary centers. During this period, photoelectrons 
can be retrapped several times by negative-ion vacancies 
before they are finally trapped at secondary centers. 
The retrapping of photoelectrons accounts for the 
observed low value of the quantum efficiency during 
the later period of the first stage of bleaching. 

It remains to discuss the significance of the observed 
value of 0.3 to 0.4 ev for the activation energy for defect 
migration during bleaching. As has been pointed out 
above, this value suggests that the controlling process 
involves the migration of vacancy pairs or some other 
highly mobile unit. It may be argued, however, because 
of the inherent mobility of vacancy pairs, that it is 
hardly likely that more than an equilibrium number of 
isolated pairs can exist in KCl crystals at room tem- 
perature. Assuming an energy of formation of vacancy 
pairs of about 1.5 ev” one may anticipate at room 
temperature an equilibrium concentration of about 
10-* cm. Obviously, this concentration is too small 
to account for any of the observed bleaching of F centers 
(which are present to the extent of at least 10'* cm-*). 
As an alternative possibility, it is conceivable that 
vacancy pairs can be produced in relatively large 
numbers during bleaching from vacancy aggregates 
which exist in the crystal prior to bleaching. For 
example, a simple aggregate such as a quartet of 
vacancies might, upon the capture of a photoelectron, 
split into two vacancy pairs one of which contains a 
trapped electron. Presumably, both types of vacancy 
pairs can migrate rapidly through the lattice and com- 
plete the bleaching process by combining with the 
available negative-ion vacancies. It is interesting to 
note that recent work of Liity* has furnished evidence 
for a center consisting of an electron trapped in a 
vacancy pair which may be observed during bleaching 
near —30°C. 
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The magnetic structure of Mn,N has been determined by neutron diffraction from powders. The cubic 
unit cell has Mn at the corner and face centers and N at the body center. Standard diffraction techniques 
led to four possible models and it was necessary to perform polarized neutron beam experiments to resolve 
this ambiguity. The structure is ferrimagnetic with a corner moment of 3.5uz antiparallel to the three face 


center moments of 0.772. 


I. INTRODUCTION 


EVERAL studies have been made on the prepara- 

tion, structure, and magnetic properties of the 
transition metal nitrides.'~* The nitrides with com- 
position T,;N have a simple structure composed of 
metal atoms at the points of a face centered cubic 
lattice with nitrogen at the body-center position of the 
unit cell. Such compounds have been prepared with T 
equal to Mn, Ni, and Fe and with partial substitution 
of these metals by Ni, Zn, Cu, and Pt. Several models 
have been proposed for the magnetic structure of these 
compounds. Frazer® showed that the neutron diffraction 
data for FesN could be explained by a model proposed 
by Wiener and Berger’ in which nitrogen was assumed 
to be an electron donor to the 3-d shell of the face-center 
atoms. The Fe moments (of 3uz and 2u»z for the corner 
and face-centered atoms, respectively) are aligned ferro- 
magnetically to give the total moment of 9 Bohr 
magnetons per unit cell. However, Mn,N has a total 
moment of 1.24, per unit cell.6 To explain this low 
value, various models, shown in Table I, have been 
proposed, all of which assume a ferrimagnetic arrange- 
ment of the individual moments. A neutron diffraction 
study was made in an attempt to determine the mag- 
netic structure of this compound directly. 


II. SAMPLE PREPARATION 


The Mn,N powder was prepared by following the 
procedure of Mah." Nitrogen gas was passed for 24 to 


t This work was carried out in part at the Brookhaven National 
Laboratory under the auspices of the U. S. Atomic Energy Com 
mission. 

* Diffraction iexperiments conducted while a Guest Scientist at 
Brookhaven National Laboratory 

1C. Guillaud and J. Wyart, Compt. rend. 222, 71 (1946). 

?C. P. Guillaud, Revs. Modern Phys. 25, 119 (1953). 

3G. W. Wiener and J. A. Berger, J. Metals 7, 360 (1955). 

4V. Zwicker, Z. Metallkund 42, 274 (1951). 

5R. Juza, H. Puff, and F. Wagenknecht, Z. Electrochem. 61, 
804 (1957). 

®R. Juza and H. Puff, Z. Electrochem. 61, 810 (1957) 

7N. Terao and A- Bughezan, J. Phys. Soc. Japan 14, 139 (1959) 

8 J. B. Goodenough, A. Wold, and A. Arnott, J. Appl. Phys. 
31, (1960) 

*B. C. Frazer, Phys. Rev. 112, 751 (1958 

#” A. D. Mah, J. Am. Chem. Soc. 80, 2954 (1958 


36 hr over approximately 15 g of Mn powder heated to 
1000°C. X-ray examination of the inner and outer 
portions of the resultant slugs did not reveal any dif- 
ferences, both showing the presence of the ¢ phase, 
Mn2N. A pure sample of MniN was not obtained 
although one run showed only faint traces of Mn.N. 
All runs showed a lattice constant for Mn,N of 
3.865+0.002 A. Since the quantity of the best product 
was not sufficient for the diffraction analysis, several 
of the better preparations were combined and ground 
to 300 mesh to give the final sample. Chemical analysis 
of this sample gave a Mn/N ratio of 4/1.06. Since the 
diffraction lines of Mn2N are visible on the x-ray photo- 
graphs, it seems probable that at least a large part of 
the excess nitrogen is due to the presence of this phase. 
The magnetic measurements of the “pure” sample gave 
a moment per unit cell of 0.854, at 298°K and 1.17uz 
at 77°K. However, the values from the diffraction 
sample were lower, 0.72 and 0.98u, respectively 
(minimum values uncorrected for impurities). The 
measurements were made with an applied field of 12 000 
oersteds. An extrapolation of these moments to infinite 
field and 0°K would increase them so that the 1.20u, 
value of Juza and Puff® would fall between them. 
Although the saturation moment was used in the 
calculation of the individual atomic moments during 
the course of the structure determination, the results 
were not very sensitive to the value used. Since a 10% 
variation produced a change of less than 0.03, in the 
individual moments, the values for the pure sample 
were used in the final calculations. 

The blocks used for the polarized neutron experi- 
ments were made by treating pressed powder, 1 in. 


TABLE I. Models proposed for Mn,N. Atomic moments in Bohr 
magnetons for the atoms with coordinates as given in the table. 


Mn; Mn, 
(4,0,4) (0, 4, 4) 


Mn Mn2 


(000) (4, 3, 0) 


2 
Wiener and Berger* 

Guillaud? 

Juza and Puff® 
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<1 in.X} in, for 48 hr with No. The product was a 
solid block which could be cut with a diamond saw 
to obtain the desired sample size. 


III. DETERMINATION OF THE STRUCTURE 
A. Unpolarized Neutron Experiments 


Powder diffraction patterns were obtained at room 
and liquid nitrogen temperatures. For the former, the 
powder was encased in a §-in. diameter, thin-walled 
silica cylinder. The low-temperature patterns were taken 
with the powder in a flat, }-in, thin walled Al sample 
holder. The first three peaks were also scanned at 77°K 
with a magnetic field of 6200 oersteds applied parallel 
to the scattering vector. The low-temperature runs are 
shown in Fig. 1. The observed intensities are given in 
Table II after correction for the appropriate Lorentz 
factors. No absorption corrections were made. The 
(111) peak, which consists primarily (99.6%) of nuclear 
scattering, was used to scale the room temperature 
measurements. An average scale factor was used for 
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Fic. 1. Neutron diffraction pattern of Mn, N powder at 
77°K. 4=1.05 A. 


the 77°K data. The calculated nuclear scattering inten- 
sity is also given in the table. The nuclear scattering 
lengths of —0.3610-” cm for 6\;, and 0.94 10-” for 
by were taken from the compilation of Shull and 
Wollan."! 

Two assumptions were made in deriving the magnetic 
structure. These were: 


(1) Only one magnetic axial direction is present, i.e., 
Yafet-Kittel angles were not considered. 

(2) The moments of the three face-centered Mn 
atoms are equal in magnitude. This assumption 
will be examined later. 


From the data, it is immediately obvious that the 
magnetic moments must be aligned ferrimagnetically 
since a ferromagnetic arrangement cannot result in a 
large magnetic contribution to the (100) and (110) 
maxima if the total moment is kept small. These two 


1 C, G. Shull and E. O. Wollan in Solid State Physics, edited 
by F. Seitz and D. Turnbull (Academic Press, Inc., New York, 
1956), Vol. 2. 


CTURE OF Mn,.N 123 


TABLE II. Intensity data for Mn,N. Observed intensities cor- 


rected for the appropriate Lorentz factors. Scaled to (111) with 
an average scale factor used for the 77°K data. A=1.05 A. 


77°K 
Magnetic 
field 


ia 


Taue (calc) 
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peaks, which are the only ones with large magnetic 
intensities, were used to derive the magnetic moments. 
There are other peaks with the same structure factors, 
but the rapid angular fall off of the magnetic form factor 
almost eliminates their magnetic intensity components. 

Examination of the possible models showed two 
types of configurational symmetry (as defined by 
Shirane”): cubic with the three face-center moments 
antiparallel to the corner moment, and tetragonal with 
the two face-center moments at z=} antiparallel to the 
one at z=0. The magnetic structure amplitudes for the 
two types of symmetry are shown in Table III. The 
nuclear scattering factor is the same for both. The 
numbering scheme is given in Table I. The p; are the 
atomic magnetic scattering factors which are related 
to the magnetic moment uy; by a constant and a mag- 
netic form factor.“ The Mn** form factor curve was 
used in the calculations. The structure-dependent 
portion of the intensity is given by: 


I=>> IMF wove + gt )eF wana) 


where i refers to the nonequivalent reflection at a given 
angle; 7;= multiplicity; (g*); the average value of sin’a 
for the ith reflection where a is the angle between the 
scattering and magnetic vectors; and F;=structure 
factor for the ith reflection. 

In the case of cubic models, (g?) is equal to }, inde- 
pendent of the magnetic axis, and all (100) reflections 
are equivalent, as are all (110). Therefore, the only 


TABLE III. Structure factors for Mn,N. Derived with assumptions 
mentioned in text. Summations to be made over all Mn. 





Tetra- 
gonal 


Indices Cubic 





All even 

All odd 
- 1 {/h+k even 

Mixed), 4; odd 





12 G. Shirane, Acta Cryst. 12, 282 (1959). 

13 For convenience, the algebraic sign of ; and yw; is assumed 
to be positive if the spin direction is parallel to the net moment of 
the unit cell, and negative if antiparallel. 
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TABLE IV. Models from powder diffraction data. Magnetic 
moments given in Bohr magnetons. Positive direction defined as 
direction of net moment. 


Model 
Cubic I 
Cubic IT 
Tetragonal I 
Tetragonal IT 


parameter, pi—p2, or equivalently, w:—2, can be 
calculated directly from both the (100) and (110) 
magnetic scattering. This gave 4.29u, (an average of 
4.3; and 4.2;u%) at 77°K for the absolute sum of the 
corner and one face-center moment. In order to cal- 
culate the value of the individual moments, the value 
of > uw; (or some other function of the u,’s) is needed. 
While this is available from the reflections with h, k, 
and 7 all even or all odd, the magnetic contribution to 
these reflections is very small and difficult to determine 
accurately. Therefore, the measured saturation moment 
(1.1742 at 77°K) was combined with the foregoing result 
to solve for the atomic moments. However, defining the 
direction of the net moment as positive, 41—e2, which 
has the same sign as the (100) structure factor, can be 
either negative or positive. These possibilities lead to 
the two solutions shown in Table IV. The moments 
obtained by assuming a positive sign are numbered I, 
and those from a negative sign, II. The results of a 
similar analysis of the room temperature data are also 
shown. 

In the case of the tetragonal model, the determination 
of the moments is not as direct as for the cubic sym- 
metry. All of the reflections at a given angle are not 
equivalent, and not only the magnetic structure factor 
but also the (g*),; values are different. However, for the 
h+k odd reflections, the magnetic structure factor can 
be calculated from the saturation magnetization and is 
very small. Although (g*); is a function of the orien- 
tation of the magnetic axis, by assuming a median (g*) 
(values range from } to 1), approximations can be made 
for the magnetic scattering by (100) and (101) tetra- 
gonal planes. The relatively small intensities so obtained 
can be subtracted from the total magnetic intensities 
to give reliable values for the large (001) and (110) 
magnetic scattering. One can then calculate uit+3y2 
as a function of the angle @ between the magnetic axis 
and the c axis. This dependence is shown in Fig. 2. It is 
evident from the figure that the magnetic axis must 
make about the same angle with the tetragonal ¢ axis 
as 111}. At 300°K +3, is equal to 6.05, and 7.2; 
at 77°K. As before, this leads to two sets of possible 
atomic moments. These are shown in Table IV. Tetra- 
gonal model I was derived assuming a positive structure 
factor for (001). 

Thus, there are four models which satisfy the neutron 
powder diffraction data. None of them are in good 
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agreement with models which have been proposed 
previously. Tetragonal I is similar to that of Juza and 
Puff> but the moments are lower: 2.7 and 1.5ug as 
compared to their 3.2 and 2uz. 


B. Polarized Neutron Experiments 


It was possible to choose between the four models by 
the use of polarized neutrons. This technique has been 
described previously’:'® and only the pertinent rela- 
tionships will be given here. 

The magnetic and nuclear scattering amplitudes 
interact coherently in the diffraction of polarized 
neutrons. With a magnetic field applied perpendicular 
to the scattering vector to align the atomic moments, 
the neutron polarization directions parallel or anti- 
parallel to the field give a total structure factor of 


I _ Punk? wae 
where the negative sign applies to the antiparallel case. 
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Fic. 2. The value of u:+3ye as a function of the angle @ between 
the c axis and magnetic axis if a tetragonal model is assumed. 


Thus from qualitative considerations of the change in 
intensity with change of polarization direction, the 
direction of net magnetization relative to the direction 
of the corner moment can be determined, i.e., a choice 
can be made between Type I and Type II models. The 
difference between a cubic and tetragonal model can 
be distinguished only by a quantitative study. The 
observed intensity is affected by the initial degree of 
polarization, by depolarization in the sample, and by 
the “flipping efficiency 
direction of polarization. For antiparallel polarization 


” 


of the rf field in reversing the 
the structuye dependent part of the intensity is given by: 


4 R. Nathans, C. G. Shull, G. Shirane, 
Phys. Chem. Solids 10, 138 (1959). 

18, G. Shull, E. O. Wollan, and W. C 
84, 912 (1951). 


and A 


Andresen, J 


Koehler, Phys. Rev. 





MAGNETIC STRU 


/ (antiparallel) 


D+1 
) 0.956(— ) (Finue “sam Fimneg)* 
{ 2 


D+1 
+{1-0.95(——) |oPina?+ Fina’ , 


where 0.95=initial polarization, ¢= flipping efficiency, 
and D=depolarization factor, For parallel orientation, 
@ is dropped and the difference in F’s is replaced by 
their sum. The second term is small and is significant 
only for the smaller of each intensity pair. 

In order to minimize depolarization of the beam, a 
small sintered block, } X } X 3 in.*, was used as a sample. 
The depolarization factor and flipping efficiency were 
determined as 0.96 and 0.99 respectively by analyzing 
the transmitted beam with a Co single crystal. Because 
of the small sample, the diffracted intensity was very 
low, particularly for the smaller of each pair of inten- 
sities. Therefore, it was necessary to determine the 
intensities by setting the counter at the peak maximum 
instead of scanning. Background was measured by 


Li 


TABLE V. Polarized neutron diffraction intensities for Mn,N. 
Measured on sintered block at room temperature. The starred 
observed intensities are to be compared with the calculated small 
intensities. 





Calculated 
small intensity 


Cubic Tetragonal 


Observed intensity 
Calculated ratio 
Cubic Tetragonal 


Anti- 
Parallel parallel 





0 83 


0. 
4. 
0. 


310 0.82 


27 





moving the counter 1.5 to 2.0° off peak. The experiments 
were conducted at room temperature with results as 
shown in Table V. 

The observed intensity for (100) is small for parallel 
and large for antiparallel polarization.’® Since the 
nuclear structure factor is always negative for this 
reflection, the magnetic structure factor must be 
positive. Therefore, the Type II models are eliminated 
leaving two possible models, one cubic and one tetra- 
gonal. A similar analysis for the (110) reflection pro- 
duces the same conclusion. The ratio of intensities to 
be expected for each model is shown in Table V. Since 
the lower of each pair of observed intensities is so 
small, their ratio is extremely sensitive to errors. The 
calculated ratios have been used with the observed 
large intensity to obtain the calculated small intensity 
given in Table V. Only the cubic model is seen to agree 
with the observed (starred) values. 

The question arises as to whether the data could be 

16 Here, as in Table V, the designation (100) is meant to include 


both the (100) and (001) type reflections when tetragonal sym- 
metry is considered. 
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in error sufficiently to enable it to fit the tetragonal 
model. To obtain agreement, the values used for the 
initial polarization, the depolarization factor, and the 
flipping efficiency would have to be increased. However, 
since all these factors are very close to their maximum 
value of one, it is not possible to obtain a significant 
change. Another potential source of error is in the 
measurement of the background. The smaller of each 
intensity pair is very close to background which is 
approximately 100 in each case. If the true background 
was smaller, it could cause the required decrease in the 
intensity ratio. However, the background, measured 
without a sample, was 70. Even with this minimum 
value, the intensity would not increase sufficiently to 
give agreement with the tetragonal model. 

There is one process by which the tetragonal model 
could give the observed high ratio. A large change in 
intensity with change in polarization direction requires 
all the reflections at a given angle to have a large mag- 
netic contribution. However, in a powder composed of 
randomly oriented tetragonal crystallites, two-thirds 
of the reflections of the form (100) or (110) have h+k 
odd. These have a small magnetic component and thus 
limit the intensity ratio. Since the sample used was 
sintered and composed of crystals which are crystallo- 
graphically cubic, preferred orientation in the usual 
sense should have no effect. However, it is conceivable 
that upon application of a magnetic field perpendicular 
to the scattering vector a rearrangement of the mag- 
netic spin alignment occurred such that all of the re- 
flections were converted to the form 4+ even. This 
possibility was tested by use of a perpendicular mag- 
netic field with unpolarized neutrons. In this experi- 
ment, the tetragonal model predicted large increases in 
intensity upon application of the magnetic field, whereas 
the only change expected for the cubic model was that 
(¢) would increase from } to 1. The intensity changes 
calculated for the (100) reflection for the tetragonal and 
cubic models were increases of 62% and 15.5% respec- 
tively. The experimentally observed change was 15.2 
+1.8%, leading to the conclusion that the cubic model 
was correct. 

As mentioned initially, in deriving the structure, it 
was assumed that the three face-centered Mn atoms 
had equal moments. This seemed reasonable in view 
of the chemical similarity of the environments of these 
atoms. However, with a tetragonal model, there is at 
least a formal difference in environment between the 
Mn at z=0 and the two Therefore, this 
assumption was examined. 

A calculation was made assuming that only two of 
the face-centered moments were equal. Since the result- 
ing symmetry is tetragonal, the equations were a 
function of the orientation of the magnetic axis. Solu- 
tions were obtained by assuming various orientations. 
In each case the results were similar, one solution being 
close to the cubic model while the others were in dis- 
agreement with the polarized neutron experiments. The 


at z=}. 
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largest deviations from cubic symmetry that were still 
compatible with the polarized beam data occurred at 
the two extreme cases of magnetic axis orientation, the 
magnetic axis making a 0° or 90° angle with the c axis. 
For the 90° orientation the moments were 3.6, —0.8;, 
—0.8;, and —0.6;4% while for 0° they were 3.5, —0.7,, 
—0.7,, and —0.8;u2. Since a change of less than 5% 
in either the (100) or (110) magnetic intensity would 
re-establish the cubic symmetry, these deviations were 
not considered significant. 


IV. DISCUSSION 


On the basis of the foregoing analysis, it is concluded 
that the magnetic structure of Mn,N is cubic with 
moments of about 0.84, for each of the face-center Mn 
atoms, and a moment of about 3.5uz for the corner Mn. 
The face-center moments are all antiparallel to the 
corner moment. The nearest neighbors of the corner 
Mn are twelve antiparallel face center Mn at 2.72 A, 
eight N at 3.33 A, and six parallel Mn at 3.86 A. The 
nearest neighbors of the face center Mn are two N at 
1.93 A, eight parallel face center Mn at 2.72 A, and 
four antiparallel corner Mn at 2.72 A. 

This magnetic structure does not agree with any of 
the previously proposed models. The cubic antiparallel 
spin configuration is the same as that of Guillaud,? but 
the moment magnitudes are significantly smaller than 
those of his model. The corner Mn moment of 3.5u2 
agrees fairly well with the moment of 3.2us proposed 
for this site by Juza and Puff,® but their face-center 
moments are too large, and their spin configuration is 
tetragonal. Juza and Puff assumed that the corner Mn, 
not being bonded with the body center N, would be in 
the same state as in manganese metal, for which they 
assumed an electronic assignment of 3d®-°45°*. The 
corner moment of 3.24, was derived from this by 
applying Hund’s rule of maximum multiplicity. The 
face-center moment of 2uz was derived, in effect, by 
applying Hund’s rule to a 3d* configuration. The extra 
electron came from nitrogen 2 in bonding. 

It is clear that the small moment of 0.84, obtained 


for the face-center Mn atoms in the present study 


cannot be interpreted by a straightforward application 
of Hund’s 


rule to some reasonable electronic con- 
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figuration. While this is a somewhat unexpected result, 
since Hund’s rule does seem to be applicable in the 
case of the closely related Fe,N structure,’ it is perhaps 
explicable in terms of the anomalous behavior observed 
for Mn in its various metallic phases and in certain 
compounds.'?— As will be shown below, Hund’s rule 
appears to be applicable in the case of the corner 
moment of 3.5uz. 

In a neutron diffraction study of the Cu-Mn alloy 
system Bacon e/ ai/.'* found a moment of 2.4uz for Mn 
in the antiferromagnetic face centered tetragonal y-Mn 
structure. Using the band structure concept, this 
moment was accounted for by assuming a 3d*4s con- 
figuration with 4.2¢d and 1.8Jd electrons. A similar 
approach can be used to account for the observed 
moments in Mn,N if reasonable outer electron con- 
figurations can be assumed for the two different Mn 
atoms in the structure. The corner Mn probably is in 
very nearly the same state as metallic Mn, as was 
assumed by Juza and Puff. Taking this to be 3d*“4s°.' 
(after Bozorth”), one obtains 5.0¢d and 1.5Jd electrons. 
Thus, in this case, it appears that Hund’s rule can be 
used. The face-center Mn atoms are assumed to “‘gain”’ 
an electron by bonding with nitrogen. This assumption, 
which also was made by Juza and Puff, is supported by 
the Fe,N results,? and by the magnetic measurements 
of Wiener and Berger® on Fe;PtN and Fe;NiN. The 
assumed electronic configuration is then 3d7-*45°-*, which 
leads to 4.1Jd and 3.34¢d electrons. 
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As a first approach to the study of the dependence of the coercive force on imperfections in materials 
which have high magnetocrystalline anisotropy, the following one-dimensional model is treated. A material 
which is infinite in all directions has an infinite slab of finite width in which the anisotropy is 0. The coercive 
force is calculated as a function of the slab width. It is found that for, relatively small widths there is a con- 
siderable reduction in the coercive force with respect to perfect material, but reduction saturates rapidly 


so that it is never by more than a factor of 4. 





I. INTRODUCTION 


HE theory of micromagnetics' has been suc- 
cessful?’ in explaining the experimental measure- 
ments of magnetic properties of small ferromagnetic 
particles, or other cases in which the magnetocrystalline 
anisotropy energy is negligible. This theory, however, 
failed to agree with experiment‘ for particles large with 
respect to the characteristic radius Ro=A'/J, of 
materials which have a relatively high magnetocrystal- 
line anisotropy coefficient K.‘ In particular,® the theory 
did not yield any stable domain configuration, and the 
predicted coercive force was larger by orders of mag- 
nitude than the experimentally observed one. 
Recently, DeBlois and Bean* have found experi- 
mentally that for the most perfect iron whiskers, a 
coercive force approaching the theoretical value could 
be obtained in certain parts of the samples. This 
experiment strongly suggests that the micromagnetic 
approach is fundamentally correct, but that the theory 
assumes materials too perfect and ideal to be realized 
experimentally. It seems therefore that the theory 
should be modified to include imperfections in order to 
fit the results in practical materials. The necessary 
modifications can in principle be one or more of the 
following types. 


1. Finiteness 


Up to now only an infinite circular cylinder was 
studied’'* rigorously. For finite bodies (sphere®® and 
prolate ellipsoid*) only nucleation fields have been 
calculated, and it is not known theoretically what 
happens after nucleation. Now, while the whiskers in 
the DeBlois and Bean® experiment can be regarded as 
infinite cylinders when they are studied at some mid- 


1W. F. Brown, Jr., J. Appl. Phys. 30, 62S (1959). 

2S. Shtrikman and D. Leta? § phys. radium 20, 286 (1959). 

8 A. Aharoni, J. Appl. Phys 70S (1959). 

4W. F. Brown, Jr., Revs. Modern Phys. 17, 15 (1945). 

5 E. H. Frei, S. Shtrikman, and D. Treves, Phys. Rev. 106, 446 
(1957). 

®R. W. DeBlois and C. P. Bean, Bull. Am. Phys. Soc. 3, 267 
(1958); J. Appl. Phys. 29, 459 (1958); J. Appl. Phys. 30, 2258 
(1959). 

7 A. Aharoni and S. Shtrikman, Phys. Rev. = 1522 (1958). 

8 W. 4 Brown, Jr., J. Appl. Phys. 29, 470 (1958). 

°W. F. Brown, Jr., Phys. Rev. 105, 1479 (1957). 


points, they can be regarded at best as semi-infinite 
cylinders when studied near each end. It is therefore 
possible that the finiteness of the samples is responsible 
for the much lower coercive force near the ends of the 
whiskers. The theoretical study of some finite, or at 
least semi-finite bodies seems thus an essential part of 
the theory and will have to be undertaken in the future. 
It is, however, a rather complicated mathematical 
problem and will be ignored in this paper. 


2. Surface Roughness 


For the theoretical study of the infinite cylinder it 
is assumed that the surface is absolutely smooth, which 
is never the case in practical samples. The high de- 
magnetizing field due to scratches and other irregu- 
larities of the surface might give rise to a local field 
large enough to overcome the barrier for the formation 
of a domain wall or of other configurations of mag- 
netization reversal. There is some evidence that surface 
irregularities are responsible, at least in part, for the 
local variations of coercive force near the middle of the 
whisker in the experiment of DeBlois and Bean. 
Actually, when one of their samples was removed from 
its capillary to check its diameter under the microscope, 
then replaced and tested again, the first peak in coercive 
force was considerably reduced.” This might sound 
like a scratch on the surface rather than any damage 
to the internal structure. It should be noted, however, 
that the bucking field has been reduced in the mean- 
time so that the first peak reduction might be due to 
inclusion of a larger part of the low coercive force 
material at the end. Also, DeBlois could not actually 
find a correlation between rough study of surface and 
local minima and maxima except in a few cases where 
surface imperfection was severe as were the local 
minima."” Anyhow, it does not seem reasonable that 
this alone can cause the discrepancy between theory 
and experiment, except probably for highly perfect 
crystals such as whiskers, since the discrepancy between 
theory and experiment is more severe for large samples 
than for small ones, while any surface effects are 
expected to be less important, the larger the crystal. 


R. W. DeBlois (private communication). 
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3. Crystal Imperfections 


Crystal imperfections such as dislocations, impurities, 
cavities, etc., seem the most probable explanation for 
the success of the theory in the case of small particles 
and its failure in the case of large particles, since one 
would expect the probability of finding an imperfection 
to increase with particle size. Of the possible imper- 
fections, the suggestion of Rathenau ef al." that domain 
walls might nucleate at regions where for some defect 
of structure the local anisotropy constant K is low, is 
adopted for the study reported in this paper. As a first 
approach extreme mathematical difficulties are avoided 
by treating only a one-dimensional model with only 
one region of imperfection. 

More specifically, a ferromagnetic material infinite 
in all directions which has a uniaxial magnetocrystalline 
anisotropy K (x) is assumed. The external field H is 
applied along the z axis, which is assumed to coincide 
with the direction of easy magnetization. The easiest 
mode for magnetization changes is evidently rotation 
of the spins in the yz plane, so that the direction cosines 
are 
a, = COSw, (1) 


a,=0, a,y=sinw, 


where w is assumed to be a function of x only. 
Neglecting demagnetizing effects, the energy is 


, dw\? _ 
E= f E ( ) +K sin’w— HI, cose fe, (2) 
. dx 


0 
where A is the exchange constant, 7, the saturation 
magnetization. In writing (2) is was assumed that 
K (x) =K(—x), (3) 
so that only x20 need be considered. 


In a preliminary report* the nucleation field was given 
for the case 


K(x)=0 for x<d, 4 
=K for >, 4) 


and for the case 


K (x) =Kx/d for 
= K for 


x<d, 
x2 d. 9) 


In the following the complete study 
expressed in (4) will be given 


of the case 


Il. THE NUCLEATION FIELD 


The Euler differential equation, the solution of which 
is the minimum of the energy integral given by (2) is, 
when K is given by (4), 


Pw/dP—T*h sinw—}T? sindw=0, t21 


oo 9 


(6a) 


@w/dP—T*hsinw=0, t<1 (6b) 


1G. W. Rathenau, J. Smit, and A. L. Stuyts, Z. Physik 133, 
250 (1952). 


where 


t=x/d, h=HI,/2K, T=dK*A-, (7) 


w and its derivative are continuous everywhere (in 
particular at ‘=1) and the boundary conditions are 
evidently 

w’ (0) =w’(«)=0. (8) 


It should be noted that 4 is defined in terms of 2K/J,, 
which is the coercive force for perfect material. Since 
the defined imperfection cannot make the magnetization 
reversal more difficult than when it the 
equations need be solved only for 


is absent, 


[Al <1. (9) 


Starting as usual®’ with a material magnetized to 
saturation in the + z direction and reducing the field, 
a value h, is reached in which the saturation solution 
w=0 is no longer the stable solution of (6). Since any 
change starts by a small change, at nucleation one can 
write (6) in the form 


@w/d?P—T?(1+h)w=0, 
@w/d?—T*hw=0, 


(21, 


iSA; 


(10a) 
(10b) 


It is readily seen that there is no continuous solution 
of (10) and (8) if #20, except for w=0. For h<0 only 
the region (9) is of interest and in it the only solution of 
(10) which fulfills (8) and is continuous at ‘= 1 is 
w=C exp[—7T(1+A)*(t—1) ], 
w=C cos[ T(—h)4t]/cos[T (—h)*], 


‘21, 


11) 
i& i, 


This function should also have a continuous derivative 
at ‘=1. This implies the following relation 


—hn=CO0srn, (12a) 
where 


v= T(—h)}. (12b) 


The solution of this transcendental equation is the 
required nucleation field. This field, calculated from 
(12), is plotted in Fig. 1 as a function of the reduced 
defect dimension 7. 

The question whether at nucleation the magneti- 
zation changes continuously or discontinuously is 
determined® by considering fourth order terms in w 











a 26 
aVK/N —> 
Fic. 1. The nucleation field (dashed) and coercive force (full 


curve) in terms of the coercive force of perfect material, H/,/2K, 
as functions of the defect size, d. 
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in (2). This gives for the energy change at nucleation 


AE= B(v, tanv,+1—3 cos?2,), (13) 


where B is a positive expression. Equation (13) yields 
a discontinuous jump of the magnetization at nucle- 
ation for 2,<0.732 and a continuous change at nu- 
cleation for v,>0.732. Using (12) the region 
0<0,<0.732 is equivalent to 0< T<0.984. 


III. SOLUTIONS OF THE DIFFERENTIAL EQUATION 


At fields different from the nucleation field, the 
nonlinear equations (6) rather than (10) give. the 
stationary states. In this part the mathematical solu- 
tion only will be given and the physical significance will 
be discussed in part IV. 

Equation (6b) is readily integrated and its general 
solution which fulfils w’(0)=0 is 


w=2 arcsin[k sn(u,k) ], t<1 


~ b 


(14a) 
where 


u=K(k)—T(—h)1t, (14b) 


K is the complete elliptic integral of the first kind and 
sn is the amplitude sine” and & is to be regarded as an 
arbitrary constant. The envelope singular solutions 


w=0 and w=r7 


(15) 


are also possible for any value of ¢. 
Equation (6a) can be readily integrated ence to yield 


—}(dw/dt)?—T*h cosw—}T? coslw=3A, (16) 


but further integration involves various types of func- 
tions depending on the value of the constant A, so 
that this constant needs to be evaluated first from the 
value of the function at infinity. Two branches need 
be considered. 
1. o@(2)=0 
Substituting this value and (8) in (16) one obtains 
A=—T?(2h+3), 


and the general solution of (16), for the region (9), is 


2C\T(1+A)! expL(1+h)'T¢] 


1—C?T*h exp[2 (1+h)'T1]’ 


w= 2 arctan (17) 


where C, is a constant (the, only possible solution for 


h>1 is (15), which is reasonable physically). 


2. wo(%)= 
Substituting this and (8) in (16) one obtains 


{= —T?(—2h+}), 


2 P. F. Byrd and M. D. Friedman, Handbook of Elliptic Integrals 
for Engineers and Physicists (Springer-Verlag, Berlin, 1954). 
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and the general solution of (16) is 


Th+C? exp[2( (1—h)'Tt] 
w= 2 arctan-———_—_ — t> 


1, (18) 
2T(1—A)'C2 exp[(1—A)'T1] 


where C» is a constant. 
In eac ch case w and dw/di should be continuous at 
t=1. For case 2, using (18) and (14) this implies 


S2+T*h 
2 arctan——————— == 2 arcsin[k sn(K—12, k) ], 


(19) 
2S2T(1—h)! 


and 


4T?(1—h)S2(S2—T*h) 


Sot+2( 2—h)T?S; 24-742 


= —27T(—h)'k cn(K—v,k), (20) 


where v is given by (12b) and 
S2=Cz exp[7T(1—h)} ]. (21) 


For ksn(K—v,k)=1 the only solution is S,=0 
which reduces (18) to the trivial solution (15). For 
k sn(K—», k)¥#1 and for <0, one obtains by using 
the identity 

tanz=sinz(1—sin’z)~, 


in (19) and solving for S2 


T(1—h)! k sn(K—t oR) + TLE sn?( 


Substituting this equation in (20) 
vk cn(K—2, k) 

+T(R sn*(K—v, k)—h}' dn(K— 
Substituting the identities” 


k’ sn(v *) 


er k) 
cn(v,k) 


cn(K—12, k)= 


sn(K —2, k)=— 


dn(v, k)’ 

b’ 
dn(K—2, k)=——_-, 
dn(v,k) 


in (24) and rearranging, one obtains 
k? cn?(v,k) —h dn*(v,k) =0. (26) 


Since h<0 the two terms in (26) are non-negative and 
to be zero each should be zero which implies 


k°[1—sn?(v,k) ]=1—F# sn*(v,k) =0, 


k?=sn?(v,k) = 1. 


18 See reference 12, p. 20. 
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But for k— 1 sn(v,k) — tanhv and can be 1 only for 
v— o. It is therefore seen that (18) cannot be an 
analytic continuation of (14). On the other hand, if 
one tries w’(1)=0 in (18) the only possibility is C.=0 
which reduces (18) to (15). The solution (18) cannot 
therefore be an analytical continuation of (15) either, 
and the only possible solution for ‘21 is (15) or (17). 
The continuity of (17) and (14) at ‘=1 implies 

relations similar to (19)—(20). Using again (22) and a 
procedure similar to the previous case, one ends in this 
case with the equation 

—h=sn*?(K—», k) dn*?(K—12, k), 
or by using (25) 

—h=(1—*) cn?(v,k) dn-*(v,k). (28) 


Substituting the value =0 in (28) one obtains the 
nucleation field formula (12). Moreover, using the 
following approximations" 

cn(v,k) ~cosv+4F? sinv(v—sinv cosv), 
dn(v,k) ~1—43#? sin», 


which are valid for k<1, in (28) it is found that for a 
constant T 


(0k*/|h|)x.-0=C/(v_ tanta +1—3 cos*r,»), (29) 


where C is positive. This is the same expression as in 
(13), and actually if at nucleation 0%/d|h| is positive 
there is a continuous change and vice versa, as will be 
explained in part IV. 


IV. THE COERCIVE FORCE 


It has been shown that the only possible solutions 
are (15) and (17). Since before nucleation w=0, at 
nucleation the spins will follow the solution (17) if it 
is possible and if it is stable. Otherwise there will be 
a complete reversal to w=. In order to follow (17) 
for a certain value of 4 and T there should be a value of 
k satisfying (28) and (12b). Supposing one plots the 
solutions of & as a function of / for a constant T. As 
long as 0k/A|h| is positive, increasing |h| there is still 
a solution. However, when &(|/|) starts to reverse, 
this can no longer be followed; and there is a jump 
either to the next branch on &(h) curve if any, or to the 
solution w=- if there are no more possible values of k 
for the larger {h|. In particular, at nucleation the 
solution of (28) is k=0 for any value of 7. Therefore, 
there is a jump at nucleation if and only if (0k/d|h|) x0 
is negative. 

It is readily shown by integration that in the case 
(17), as well as for w=0, the average magnetization 


1 
j=\lim f 
Lx L A 


4 See reference 12, Eq. (127.01). 
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is +1 (and its only other value is —1 for w=). The 
magnetization curve is therefore rectangular with the 
coercive force identical with the value of 4 at which 
there is no longer any & satisfying (28). 

The solutions of (28) were plotted, for various values 
of T, and it was found that in every case, there was only 
a single jump. In the region 7<0.984, discussed in part 
II, the coercive force is identical with the nucleation 
field. For higher values of T the coercive force is larger 
than the nucleation, and its numerical results are plotted 
in Fig. 1 (full curve). The nucleation field is shown 
dotted on the same figure. It should be noted that while 
the nucleation field decreases considerably for large 
defect size T, the coercive force saturates very rapidly. 
In fact, it is always larger than }, as can be seen from 
the following argument. 

It is very readily seen by plotting the elliptic integral 
of the first kind F(&,u) that the equation 


2kT = F (ku) (30a) 


has a solution k(<1) for every value of T and for 


p=arcsin[ (2k*—1)!/k ]. (30b) 


Equations (30) can be joined to read 


sn (2kT,k) = (2k—1)8/k. (31) 


Using these values of k and T in (28) and (12b) one 
gets the solution 


(32) 


It is therefore shown that for every value of T, there is 
a solution k of (28) and (12b) for the field (42*)—' and 
therefore a solution for the field 4, since k?<1. Since 
the coercive force has been shown to be the value of 
h from which there is no solution &, this is certainly 
larger than }. 


|h| = (482). 


V. DISCUSSION 


The results given in Fig. 1 are not so encouraging 
as they seemed when only the preliminary results were 
known in the former report.’ The fact that the reduction 
in the coercive force is never by more than a factor of 
4 with respect to the perfect material cannot explain 
the experimentally observed reduction of some orders 
of magnitudes. It should be noted however that a 
reduction of 4 is obtained for a rather small dimension 
of the imperfection. This is especially noted for materials 
which have high magnetocrystalline anisotropy, like 
MnBi. Taking for this material A ~10~* erg/cm and 
K=10" erg/cm? one obtains that the reduction of the 
coercive force to $ at T=1 is for a defect 30 A wide. 
This might suggest that dislocations may reduce the 
coercive force, provided a further study will show that 
a number of small defects of the same type can reduce 
the coercive force much more than the reduction to } 
which is the maximum for one imperfection of any 





REDUCTION IN COERCIVE 
dimension. It might also be possible to obtain larger 
reductions for slow local decrease in K instead of the 
step-function (4). 

At nucleation something similar to a domain wall is 
found in the case studied but this has not freedom of 
movement and therefore does not change the magneti- 
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zation. It seems that in the case (5) a wall nucleated 
might move more easily, but in that case the nucleation 
field is* rather large for reasonable defect dimensions. 
A combination of (4) and (5) might therefore give an 
easy nucleation of movable wall and therefore a much 
higher decrease in the coercive force. 
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Etch Pits on Dendritic Germanium. A Clarification 


P. J. HoLmes 


Research Laboratory, Associated Electrical Industries, Aldermaston Court, 


Aldermaston, Berkshire, England 


(Received February 1, 1960) 


Previous reports by Billig and Holmes of the orientations of etch pits on the main faces of germanium 
dendrites are not at first sight consistent with those recently reported by Bennett and Longini. It is shown 
that this discrepancy arose because the orientation of equilateral pits on {111} surfaces depends on the 
etchant used. A check on the earlier work confirms that there is in fact no contradiction: ferricyanide and 


WaAg etches produce pits which point upwards on “‘perfect’’ faces grown in a ‘‘G direction,” 


and similar etchants give pits pointing downwards. 


RECENT publication by Bennett and Longini! 

has brought to light some confusion, concerning 
the directions in which triangular pits point on etched 
dendritic germanium, in the reports originally published 
from this Laboratory.?* These contained an error which 
is attributable to the fact that, at the time, it was not 
appreciated that the direction is also dependent on the 
actual etchant employed. On {111} surfaces, the WAg 
and ferricyanide etches form equilateral pits which 
appear, in plan, as if they were bounded by facets of 
{111} form, although they are actually much shallower:‘ 
The No. 2 (Superoxol) etch, and others with the same 
components, give equilateral pits which resemble, in 
plan, {100} facets. The edges of these two types of pit 
are both (110) lines, but their apices point in opposite 
directions (Fig. 1). 

The structure diagram in reference 2 (p. 357) does, in 
fact, show clearly what the orientation of “‘{111}” type 
pits should be on the “perfect” and “imperfect” faces: 
they should always point upwards and downwards, re- 
spectively. The directions illustrated are, however, cor- 
rect for “‘{100}” type pits. Likewise in reference 3, the 
drawings of x-ray diffraction patterns are correct for 
the faces illustrated (one {111} point would be 703° 
above the center on the “perfect” face, indicating an 
upwards tilt of this plane), but the etch pit directions 
shown are only correct for “{100}” pits. The results of 
Bennett and Longini, whose dendrites contain an odd 
number of twin planes and therefore have two faces 
grown in the orientation corresponding to our “perfect”’ 
faces, are thus in accordance with this scheme: the WAg 


1A, I. Bennett and R. L. Longini, Phys. Rev. —_ 53 (1959). 
2 E. Billig, Proc. Roy. Soc. (London) A229, 346 (1955). 

3 E. Billig and P. J. Holmes, Acta Cryst. 8, 353 (1955). 

4P. J. Holmes, Acta Met. 7, 283 (1959). 


while superoxol 


etch gives pits pointing upwards on both sides of the 
specimen. 

Our use of the term “imperfect” to describe the de- 
velopment of faces of the opposite orientation is a rela- 
tive one, and careful reading of reference 2 reveals no 
mention of asterism in x-ray photographs, which were 
all taken by the present author; no distortion of the 


Fic. 1. (a) (above) Ge dendrite, “perfect” face, etched with 
1 HF:1 H,O02:64 H20 for 10 min. (b) (below) Same area, re-etched 
with ferricyanide etch for 14 min. (280). 
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Laue spots was found, though a well-defined strip of 
reduced reflected intensity appeared on photographs of 
the region containing the center-line of hillocks. This 
region shows up on both faces of the dendrite after 
etching as a dense band of etch pits. 

It seems to us that the experimental evidence pub- 
lished on dendrite growth directions and relative per- 
fection of faces from both Laboratories can quite well 
be explained on a basis of a twin nucleation process as 
described by Bennett and Longini, followed by either 
extensive or limited overgrowth of further (111) planes 
according to Billig and Holmes’s mechanism. Obviously, 
with two or more parallel twin planes, the easy direc- 
tions of nucleation are doubled in number: if existing 


dendrites are used as seeds, those containing twin 
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lamellae are thus twice as likely to propagate downwards 
as those with only one twin plane. 

It is hoped that this note will clarify the situation as 
regards the etch pits on dendritic germanium; there is 
in fact no difference between the two sets of experi- 
mental observations on this point. The need for em- 
phasizing that not all etch pits have facets approxi- 
mating to {111} form is borne out by the error into 
which we ourselves had fallen in preparing illustrations 
from, and describing a specimen which had been etched 
differently from the majority. 
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Paramagnetic Resonance Spectrum of Manganese in Corundum* 


W. Low anp J. T. Susst 
Department of Physics, The Hebrew University, Jerusalem, Israel 
(Received February 3, 1960) 


The paramagnetic resonance spectrum of Mn*+ in Al,O; was measured at 3 cm. The spectrum can be 
expressed in a spin Hamiltonian with trigonal symmetry with the following parameters: gi: = 2.0017+0.001, 
A=—79.6+0.5, B= —78.8+0.8 in units of 10-4 


g, =2.000+0.002, D=+194.24+1, a—F=+21.9+0.6, 


cm", 


INTRODUCTION 


HE chromium and iron spectra have been in- 
vestigated intensively in the trigonal crystal 
field of aluminum oxide.'“* Recently also the spectrum 
of trivalent vanadium has been investigated.*:® 
It was of interest to see whether divalent ions can be 
incorporated in the lattice of aluminum oxide and to 
what extent this may influence the point symmetry. 
Some investigations in this direction have been made 
by the Michigan group.’ These authors find that V** 
can be reduced to divalent V** in the lattice of Al,O; 
upon irradiation. Geusic also investigated the spectrum 
* Supported in part by the U. S. Air Force, Air Research and 
Development Command, through its European Office. 
+t On leave from the Atomic Energy Commission of Israel. 
1 J. E. Geusic, Phys. Rev. 102, 1252 (1956). 
2A. A. Manenkov and A. M. Prokhorov, J. Exptl. Theoret. 
Phys. (U.S.S.R.) 28, 762 (1955), and 31, 346 (1956) [translation : 
Soviet Phys.—JETP 1, 611 (1955), and 4, 288 (1956)]. 
3L. S. Kornienko and A. M. Prokhorov, J. Exptl. Theoret. 
Phys. (U.S.S.R.) 33, 805 (1957) [translation: Soviet Phys. 
JETP 6, 670 (1958) }. 
4G. S. Bogle and H. F. Symmons, Proc. Phys. Soc. (London) 
73, 531 (1959). 
5G. M. Zverev and A. M. Prokhorov, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 34, 1023 (1958) [translation: Soviet Phys.—JETP 7, 
707 (1958)]. 
6S. Foner and W. Low, Quarterly Progress Report, Lincoln 
Laboratory, September, 1959 (unpublished). 
7 J. Lambe, R. Ager, and C. Kikuchi, Bull. Am. Phys. Soc. 4, 
200 (1959), 


of divalent cobalt in this lattice.’ We wish to report 
results on divalent manganese in a single crystal of 
aluminum oxide.** These results are of interest since 
they permit a comparison of the magnitude of the 
initial splitting with that of trivalent iron. 


RESULTS 


We have investigated the paramagnetic resonance 
spectrum at 3-cm wavelength and at room temperature, 
on a single crystal of Al,O; containing manganese.™ 

The paramagnetic resonance spectra can be expressed 
in a simple spin Hamiltonian having the same trigonal 
symmetry as trivalent iron. This Hamiltonian can 
conveniently be written as 


r= e3H -S+B.0°+ B00+ BO, 


+B0,"+A(S-D, (1) 


where O,™ are the following spin operators 
0£=3S?2—S(S+1), 
0£=35S,4—[30S(S+1)—25]S? 


— 65 (S+1)+3S7(S+1)?, 
Os= (1/2)(Sy4+S_*). 
8 J. E. Geusic, Bull. Am. Phys. Soc. 4, 1260 (1959). 
8s We are grateful to Dr. C. Pitha of Cambridge Air Force 
Research Center for providing us with this crystal. 
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The starred operators refer to the cubic coordinate 
system and the unstarred to the trigonal coordinate 
system. 

B,™ are the crystal field parameters determined from 
experiment. This Hamiltonian is also written more 
conveniently as 


K= g BH-S,+¢,8(HS.+H,S,) 
+ D[S2—(1/3)S(S+1)]+ (a/6)[S¢+Sy+ Set 
— (1/5)S(S-+1)(352-+35—1) + (1/180) F (355.4 
—[30S(S+1) ]S2+25S2—6S(S+1) 
43S2(S+1)}+A (S.1)+B(Sele+S,1,), (2) 


with S=$§ and g, 8, and S having the usual meaning. 

All the thirty lines of the spectrum in which H||z 
axis and Hz axis can be fitted with the following 
parameters: gi,=2.0017+0.001, g,:=2.0000+0.002, 
D=+208.341 gauss, a—F=+23.4+0.6 gauss, 
A=—85.0+0.5 gauss, B= —84.340.8 gauss. The c 
axis of this spectrum coincides within three degrees 
with that of Cr**, also present in this crystal, and is 
along the [111] direction. The parameters given here 
are those measured at 3-cm wavelength and at room 
temperature. The relative sign of A/D and (a—F)/D 
was determined from the second-order shifts in this 
spectrum. Since the sign of A is usually negative for 
all measured divalent manganese spectra in single 
crystals, we infer from this that D and (a—F) must 
both be positive. 


DISCUSSIONS 


The values of A and B are very similar to those found 
in MgO.° Unfortunately, we could not determine the 
cubic field constant separately. The many lines along 
the [100] direction are too crowded and it is difficult 
to disentangle the various parameters. At any rate the 
value of a—F is of the same order as that found for a 
in MgO (18.65X10~ cm). In hexagonal ZnO the 
fourth-order correction F has shown to be negative and 
small” (ie... D=—216.942.2, F=—60+415X10~ 
cm~'). It is likely that F is also only a few gauss and 
probably negative. 

It is significant that the divalent manganese can 
replace the trivalent aluminum in the lattice of Al,O; 
although the ionic radius of Mn?* is considerably larger. 
It is also surprising that the trigonal symmetry is 
preserved. The charge compensation is apparently not 
in the immediate vicinity of the manganese ion. 

Our results should be compared with those of iso- 
electronic Fe*+.*4 Bogle and Symmons find the following 
values for Fe*+ at room temperature: g=2.003, 

*W. Low, Phys. Rev. 105, 793 (1957). 

%” P. B. Dorain, Phys. Rev. 112, 1058 (1958). 
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D=167941, |a|=24144, a—F=+329+2, where D, 
a, and F are measured in units of cm~*. Comparing 
these results we find that the ratio of the two axial 
splitting parameters for the two ions is 8.6. The signs 
of the axial splitting parameters are in both cases the 
same. 

The nature of the initial splittings in S-state ions 
is not too well understood at present. According to 
Watanabe!!! and Hutchison ef al.," the magnitude and 
sign of the axial splitting parameter D is caused in the 
main by two types of interaction, one within the d°® 
configuration in which the axial potential Vax is 
quadratic and is of the form VisVaxVaxV xs, and one 
connecting different configurations such as 3d‘ 4s and 
is of the form VssV 4x. Here Vzs and V gs signify the 
spin-orbit and spin-spin interactions, respectively. 
Other interactions involving the spin-orbit coupling to 
a higher power contribute presumably only little since 
the spin-orbit coupling for d° is relatively small. These 
two interactions according to Watanabe are of opposite 
sign. A detailed correlation of the results on trivalent 
iron and divalent manganese must involve an evalu- 
ation of these matrix elements. Such a comparison, 
however, may be difficult, because of a number of 
possible differences of behavior of these two ions in the 
lattice of AlsO3. First of all, the Coulomb interactions 
between the divalent manganese and the surroundings 
is smaller and the ionic radius is larger. This may in 
part reduce the initial splitting. On the other hand, the 
charge compensation for Mn?* may lie along the z axis 
and therefore increase the axial potential Vax. Some 
evidence for this is obtained from the isoelectronic 
spectra of V+ and Cr** in Al,Os;. There is it found that 
D is nearly twice as large for V?* compared with Cr**. 
However, the nature of the initial splitting in the d@ 
configuration is different from that of the d> configu- 
ration. There most of the relevant mechanisms leading 
to the initial splitting seem to be linearly dependent on 
V ax. 

We are now engaged in a search of the spectrum of 
Mn*. This spectrum is of some interest in that it should 
throw some light on the role of the Jahn-Teller effect 
on d‘ configurations in a trigonal field. 
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Hyperfine Structure of the 6 *P, State of ,Hg'*’ and ,,Hg*". Properties of 
Metastable States of Mercury* 


Mark N. McDermorttf anp WILirAM L. Licutent§ 
Columbia Radiation Laboratory, Columbia University, New York, New York 


(Received January 29, 1960) 


The hyperfine structures of the metastable 6 °P, state of Hg™ and of Hg®! have been measured by means 
of the atomic-beam magnetic resonance technique. The present experiment is the first one for which the 
electron bombardment method has been used in the production of a narrowly collimated beam of metastable 
atoms. The beam was detected by surface ejection of electrons from an alkali metal surface. The zero mag 
netic field intervals f(F «> F’) are: for Hg™ (5/2 «+ 3/2) =22 666.559(5) Mc/sec; and for Hg™! {(7/2 <> 5/2) 
= 11 382.6288(8) Mc/sec, f(5/2 «+ 3/2) =8629.5218(5) Mc/sec, and f(3/2 « 1/2) =5377.4918(20) Mc/sec. 
The values of the quadrupole and octupole moments of Hg”! are, without polarization corrections, 
Q=0.50(4) X10™ cm? and 2=0.13 nuclear magneton barn. The hyperfine structure anomaly for the two 
isotopes due to the s electron alone is A(s1/2)= —0.1728(12)% in disagreement with the predictions of the 


single-particle model. 


The gy values for the *Pz: state and the (5d%6s*6p)*D; state were found to be gy (P2) =1.50099(10) and 
gy (D3) = 1.0867 (5). The value of J=3 for the *D, state was confirmed. A new technique for obtaining ex- 


citation functions is discussed. 


I. INTRODUCTION 


HE atomic beam magnetic resonance method has 
been extended recently to the measurement of 

the hyperfine structure of the metastable *P, states of 
the elements of Groups II and VIII of the periodic 
table.'~* If configuration interaction is neglected the 
wave function of the *P2 state can be expressed simply 
as (S1/2) (Ps2)*' in jj coupling. The s electron has a large 
magnetic dipole interaction while the 3/2 electron or 
hole can interact with the nuclear electric quadrupole 
and magnetic octupole moments, if they exist, in addi- 
tion to the magnetic dipole moment. A number of the 
elements of Groups II and VIII possess two stable iso- 
topes of odd nucleon number A. In such cases one can 
obtain a hyperfine structure anomaly. Anomalies for 
odd-neutron, even-proton isotopes such as those in 
Groups IT and VIII have not been measured previously. 
Natural mercury has two isotopes which have non- 
zero spin, Hg™ with J=1/2 and Hg™ with J=3/2. 
Hg™ has an abundance of 16.84% and Hg™ an abun- 
dance of 13.22%.*° In zero external magnetic field the 
3P, state of Hg™ is split into two levels with total 
angular momenta F=5/2 and 3/2. The *Pz_ state of 


* Work supported in part by the Office of Naval Research, and 
the Signal Corps, and the Air Force Office of Scientific Research 
under a joint service contract and an Office of Naval Research 
Contract. 

t Submitted in partial fulfillment of the requirements for the 
degree of Doctor of Philosophy in the Faculty of Pure Science, 
Columbia University. 

t Present address: Ryerson Physical Laboratory, University of 
Chicago, Chicago 37, Illinois. 

§ National Science Foundation postdoctoral fellow 1956-1957. 
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Hg™' is split into four levels characterized by F=7/2, 
5/2, 3/2, and 1/2. From a measurement of the split- 
tings it is possible te obtain values of the magnetic 
dipole interaction constants in both isotopes and the 
quadrupole and octupole interaction constants in Hg”. 

A very large number of measurements of the hyper- 
fine structure of the 6 *P, state of Hg and Hg™ have 
been made optically. Recent measurements are collected 
in Table I, together with our values for comparison. 
This paper describes a measurement of the hyperfine 
structure extending the precision of the optical meas- 
urements by a factor of 1000. 


Il. EXPERIMENTAL METHOD 
A. General Method 


The general experimental arrangement is illustrated 
schematically in Fig. 1. Mercury atoms in the ground 
state issue from the slit in a conventional iron oven 
heated to approximately 125°C. Immediately in front of 
the oven the atoms are bombarded with electrons of an 
energy optimum for exciting them into the *P, state. 


TABLE I. Optical hyperfine structure measurements. 


Hg! 


Investigators §/2 ++ 3/2 7, 








Gérlich and Lau* 7468 
Schiiler and Schmidt> 756.6> 
Burger and van Cittert® 756 
Murakawa? 759 
Korolev and Odintsov® 757 
Blaise and Chantrell! 757.3 
Present work 756.0750: 


—379.0 
— 379.6829 


—288.4 
— 287.8493 


—180.0 
—179.3735 





* P. Gérlich and E. Lau, Z. Physik 77, 746 (1932). 
> H. Schiiler and T. Schmidt, Z. Physik 98, 239 (1935). 
¢H. C. Burger and P. H. van Cittert, Physica 5, 177 (1938) 
4K. Murakawa, Phys. Rev. 78, 480 (1950) 
e F. A. Korolev and V. I. Odintsov, Optika i Spectroskopiya 1, 17 (1956) 
{ J. Blaise and H. Chantrell, J. phys. radium 18, 193 (1957). 
* All intervals are in units of 10-* cm™. 
b Schiiler’s value has been corrected for a computational error. 
i ¢ =299 793.0 km/sec. 
i The 7/2 + 5/2 interval has been calculated from the 5/2 - : 

3/2 + 1/2 intervals. 
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Hfs OF 6 #P: 
The resulting metastable atoms then pass through a 
conventional magnetic resonance apparatus and in the 
absence of a transition are focused on a stop wire. If a 
transition occurs they miss the stop and strike an 
alkali metal surface from which they eject electrons. 
The electron current is then amplified in a standard 
electrometer circuit and the signal is ultimately ob- 
served as a galvanometer deflection. 


B. Production of Metastables 


The original source of metastables was a water- 
cooled, low-pressure mercury arc. This source resulted 
in a large unavoidable photon background, and at best 
the estimated signal to noise ratio of a transition be- 
tween single hyperfine levels was 2/1. 

The electron bombardment source finally adopted 
has decided advantages for use with collimated beams. 
Collimation before bombardment greatly increases the 
ratio of the effective solid angle for the metastables to 
the effective solid angle for photons at the detector over 
the same ratio for a discharge source.* Another impor- 
tant advantage is that the electron energy can be con- 
trolled within narrow limits. It might be expected that 
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Fic. 1. Schematic of apparatus. 


the effects of recoil would destroy the collimation thus 
making such a method unsuitable for cases where very 
close beam definition is necessary. However, if the elec- 
tron gun is placed very close to the source slit the loss 
of intensity by scattering out of the beam is not great 
since it is at least in part compensated by a scattering 
of particles into the beam. 

The electron gun is shown schematically in Fig. 2. 
A tungsten filament was stretched a few thousandths 
of a centimeter below a U-shaped copper collector. A 
magnetic field of approximately 700 gauss collimated 
the electron beam. The atomic beam entering from the 
end of the collector was bombarded by the electrons in 
the roughly equipotential region within the collector. 
The signal to noise ratio for a single transition in Hg”! 
was usually 20/1 or better with the bombardment 
source. 

The *P2 state has a lifetime of approximately 0.1 
second if the principal mode of decay is assumed to be 
a magnetic dipole transition to the *P, state. With a 
typical beam velocity of 210‘ cm/sec there is essen- 


6 W. Lichten, J. Chem. Phys. 26, 306 (1956). 
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Fic. 2. Schematic of electron gun. 


tially no decay from this state within the 30-cm appa- 
ratus length. 


C. Defiecting Fields 


Chiefly because of mechanical limitations the de- 
flecting magnets were operated at intermediate field 
for the Zeeman effect of the hyperfine structure. To 
determine which transitions were observable and the 
relative intensities of the transitions, the magnetic 
moments of the states were obtained as a function of 
magnetic field. From an expression for the energy W 
as a function of magnetic field H the magnetic moment 
u=—OW/dH was obtained. For Hg the energies of 
the various magnetic substates were computed exactly 
by a slight variation of the Breit-Rabi formula.’ The 
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Fic. 3. Zeeman effect of the hyperfine structure of Hg™. 


- 1G, Breit and I. I. Rabi, Phys. Rev. 38, 2082 (1931). 
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Fic. 4. Zeeman effect of the hyperfine structure of Hg™!. 


energies are naps in Fig. 3. For the *P, state of Hg™, 
in which J=3/2 and J/=2, an IBM-650 computer was 
used to extract the eigenvalues of the energy matrix. 
The quadrupole interaction was included in the 
Hamiltonian but the small octupole interaction was 
omitted. The resultant Hamiltonian is 


W B/L-J(0-S4+1 
=—hl-J—h ( 
| A| A 21(27- 


i) 
1)(J)(27—1) 


| 


g 
(J,+—I,)z, 
gy 


where x= (gsuoll)/(—A) and H is the magnetic field 
assumed to be in the g direction. The constants were 
taken to be B/A = —0.119128 and g7/g,;=+1.340X 10. 
Eigenvalues were obtained for 40 values of the mag- 
netic field. The resultant energy levels are plotted in 
Fig. 4. The deflecting fields ranged from 1500 to 3000 
gauss corresponding to a range in x, for Hg, of x=1 


to x=2 and, for Hg™, of x=0.4 to x=0.8. 


D. Detection 


Two methods of detecting mercury metastables have 
been reported. The first depends on the fact that it is 
energetically possible for a metastable atom impinging 
on a hot tungsten surface to be evaporated as an ion. 
This process can occur if the energy required to ionize 
the metastable, 4.87 volts for mercury, is less than the 
work function of the tungsten surface. An oxygenated 
tungsten surface can have a work function considerably 
exceeding 4.87 volts so that surface ionization would 
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appear possible and has been reported by Biihl.® This 
scheme was tried without success in some preliminary 
experiments.’ Hagstrum,” on the other hand, argues 
that, for a clean surface, ions so formed would be im- 
mediately neutralized by an Auger process. It is not 
clear what happens for an oxidized surface, but due to 
some process such as Hagstrum mentions it may, 
indeed, not be possible to obtain mercury ions in this 
manner. 

The second method is based on the observation" that 
a mercury metastable striking certain metal surfaces 
will eject an electron. Surface ejection of an electron 
has been discussed in detail by Hagstrum"” as a possible 
consequence of Auger de-excitation of the metastable 
or of resonance ionization followed by Auger neutraliza- 
tion. It can occur provided the excitation energy of the 
metastable state is greater than the work function of the 
surface. According to Hagstrum’s discussion the elec- 
tron ejection efficiency is dependent on, among other 
things, the number of electrons which have energies 
e> «o— Ez, where ¢ and ¢ are, respectively, the energy 
of the electron and the energy of the vacuum level 
measured above the bottom of the conduction band and 
E, is the excitation energy of the metastable. The 
alkali metals, which have low work functions and 
narrow conduction bands, are especially suitable de- 
tectors for mercury as all electrons in the conduction 
band satisfy «> e.— Ez except in lithium." However, it 
is apparent that all the electrons need not have energies 
which satisfy this condition for detection to occur. 

Sodium evaporated under vacuum within the appa- 
ratus was used as a detector in nearly all the measure- 
ments. A good surface once obtained usually suffered 
little or no deterioration during a run of five or six 
hours. In the last measurements rubidium was also 
used. This surface has a somewhat higher detection 
efficiency. 


E. rf Apparatus 


The general arrangement used in the hyperfine struc- 
ture measurements for generating and measuring the 
rf signal is illustrated in Fig. 5 and is similar to that used 
by Ting and Lew." Three different klystrons were used 
to cover the required frequency range: a Raytheon 
2K33A at 22700 Mc/sec, a Varian X-13 at 11 400 
Mc/sec and 8600 Mc/sec, and a Varian VA221H at 
5400 Mc/sec. 

A cavity wavemeter was used to make a frequency 
measurement to within 3-6 M« For precision 
measurement the klystron signal was beat against a 
multiple of the output of a crystal controlled frequency 


sec. 


8 A. Bihl, Helv. Phys. Acta 6, 231 (1933). 

9 Performed by P. Kusch and one of us, W.L.L. 

© H. D. Hagstrum (private communication, to be published) 
1 H. Webb, Phys. Rev. 24, 113 (1924). 

2H. D. Hagstrum, Phys. Rev. 96, 336 (1954). 

18 W. Lichten, Phys. Rev. 109, 1191 (1958). 

4 Y. Ting and H. Lew, Phys. Rev. 105, 581 (1957 
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Fic. 5. Block diagram of rf 
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standard. The frequency of the beat note was measured 
either by obtaining an audio zero beat between the beat 
note and a signal from a Gertsch FM-3 heterodyne 
frequency meter, or by introducing the beat note into 
an FM receiver previously calibrated against the FM-3 
and measuring the de voltage output of the receiver 
discriminator. 
Except for a few preliminary measurements, the rf 
transition region was a shorted waveguide tapered to 
fit between the pole faces of the C magnet and slotted 
to permit passage of the beam. Waveguide sizes were 
chosen so that only the lowest, 7,0, mode was propa- 
gated and thus the rf magnetic field was everywhere 
perpendicular to the static field. This polarization 
meant that only the w transitions, Amp=+1, could be 
seen. For all except the lowest frequency transition in 
Hg*! a second hairpin was placed immediately beside 
the waveguide hairpin. The hairpin was a conventional, 
shorted, parallel conductor type and could be used to 
excite transitions at low frequencies, i.e., the transitions 
Amr=+1, AF=0. Three hairpins of different lengths 
along the beam were used for the frequency range 
covered: one at 22 700 Mc/sec, a second at 11 400 
Mc/sec and 8600 Mc/sec and a third at 5400 Mc/sec. 


III. METASTABLE STATES OF MERCURY 
A. *D; State 


In one of the important investigations of the term 
structure of mercury Murakawa’ first observed the 
(5d%6s*6p)*D; state in combination with higher lying 
states of the configuration 6snd. At that time it was not 
understood why this state was not observed to decay 
to lower lying states. In preliminary work" a meta- 
stable state was found which was identified with the *D; 
state on the basis of energy. The lifetime of the state 
was measured to be greater than 10~? second which 


16 K, Murakawa, Z. Physik 108, 168 (1938). 
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explains the failure to observe the combination of the 
state with lower lying Since that time 
Murakawa'® has calculated a wave function for the 
*D; state using the method of Hume and Crawford!’ and 
has obtained W(*D;)=KwW[D;(d"p) |+ Kay PF3(dp) | 
+Ky['F3(d"p) ]+ Kw PF3(sf) ]+Ky['F3(s/)], where 
K,=0.325,, K2=0.7329, K3=—0.5955, Ky=—0.028,, 
K;=0.0312. As a result of the presence of *F3(sf) and 
1F3(s °) character in the wave function, atoms in the 
’D; state can make allowed electric dipole transitions 
to the lower lying (6s6d)'D;. and (6s6d)'De states. 
With Murakawa’s values for Ky and K; the lifetime is 
computed as r~6X10~ second in agreement with the 
observed lifetime. Murakawa has used the wave func- 
tion to compute gy(@D3)=>-; K2g7(¥,;) = 1.08 with an 
uncertainty which is stated to be 4%. 


states. 


B. Excitation Functions 


An excitation function taken for mercury in the 
normal manner shows two superposed peaks" corre- 
sponding to two metastable states, the 6 *P2 state and 
the *D; state. The combination of an electron bombard- 
ment source and a Rabi magnetic resonance apparatus 
has made it possible to obtain separate excitation func- 
tions for the two states since atoms in the two states 
have quite different magnetic moments. To achieve the 
separation the oscillator was set at a frequency which 
gave a maximum intensity in the transitions AJ=0, 
Am,;=+1, v=g suoll/h in the even A isotopes. As the 
electron energy was increased the signal from those 
atoms undergoing a transition was obtained as the dif- 
ference between the signal with rf on and rf off. In 
general, as long as two states, 1 and 2, have gy values 
which differ sufficiently so that [gy7(1)—gy(2) ]uoH/h 


1K. Murakawa, J. Phys. Soc. Japan 14, 1624 (1959), and 
private communications. 
7 J. N. P. Hume and M. F 


. Crawford, Phys. Rev. 84, 486 
(1951). 
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Fic. 6. Excitation functions for the *P2(gy=1.50) and 
3D3(g;=1.09) states of mercury. 


is appreciably greater than the width of a single reso- 
nance, the procedure will give separate excitation 
functions. 

Two excitation functions obtained as described are 
shown in Fig. 6. The electron energy scale has been ad- 
justed so that the appearance potential for the *P, 
state (gy= 1.50) is 5.4 volts. The potential was verified 
previously against the known appearance potential of 
He(*S,).° The appearance potential for the *D; state 
(gy=1.09) was 9.0 volts in good agreement with the 
spectroscopic value’ of 9.05 volts. An investigation at 
an electron energy of 7.0 volts showed no rf induced 
signal at a frequency corresponding to gy=1.09 and 
thus confirmed that the resonances for the *P, and *D3 
states were well separated. The data do not exclude the 
possibility of the excitation of other metastable states 
with gy~1.50. As the apparatus was not suited for 
measuring cross sections the excitation functions should 
not be relied on for more than a qualitative indication 
of the dependence of the excitation cross section on 
electron energy. Also, the magnitude of the signals 
should not be interpreted as a measure of the relative 
cross sections for the excitation of the two states. 


C. g, Values 


The gy values for the *P, and *D; states were meas- 
ured and further confirmed the identification of the 
latter. The general arrangement was similar to that de- 
scribed for the hyperfine structure measurements with 
the addition of a gas line which led from an argon supply 
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through a controlled gas leak into the mercury oven. 
With the leak closed and the electron energy at about 
7 volts a beam of metastable mercury in the *P2 state 
was obtained, while at 10.5 volts atoms in both the *P.2 
and *D; states were present. If the leak was opened and 
the energy raised to about 18 volts the beam consisted 
of both mercury and argon metastables. In order to 
detect argon and not mercury *P, metastables the 
alkali detector was removed and a tungsten stop wire, 
which does not detect mercury *P: metastables appre- 
ciably but does detect argon, was used as a detector. 
For argon the signal corresponded to a decrease in the 
number of atoms striking the stop wire while for 
mercury *P2 and *D; metastables the signal corre- 
sponded to an increase in the number of atoms striking 
the alkali detector. The magnetic field in the transition 
region was set at approximately 25 gauss. Resonances 
corresponding to the Zeeman transitions Amy=+1 
were observed successively in the *P: states of both 
argon and the even isotopes of mercury. Resonances in 
the *D; state were measured alternately with resonances 
in the mercury *P» state. Since the resonance frequencies 
are just v=gypoll/h, the ratios of the frequencies are 
directly the ratios of the g, values. 

For the measurement of the ratio gys(*P2, Hg)/ 
gz(?P2,A) two mercury and four argon resonance curves 
were obtained. In the determination of g,7(*D;, Hg) 
gz(?P2,Hg) two *D; resonances and four mercury *P»2 
resonances were obtained. The measurements give 


gz@P2) =1.50099(10), 
gz (*D;) = 1.0867 (5), 


where the value for g,(*P:) for argon is taken to be 
gz= 1.500964(8).'8 The experimental uncertainties in 
the last digits are given in parentheses. The attainable 
experimental accuracy was limited chiefly by magnetic 
field inhomogeneities. 

The value for gz(*P2) which is calculated with 
the vector model for g:=1 and g,=2(1.00116) is 
gz=1.50116. A number of small corrections discussed 
by Abragam and Van Vleck” have not been evaluated. 
The measured g,(*D3) is in satisfactory agreement with 
the value calculated by Murakawa. An additional con- 
firmation of the identification of the higher lying meta- 
stable state was obtained by observing the number and 
spacing of the low field AF=0, Amr=+1 transitions 
in the odd A isotopes. For a given value of J and for 
J=1/2 there are two values of gr, and for J>3/2, 
J=3/2 there are four values. The ratios of the fre- 
quencies of the low field transitions are just the ratios 
of the gr values and are different for each value of J. 

Although the signal was adequate for a measurement 
of the hyperfine splitting in the *D; state such a meas- 
urement was not undertaken. The electronic structure 


18 A. Lurio, C. Drake, V. W. Hughes, and J. A. White, Bull. 
Am. Phys. Soc. 3, 8 (1958). 
19 A. Abragam and J. H. Van Vleck, Phys. Rev. 92, 1448 (1953). 
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of the state is not well enough understood at present so 
that any useful information about nuclear properties 
could be obtained beyond that available from a meas- 
urement in the *P» state. 


IV. HYPERFINE STRUCTURE MEASUREMENTS 
A. General Method 


To determine the frequency of a resonance the 
klystron was set at a series of closely spaced frequencies 
and the difference between the metastable signal with 
rf on and rf off was noted. Usually a fairly complete 
resonance was observed. The resonance frequency was 
graphically obtained from a curve plotted through the 
observed points. 

In preliminary measurements on a particular hyper- 
fine structure interval a search was made for all transi- 
tions of the type AF=+1, Amr=0, +1 which the rf 
polarization would allow. In each case a sufficient 
number of transitions was observed so that they could 
be unambiguously identified from their spacings. 

The final observations were made on lines whose 
magnetic field dependence was equal and opposite. 
Although the z transitions have the advantage of in- 
volving relatively large moment changes at intermediate 
fields, they suffer from the disadvantage of having a 
large magnetic field dependence at low fields. As a 
result small field inhomogeneities could distort and 
broaden the resonances and such broadening was ob- 
served in nearly all the lines measured. It is reasonable 
to expect, however, that for lines with frequencies of 
equal and opposite field dependence the distortion will 
also be equal and opposite. One such symmetric pair is 
illustrated in Fig. 7. The field in this case produced 
much more distorted lines than those used in the final 
measurements but the lines do illustrate the antici- 
pated symmetry about the zero field interval. The 
average of the frequencies of some similar feature of 
these lines should then be the zero field hyperfine inter- 
val except for a small correction quadratic in the mag- 
netic field. 


.440 8631.600 
FREQUENCY (Mc/SEC) 


B. Details of Measurements 


Hg’ F=5/2<+ F=3/2. The spectrum observed is 
shown in Fig. 8. Six w transitions of the eight possible 
ones were observed. Of these, the symmetric pair 
(5/2, —1/2) < (3/2,1/2), (5/2, 1/2) < (3/2, —1/2) 
was used for all final measurements. If a run is defined 
as a set of measurements for which all significant ex- 
perimental parameters were unchanged, three runs were 
taken involving the observation of a total of twelve 
symmetric pairs. The results are shown in Table II. 

The value of the zero-field splitting is the average of 
the frequencies of the two transitions comprising the 
symmetric pair except for the quadratic correction. 
This correction was 300 cps for the highest field used 
and has been made in the final results given in Table IT. 
The linewidths varied between the runs from a natural 
linewidth of 50 kc/sec to a broadened line of 105 kc/sec 
width for one set of data. 

Hg”! F=7/2<> F=5/2. Seven of the twelve possible 
m transitions were seen and are shown in Fig. 9. The 
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Fic. 8. Spectrum for F=5/2 — F =3/2 transitions in Hg™. vo 
is the zero-field hyperfine structure splitting. Observed transitions 
are indicated by solid lines. 
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TABLE II. Zero field hyperfine structure intervals 
for individual runs. 


Standard Number of 
deviation symmetric 
of mean Pairs 


Interval Frequency 


F =5/2 + F =3/2 22 666.5628 (19) 2 
22 666.5619 (20) 4 
22 666.5559 (9) 6 
»? 


Average (12) 
11 382.62877 (26) 
11 382.62809 (46) 
11 382.62870 (14) 
11 382.62945 (27) 
11 382.62875 (18) 


8629.52170 
8629.52150 
$629.52202 
$629.52196 


8629.52180 


(10) 
(20) 
(33) 
(30) 


Average (10) 


F =1/2 + F =3/2 537749077 
5377.49340 
5§377.49195 
5377.49109 


5377.49180 


(il) 
(11) 
(10) 
(35) 


Average (32) 


definitive determinations were made with the use of 
the symmetric pair (7/2, —1/2) << (5/2, 1/2), 
(7/2, 1/2) «> (5/2, —1/2). The line widths were ap- 
proximately 12 kc/sec. The quadratic correction was in 
no case larger than 80 cps. 

Hg”! F=5/2+<+ F=3/2. Five of the possible eight x 
transitions were observed as shown in Fig. 10. Four runs 
of three pairs each were taken on the symmetric pair 
(5/2, 1/2) + (3/2, —1/2), (5/2, —1/2) + (3/2, 1/2). 
The line widths were of the order of 14 kc/sec and indi- 
cate some broadening due to field inhomogeneities. The 
largest quadratic correction amounted to 300 cps. 

Hg™ F=3/2<+ F=1/2. Preliminary data on this 
line were taken with a hairpin which permitted o as 
well as w transitions to be seen. Consequently, as is 
shown in Fig. 11, the two possible o transitions were 
observed. The F= 3/2 ++ F=1/2 hyperfine interval was 
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Fic. 9. Spectrum for F=5/2 «+ Ff =7/2 transitions in Hg™'. vo 
is the zero-field hyperfine structure splitting. Observed transitions 
are indicated by solid lines. 
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the only one for which symmetric pairs were not ob- 
served. The lines used were (3/2, —1/2) < (1/2, 1/2), 
which has a linear field dependence of +1.4 (gsuoH)/h 
at low fields, and (3/2, —3/2) < (1/2, —1/2) which 
has a dependence of +0.2 (gzu0H)/h. The much lower 
field dependence of the second transition resulted in a 
narrow but somewhat distorted line of about 8 kc/sec 
width. The more field-dependent line was as wide as 
30 kc/sec and quite distorted. However, a given un- 
certainty in the frequency of this line contributes a 
relatively smaller amount to the uncertainty of the 
hyperfine interval than does an equal uncertainty in 
the less field-dependent line. 


V. DISCUSSION OF ERRORS 
The data were taken in such a way as to compensate 
for several possible systematic errors. The hairpin was 
rotated 180° in one-half of the data to compensate for 
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Fic. 10. Spectrum for F=3/2 + 7 =5/2 transitions in Hg™. vo 
is the zero-field hyperfine structure splitting. Observed transitions 
are indicated by solid lines. 


the effect on the zero-field interval of a possible rf phase 
shift along the beam direction. Equal numbers of de- 
terminations were made with the two possible static 
field directions;. thus no net error arising from the 
Millman effect’ should occur in the average of the data. 
A possible shift in the resonance which might arise from 
changing rf amplitude along the beam direction cannot 
be discounted. Effects associated with the rf power are 
believed to contribute insignificantly to the error. The 
Bloch-Siegert effect” is insignificant for the large hyper- 
fine separations measured. The uncertainty in the fre- 
quency measurement due to fluctuations in the fre- 
quency standard was estimated to be 3 parts in 10°, 
To allow for possible systematic effects associated 
with the inhomogeneous field as well as a possible un- 
favorable accumulation of errors in the fairly small 


%S. Millman, Phys. Rev. 55, 628 (1938). 
21°, Block and A. Siegert, Phys. Rev. 57, 522 (1940). 
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body of data taken, limits of error have been arbi- 
trarily taken as three times the standard deviation of 
the mean of all runs on a given hyperfine interval. In 
arriving at the standard deviation each pair was treated 
as a single observation. 


VI. RESULTS AND DISCUSSION 


The final experimental values for the zero-field inter- 
vals are 
Hg™ f(5/2 <> 3/2) =22 666.559(5) Mc/sec; 
Hg”! f(7/2 «+ 5/2)=11 382.6288(8) Mc/sec, 
f (5/2 — 3/2) =8629.5218(5) Mc/sec, 
f(3/2 © 1/2) =5377.4918(20) Mc/sec. 
Although first order perturbation theory is generally 


adequate for obtaining the magnetic dipole and electric 
quadrupole interaction constants, earlier work” has 
Me 
72 
Feis2 
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Fic. 11. Spectrum for F=1/2 «+ F=3/2 transitions in Hg™!. vo 
is the zero-field hyperfine structure splitting. Observed transitions 
are indicated by solid lines. 


shown that in all cases thus far investigated a second 
order treatment results in sizable corrections to the 
magnetic octupole interaction as derived from first 
order theory. In the case of Group III and Group VII 
elements of the periodic table which have a single p 
valence electron or hole the second order perturbation 
can be adequately approximated by considering the 
neighboring doublet level only. Similarly, for the n *P2 
state of an usnp configuration a first approximation is 
to consider perturbations by the  *P1,o and  'P, states 
only. 

The theory of the hyperfine structure of the perturb- 
ing states has been carried out in intermediate coupling 
by Breit and Wills. The wave functions for the *P2 
and *P, states are the same in either 77 or LS coupling 
while the wave functions for the '*P, states are ex- 


2 C, Schwartz, Phys. Rev. 97, 380 (1955). 
°3 G. Breit and L. A. Wills, Phys. Rev. 44, 470 (1933). 
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pressed in intermediate coupling as the sums of products 


of jj coupling wave functions for the individual electrons. 
¥@P1)=c,(1/2, 3/2)+c¢2(1/2, 1/2), 
¥('P;) =c1' (1/2, 3/2)+¢2'(1/2, 1/2), 


where ¢;’=cz and c2’=—c,. To carry the theory of the 
hyperfine structure of the *P, state to second order it is 
necessary to obtain matrix elements of the general 
hyperfine structure interaction between this state and 
all other states for which the matrix elements do not 
vanish. The magnetic dipole interaction connects states 
which differ in J by no more than +1; the electric 
quadrupole interaction connects states which differ in 
J by no more than +2. The effect of higher order 
multipole interactions is completely negligible. Thus 
for an approximation which considers perturbations by 
other states of the configuration only, it is necessary to 
have the matrix elements of the dipole and quadrupole 
operators between the *P2 state and the *P; and 'P,; 
states and of the quadrupole operator alone between 
’P, and *Po states. These matrix elements have been 
evaluated and in the notation of Schwartz” are, for the 
magnetic dipole interaction, 


(Pal F|Sq Ty (€)T-« (n)(—1)*|*PF) 
= —31[((F+I+3)(F—I+2)(I—F+2)(F+I—1)]}” 
X [e1a./2— ($e. 4+76V2c2) a2], 


where a, is the dipole interaction constant for the s 
electron and a@3/2 the same quantity for the 3/2 electron. 
T,“(e) and T,“ (mn) are tensor operators of rank (k) 
operating on the electron coordinates only and the 
nuclear coordinates only, respectively. The correspond- 
ing matrix element between the *P2 and 'P, states is 
obtained by replacing c; and cz by c;’ and ¢2’. The off- 
diagonal quadrupole matrix elements are 


OPIF|D, Tq (e)T-¢®(n)(—1)*|* PF) 


1 
= ——___—__| (F+1+-3)(F—I+2) 
167 (27—1) 


x (I—F+2)(F+I—1)]}!” 
x [I +1)—F(F+1) +3] +v2em ]bs/2, 


where 63/2 is the quadrupole interaction constant for the 
ps2 electron, and 


C@PolF |S T,®(e)T-¢®(n)(—1)2|*Pol F) 
1 
= —___[2(F+1+3)(F—I+2)(I—F+2) 
167(27—1) 
x (F+I—1)(F+14+2)(F—-I+1) 


xX (I—F+1)( F+1) }!"b3;2. 
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The second-order energy is then 
rp = (F+I+3)(F—I+2)(I—F+2)(F+I 


1(I+1)—F(F+1)4+3 
41(21—1) 

I(I+1)—F(F+1)+3 
 4(2T-1) 


AE; 2,3; are the energy differences between the *P2 state 
and the 5P,, 'P;, and *Po states, respectively, measured 
in the same units as the interaction constants. AE is 
positive or negative depending on whether the *P»2 state 
lies higher or lower in energy than the other state 
involved. 

The constants necessary for the mee of Wr® 
in a specific case are ¢}, C2, Gs, @3/2, 53/2, &, and ». For 
mercury ¢c; and cz were obtained feom the measured gy 
value, gs= 1. 4838(4), for the *P,; state by a method 
outlined in Breit and Wills.” The values of c; and cz so 
obtained are c;=0.4210(20) and c2=0.9071(10). With 
these values of c, and c2 the dipole interaction constant 
for the 'P; state, A ('P:), as calculated from the hyper- 
fine structure measured in the *P, and *P, states agrees 
quite well with the experimental value. Blaise and 
Chantrell,2®> who obtained ¢c,; and ¢: by means of the 
method of Wolfe,?* found a large discrepancy between 
the value of A('P;) calculated in this manner and the 
experimental value. In general it would seem better to 
use gy(*P;) to calculate c; and c. when it is available. 

As given by Breit and Wills the dipole interaction 
constants for the *P2 and *P, states are 


A (®P2) = (1/4) a,4+ (3/4) 43/2 
A (*P3) = (1/4) (2 
+[(5/4)eP— (5V2/16)cic2F Jas2 


“9° — CY )a, 


+ (1, 


With the experimental values of A (*P2) and A (°P;) and 
the theoretical relationship @1/2= 50(1—8) 12.(1—e) 
the two equations can be solved simultaneously for a, 
and 43/2. The notation is generally that of Schwartz?’ 
except for the hyperfine structure anomaly terms 6 and 
e which are given by Kopfermann.”* The values obtained 
are 


2)c27ay (2. 


1/243/2 


a, (199) =35 110(80) Mc/sec, 

43/2(199) = 385(26) Mc/sec, 

a, (201) = 12 980(30) Mc/sec, 
»(201) = 142(10) Mc/sec 


*% J. Brossel and F. Bitter, Phys. Rev. 86, 308 (1952). 

25 J. Blaise and H. Chantrell, J. phys. radium 18, 193 (1957). 

2° H. C. Wolfe, Phys. Rev. 41, 443 (1932). 

7 C. Schwartz, Phys. Rev. 105, 173 (1957). 

*8H. Kopfermann, Nuclear Moments (Academic Press, 
New York, 1958), 2nd ed., pp. 129-130. 


Inc., 
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cy'a, 
~(€;+V2cm)b a] +—|( —— 
Es. ? 7 


$$ (¢1’+V2c2'n)b; 2 


LICHTEN 


€103/2 ee 


1 Cid, Cids2 S 
ip She Saas 


Fic m 


1's 


42 - 


| 1 ¢(F+7+2)(F—I+1)(7—F+1)(F4+1)b3)2°9? 
PRS a shedoestl “lI 
AE; 872(27—1)? 


The dipole. interaction constants w which were used for 
the *P; state are A j99(?P)) =491.65 mK and A .2;(*P;) 
= — 181.625 mK and are an average of the results of 
Sagalyn ef al.2° and Blaise and Chantrell.?* The errors 
quoted for a, and a@3;2 are based solely on the estimated 
errors in ¢1, C2, &, 6, 6, and ¢ and the stated experimental 
errors in A(*P,;). They do not take into account the 
possible effects of configuration interaction. 

The relativistic correction @ was taken from Schwartz?’ 
and & and 7 were calculated according to Casimir.” 
In summary the constants which have not already been 
given are b3,2=399.150 Mc/sec, §=1.094, n=1.354, 
(1—6)1,2=0.976, and (1—e); 2= 0.992. 

If the second order energy is calculated with these 
constants and then subtracted from the measured 
hyperfine structure intervals the usual first order theory 
can be used to obtain the corrected interaction constants 


A 199’ = 9066.449(3) Mc/sec, 
Ay’ = —3352.0292(8) Mc/sec, 
Baoy’ = 399.150(2) Mc/sec, 
C201’ = —0.00184(9) Mc/sec. 


The ordering of the levels of different F which deter- 
mines the signs of A 199’ and A201’ was obtained from the 
optical measurements. The stated uncertainties are due 
principally to uncertainties in the second order correc- 
tions. The uncorrected values for the interaction con- 
stants are 


A 199= 9066.6236(20) Mc/ 

Ao = — 3352.00317(19) Mc/sec, 
Boo, = 399.3180(9) Mc/sec, 
C201= —0.00299(4) Mc/sec. 


The corrections are significant only in the case of C201’. 
The effect of configuration interaction on the second 
order corrections has been ignored. 

The nuclear octupole moment can be obtained from 
the relation Q= (7cgrF’3/2/a32T Z*)ac? X 10% nmb [where 
1 nmb=1 nuclear magneton barn= (e#/2Mc)xX10-* 
cm]. The value so obtained is Q2=—0.130(13) nmb, 


2 P. L. Sagalyn, A. C. 
109, 375 (1958). 

*H. B. G. Casimir, On the Interaction between Atomic Nuclei 
and Electrons (Teyler’s Tweede Genootschap, Haarlem, 1936). 


Melissinos, and F. Bitter, Phys. Rev. 
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where 7/F3;.= 1.14 has been obtained from Schwartz.?” 
In deriving the value of C’ the correction due to con- 
figuration mixing has been ignored. The extreme single 
particle model gives for a single p3;2 neutron 2= —0.3, 
nmb. Hg” is the first odd neutron nucleus for which 
an octupole moment has been measured. The moment 
bears about the same relation to the single particle 
value as has been noted for the octupole moments of 
odd proton nuclei. It would be interesting to see if 
the independent particle model including configuration 
mixing, which is fairly successful in predicting the dipole 
moment of Hg”!, could also correctly predict the octu- 
pole moment. 

The quadrupole moment obtained from Bgo’ is 
Q=[(8/3)bsogiF's/2/as/2R }(uc?/e) (m/M yp) X10* barns 
=().50(4) barns, where F'3/2/R=0.889. This value is to 
be compared with Q=0.46 barns obtained by 
Murakawa'* who has taken into account the effects of 
an admixture of (5d°6s*6p)*P2 state. Sternheimer* type 
polarization corrections are not included in the above 
values of Q although Murakawa has made an estimate 
of such corrections and obtains 0=0.42 barn. The same 
corrections applied to the value for Q obtained in the 
present work give Q=0.45;(4) barn. 

The mercury isotopes are the first case of odd-neutron, 
even-proton nuclei for which a hyperfine structure 
anomaly has been measured. The quantity which can 
be compared with theoretical predictions is the anomaly 
for the s electrons alone, A(si2). A simple calculation 


gives 
A 199 gr(201) 
A(s12)= aaa —1 [+s 
Aso gr(199) 


@3/2(201) 
a,(201) } 


With the value gi99/g201= — 2.70902(3) given by Cagnac 
and Brossel® the anomaly is A(s12)= —0.1728(12)%. 


31R. M. Sternheimer, Phys. Rev. 95, 736 (1954); 105, 158 
(1957). 
%® B. Cagnac and J. Brossel, Compt. rend. 249, 77 (1959). 
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A measurement® of the Knight shift in metallic mercury 
gives A(si2)=—0.16(10)%. The anomaly, A(s12), 
calculated on the extreme single particle model as out- 
lined by Eisinger and Jaccarino™ and Stroke® is — 1.1%. 
Although the single particle model predicts the moment 
of Hg™ fairly well it gives an answer for the moment of 
Hg"! which differs considerably from the experimentally 
determined value and in addition fails to predict a non- 
zero quadrupole moment. At present there are no cal- 
culations of the anomaly based on other models, such 
as the independent particle model with configuration 
mixing, with which to compare the experimental results. 
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A parallel plate Stark cell has been designed and constructed for the millimeter wave region of the spe 
trum. With the cell both x and « Stark components can be observed. High precision Stark effect measure 
ments have been made on the x and a components of the /=0 — 1 transition of HCN™. From these the 
electric dipole moment of HCN in the ground vibrational state has been calculated to be 2.985+0.005 


Debye units. 


INTRODUCTION 


OST of the earlier methods for deducing dipole 

moments consisted of extrapolating this molec- 
ular property from bulk properties. However, with 
microwave spectroscopic techniques it is now possible 
to evaluate dipole moments more directly by measure- 
ment of the Stark effect on rotational lines. 

Once the dipole moment of a molecule is known 
accurately it can serve as a standard for comparative 
measurements. Because HCN has very strong lines in 
the 3-mm region it could presumably serve as such a 
standard. Although N™ has a quadrupole moment, this 
is not considered a serious difficulty since the strong 
field case is very readily reached and since there is one 
line in the AM = +1 transitions which is not degenerate. 

The present report includes results of Stark measure- 
ments for the w as well as ¢ components of HCN. So 
far as we are aware, these measurements are the first 
to be made of x Stark components in the microwave 
rotational spectrum of any molecule. Earlier, less 
accurate measurements! have been made of the o Stark 
components of the J/=0—1 rotational transition of 
HCN, and an earlier value of the dipole moment for an 
excited vibrational state has been deduced from the 
Stark splitting of /-doublet transitions.* 


EXPERIMENTAL ASPECTS 


The absorption cell conventionally used for observa- 
tions of the Stark effect in microwave spectroscopy is 
that described by McAfee, Hughes, and Wilson.’ It 
consists of a rectangular waveguide operated in a TEon 
mode with a planar central electrode perpendicular to 
the E plane, held and insulated from the waveguide by 
means of plastic strips along the sides of the guide. 
With this arrangement, the static field is always parallel 
to the E vectors of the microwave field. Hence, only, 


* This research was supported by the U. S. Air Force through 
the Air Force Office of Scientific Research of the Air Research and 
Development Command. 

t Present address: Indian Institute of Technology, Bombay, 
India. 

1S. N. Ghosh, R. Trambarulo, and W. Gordy, J. Chem. Phys. 
21, 308 (1953). 

2 R. G. Schulman and C. H. Townes, Phys. Rev. 77, 421 (1950) 

*K. B. McAfee, Jr., R. H. Hughes, and E. B. Wilson, Rev. Sci 
Instr. 20, 821 (1949). 


AM =0, transitions can be observed. Also, insulation 
problems make difficult the application of a high field 
between the electrodes. 

To avoid these difficulties and to make possible ob- 
servations of the ¢, or AM = +1, transitions, we decided 
to construct a parallel plate cell. Such a microwave 
Stark cell was proposed by one of us‘ and has been 
previously used in this laboratory.** A similar cell has 
been constructed and used in the high-precision meas- 
urements of the dipole moment of OCS by Marshall 
and Weber,’ at the National Bureau of Standards. The 
present work, however, represents the first adaptation 
of the cell to the measurement of x Stark components, 
and to high-precision measurements in the shorter 
millimeter wave region. 

In order to feed microwave power to the parallel plate 
cell, horns were used as matching devices. For observa- 
tion of the a components, the horns were made so that 
the E plane tapers to the shorter cross section of the 
cell and the H plane tapers to the longer section. Under 
such conditions the E vector of the radiation field is 
perpendicular to the plane of the parallel plates and 
hence is parallel to the dc Stark field. The mode 
propagated for this arrangement, the TEM mode, has no 
limiting cut-off frequency. The wavelength in the cell 
and the effective cell length are the same as the free 
space values. For observation of the * components, 
the horns were made so that the E plane tapers to the 
longer cross section of the cell. Except for distortions 
at the edges of the plates, the E vector of the radiation 
field is then parallel to the cell plates and perpendicular 
to the static electric field. The dominant mode propa- 
gated for this arrangement is the TE; mode, which has 
a cut-off wavelength of \.=2d, where d is the distance 
between the plates. The wavelength in the cell is 

g=A/[1—(A/A.)? 4, and the effective cell length is 
Neyy=1(A/A.), where / and A are the corresponding free 
space values. 

The horns were made of copper electroformed around 
Lucite forms machined to the proper dimensions and 
coated with a conducting paint. The different modes 


4W. Gordy, Revs. Modern Phys. 20, 668 (1948) 

5 R. F. Trambarulo and C. F. Luck, Phys. Rev. 87, 172 (1952). 
®Q. Fujii, M. A. thesis, Duke University, 1954 (unpublished). 
7S. A. Marshall and J. Weber, Rev. Sci. Instr. 28, 134 (1957) 
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excited in this manner were exceedingly pure, and one 
of the patterns, either o or w depending on the horns 
being used, was completely absent when the other was 
observed. It was also found that the cell attenuation 
for the TE mode excited by the second kind of horns 
was not noticeably greater than that for the TEM mode. 

The first cell employed was made of two }-in. thick 
aluminum plates, approximately 51 cmX7.5 cm. One 
side of the plates was accurately machined and polished 
with rouge to give a mirror-like finish. In a later model 
the cell plates were made of Pyrex, ground, polished, 
and silver-plated. Quartz spacers, accurately ground 
for uniform thickness were evenly placed near the 
edges along the length of the cell, four on each side. 
Aluminum strips, slightly wider than the plate itself, 
were screwed on the outer sides of the plate, and these 
were lightly screwed on Teflon posts so as to give 
mechanical strength and rigidity while the separation 
was maintained by the glass separators. 

The finished cell was enclosed in a glass pipe with 
outlets for electrodes and vacuum system, the ends 
being sealed with glass plates glued to the pipe by 
means of cold-setting epoxy resins. The Pyrex plates 
had openings of dimensions slightly larger than the 
cross section of the cell, which were sealed off with 
mica of thickness barely adequate to withstand the 
strain of evacuation. 

To produce the Stark splitting, a static electric field 
was applied across the cell plates. The source of the 
static field was a bank Burgess XX 45 batteries joined 
in series. Measurement of the voltage was made by 
use of an accurately calibrated voltage divider and a 
type K potentiometer (Leeds and Northrup). With 
dry cells the voltage fluctuates because of polarization, 
but this fluctuation can be avoided through use of a 
high-resistance voltage divider. The voltage was aver- 
aged over that before and after each observation. 
Multiple observations, five or higher in case of doubt, 
were taken around the same potential. 

A video-sweep detecting system with a broad-banded, 
high fidelity video amplifier was employed for the 
measurements. The millimeter wave power was gen- 
erated and detected with devices already described.® 
Frequency measurements were made with a frequency 
multiplier chain® monitored by Station WWV. 


THEORY 
The theory of the Stark effect on the rotational 
spectra of linear molecules with hyperfine structure has 


Wor a®+VJ, 7,1, -1!4,+HelJ, 1,1, -1)—-W 


(J, 7, —1,1|H,+Hc|J, 7,1, —1) 


8 W. C. King and W. Gordy, Phys. Rev. 93, 407 (1954). 
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been developed by Fano.'® The terms of the Hamil- 
tonian relevant to the present investigation are: 


H=HetHet+H,t+Hc 
= P?/2B—p-E+P(U,D[3(1-J)? 
+3(1-J)+PP]+C(LD, 


where P(J,J) = —eQq/41 (27—1)(2J—1)(2/+3). Here 
H,» is the Hamiltonian corresponding to the rotational 
energy, Hg is the Stark interaction, H, is the nuclear 
quadrupole interaction, and H¢ is the nuclear magnetic 
interaction with the molecular rotational magnetic 
field. The nature of the solution for the energy eigen- 
values depends upon the relative values of the terms 
in H. Here we shall give the solutions which apply 
specifically to HCN. 

In HCN the nuclear interactions H, and He are 
small, and the strong-field, Back-Goudsmit case is 
easily achieved except for the M;= +1 levels. There are 
nondiagonal elements connecting My= +1 and M;=+1 
which cause a breakdown of the M;=-+1 degeneracy. 
Except for /=0 or My=+1 the strong field formula," 


eQq 3M?—I(I+1) 
4 1(2%—1) 


9 


Waimym,=Waouy?- 


3M —J(J+1) 
+CM sM)1, 


(2J —1)(2J+3) 


applies, where Wsa,° represents the Stark effect 
energy of a linear molecule without hyperfine structure 
and is 


Ee 3M /?—J(J+1) 


Wumy?=- 


2Bh J(J+1)(2J—1)(2J+3) 


For the J/=0 the nuclear interactions make no con- 
tributions, and 


W 010m; = — 2 E*/6BhA. 


In the present study we need also the energy eigen- 
values for the special M,;= +1 case for which the strong 
field formulas do not apply. To obtain them we must 
solve the secular equation 


(AS, 1, ~8)MetMelJ, I, ~1, 1) 


Wy1-11%+(, I, —1, 1]Het+HelJ, 1, -1,1)-W 


*W. Gordy, W. V. Smith, and R. F. Trambarulo, Microwave Spectroscopy (John Wiley & Sons, Inc., New York, 1953), Chap. T. 


1 U. Fano, J. Research. Natl. Bur. Standards 40, 215 (1948). 
" Reference 9, Chap. III. 
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Fic. 1. Energy level diagram (not to scale) indicating the r 
and @ Stark components of the J =1 « 0 transition of HCN. 


By substitution of the appropriate matrix elements” 
and by solving this equation we obtain the following 
formulas for the My= +1 levels. 
Wa,| mg| =1.1,Mr. 
eg 
=W ys | az\| =1+ R(J,1) 
41(27—1) 


« [3(M2+1)—7(1+1)]—C 
3 eVg - 
+|[cu- — RUM] 
,  241(2%—1) 


3 eVg 2 
+ . : si| (I?— M?) 
2147 (27—1) 


} 
xCU+1 ee " 
where 
R(J,Ms) =(J(J+1) -—3M 7 ]/ (2J—1) (2J4+3) 


and 
S(J) = — (3)* (J +1)/ (27 —1) (2J+3). 


With the aid of the formulas given above, it is possible 
to write the following equations for the different 
fine structure components of the /=0— 1 transition 


2N. F. Ramsey, Nuclear Moments (John Wiley & Sons, Inc., 
New York, 1953). 
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observed in the field limit. For AM,;=+1 


(3 components) : 


strong 


My=2+1, M;=F1<-—M,=0, M;=+1 
Av= (7/30) (wE?/2 Boh) +0.25e09g—C, 
M;=+1, M;=0<M,=0, M,=0 
Av= (7/30) (wWE*/2Boh)+0.1e0g—C, 
M,s=+1, M;=+1<-M,=0, M;=+1 
Av= (7/30) (wWE*/2 Boh) —0.05eQg+C, 
My=+1, M;=¥1<—M,=0, M;=+1 
Av= (7/30) (uw2E*/2Boh) —0.35e0qg—C. 


For AM =0 (¢ components) : 


M;=0, M;=+1<—M,=0, M;=+1 


Av= (8/15) (wE?/2 Boh) +0.1eQq, 
and 


M;=0, M,;=0<M,=0, M,;=0 


Av= (8/15) (u2E?/2Boh) —0.2eQg. 


Figure 1 gives a general strong field disposition of the 
levels for J/=0, 1 and J=1. The different interactions 
are not drawn to scale. The transitions shown give a 
general idea of the splitting for * and « components. 
In these expressions Ay represents frequency displace- 
ments, uw is the molecular dipole moment, E is the 
applied field strength, Byp=h/82°*J when J is the moment 
of inertia of the molecule, eQg is the nuclear quadrupole 
coupling, and C is the nuclear magnetic coupling 
constant. 


RESULTS 


The molecular constants of HCN will be used ex- 
tensively throughout the calculations. It was therefore 
thought necessary to remeasure the frequency of the 
J=1+<0 transitions accurately. An extensive set of 
measurements, with the 10 Mc/sec frequency broadcast 
by Station WWV employed as a standard, was accord- 
ingly made. The averaged values obtained for the 
frequencies of the HCN lines together with the molecu- 
lar constants calculated from them are given in Table I. 
Also listed in Table I is the final value which we 


TABLE I. Measured rotational frequencies and 
molecular constants for HC®N*™. 


Transition 
J=1<-0 


Frequency in Mc/sec 





88 630.431+0.005 
88 631.871+0.005 
88 633.954+0.005 


F=1<1 
2-1 
0-1 





Molecular constants 
vo=88 631.623 Mc/sec 
eQqg= — 4.714 Mc/sec 
C=0.013 Mc/sec 
w= 2.985+0.004 Debye units 
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3500 v/cm 


500 v/cm 


Fic. 2. Cathode ray oscillograms of the o components for the 
intermediate (lower) and strong (upper) field splitting of the 
J=1+O transition of HCN. 


obtain for the electric dipole moment of the molecule 
in the ground vibrational state. 

The general splitting patterns of the AM=O transi- 
tions, intermediate and high field, are shown in the 
oscillograms reproduced in Fig. 2. In all the oscillograms 
reproduced, the frequency increases from left to right. 
No distinction is made between the weak and inter- 
mediate field case because the quadrupole interaction 
is so small that the interaction caused by nondiagonal 
terms must be taken into account at even the lowest 
fields employed. 

The dependence of the frequency shifts of the o 
components on E is indicated by the solid lines in 
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Fig. 3. As the potential across the Stark cell is raised, the 
low-frequency lines disappear around 800 volts/cm, 
and one gets the strong field pattern consisting of two 
strong lines corresponding to 


M;=0, M;=2+1<-M,=0, M;=+1 
and 


M;=0, M;=0<—M,=0, M;=0, 


in order of increasing frequency, as is expected from 
the energy level diagram in Fig. 1. 

The lines in the AM=-+1 or = transitions are rather 
numerous in the low or intermediate field case, and they 
could not be properly resolved. Thus it was possible 
to study the transitions only in the strong field case. 
An oscillogram showing the components for a strong 
field is given in Fig. 4. The strong field pattern consists 
of four lines, as would be expected from the energy 
level diagrams of Fig. 1. The variation in frequency of 
the + components with field in the strong field region 
is indicated by the dotted lines of Fig. 3. 

The frequency shifts of one of the o lines from the 
origin of the /=1<— 0 line (the vo frequency of Table I) 
of HCN are given in Table II. The field, in volts/cm, 
is the root mean square of the field of several observa- 
tions. Since it was difficult to keep the voltage absolutely 
constant because the frequency shifts depend primarily 
on E*, it was thought that the root mean square voltage 
would be more representative. The dipole moment has 
been calculated only for the My =0, M7 =+1<— M,=0, 
M;,==1 components because the other lines are roots 
of cubic equation or because the frequency shifts are 
too small for accuracy. The results of the dipole moment 
calculations are also given in Table II. The formula 
used for calculation of the dipole moment for the above 
mentioned line is the one for the intermediate field case, 
obtained by solution of the secular equation, for the 
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Fic. 3. Graph showing the fre- 
quency dependence as function of 
field strength for the o and x Stark 
components of the J=1 < 0 tran- 
sition of HCN. 
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lic. 4. Oscillogram of the w Stark components of the J/=1— 0 
transition of HCN for the strong field case 


special case /=1, My=0, M;=+1 


Seauee —3a+C ) 
=(), 
—3atC —28+2a—W 


where 8=p?E*/20Boh and a= eQq/20. The roots are: 


W=(8 2)+2a+[ (9 4)8°+9e?+C* - 6a }} 


Vg Fe ef Mg 9 wie 4 
SS) 
40Byhk 10 4X 20Boh 


eq \" eQq\ 7} 
+9/ ) +C-6f Je] , 
20 20 
With the displacement of the /=0 level, —y°E°/6BA, 
this gives the displaced frequency v to be 


r=my+—e 
1 


9 /wEe\? eOq\? eQg i 
Hien) Ge) -4F I 

4\10r 20 20 
where vo is the corresponding zero field frequency 2Boh. 
It will be noticed that there is some deviation in the 
dipole moment calculated for different fieids. The fre- 
quency shift at these small fields is relatively small, and 
the dipole moment is rather sensitive to small errors 

in measurement. 

The frequency shifts of one of the + components of 


TABLE II. Numerical results from measurements 
on ao component. 


Transition M,’ VW)’, > My, M, 
0 +! 0 +1 
Field in volts/cm 


490.18 
561.16 
629.87 
700.39 
768.37 
836.53 
1046.20 


v—vo in Mc/sec uw in Debye units 


3.031 
4.000 
5.079 
6.348 
7.687 
9.143 
14.464 


2.983 
2.985 
2.985 
2.990 
2.990 
2.987 
2.985 


Averaged value 2.986+0.004 


ACHARYA 


AND W. GORDY 

the lines of HCN for various field values are given in 
Table III. Some of the observations were taken on a 
type P amplifier. To correct for the distortion created 
by the P amplifier it was necessary to take readings 
with both the P amplifier and the broad-band amplifier. 
A small frequency correction had to be introduced to 
account for the line distortion. 

The difficulties in treating HCN by the conventional 
strong field uncoupling methods are apparent from the 
changing splitting pattern. Only in the case of the x 
component corresponding to +1, +1+—0, +1 are 
the levels nondegenerate and the dipole moments calcu- 
lable without difficulty. The results of the dipole 


TABLE IIT. Numerical results from measurements 
on a * component. 


Transition My’, M;’— My, M, 
+1 +1 0 +1 
Field in volts/cm vy—vo in Mc/sec 
866.57 4.697 
1282.77 10.012 
1487.02 13.380 
1683.88 17.092 
1897.54 21.643 
2111.02 26.681 
2325.00 32.301 
2532.05 38.305 
2741.29 44.842 
2743.05 


44.650" 
2948.40 


51.657* 


uw in Debye units 


2.979 
2.982 
.983 
.984 
984 
982 
981 


bh bh dO bo be tO 


Average value 2.982+-0.003 


* Measured with type P amplifier. 


raB_E IV. Averaged results by least squares method of 
fitting data on three x components. 


Dipole 
moment 
(in Debye 

units) 


Equation 
vin Mc/sec, 
E in volts/cm) 


Transition 
M,',Mi'—My, M; 
1 0 0 v=v9—0.5169+5.9466X 10-*F 
+1 +1 O +1 v=vo+0.247+5.9341XK10*? 
+1 ¥1 O +1 v=vp+1.583+5.9439XK10 *? 


2.985 
2.982 
2.984 
2.984 


moment calculations from this transition are given in 
Table II. It is seen that the moment values are highly 
consistent within the limits of field variation. 

Table IV summarizes the results obtained by a least- 
square evaluation of the data such as that shown in 
Table III for that of the + components which were 
carefully measured over a range of fields corresponding 
to that indicated in Table III. Again the results are 
consistent with expectation and yield an averaged 
value of 2.984+0.002 for the moment. 

The frequency measurements are accurate to better 
than 0.005 Mc/sec. The electric field has been measured 
to an accuracy of a tenth of a percent. Thus an estimate 
of the absolute error of 0.004 in the values of dipole 
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moments quoted in Table I may be regarded as con- 
servative. The error in the relative values of the dipole 
moment is believed to be less. It will be noted that the 
dipole moment from observation of the line, 2.986 
Debye units, is in good agreement with the dipole 
moment from the lines, 2.984 Debye units. We choose 
as the most probable uw the one obtained by averaging 
values from the four measured components. The final 
value, 
u=2.986-+0.004, 


is in agreement with the less accurate one obtained by 
Ghosh, Trambarulo, and Gordy,' 3.00+0.02 Debye 
units. Interestingly it is 0.028 Debye greater than the 
value, 2.957+0.025 Debye units, obtained by Schuiman 
and Townes? for the excited bending vibrationg] state. 
A difference of this order might be expected in the 
moments for the ground and vibrational states. 

High Stark precision measurements have earlier been 
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made on OCS in the centimeter wave region.”"" This 
“calibrated” OCS molecule provides a convenient refer- 
ence standard for measuring electric fields or other 
dipole moments with centimeter-wave spectroscopy. 
However, this standard, or others that could be 
similarly established by centimeter wave measurements, 
is not satisfactory for the millimeter or submillimeter 
wave region because of the rapidly decreasing sensi- 
tivity of the Stark splitting with increasing J. HCN 
which has a large dipole moment as well as low J transi- 
tions originating in the shorter millimeter wave region 
provides a convenient millimeter wave measuring 
standard which can be projected into the submillimeter 
region. Already our measurements on HCN have been 
privately communicated to C. A. Burrus who has used 
them for secondary measurements on several other 
simple molecules in the 1- to 3-mm wave region." 

18 R. G. Shulman and C. H. Townes, Phys. Rev. 77, 500 (1950). 

4C,. A. Burrus, J. Chem. Phys. 28, 427 (1958). 
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Born Cross Sections for Inelastic Scattering of Electrons by 
Hydrogen Atoms. I. 3s, 3p, 3d States*7 


Gerarp C. McCoyp, S. N. Mitrorp, anp JoHn J. WAHL 
St. John’s University, Jamaica, New York 
(Received January 20, 1960) 


Born cross sections of all n=3 to m=4 transitions are calculated at ten incident electron energy values 
in the range 0.67—1400 ev, and those of strong optically allowed n=3 to n=5 transitions are calculated 
at five incident electron energy values in the range 1-10 000 ev. The cross sections obtained are much larger 
than for comparable transitions from the ground state, and the cross sections for transitions which are 
optically allowed and in which m and / change in the same sense are larger than those for other transitions. 
For all strong optically allowed transitions the Bethe (dipole) approximations to the Born cross sections 
are calculated and comparison shows that the Bethe formula gives a good fit to the Born approximation 


down to relatively low energies (~10 ev). 


INTRODUCTION 


OST calculations of atomic cross sections have 
involved the ground states of atoms. Since very 
high temperature gases have recently been produced in 
the laboratory, and since there is now extensive astro- 
physical investigation of departures from local thermo- 
dynamic equilibrium in such gases, there is a need for 
inelastic collision cross sections for excited states of 
atoms. 

The cross sections for collisions of electrons with 
excited hydrogen atoms are not only the easiest among 
all possible atoms to calculate, but also have immediate 
application to theories of the solar chromosphere.' 


*This work was supported in part by the Office of Naval 
Research and in part by the Air Force Office of Scientific Research. 

t Based in part on a thesis submitted by John J. Wahl to the 
Graduate School of St. John’s University, in partial fulfillment of 
the requirements for the degree of Master of Science. 

1 See the series of papers by R. N. Thomas and collaboraters 
in the Astrophysical Journal, and the forthcoming monograph by 


Apart from cross sections for the ground state,’ the 
only other previous calculations involve. transitions 
from the 2s state® and the 2 state‘ calculated in the 
first Born approximation; Goldstein and Yavorsky*® 
wrote down general series expressions for the transition 
n— n’, but these do not appear to be useful for numer- 
ical calculation of the cross sections. 

The present paper discusses transitions from the 3s, 
3p, and 3d levels of hydrogen to the n=4 and n=5 


R. G. Athay and R. N. Thomas, Physics of the Solar Chromosphere 
(Interscience Publishers, Inc., New York, to be published). 

2?R. McCarroll, Proc. Phys. Soc. (London) A70, 460 (1957), 
summarizes Born calculations; for a summary of more extensive 
calculations see H. S. W. Massey, Handbuch der Physik, edited 
by S. Fliigge (Springer-Verlag, Berlin, 1956), Vol. 36, p. 354. 

3T. J. M. Boyd, Proc. Phys. Soc. (London) 72, 523 (1958). 

4H. S. W. Massey and E. H. S. Burhop, Electronic and Ionic 
ay Phenomena (Oxford University Press, New York, 1952), 
p. 170. 

5 L. Goldstein, Ann. phys. 19, 305 (1933). 

6B. M. Yavorsky, Compt. rend. acad. sci. U.R.S.S. 43, 151 
(1944). 
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levels. The Born approximation is used for two reasons. 
(1) For these states an enormous amount of labor would 
be required even to make a moderate improvement of 
the Born approximation. (2) Plausibility arguments 
suggest that the Born approximation is valid down to 
much lower energies for these transitions (with thresh- 
old energies of 0.66 ev, and 0.97 ev, respectively) than 
for the transition 1s—2p (threshold 10.2 ev) for which 
experimental evidence is available. Current work is 
directed at reinforcing these plausibility arguments by 
direct calculation. 


FORMULATION 


For electron collisions with hydrogen atoms, the 
Born approximation differential cross section for the 
transition nlm — n'l'm’ is given by’ 


o' nim.n' Um’ (kK) = 8r(kao) 2k : Enim,n’t'm’ (Kk) |?, (1) 
where x=k—k’, and Ak, hk’, hx are the initial, final, 
and change of momentum of the electron, respectively. 
The proton is assumed at rest throughout the collision ; 
ao is the Bohr radius, and ¢ is given by 


Enlm n’ Um’ (K) = Cnt (EW * nm (dr. (2) 


Introducing the normalized hydrogen atom wave 
functions ~=R,i(r)Vim(0,¢) and expanding e***, Eq. 
(2) becomes® 

il’ 


Enim,n'U'm' (K) = pp» 


p=|I—l’ 


Yo.im.t m Rp. nt.n't’(k), (3) 


where 


Y p, im, Um! = i”? 44 (2p+1) }! 
xf ¥0(0,8)¥n(0.9) Pr (0.9) 


=i?(2p+1)(2/+1)}(2/'+1) 
XC(pll'; Omm’)C( pli’; 000), (4) 


with the Clebsch-Gordan notation C as used by Rose.® 
Also 


Roy nt.ni (Kk) = Rp. ntn'v(y) 


-{ Ryle) R* wv (1) jp(ar)rdr 


0 


x 
=Anwe f x8e-* 7 ,(yx) 
0 


KX Lng PO (ex) Large’ (Cx)dx, (5) 


7™N. F. Mott and H. S. W. Massey, The Theory of Atomic 
Collisions (Clarendon Press, Oxford, 1949), 2nd ed., p. 224. 

8A similar analysis has been given by I. C. Percival and 
M. J. Seaton, Proc. Cambridge Phil. Soc. 53, 654-62 (1957). 

®M. E. Rose, Elementary Theory of Angular Momentum (John 
Wiley & Sons, Inc., New York, 1957). 
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where j, are spherical Bessel functions, L,,” are associ- 

ated Laguerre polynomials, and 

Antn'v = (2/nao)'(2/n' ay)” 
XLaonn’/(n+n’) ]4’+3N NF wr, 

N n= —[(2/nao)*(n—1—1) !(2n)1{ (n +1) 1} ]}!, (6) 
B=I+4+1'4+2; ec’ =2[14+(n'/n)}°; 
c=2[1+(n/n')}"; y=xagnn’/(n+n’). 

Since the individual transitions m— m’ are not of 
particular interest at present, it is convenient to average 
a over m and sum over m’ (here m=m’). Using Eqs. 
(1) and (3), the resulting cross section is 


Ont.n'v (kK) = (2/+-1) - aw o' nim.n't'm’ (Kk) 
= 8 (Rao) *x* (21+-1) Som Dp Dp Rp, nt, nev (k) 
XK R* py nt.ntt? (K) Up, tm, tm U* p’ tm, 0m (7) 


Using the properties of the Clebsch-Gordan coefficients® 


er eo, 
= (2p+1) (2/+-1)|C(pil’ ; 000) | 76,5, 


which simplifies Eq. (7) to 


Ont,n't (kK) = 8a(Rao) x? > »(26+1) 
X |C(pll’ ; 000) |2| Ronin (y)|%. (8) 


When the Laguerre functions are expressed as 
polynomials, the radial integrals in Eq. (5) reduce to 
sums of integrals which integrate directly in terms of 
hypergeometric functions”: 


r(4)r(p+8+1) y? 
f wFe-* 5, (yx) dx = ———_———————— ——__—_—_ 
0 2-H (p+) (1+-y2)Kerse 


pt+B+1 pt+i—B 2w+3 7 
Gee eee 7) « 
2 2 2 1+7 


The hypergeometric functions in Eq. (9) are expressed 
as polynomials directly when possible, i.e., when in 
F(a,b,c,z) a or b is a negative integer; otherwise the 
function is expanded about the singularity at z=1 
instead of z=0, again giving a polynomial. Equations 
(5), (8), and (9) then give the differential cross section 


Ont (Y)= B ntwvmk (1+ yy)?" (a_yy+ary 


+ayy’+---+aisy'®), (10) 


where B’, a; are constants determined by the particular 
transition. 
The integrals involved in the total cross section 


fixe (n+n’)] 7” 
o(e)de=|— lf a(y)dy (11) 


x1 nn’ do v1 

This integral is given in P. M. Morse and H. Feshbach, 
Methods of Theoretical Physics (McGraw-Hill Book Company, 
Inc., New York, 1953), p. 1575 but with an error in one of the 
gamma function arguments. 
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TABLE I. Born differential cross-section coefficients. 


3s—4s 3s—4p 


3s—4f 


3p—4s 3p—4p 








1145.769 79.76968 11915.48 
0 1 , 0 
1 —32.00000 0 
— 10.43961 337.0689 
43.20486 — 1357.526 
—90.50426 2620.195 
102.2245 — 2615.258 
—62.45405 1333.355 
20.57359 — 313.4915 
— 3.430352 26.91778 
0.2267364 


0.9540292 





1 
— 2.653465 
2.176061 
—0.5517106 
0.04323106 


5.307429 1315.765 101.7519 1688.500 
1 0 1 0 
— 18.00000 1 

141.2041 — 3.532468 
— 469.4694 8.880756 

703.0000 — 7.310508 
— 443.1429 1.944510 

105.0000 


— 60.00000 

1065.626 

— 5098.330 
10766.79 
— 11405.95 

6067.905 

— 1464.781 

127.8639 


1 
—10.57369 
45.23079 
—86.31133 
79.14854 
—33.85977 
5.683966 





3d—4s 3d—4p 3d—4d 


3d—4f 


3s—5p 3p—Sd 3d—5f 





25.72690 1.808923 

0 1 

1 —74.00000 
— 28.71429 1746.918 
245.5561 —7914.041 

— 573.0816 15109.86 
489.1531 —10615.71 

— 138.0000 2625.000 

12.25000 


800.0606 
0 


1 
— 5.435216 
13.70764 
— 16.06645 
11.63123 


167.4545 
1 


— 4.000000 
11.71428 
— 6.285714 
22.71428 


3.978130(—4)* 
3.422500(4) 
1.232100(5) 

— 6.064041 (6) 
1.880636 (6) 
2.942334(8) 

—1.185096(9) 
1.928470(9) 

—1.554436(9) 
6.332861 (8) 

—1.195776(8) 
8.294400(6) 


1.278685 (—2) 
1.225000 (3) 
1.421000(4) 
—9.575500(4) 
— 5.446600(S) 
6.871835 (6) 
— 1.979887 (7) 
2.307918 (7) 
— 1,126020(7) 
2.058000 (6) 


4.795067 (—3) 
3.675000 (3) 
7.203000 (4) 
2.290050(5) 
— 1.289820(6) 
3.351285 (6) 
— 2.962050(6) 
4.090275 (6) 





* The numbers in parenthesis indicate the powers of ten by which the tabular numbers are to be multiplied, e.g., 3.978130( —4) =3.978130 K1074, 


can be integrated analytically": 


72 
r= f v(it+y7’)-dy, 


v1 


i(r—1) 1Tr—1 
Ir21-| 3 ayn ’) 


*=0 v 
x {2(g—-1-3[r—1]+») 


ve (12) 
XK (1 +77) le) mes] 


7v1 


1 ¢-1 1 
|  H 
2 »=1 (q—v)(1+y*)*” 


1 7 72 
+- inf )I ? 
2 1+77 J, 


The total cross section can then be written in the form 


Tnl,n'l (k) = Baw (kao)? (a_ g+al 
+asl b+ -+++aiglg'*)rac?, (13) 


where g=2(n-+mn’). 
RESULTS 


All twelve transitions between the n=3 and n=4 
states, and tlfe three strong optically allowed transitions 
between the n=3 and nm=5 states were considered. 

The calculations were performed on ten figure desk 
calculators. The constants in the differential and total 


W. Grobner and N. Hofreiter, Imtegraltafel Erster Teil 
Unbestimmie Integral (Wien, Springer-Verlag Vienna, 1950). 


cross sections are given in Table I, and the final cross 
sections are given in Table II. Note that the calculations 
were extended to low energies, where the Born approxi- 
mation is certainly invalid, in connection with the 
development of simple approximate cross sections.” 
Each number in the tables is: believed to be accurate 
to an error of at most one in the last figure. 

The cross sections are presented graphically in Figs. 
1 to 4. 


DISCUSSION 


The cross sections are much larger than for com- 
parable transitions from the ground state; this is true 
at energies where the Born approximation is certainly 
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Fic. 1. Born (solid lines) and Bethe (broken lines) total cross 
sections for electron scattering by hydrogen atoms. A, 3s—4p; 
B, 3p—4d; C, 3d—4f. 


2S. N. Milford, Astrophys. J. 131, 407 (1960). 
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TABLE II. Born total cross sections (units of ra,?). 


2.704 
0.1 
89.6 
116 
183 
118 
10.9 
107 
226 
226 
2.21 
10.7 
90.9 


575 


0.8384 


0.23 
96 
34 
191 
301 
24.8 
122 
83.0 
369 
4.17 
26.9 
132 
378 


0.7809 0.9675 


0.2- 
116 


3.256 13.89 59.38 120.8 1361 


0.09 0.0417392 
78.0 21.5 
119 77.5 
159 43.84 
98.8 23.32 
10.2 §.312 
93.0 25.43 
221 119.0 
193 50.16 
1.91 0.5119 
9.19 3.094 
78.1 20.58 
540 243.7 


Electron volts 0.7391 


0.27 
64 
3(1) 
1.2(2) 
2.7 (2) 
24.6 


0.25 
80 

3(1) 

1.6(2) 

2.9(2) 
25.4 


0.02 
5.191 
31.02 
10.61 
5.456 
2.079 
6.145 
44.50 
11.99 
0.1235 
1.005 
4.936 
84.77 


0.014 
2.564 
18.41 
5.239 
2.681 
1.230 
3.035 
25.91 
5.910 
0.06099 
0.5647 
2.434 


48.35 


0.00416717 
0.2288 
2.598 
0.4674 
0.2381 
0.1732 
0.2707 
3.532 
0.5265 
0.005440 
0.07193 
0.2169 
6.321 


‘1 
3s—A4s 
3s—4p 
3s—4d 
3s—4f 
3p—4s 
3p—4p 
3p—4d 
3p—4/ 
3d—4s 
3d—4p 
3d —4d 
3d—4 

Electron volts 1.243 4.697 
0.12 
19.2 
33.6 
60.7 


9675 
0.0025 
0.08163 


0.1007 
0.1259 


valid. This agrees with the trend suggested by the 
results for transitions from the n= 2 level. 

By examining the numerical values in Table II, it is 
seen that (see optical transitions) the cross sections 
are larger for transitions (a) which are optically allowed 
and (b) in which » and / change in the same sense. 

For optically allowed transitions, the Bethe (dipole) 
approximations to the Born formulas are obtained by 
taking the p=1 terms only, and setting j:(yx) ~yx/3 
in the Born formulas (5), (8), (11): 


Ri nt.niv (kK) 


= (x, »)f Riilr)R* av (r)rdr 


=(K 3)J 


ni,n'l’s (14) 


a? at.mv (Rk) = (8/3) | C(AM’ 000) |? | J nt.nev/ao!? 


X (Rao)? In(k./«i)wac?, (15) 








| ion 1 
2 3.6485 
ELECTRON VOLT 








Fic. 2. Born total cross sections for electron scattering by 
hydrogen atoms. A, 3s—4s; B, 3s—4d; C, 3p—4p; D, 3p—4/; 


§ 
“9 


"9H. A. Bethe and E. E. Salpeter, Quantum Mechanics of One- 
and Two-Electron Atoms (Springer-Verlag, Berlin, 1957), p. 267. 
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Fic. 3. Born total cross sections for electron scattering by 
hydrogen atoms. A, 3s—4f (actual values equal 30X plotted 
values); B, 3p—4s; C, 3d—4s; D, 3d—4p. 


where the upper limit x2 has been replaced by the 
cutoff «x, in the usual way." 

The squares of the radial integrals, |J/ao|? are 
tabulated by Green ef al.'® for n,n’=1 to 20. The 
cutoff x.a@9 for each transition was determined by setting 
the Bethe cross section [Eq. (15) ] equal to the Born 
cross section at the highest energy calculated; x,do is 
given in Table III. These values of x.ao were then used 
in Eq. (15) to compute the Bethe cross sections which 
are shown in Figs. 1 and 4. The energies E(1%) and 
E(10%) at which the Bethe and Born cross sections 
differ by 1%, 10%, respectively, were éstimated and 
are listed in Table III. 


4D. R. Bates, A. Fundaminsky, J. W. Leech, and H. S. W. 
Massey, Trans. Roy. Soc. (London) A243, 93 (1950). 

%L. C. Green, P. P. Rush, and C. D. Chandler, Suppl. 
Astrophys. J. 3, 37-50 (1957). 
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Fic. 4. Born (solid lines) and Bethe (broken lines) total cross 
sections for electron scattering by hydrogen atoms. A, 3s—5p; 


B, 3p—Sd; C, 3d—5f. 


It is of interest to note that the Bethe formula gives 
a good fit to the Born approximation down to relatively 
low energies, which suggests that it is a satisfactory and 
much simpler substitute, provided that the energy is 
not too low. However, this requires a knowledge of x, 
which can be determined accurately only by evaluating 
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TABLE ITI. Values of x-@o and estimates of the percentage deviation 
of the Bethe approximation from the Born approximation. 


Keto E(1%)(ev) E(10%)(ev) 
0.06314 30 8. 
0.07819 20 . 
0.10593 7 . 
0.09478 14 
0.12918 12 
0.21450 10 


3s—4p 
3p—4d 
3d—4/ 
3s—5p 
3p—Sd 
3d—5f 


the Born cross section at one high energy. For more 
approximate work, a very simple method of evaluating 
x. has recently been found.” 

As stated above, the question of the range of validity 
of the first Born approximation for these transitions is 
the subject of current investigations. 
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Born Cross Sections for Inelastic Scattering of Electrons by Hydrogen Atoms. 
II. 4s, 4p, 4d, 4f States*t 


LEONARD FisHER, S. N. MILForD, AND FRANK R. PoMILLA 
St. John’s University, Jamaica, New York 
(Received January 20, 1960) 


The Born total cross sections are calculated for the inelastic scattering of electrons by hydrogen atoms 
for the strong optically allowed transitions from »=4 to n’=5. The nine incident energies considered range 
from 9.546 ev to 1361 ev. In addition, the 4s to 6p and 4/ to 6g transitions are considered. Bethe (multipole) 
cross sections are also calculated and found to reproduce the Born results down to low energies. 


INTRODUCTION 
HIS paper extends the recent calculations! of the 
Born cross sections for inelastic scattering of 
electrons by hydrogen atoms to the 4s, 4p, 4d, and 4f 
states. The four optically allowed transitions from n= 4 
to n’=5 are considered as well as the transitions 4s to 


6p and 4f to 6g. 
FORMULATION 


In Paper I it was shown that the Born differential 
cross section for the transition from (nl) to (n’'l’) is 


*This work was supported in part by the Office of Naval 
Research and in part by the Air Force Office of Scientific Research. 

+ Based in part upon a thesis to be submitted by Leonard Fisher 
to the Graduate School of St. John’s University in partial ful- 
fillment of the requirements for the degree of Master of Science. 

1G. McCoyd, S. N. Milford, and J. Wahl, preceding paper 
[ Phys. Rev. 119, 149 (1960) ], hereafter referred to as Paper I. 


given by 
Tv 
Cat.n't (Y¥) = Bat, e—__—_ 


R?( 1 +--y?)2(ntn’) 


K (airy +arytasy?+---+ary'), (1) 


where ‘= 23 for n=4, n’=5 and t=27 for n=4, n’=6; 
B and a; are constants determined by the particular 
transition. 

The total cross section has been averaged over m 
and summed over m’; y=xaonn’/(n+n’), where hk is 
the initial momentum, and vix the change of momentum 
of the scattered electron; ad» is the Bohr radius. The 
total cross section is 


Ont.n(kR) = Butnwv{ rag (kao)? | 


X (al +a t+asl F+---+aTQ'), (2) 





4s-Sp 


4.206584962 (—11) 


4.599352052 (12) 
—2.869995680(14) 
6.122854744(15) 
—5.471266734(16) 
2.549573425 (17) 
—6.866321694(17) 
1.119365884(18) 
—1.123839178(18) 
6.950166537 (17) 


FISHE 


4p-5d 


R 


MILFORD, 


AND 


TABLE I. Born cross-section coefficients.* 


4d-Sf 


POMIL 


4f-5S¢ 


4s-6p 





8.344822500(7) 
—3.705101190(9) 
6.838687 156(10) 
—5.777012524(11) 
2.555106418 (12) 
—6.279591959 (12) 
8.859532206(12) 


—7.191961789 (12) 


3.247123992 (12) 


2.596063863 ( —6) 


1.846089858 ( —6) 
1.714608000 (8) 
—4.526565120(9) 
5.102020224(10) 
—2.704058381 (11) 
7.889743008 (11) 
—1.351071187 (12) 
1.403990703 (12) 
—7.944350400(11) 
1.908358704(11) 


1.770475788( —4) 
2.702700000 (6) 
— 2.270268000 (7) 
1.005867720(8) 
—1.514541600(8) 
2.382237000(8) 
—8.694972000(7) 
. (8) 


1.809481993( —9) 
1.758673822 (10) 
—2.110408587 (10) 
—8.581928897 (12) 
4.759146813(13) 
9.532171516(14) 
—1,027551108 (16) 
4.260995 116(16) 
—9.515174093 (16) 
1.259857195(17) 


4 f-6g 


1.727259709( —6) 
2.432430000(7) 
7.005398400(8) 
2.453557392(9) 
—3.924876384(10) 
1.599308053(11) 
—2.426301821 (11) 
2.995101252(11) 
—2.820506832(11) 
3.139106513(11) 


—2.592376934(17) 
§.525101224(16) 
—6.000058597 (15) 
2.541865827 (14) 


—7.434593870(11) 
' 6,835659862 (10) 


—1.023911690(17) 
5.141188286(16) 
—1.565378239 (16) 
2.741951092 (15) 
— 2.467446680 (14) 
8.720947266 (12) 





* The numbers in parentheses represent powers of 10. 


TABLE IT. Born total cross sections (in units of way’). 


4p-Sd 


4d-Sf 4f-Se 





0.1500 
0.1250 
0.2000 
0.0900 
0.0750 
0.1250 
0.1000 
0.0500 
0.0500 
0.0222... 
0.0200 
0.0025 
0.0025 


4(2) 
544.6 


707.3 
721.8 


’ 602.7 
9.69 
17.37 
21.4 

1360.65 

3779.40 


250.8 
217.6 


* The numbers in parentheses represent powers of 10. 
> The 7: values are exact. The relation between y: and E is 


where g=2(n-+ mn’), and 


, 

n'—n 
Hh ———. 

n'+n 


id 
——dy, 
(1+~7)¢ 


RESULTS 


The total cross sections for the four optically allowed 
transitions between n=4 and n’=5 were calculated 
for electrons with nine different incident energies in 
the range 0.546 ev (threshold energy is 0.306 ev) to 
1361 ev. For the 4s to 6p and 4f/ to 6g transitions 
calculations of the total cross sections were made for 
five different energies in the range 0.850 ev (threshold 
energy is 0.472 ev) to 3800 ev. 

The constants which appear in the differential and 


total cross sections are given in Table I, and they : 


should be accurate to the number of figures given in 
the table. 

Because of the heavy cancellation in the 7,” and in 
Eq. (2), the final cross sections in Table IT are accurate 
only to several figures (the calculations were begun 
with ten significant figures). In view of the nature of 
the Born approximation, this is more than adequate. 

If the J," for r>3 are evaluated by Beta functions, 


921 
1188 


2938 
3296 


1400 
1362 


3245 
2945 


1053 2053 


405.8 
350.0 


714.3 
611.2 
19.54 


1\2 
=) (yi +72)". 


1 
(-+ 
nn 


agreement to two figures can be obtained with the 
results in Table II down to E=3.56 ev in the 4-5 
transitions and down to E=9.69 the 4-6 
transitions. 

The graphs of the total cross sections appear in 
Figs. 1 and 2. 


ev in 


DISCUSSION 
Previous work! on the n=2 to n’=3 and n=3 to 


n’=4 transitions indicated that the largest cross sec- 


TABLE III. Approximate energies (ev) at which the Bethe and 
Born cross sections differ by 1% and 10%. Momentum cutoff 





0.03704 
0.04318 
0.05084 
0.06684 
0.05764 
0.15516 


4p-Sd 
4d-5Sf 
4 f-5g 
4s—6p 
4 f-6g 


* ao is the Bohr radius. 


2H. S. W. Massey and E. H. S. Burhop, Electronic and Ionic 
Impact Phenomena (Oxford University Press, New York, 1952), 
pp. 170-171. 
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Fic. 1. Born (solid curves) and 
Bethe (broken curves) total cross 
sections for the 4-5 transitions of 
H atoms. (A) 4s—5p. (B) 4p-5d. 
(C) 4d-5/f. (D) 4f-5Sg. 








i rt i 4. 





tions would be for optically allowed transitions in 
which m and / change in the same sense; these are the 
ones calculated for the n=4, n’=5 case. For the n=4, 
n’=6 case, only 4s to 6p and 4f to 6g were calculated 
with the hope that 4p to 6d and 4d to 6f could be 
obtained by interpolation. 

The Bethe (dipole) approximation for allowed tran- 
sitions is given in Paper I: 


9 
Tay” 


|C(111’ ; 000) |2 


9 


Ke 8 
oP natn (R) -f a(x)dk=- 


«1 3 ao 


|\Jntynv’ $ Ke 
x| n=), 
| a Kl 


where C(1//'000) is the Clebsch-Gordan coefficient*® and 
the squares of the radial integrals, |Jni,nv/ao|?, can 
be found in the tables of Green eé al.4 x, is the usual 
cutoff replacing the upper limit «2. The cutoff «, for 
each transition was determined by setting the Bethe 
cross section [Eq. (4) ] equal to the Born cross section 
at the highest energy calculated; «-@ is given in Table 
III. These values of x, were then used in Eq. (4) to 
compute the Bethe cross sections which are shown in 
Figs. 1 and 2. The energies E(1%) and E(10%) at 


3M. E. Rose, Elementary Theory of Angular Momentum (John 
Wiley & Sons, Inc., New York, 1957). 

4L. C. Green, P. P. Rush, and C. D. Chandler, Suppl. Astro- 
phys. J. 3, 37 (1957). 
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Fic. 2. Born (solid curves) and Bethe (broken curves) total 
cross sections for the 4-6 transitions of H atoms. (A) 4s—6p. 
(B) 4f-6g. 


which the Bethe and Born cross sections differ by 1% 
and 10%, respectively, were estimated and are listed 


in Table III. 
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Q Correction in the Spectra of the Iron Group 


Grutio RACAH AND YEHUDA SHADMI 
The Hebrew University, Jerusalem, Israel 


(Received January 29, 1960) 


A semiempirical correction term, proportional to the ‘‘seniority operator’ Q, is introduced into the Slater 
formulas for the configurations 3d"4s* of the second spectra of V, Cr, and Fe. The agreement with the 
experimental data, obtained by least squares, is improved by about 20%. The physical meaning of this 


correction is discussed. 


hy was pointed out by Trees! that the agreement be- 
tween the theoretical formulas of the Slater ap- 
proximation and the experimental data in the d's 
configurations of Mn 1 and Fe m1 is greatly improved 
by the addition of a correction term of the form 
aLl(L+1), and it was later verified that this correction 
is also very important in many other spectra of the iron 
group. 

This effect was explained by Racah?* by the assump- 
tion that the deviation from the theoretical formulas in 
the n-electron configurations are the sum of the devia- 
tions of the interaction of each couple from the corre- 
sponding formulas. Such an assumption seems strange 
at first sight, but it was already shown by Bacher and 
Goudsmit* that additivity is to a good approximation a 
general property of most configuration interactions. 

As the configuration d? contains five terms, which are 
expressed by three Slater parameters, one can introduce 
two correction terms ag;(L) and 8¢o(L), where g; and 
¢2 are arbitrary functions of L, in order to represent 
exactly the terms of d*. Without any loss of generality, 
we may represent the deviations from Slater’s formulas 
in d* by 

bW (d?) = 2a(1,-1.)+ Bqie, 


‘ 


where gy. is the “seniority operator” of two particles. 
The additivity assumption now gives: 


6W (d")= > [2a (1;-1k)+8q ix] al L(L+1 \—6n ]+80, 
i<k 


where () is the total “seniority operator.’”® 

The first term on the right side is, apart of an additive 
constant, the L(1+1) correction of Trees. The second 
term, 8Q (which we call the “Q correction’) was 
generally neglected because ( is considerably different 
from zero only for the higher terms of every configura- 
tion and was expected to vanish or to have very small 
expectation values for almost all the terms which are 
experimentally known. 

The authors of the present paper have recently com- 
pleted a systematic treatment of the low even con- 


1R. E. Trees, Phys. Rev. 83, 756 (1951); 84, 1089 (1951). 

2G. Racah, Phys. Rev. 85, 381 (1952) 

3G. Racah, Rydberg Centennial ( 
Arsskr. 50, 31-42 (1955)]. 

4R. F. Bacher and S. A. Goudsmit, Phys. Rev 

5G. Racah, Phys. Rev. 63, 367 (1943) 


nference | Lunds Univ 


16, 948 (1934) 


figurations of all the second spectra of the iron group.® 
In this treatment the interaction between the three 
neighboring configurations 3d", 3d"~'4s, 3d"-*4s?, the 
spin-orbit interaction and the L(Z+1) correction were 
taken into account, as well as the possibility of using 
different interaction parameters for each of the three 
configurations. In the last stage of this work it was found 
possible to fit all the interaction parameters into simple 
interpolation formulas. In this way 650 levels of 11 
different spectra (405 of them experimentally known) 
were calculated with the use of 25 interpolative inter- 
action parameters only. The final mean error was 229 
cm, while the maximum breadth of the configurations 
treated exceeds 100000 cm™. In this way it was pos- 
sible to get very reliable answers regarding the im- 
portance of the various improvements, and the con- 
clusions are very definite. All the three improvements of 
the electrostatic approximation are very important in 
the second spectra of the iron group. Similar treatments 
of the first and third spectra (which are almost com- 
pleted by now) lead to similar conclusions. 

After finishing this work® it seemed worthwhile, for 
the sake of completeness, to try also the Q correction. In 


TABLE I. Parameters of V 1—(3d+4s)*.%> 


L. S. Ia L 


13 511+160 
4805+ 185 
28 3634478 
648+6 
739+6 
830* 
2152+26 
2625+31 
3098* 
1600+31 
130+7 
5243 


Diag. S. Ila 


13 484 13 5834125 
4802+ 146 
28 2364373 
652+5 
75145 
850* 
2220+ 23 
2696423 
3172* 
1577425 
136+6 
43+3 
—334+53 
118+40 
206+43 
294* 


TSAAAABWBBnne 


- 


125+51 
228455 
331* 


+240 


+186 


* Primes and double primes refer to the configurations d*“s and d"~*s? 
respectively. 

6 Parameter values indicated by an asterisk were not free to change 
arbitrarily in the least-squares calculations but were forced to remain in 
linear progression with the corresponding ones of the other configurations 


6G. Racah and Y. Shadmi, Bull. Research Council Israel 8F, 1 
(1959). 
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Q CORRECTION 


fact in the iron group many of the higher levels are also 
known. Furthermore, an examination of the eigen- 
vectors of the calculated levels showed that even in 
some of the lower levels the expectation value of Q was 
not negligible at all, and therefore these levels could also 
be influenced quite considerably by the Q correction. 
In order to be sure of the physical meaning of our 
results, we tried the Q correction in the spectra of V 1, 
Cr u, and Fe u, which have the greatest number of 
experimentally known levels. For these spectra we com- 
pared least-squares calculations without Q correction 
(“L.S. 1’) with least-squares calculations where the new 
parameter was allowed to change freely (“L.S. ID’). 
The least-squares calculation referred as “L. S. Ia” is 
identical with the final least-squares calculation of the 
previous paper.® All the least-squares calculations are 


TABLE II. Terms of V 11 considerably changed by the Q correction. 


Term J 


Lam 


ds “ag 0 61 432 
0 76 415 


L. S. IIa 


60 468 
75 435 


Conf. 


TABLE III. Parameters of Cr u—(3d+4s)*.* 





L. S. Ila L. S. IIb 


24 179+240 

10 801 +282 

42 1384371 
698 +6 


Diag. L. S. Ia L. S. Ib 
244703281 
10 486 +331 
41 5814429 
701 +7 


24 479 
11 009 
41510 

700 


24 450 +266 

10 612+316 

41 8234413 
701 +6 


24 2014241 

10 8164282 

42 1714372 
698 +6 


iN SPECTRA OF 


805 
910 
2514 
2932 
3350 
1605 
111 


805 +6 

909* 
2490 +26 
2968 +22 
3446* 
1588 +26 

113+8 


798 +6 

895* 
2490 +27 
2970423 
3450* 
1593 +28 

11138 


800 +5 

902* 
2580 +27 
3024421 


Fe GROUP 


TaBLeE IV. Terms of Cr 11 considerably changed by 
the Q correction. 


Term J 


L. S. Ib 


7, 59 819 
5/ 59 847 


67 828 
67 833 


96 082 


102 985 
103 126 


103 474 
103 603 


which their calculated values changed because of the Q 
correction by more than 400 cm™ are given in Table IT. 

The symbols for the parameters are the usual ones; 
primes and double primes refer to the configurations 
d™"'s and d*~*s, respectively. Parameter values indi- 
cated by an asterisk were not free to change arbitrarily 
in the least-squares calculations but were forced to re- 
main in linear progression with the corresponding ones 
of the other configurations. For detailed definitions, see 
the previous work.® 


Cr u— (3d +4s)5 


In these configurations 48 terms are predicted, 
splitting into 119 levels. 91 levels belonging to 36 terms 
are reported in reference 7. The terms c*P and 8’P are 
not complete. 

In the previous work some configuration assignments 
were changed. The terms eG and e*D differed by more 
than 13000 cm™ from their predicted positions, and 


59 $8243 
214285 
212+42 
210* 

+277 


* See footnotes to Table I. 


based on the linear equations obtained by the “general 
diagonalization” of the previous work.® 


V 1— (3d +4s)* 


The predicted terms of these configurations are 37. 
They split into 81 levels. In the compilation by Moore,’ 
30 terms, which split into 70 levels, are reported. In the 
previous paper some changes in assignment were per- 
formed. All these changes are adopted in the present 
work. 

In L. S. I we got a mean error of 240 cm—. In L. S. II, 
the insertion of the Q correction reduced the mean error 
to 186 cm“, 

The values of the parameters in the various steps of 
the calculation are given in Table I. Those energy levels 

7 Atomic Energy Levels, edited by C. E. Moore, National Bureau 


of Standards Circular No. 467 (U. S. Government Printing Office, 
Washington, D. C., 1949), Vol. 1; ibid, 1952, Vol. 2. 


TABLE V. Calculated values of d‘s ¢F in Cr m1. 





Observed 


L. S. Ia 


55 242 
55 250 
55 250 
55 235 


L. S. Ib 


L.S. Ila L.S. IIb 








TABLE V 


13 741 
12 082 
45 669 
818 
923 
1028 


13 7564143 
11 92024197 
45 558 +587 
81039 
918245 
1026* 
3244443 
3525 +23 
3806* 
15772426 
43 +34 
7424 
368 +75 
418+55 
468* 


+302 


Parameters of Fe 


13 7614130 

12 069+178 

46 021 +538 
811+8 
92545 
1039* 
3231241 


370 +68 
415 +49 
460* 








* See footnotes to Table I. 


55 081 
55 090 
55 091 
55 078 


54 811 
54 819 
54 821 
54 812 


54 713 
54 721 
54 724 
54 716 





ri— (3d+4s)7.* 





L. S. Ia 


13 785 +128 
12 049+179 
45 762+519 
815+9 
926+5 
1037* 
3326 +40 
3569 +23 
3812* 
1578+23 
53 +30 
68+4 
—268 +57 
378 +66 
434+48 
490* 


+266 


L. S. IIb 


13 7924125 
12 220+171 
46 2754510 
818+8 
93434 
1050* 
3317435 





G. RACAH 


TABLE VII. Terms of Fe 11 considerably changed by 
the Q correction. 


Term 


ds? ; 4p 


Conf. 


L. S. IIb 
56 451 
56 521 
56 588 


NN hd 


70 005 
70 618 


Nh 


71 780 
72 607 


NM 


72 947 
72 996 
73 061 
73 173 


NNR NW hb 


76 005 
76 235 


Nh 


76 956 


tm 


97 808 97 076 


125 068 
125 116 


Nh 


were not included in calculation. All these changes were 
adopted as a starting point of the present work. 

In L. S. Ia the mean error was 260 cm. The intro- 
duction of 8Q in L. S. Ila reduced the mean error to 
231 cm. In a detailed examination of the result of 
L. S. Ila it was found that the calculated values of d‘s 4F 
(the experimental values of which are not reported in 
reference 7) changed very considerably, so that we could 
fit to it the 2 discarded levels of the so called &G. The 
least-squares calculation was therefore repeated with 
the addition of these two levels. In L. S. Ib (without BQ) 
the mean error increased to 277 cm~. While in L. S. IIb 
(including the Q correction) the mean error remained 
231 cm-. So, the re-inclusion of the two discarded 
levels was justified. Thus L.S.Ib and IIb must be 
considered the final; and the Q correction reduced the 
mean error by 46 cm™. 


AND Y. 


SHADMI 


The values of the parameters in the various stages of 
the calculation are given in Table III. Those energy 
levels which their calculated levels changed because of 
the Q correction by more than 400 cm~ are given in 
Table IV. The values of the above-mentioned d‘s ¢F in 
all the stages are given in Table V. 


Fe 11— (3d+4s)’ 


In these configurations 48 terms are predicted, 
splitting into 119 levels. 84 levels belonging to 32 terms 
are reported in reference 7. 

In L.S.Ia we got a mean error of 302 cm. In 
L. S. Ila the mean error was 266 cm. 

The term d*s aS differed by more than 1000 cm” 
from its calculated value. In L.S. Ila the difference 
even increased. We repeated the calculations without 
this level. L. S. Ib gave a mean error of 271 cm while 
in L. S. IIb the mean error was 222 cm~. 

The values of the parameters in the various stages of 
the calculation are given in Table VI. Those energy 
levels which their calculated values changed by the 
influence of the Q correction by more than 400 cm~ are 
given in Table VII. 


CONCLUSION 


The Q correction reduces the mean error by about 
20%. This is not a change of the order of magnitude, 
but nevertheless not a negligible one, if we consider that 
we are dealing with spectra with a very large number of 
experimentally known levels. 

The meaningfulness of this correction is also con- 
firmed by the consistency of the results in the three 
different spectra. Not only the values of 8 are practically 
equal in the three spectra, but also the effect of the 
correction on the other parameters is the same: the C’s 
increase, a decreases, and the other parameters do not 
change. 
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The box variational principle for scattering phase shifts is extended to one channel collisions of arbitrary 
angular momentum without exchange, and also to systems with many degrees of freedom, when the energies 
are nonrelativistic and insufficient to produce inelastic collisions. Under reasonable assumptions of continuity 
it is proved that the commonly used one state and many state approximations always reduce the scattering 
phase shift from its correct value, so long as no further approximations have to be made, and thus provide 
lower bounds to the exact scattering phase shift. The distorted wave approximation is an example. The 
inclusion of more states into a many state approximation never makes the estimated phase any worse, and 
generally improves it. Mutual distortion of colliding systems never reduces the phase shift and generally 
increases it, thus producing an effective attraction between the systems. 


I. INTRODUCTION 


N' YNRELATIVISTIC two-body collisions between 
quantal systems are of great importance in the 
physics of atoms and nuclei. The partial wave theory of 
Rayleigh, Faxén, and Holtsmark has been widely ap- 
plied and extended in these fields.'~* In this theory the 
collision cross sections are completely determined by a 
set of scattering phase shifts 6 or S matrices which are 
obtained from the asymptotic form of the time-inde- 
pendent wave functions of the whole system. 

For many elastic collisions there is a range of energies 
and a representation for which the wave functions in the 
asymptotic region, where the colliding systems are far 
apart, have a particularly simple form. Such a wave 
function can be factored into two functions, one repre- 
senting the internal motion of the colliding systems in 
their ground states, and the other representing their 
relative motion. These one channel collisions may be 
analyzed in terms of phase shifts without recourse to 
S matrices. In this paper we shall consider only one 
channel collisions in which the forces between the 
colliding systems are of short range, and in which there 
is no exchange of particles. 

The scattering phases may be obtained from a solu- 
tion of the Schrédinger equation, but in nearly all 
collisions of this type such a solution is too difficult 
to obtain by direct analytic or numerical methods, and 
approximations must be made. It has been difficult to 
estimate the effect of these approximations on the phase 
shift and it has often been necessary to rely on rough 
physical evidence to make this estimation. 

It would be very desirable to obtain bounds to phase 
shifts. Such bounds have been obtained and used for 
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scattering phase shifts of spherically symmetric systems 
with no internal degrees of freedom,*~* but the bounds 
are then of. limited value because the Schrédinger 
equation may be integrated without difficulty by numeri- 
cal methods. Useful bounds for more complex systems 
have recently been obtained in the zero-energy limit,’ 
and extended to higher energies under certain limiting 
conditions. 

The box variational method proposed by Risberg® has 
been shown by Percival® to provide a lower bound to 
the exact scattering phase when the trial functions are 
chosen from the same finite linear function space at all 
energies; that is, when the Rayleigh-Ritz method is 
used within the box. In this paper we extend the box 
variational principle to systems with internal degrees of 
freedom and we are able to show that some widely used 
approximations also set lower bounds to exact scattering 
phases. These approximations may be generally de- 
scribed as one state and many state approximations, 
and include the distorted wave approximation when 
there is no exchange. 

The one state approximation is obtained by neglecting 
all temporary excitation of the colliding systems, so that 
they are supposed to remain in their ground states dur- 
ing the collision. In other words the colliding systems 
are supposed to remain undistorted, although of course 
the waves which represent the relative motion of the 
systems are distorted by their interaction. Thus the 
phase inequality for the one state approximation shows 
that mutual distortion always increases the scattering 
phase shift. This may be interpreted as an effective 
attraction. 

We now briefly sketch the proof of the phase 
inequality. 

It is well known® that each of the first V eigenvalues 
of a Hermitian matrix (starting from the least) is 
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smaller than the corresponding eigenvalue of a reduced 
Hermitian matrix obtained by projecting the original 
matrix onto a linear subspace. This theorem has been 
extended by Hylleraas and Undheim® to Hamiltonian 
operators in quantum mechanics. These are reduced to 
Hermitian matrices of finite order by the Rayleigh-Ritz 
method. It is not difficult to extend the theorem to the 
case in which they are reduced to Hermitian operators. 
This may be considered as an extended Rayleigh-Ritz 
method. 

In deriving the box variational principle for scattering 
phases the whole system which takes part in the collision 
is placed in a box with impenetrable walls. The energy 
spectrum of this bound system is related to a set of 
scattering phase shifts. It may be proved using the 
theorem of Hylieraas and Undheim that the approxi- 
mate phases obtained by using the Rayleigh-Ritz 
method within the box are always less than the exact 
phases for the same energy. 

The one state and many state approximations to the 
wave functions for the colliding systems may be obtained 
by an extended Rayleigh-Ritz method applied to the wave 
function within a box. The phase inequality characteris- 
tic of the box variational principle is therefore valid for 
these approximations. 


‘Il. RAYLEIGH-RITZ APPROXIMATIONS TO 
DISCRETE SPECTRA 


Let H,, be an MXM Hermitian matrix with a 
complete set of M orthonormal eigenvectors £,* and 
eigenvalues /* ordered so that 

PSE <--> SE, (1) 
Let 7,” be a set of .V orthonormal vectors with V< M. 
Then a new matrix may be formed with elements 


M 


L tH" 


Pe ed | 


H..,'= (m,n=1,2,---N), (2) 


, 


and eigenvalues /’* ordered in the same way. The re- 
duced matrix H,,,’ may be considered as a projection of 
H,, onto the subspace U0’ of the space U, where the 
§,* are a set of unit vectors which span VU, and the n,” 
span the space U’. It is well known® that the eigenvalues 
E* and E” obey the inequalities 


EX<E™ (A=1,---,N). (3) 


In words: If a Hermitian operator in a finite linear 
vector space VU of dimension M is projected onto a linear 
subspace 0’ of dimension .V the values of its first V 
eigenvalues are all increased. 

This theorem is also valid when V or both V and U’ 
are Hilbert spaces and H is a Hermitian operator with 
a discrete spectrum and a smallest eigenvalue. We prove 
it when H/ is a Hamiltonian operator in nonrelativistic 
quantum mechanics. 


9. A. Hylleraas and B. Undheim, Z. Physik 65, 759 (1930). 


PERCIVAL 


Let U bea Hilbert space and VU’ a linear space of finite 
dimension. Let U be the space of state vectors of a 
quantal system confined ina box. In position representa- 
tion the space U’ could be spanned by a finite set of V 
orthonormal functions 


Gul(X) (m=1,2,---, N), (4) 


where X represenis all the coordinates of the system 
and the ¢»(X) satisfy the condition that they should be 
zero at the walls of the box. Let H(X) be the Hamil- 
tonian operator and £* its eigenvalues ordered as 
above. Then the reduced Hamiltonian matrix is 


Hag! = f dX om*(X)H(X)¢,(X) 
(m,n=1,2,--- 


which is simply a Rayleigh-Ritz approximation. 
Suppose that ¢,,(X) is made into a complete set 
spanning the space VU by including the infinite sequence 
of functions 
Om(X) (m=N+1, V4+2, V+3, ---). (6) 


Then if V<M and 


| M) — fox Om" ( X)H(X) ¢n( at 


--M), (7) 


(m,n=1,2,-- 


H,,, ey N) 


is a reduction of the matrix H,,,,’“", and 


E!OOXS EV (1S <M). 


But since the set (4,6) of ¢,,(X) is complete 


lim E’OO*}= RF), 
Mo 
Therefore 
E*< EM (10) 
This was proved by Hylleraas and Undheim.’ 

When both U and VU’ are Hilbert spaces the projection 
of the Hamiltonian H onto VU’ is an extension of the 
Rayleigh-Ritz approximation to the case in which the 
trial functions in the variational formulation form an 
infinite linear set. The proof of the inequality is the 
same up to Eq. (8) except that the infinite sequence 


Gal(X) (m=1, 2,3, ---) (11) 


is chosen to be a complete set for the reduced space VU’. 
Then E*< E’> is still valid for all V, since the func- 
tions ¢:(X)---¢y(X) are contained in the space V. Let 
E” be the eigenvalues of the reduced Hamiltonian 
formed by projecting H onto U0’. Then 


lim E’()A= Ff", 
N+ 


(12) 


Therefore 


P< E”, (13) 





EFFECT OF MUTUAL 

The extended Rayleigh-Ritz approximation may be 
used to reduce the dimension of a Schrédinger equation. 
Suppose that the Hamiltonian is H(X,Y) and the wave 
function for energy is Vy*(X,Y), where X and Y may 
each represent many variables. A reduced Hamiltonian 
may be obtained by projecting onto the Hilbert space 
defined by the functions 


rl 
dX ¢(X)Fy(Y), 


y°=0 


(14) 


for which ¢,° and F,,° obey the required boundary condi- 
tions, and g,°(X) are a fixed orthonormal set of func- 
tions. The reduced Schrédinger equation for the func- 
tions Fg,(Y) is of the form; 


Dd Ay," (VY) Fe (V)— EF 2,(¥)=0, 


(y, yoH9,1,---,T—1), (15) 


where the approximate energies £”* are determined by 
Eq. (15) and by the boundary conditions. The re- 
duced Hamiltonian is 


Hyy!(V)= fax oy*(X)H(X,Y)¢,0(X). (16) 


The reduced or approximate wave function Vz" (X,Y) 
may be found by substituting the Fg”,(Y) into Eq. (14). 

For this extension of the Rayleigh-Ritz approxima- 
tion the matrix equation becomes an operator equation, 
which may be a differential equation or an integral 
equation. 


III. COLLISION OF A PARTICLE WITH A 
HEAVY SYSTEM 


Consider firstly the collision of a particle of mass m 
and no internal degrees of freedom with a system of 
effectively infinite mass whose center of mass is at the 
origin of the coordinates. For instance the particle 
might be an electron and the system might be an atom; 
to be specific we shall use “electron” and ‘“‘atom”’ to 
denote the colliding systems. Spin and exchange will be 
neglected, and the atom supposed to have zero angular 
momentum. More complicated collisions will be con- 
sidered in Sec. VII. 

Let r be the distance of the electron from the origin 
and X represent all other coordinates, including the 
angular coordinates of the electron. Let ¥(X,r) be the 
wave function for the whole system of atom and 
electron. By the usual partial wave theory this may be 
chosen an eigenfunction of the angular momentum of 
the whole system, with orbital quantum number /. 
When the electron is far from the atom / defines the 
angular momentum of the electron. / also defines the 
scattering channel, and will be held constant through- 
out. We suppose the total energy / of the whole system 
is so low that the electron cannot leave the atom in any 
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other level than the ground level, which we suppose has 
no accidental degeneracies. 

Then Y= Wz has the asymptotic form 


W2(X,r) ~ V(X)F e(r) . (17) 


where ¥(X) represents the state of the atom and the 

angular momentum of the electron. It is a solution of 
the equations 

[ Hatom— Eo W(X) =0 

[22—1(1+-1) ly (X)=0, 

[L£.—m' y(X)=0 

where Hatom is the Hamiltonian of the atom, /o its 

energy, and m', £?, and £, have their usual meanings. 

The Hamiltonian of the whole system is 


H(X,r)= HatomtaV (Xr) — (?/2m)V/, 


(18) 


(19) 


where V(X,r) is a Hermitian operator, which in the 
case of electrons and atoms is a potential function, but 
may in other cases include an integral operator. a is a 
parameter which is unity for this Hamiltonian but will 
be allowed to vary between 0 and 1. If V(X,7) tends to 
zero sufficiently rapidly as r tends to infinity, then 


F(r) ~ A sin[kr—3lr+4(E) ], (20) 
rn 

where 6(£)=6 is a scattering phase shift and A is an 

arbitrary nonzero constant. k/2m is the wave number of 

the electron, so that 


h?k? = 2m(E— E)). (21) 


The partial cross section for elastic scattering of 
electrons with orbital angular momentum / is 


QO.= 49 (2/+1)k~> sin*s, (22) 


and the total cross section for elastic scattering is 


Q=>5, 01. 
IV. PHASE SHIFT AND ENERGY SPECTRUM 


Let Ro be a distance from the origin beyond which the 
wave function ¥(X) is negligible. The particles which 
constitute the atom have a negligible chance of being 
found at a distance greater than Ro. Let R,; be a distance 
beyond which F(r) attains its asymptotic form with 
negligible error for all & greater than some arbitrarily 
small positive Rmin. 

Let 8; be the whole system of atom and colliding 
electron which has states represented by Vz(X,r); let 
$2 be a system identical with the first except that it is 
placed within a large perfectly reflecting spherical box 
centered at the origin and of radius R, where 


R> Ro R>R,, 
R>—06/dk (all k?>0). 


(23) 
(24) 


The last inequality is discussed in reference 6. 
If 8; has bound states then it has a discrete spectrum, 





162 IAN C 
but when E> £y, #®>0 and the spectrum is continuous. 
The spectrum of 8» is entirely discrete, and where the 
energy levels of 8» lie in the continuous spectrum of §), 
the two systems may be represented within the box by 
the same wave function ¥(Y,r), apart from a possible 
constant factor. 

Let <<< be the successive energy levels 
E* of S: and k,/2m the corresponding electron wave 
numbers of §;. In the range of energies that interest us 
there can be no degeneracy in the spectrum of Se, since 
for the Ath energy level E* the wave function V,*(X,r) 
within the box can in principle be obtained directly by 
integrating the Schrédinger equation inwards from r= R 
where its form is specified by (17) and (20). 

It may easily be shown by perturbation theory that 
for the system $2, /* is a continuous function of a@ for 
fixed \. We shall also make the reasonable assumption 
that for k®>kmin?, 6 is a continuous function of E (or ) 
and a. This is not necessarily true for k?=0. 

The relation between the energies /* and the set of 
scattering phases follows from the boundary condition 
at the box. When the scattering system has energy £* 


sin{ k,R—3lr+6(E*) ]=0, 


k,R—4le+6(E*) =r, (25) 


where wu is an integer which is not yet uniquely defined. 
mu may be defined uniquely by invoking the continuity 
of 6 as a function of @ and of £. When a=0 there is no 
interaction and 6=0 without ambiguity for all ky, >kmin. 
For /=0, k,\R=)m and pw=X. In fact when 
k\R—}lr=mw and w= d for all real positive /. This 
follows from the asymptotic form of the Bessel functions 
and the continuity of &, as a function of / when R and 
\ are kept fixed. The value of uw at /=0 determines its 
value for all /. 

Now keeping & fixed, keeping / fixed at an integral 
value and varying a from 0 to 1, it follows from the 
continutiy of 6 as a function of a and F, and k, as a 
function of a, that w= for a=1 and 


a=0, 


6(E*) = (A+-3))r— ky R. (26) 


The phase shift 6(/*) may be obtained from the bound- 
ary condition at the wall of the box and the values of \ 
and of the wave number &,. No further knowledge of 
the function F,\(r) within the box is required. The 
spectrum of S2 provides a set of scattering phase shifts 
for corresponding energies of the system §). 


V. RAYLEIGH-RITZ METHOD AND PHASE 
INEQUALITIES 


The Rayleigh-Ritz method or extended Rayleigh-Ritz 
method may be used to obtain an approximate set of 
energy levels for the system S2 and hence an approxi- 
mate set of phase shifts for the system 8). Let £” with 
E"<E"°<-++ be the approximate set of energy levels, 
which is finite for the Rayleigh-Ritz method and 
infinite for the extended Rayleigh-Ritz method. Let 
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ky’ /2e be the approximate wave number which satisfies 
E?— Ey=h?ky?/2m. For ky” >Rmin? an approximation 
5’(E”) to the phase shift for the system §; is then 
obtainable from the equation 


5’ (E) = (A+- 4) e—hky’R. 
Using the results of Sec. I] 


ky’ > ky, (28) 


and so for the corresponding set of scattering phases 


5'(E) < 6(F). (29) 


This inequality relates the approximate phase shift for 
one energy to the exact phase shift for a different energy. 

The approximate and exact phase shifts for the same 
energy may be related by using the inequality (24). Let 
the “local phase” at R be 


C(£)=kR+6(4), 
and let 
(EB) =ky'R+86' (FE). 


Then by (24) o¢ dk>O0, so oc dk>0 and by 
inequality (28) 


¢(E) >¢(P). 32) 


But from Eqs. (26), (27), (30), and (31) relating the 
phase and energy for the Ath state: 


¢(E) =¢'(E)= (A+-4)). (3. 


Therefore ¢(E”)>¢'(E") and from the definitions 
¢ and ¢’ 
6( BE") > 8’ (bE (34) 

This proves the phase inequality for the box varia- 
tional method applied to systems with many degrees of 
freedom. 

The one state approximation is sometimes referred 
to as the one body approximation, but since the many 
state approximation is not a many body approximation 
in the established sense, we use the former expressions. 
The one state approximation is obtained by projecting 
the Hamiltonian onto the ground-state wave function 
y¥(X) of the atom, so that the reduced Schrédinger 
equation needs to be solved as a function of r alone. 
Including the angular momentum of the electron with 
the state of the atom, the wave function Vzg(X,r) may 
be expanded in terms of the wave functions y,(X) 
representing the states y° of the atom: 


We(XN)=T vy(X)Fey(r)/r, 


where 


Fenn f ax yne(X WW e(X,r). 36) 


The summation over y° includes only those states with 
the same angular momentum quantum number / as 


W2(X,r). If the atom has states in the continuum, L.e., 
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if it can be ionized, then the summation over y° must 
include an integration over this continuum. 

Substituting the expansion (35) into the Schrédinger 
equation for the whole system, multiplying by y,*(X) 
and integrating over the coordinates of the atom we 
obtain 


[axe QOLH-2IE vr OF ey v=0, (37) 
and 
D Ay»! (1)Fey°(1)— EF g,(1) 
; wpe Ul+t) 
- | Beit -|+2,-2} Pex) 
2mt dr r 


+> V,,(r)F 2y°(r)=0, (38) 


by using the form (19) of the Hamiltonian H. F, is the 
energy of the state y of the atom, and the operator 


Vy =a fax vrcov creo fr (39) 


The solution of the complete coupled Eqs. (38) is 
equivalent to an exact solution of the Schrédinger 
equation. Let y=0 represent the ground state. For 
energies below excitation threshold the asymptotic 
forms of all Fxz,(r) except Feo(r)=Fe(r) decrease to 
zero aS r— @. 

To obtain the one state, one body or distorted wave 
approximation with neglect of coupling, put 


y+0, 


which reduces the infinite set of coupled equations to 
one single equation for F'g(r). 

To obtain the many state or distorted wave approxi- 
mation with strong coupling, put 


Fx,(r)=0, (40) 


Fe,(r)=0 y>P 


lim Fe,(r)=0 O<y<I" 


which reduces the infinite set of coupled equations to a 
set of I’ coupled equations with only one solution 
satisfying the boundary conditions. 

Evidently the one state and many state approxima- 
tions to the system $ may also be applied to the system 
S» with its associated boundary conditions at the box. 
They then take the form of an extended Rayleigh-Ritz 
approximation in the sense of Sec. II. 

This establishes the phase inequality (34) for the 
one state and many state approximation over a spec- 
trum of energies. By varying the radius of the box the 
phase inequality may be established over the whole 
continuous spectrum E> Eo. 
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VI. CONVERGENCE OF THE MANY STATE 
APPROXIMATION” 


It is now simple to show that the many state approxi- 
mation to the phase converges as the number of bound 
states included increases, and that each additional 
bound state improves the approximation. 

Let 

HH," (r) 


(y, 7°=90, 1, (42) 


be the reduced Hamiltonian for the many state approxi- 
mation with [+1 states and 


Hy, ,"(r) (vy, y°=0, 1, -+-, P—1), (43) 


the reduced Hamiltonian for T of those states. Then 
H,,"(r) is a reduction of H,,°™'(r) and H,,T+(r) is 
a reduction of H(X,r). Therefore by the phase inequality 


6(£)26'*'(£) 2 6° (F). (44) 


The sequence 6'(£), 6&(£), 6°(£), --- is nondecreasing 
and bounded above, so it converges. Generally it does 
not converge to 6(£) since the continuum states of the 
atom are neglected. 


VII. COMPLICATED COLLISIONS 


The theory may be extended without difficulty to two- 
body collisions for which (A) each body has many 
degrees of freedom; and (B) the bodies have com- 
parable mass. 

The essential restriction is that no more than one 
scattering channel must be open. 

Cases A and B were originally excluded because with- 
out them it was possible to obtain the bounded system 
$2 from the unbounded system §; by the simple physical 
process of putting the whole system in a spherical box, 
and this is easy to visualize. For these cases there is an 
equivalent mathematical procedure. Let r be the channel 
co-ordinate and let X represent all other co-ordinates as 
before. Let Wr(X,r) be zero where r<R and for those 
values of X for which the constitutent particles of each 
colliding system are within a distance R of the center of 
mass of that system. Let Wp(X,r)=+ % elsewhere. If 
H is the Hamiltonian of the unbounded system §), then 
H+W »(X,r) is the Hamiltonian of the bounded system 
S2. This is like putting the system 8, into a box in the 
co-ordinate space of the entire system. 

In case A the energy E must be insufficient to produce 
inelastic collisions by exciting either of the colliding 
bodies. 


VIII. CONCLUSIONS 
A wide variety of approximations for calculating 
elastic collision cross sections by the means of the partial 
wave theory provide approximate phase shifts which 
are less than the exact phase shifts when the energy is 


T should like to thank B. Lippman for drawing my attention 
to this problem, 
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insufficient to produce excitation. These include the 
distorted wave approximation. 

In many collisions the one state phase is positive for 
the dominant partial waves. By the inequality (34) the 
one state approximation (Q,’ provides a lower bound to 
the exact Q, 


Oi2 07, 


(45) 
for those energies at which 


5(E) <24r—8'(£). (46) 


Of course 6(£) is generally not known, but the condition 
(46) is not very stringent. 

In the one state approximation the colliding systems are 
treated as if they were perfectly rigid, so that no mutual 
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distortion would occur during the collision. Therefore, 
such distortion produces an increase in the scattering 
phase and consequently has the same effect as an 
attractive potential. This is well-known in the theories 
of long-range polarization forces and van der Waals’ 
forces. When the adiabatic approximation is applicable 
to the relative motion of the two colliding systems it is 
evident from the minimum principle for the energy that 
mutual distortion is equivalent to an attractive potential. 

The one state and many state approximations require 
the solution of equations for unknown functions. In 
many cases the box variational method with a linear 
space V2 of finite dimension should be a simpler method 
of obtaining bounds to scattering phases, as it requires 
only the eigenvalues of a matrix. 
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Upper Bounds on Electron-Atomic Hydrogen Scattering Lengths* 


LEONARD ROSENBERG, LARRY SPRUCH, AND THomAs F. O’MALLEyt 
Physics Department, New York University, New York, New York 
(Received February 1, 1960) 


Recently developed variational techniques for determining upper bounds on scattering lengths are applied 
to singlet and triplet scattering of zero-energy electrons by atomic hydrogen. The results obtained are not 
only rigorous but are in fact somewhat lower and therefore somewhat better than those previously obtained 
by variational methods. We find that the triplet and singlet scattering lengths, Ar and As respectively, 
satisfy the inequalities A 731.91ap and As36.23a0, where ao is the Bohr radius. The only assumptions in- 
volved in the deduction of these results are that there be no bound triplet state and one and only one bound 
singlet state. The singlet trial function determined during the course of the calculation generates a singlet 


Ss 


effective range, r; 


of about 2.7a9. The triplet trial functions which were obtained were not sufficiently 


accurate to be useful in a determination of the triplet effective range, ror. 


I. INTRODUCTION 


HE problem of the scattering of electrons by hy- 
drogen atoms has been attacked since the earliest 

days of quantum mechanics. For the past ten years, the 
principal method of attack has been the variational 
approach, and it seemed for a time from the consistency 
of the results obtained, even at very low energies, that 
the variational results obtained were quite reliable. The 
triplet and singlet scattering lengths, Ar and As, were 
estimated to be Ar~2.33a0 and As~7.02ao, respec- 
tively,' where ao is the Bohr radius. However, the recent 


* The research reported in this article was done at the Institute 
of Mathematical Sciences, New York University, under the 
sponsorship of both the Geophysics Research Directorate of the 
Air Force Cambridge Research Center, Air Research and Develop- 
ment Command, and the Office of Ordnance Research, U. S. Army. 

t National Science Foundation predoctoral fellow. Submitted 
in partial fulfillment of the requirements for the degree of Doctor 
of Philosophy at New York University, New York, New York. 

1 One of the earliest e~H variational calculations was performed 
by H. S. W. Massey and B. Moiseiwitch, Proc. Roy. Soc. (London) 
A205, 483 (1951). More recent calculations are discussed by 
B. H. Bransden, A. Dalgarno, T. L. John, and M. J. Seaton, Proc. 
Phys. Soc. (London) 71, 877 (1958). The estimates of Ar and As 
quoted above are those adopted by these latter authors. 


work of Ohmura, Hara, and Yamanouchi® makes it 
likely that the value of A gs is in fact somewhat smaller. 
These authors use the shape-independent approxima- 
tion, with the binding energy of H~ taken from theory® 
and the singlet effective range ros computed from the 
20-parameter H~ wave function of Hart and Herzberg, 
and find A s~+6.1d 9.4 While some questions remain con- 
cerning the accuracy of the shape-independent ap- 
proximation as applied to e~H singlet scattering, we 
will indeed show that A gs is considerably lower than the 
published variational estimates, and may well be close 
to 6ay. The published variational estimates of A,r will 
also be shown to have been too high. 

The method of attack of the present paper is based 
on the recently developed variational techniques for 
determining a rigorous upper bound on the scattering 


2T. Ohmura, Y. Hara, and T. Yamanouchi, Progr. Theoret. 
Phys. (Kyoto) 22, 152 (1959); 20, 82 (1958). 

3 J. F. Hart and G. Herzberg, Phys. Rev. 106, 79 (1957). 

‘More recent, as yet unpublished work by T. Ohmura and 
H. Ohmura, based on a more accurate H~ function due to Pekeris, 
leads to a result which differs only slightly from that quoted above. 
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length.*-§ For this method, it is essential that one know, 
for a given symmetry, precisely how many composite 
bound states can be formed of the scattering system and 
the incident particle (or incident system). It will be 
assumed in the present paper that there is one and only 
one singlet bound state, and that there is no triplet 
bound state. There is strong evidence, both experi- 
mentally and theoretically, that this is the case, but the 
evidence is by no means conclusive. Should it turn out, 
for either symmetry, that the number of bound states 
is greater than that which has been assumed, the le- 
gitimacy of the bound obtained on the corresponding 
scattering length in the present paper would be 
destroyed. 

The determination of a bound is slightly simpler for 
the case of no composite bound state. The triplet case 
is therefore treated first, in Sec. 2. The singlet case is 
considered in Sec. 3. 


2. TRIPLET SCATTERING 
A. Formulation 


Consider the scattering of electrons, with zero initial 
kinetic energy, by hydrogen atoms, for the state of zero 
total orbital angular momentum. Assume that the total 
spin angular momentum quantum number is one. The 
Hamiltonian of the system is 


where 
(2.1) 


and where T= (—#?/2m)(V2+ V2?) reduces, since we 
are interested in zero total orbital angular momentum, 


to 
71a 0 0 
-—( ee ae er ae 


2m ry, or; Or; Tr" Ore Ors 


ea 0 
+——n?—+ 


Tio" Ori. Ori. 


r°e—retne 8 @ 


Ti" i2 


Or; Ori. 


re?—retne 8 @ 
— ——). (2.2) 
TP i2 Ore Orie 


The ground-state energy of the hydrogen atom is of 
course given by 
Exu=-— se do. 


We now introduce the triplet trial function Vrix7; 
xr is any one of the three triplet spin functions, nor- 
malized such that (x7,xr)=1. Wz; is a function of 7, ro, 
and riz which is antisymmetric in 7; and re and which 
° L. Spruch and L. Rosenberg, Phys. Rev. 116, 1034 (1959). 
® L. Spruch and L. Rosenberg, Phys. Rev. 117, 1095 (1960). 
7L. Rosenberg, L. Spruch, and T. F. O’Malley, Phys. Rev. 
118, 184 (1960). 
8 L. Spruch and L. Rosenberg, Nuclear Phys. (to be published). 
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TABLE I. Upper bounds on electron-atomic hydrogen singlet 
and msvestaion acathoring lengths. Rx is the consistency ratio. 


Upper bound Upper bound 
on A r/ao Rx on A s/ao Rx 


No polarization, 
numerically 

Polarization, 
variationally 


Ar static/ao=2.35" 1.00 As static/ao=8.1* 1.00 
eee 7.03" 1.03 
1.34 6.23° 0.996 
0.97 


* M. J. Seaton (see reference 9). 

b HH. S. W. Massey and B. Moiseiwitch (see reference 1). 

¢ Was determined with the trial function given by Eq. (2.6), of the 
present paper. 

4 Was determined with the trial function given by Eq. 

present paper. 

¢ Was determined with the trial function given by Eq. 
present paper. 


(2.7), of the 


(3.8), of the 


satisfies the boundary conditions 
Vr Vrin= (1—P.2)[Ru(re)(—1+Ari/ni) ] 


for 7; or fre. (2.3) 
Ru is the hydrogen ground-state function, given by 
Ru (r)= —_— ao *"e 25-7 oe. 


while Pj. is the space exchange operator. We have 
finally 


ArSAre+(2m/h’) ) [ve T+V— Ew red, (2.4) 


where 
dr=rydryredror od 72. (2.5) 
B. Published Variational Calculations 


The right-hand side of Eq. (2.4) is simply the Kohn- 
Hulthén variational estimate of Ar. Therefore, though 
it was not realized at the time of their publication, the 
various Kohn-Hulthén variational calculations which 
have been performed! represent bounds on as well as 
variational estimates of Ar. The Kohn results will 
necessarily be lower and therefore better than the 
Hulthén estimates; we are here distinguishing between 
the two standard methods of evaluating the variational 
parameters that appear in Eq. (2.4). 

There have also appeared variational calculations in 
which “inappropriate” normalization’ was used, that 
is, a normalization different from that of Eq. (2.3) by a 
factor of 1/Ar;. The results so otbained do not neces- 
sarily represent bounds but can be trivially altered to 
do so. 

Of the variational estimates of Ar which have ap- 
peared we mention the calculation of Seaton,’ who 
obtained a numerical solution of the static (or exchange) 
equation, and the Kohn variational calculation, with the 
inclusion of polarization, performed by Massey and 
Moiseiwitch.' (See Table I.) Each of these calculations 
provides a bound on 47"; the small difference between 

§M. J. Seaton, Proc. Roy. Soc. (London) A241, 522 (1957). 

It should be recalled that the static approximation can be 
thought of as arising from that particular trial function which is 
equal to a hydrogenic function multiplied by a function of the 


distance between the incoming electron and the proton, all ap- 
propriately symmetrized. 
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the two results would seem to indicate that the effects 
of polarization are unimportant in this problem. Such 
a conclusion would be incorrect, however, as we shall 
now see. 


C. An Improved Estimate of Ar 


The fact that Eq. (2.4) represents a bound on Ar 
as well as a variational estimate of Ar gives of course 
much more concrete meaning to any estimates deduced ; 
the fact is further of some considerable practical con- 
sequence since it makes it possible for the calculation 
to proceed in a rather simpler and more systematic 
fashion than for a variational calculation not based on a 
minimum principle. In particular, one can choose sets 
of values of the nonlinear parameters in the trial func- 
tion and determine the optimum values of the linear 
parameters for each set according to Kohn’s prescrip- 
tion. One need nof then vary the nonlinear parameters 
to such an extent as to be able to locate that set for 
which the result is stationary.’ Rather, one can merely 
perform a succession of calculations with different sets, 
each choice guided by the result of the previous calcu- 
lation, and at whatever stage one decides to stop simply 
choose that set for which the resultant value is lowest. 
This is essentially the procedure followed here. 

We first considered the spatial trial function 


Wr= (1—Pye)ay? Te 72Ari(l—e bz1) (X10) —e 7? 
+Be eri—dz24 (¢@ fzi-—gz2 Ariz), 


where %1=191/d0, X2=f2/do, and *12=f12/a. The expo- 
nential parameters were chosen using the “trial and 
error’ method outlined above,” and the lowest bound 
on Ar obtained using Eq. (2.6) appears in Table I. The 
corresponding linear variational parameters and ex- 
ponential parameters are given in Table II. The con- 
sistency ratio, Rx, defined by 


Re =| Anct (2m nt) {ru r+V—EuWrdr| / A 


was found to differ considerably from unity. While no 
attempt was made to determine the optimum set of 
exponential parameters it did not seem likely that a 
set would be found which would give a value of Rx 
close to unity, without raising the bound on A,r. Con- 
sequently, we considered a more flexible trial function, 
which did not, however, add substantially to the com- 


(2.6) 


" In the absence of a minimum (or maximum) principle such a 
procedure is not even well defined in principle since there will be 
in general more than one stationary point for a given form of the 
trial function. 

® For the necessary integrals, which are quite straightforward, 
see L. Spruch and L. Rosenberg, Research Report No. CX-40, 
Division of Electromagnetic Research, Institute of Mathematical 
Sciences, New York University (unpublished). A Univac com- 
putor was coded to provide the results for each chosen set of ex- 
ponential parameters. In order that Wz; have the proper asymp- 
totic form the parameters were restricted according to the relations 
b>0, c>0, d>0, f+g>0, f+4>0, g+A>0. 
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plexity of the calculations. We chose 
WVri=VriLEq. (2.6) } 
a (i— P2)ao 3/2Pe—f' 21-9’ 22 


The parameters f’, g’, and h’ were not varied but simply 
taken to be one of the sets originally obtained in the 
analysis bases on Eq. (2.6) which gave reasonably good 
results; the values f, g, and / were taken over intact. 
The consistency ratio was thereby improved and a 
slightly lower bound was obtained. (See Table I.) 

We note that there exist some questions, in the 
present problem, concerning the validity of the shape- 
independent approximation and, indeed, the correctness 
of the energy dependence which is usually assumed in 
the effective-range expansion, due to the existence of 
long-range polarization effects. Nevertheless, we have 
ignored these points in the present paper and attempted 
to use the trial function obtained in the variational 
calculation for an evaluation of the effective range. This 
attempt was unsuccessful, however ; the calculated value 
of ror was extremely sensitive to the choice of the ex- 
ponential parameters. Apparently a more accurate trial 
function is required, although no such difficulties were 
encountered in the calculation of the singlet effective 
range, ros (see Sec. 3). 

While the trial function is not sufficiently accurate to 
enable one to extract from it information about the 
effective range, ror, one can learn something about ror 
from the value of Ar. Thus, if there were a triplet bound 
state with a binding energy relative to that of the hy- 
drogen atom given by y7r’/?/2m, we would have, in the 
shape-independent approximation, 


7r= 1 A r+ Srory r”, 


yr=(14( 1—2ror 17)*] ror. 


It follows therefore that if there is mot to be a triplet 
bound state, the quantity yr can not be a real number, 
i.e., We must have 
tor> A. 1 T: 
There is no particular reason to believe that this esti- 
TABLE IT. Table of linear variational parameters and 


of exponential parameters. 





Triplet, 
Eq. (2.6) 


Singlet, Triplet, 


Eq. (2.7) 


1.96 
0.234 
0.101 
—0.071 
1.50 
0.450 
1.00 
0.990 
—0.145 
0.240 
1.00 
0.230 
—0.150 


6.26 
— 27.92 
27.79 


1.44 
0.469 
0.184 


1.50 
0.450 
1.00 
0.990 
0.145 
0.240 


0.529 
0.904 
0.814 
0.942 
0.814 
—0.030 
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mate of ror is an accurate one. We note that in the 
singlet case, where there is a bound state, similar reason- 
ing leads to the inequality ros<3As. Of course, a more 
accurate estimate can be obtained for the singlet case 
by using the known H™ binding energy (see Sec. 3C). 


3. SINGLET SCATTERING 
A. Formulation 


An expression for an upper bound on the scattering 
length which is valid when one and only one composite 
bound state exists has been given previously.’ This 
result, specialized to the case of singlet scattering of 
electrons by hydrogen atoms, is 


AsSAst 


+ (2m/h*) ( vse(T+ V —Eq)bsidr— (2m/h?) 


| fve(r+V—Ewvsd| / (Em Ew) (3.1) 


V, T, and dr are given by Eqs. (2.1), (2.2), and (2.5), 
respectively. The trial singlet scattering function is 
WV s:xs, where xs represents the normalized singlet spin 
function and where the spatial function WV; is a function 
of r1, r2, and 712 which is symmetric in 7; and r2 and 
which satisfies the boundary conditions 


Vs: — Vs..= (1+ P12) Ru(re) ( —1+As,/n1) ] 


for 7; or 


= 


2 2, (3.2) 


The trial bound-state function is of the form Vaixs, 
where the spatial part is normalized via 


J veear- .. 


and must be sufficiently accurate so that 
Ene f Vn T+ V Wepdr<kny, 


but Vx; is otherwise arbitrary. 

It has been shown’ that the expression for the bound 
given above is entirely equivalent to a Kohn-Hulthén 
variational estimate of the scattering length, with a 
trial function of the form 


Ws:=VsetbVp:, (3.4) 


where Wy, must satisfy Eq. (3.3), where the linear 
variational parameter 6 must not appear in Vs, or in 
Vx:, and where Vs; must satisfy the boundary condi- 
tions imposed on Vg; in Eq. (3.2). 


B. Published Variational Calculations 


It was shown previously’ that a conversion of the 
numbers calculated by Borowitz and Greenberg," in 


8 S. Borowitz and H. Greenberg, Phys. Rev. 108, 716 (1957). 
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such a way as to remedy their “inappropriate” nor- 
malization, leads to the upper bound A s$7.63ap. Their 
calculation could be readily utilized to obtain a bound 
because in constructing a trial function, they included 
an arbitrary multiple of a trial H~ function (developed 
by Chandrasekhar“) in the hope that this might prove 
an accurate represenation of the scattering function in 
the important region for which all interparticle distances 
are small. Whether or not this hope is in fact realized, 
it nevertheless follows that their trial function, apart 
from its normalization, is of precisely the correct form 
to lead to a bound. 

There are a number of other published calculations 
from which bounds on Asx can be deduced. In particu- 
lar, it will now be shown that both (a) the static calcu- 
lation of As and (b) the Kohn variational estimate of 
As, as calculated by Seaton,* are actually upper bounds. 

The result (a) follows as a particular example of a 
much more general result that has been obtained pre- 
viously.* Thus, as a consequence of Eq. (3.1) and the 
(assumed) fact that there is only one spatially sym- 
metric bound state of H~, we may conclude that the 
“exact” static scattering length lies above the true 
scattering length provided it is possible to find a trial 
bound state function with a spatial part of the form 


Wei=Ru(re) f(r) +Ru(ri) f (re), 


and which satisfies Eq. (3.3). Such a function may 
easily be constructed so that we do obtain a bound from 
the static calculation. 

We now consider the proof of statement (b). The trial 
function used by Seaton in his Kohn variational calcu- 
lation can not be written as in Eq. (3.4). However, as 
is shown in the Appendix, the Kohn estimate lies above 
A g if the spatial part of the trial function can be written, 
in terms of the symmetric functions 2(71,r2,r12) and 
@(r3,72,r712) which do not contain A sp, as 


Vs=AsQ-F, (3.5) 


where 
fo T+V—Ey)Qd7 <0, (3.6) 


and where 


Q— Ru(re) r; 3.7) 
(5./ 


for fre @. 


& — Ru(re) 


Since the trial function used by Seaton can be written 
in this form, the calculation provides an upper bound. 

The primary significance of the development in the 
Appendix is not of course that one can utilize previously 
published calculations, but rather that one has slightly 
greater freedom in the choice of a trial function which 
will lead to a bound on the scattering length. This in- 
creased freedom will prove useful in the following 
subsection. 


4S, Chandrasekhar, Astrophys. J. 100, 176 (1944). 
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No attempt will be made to consider the other varia- 
tional calculations which have been performed, for the 
calculations are sufficiently simple (as opposed, for 
example, to scattering by a system of more than two 
particles, or even to neutron-deuteron scattering) so 
that, forearmed with a minimum principle, it is a trivial 
matter to obtain results which are lower and therefore 
better than those previously derived by variational 
calculations. 


C. An Improved Estimate of As 


We have performed a variational calculation of As 
with the spatial part of the trial function given by 


Vsi=(1+P yar? Te 724 5,(1—e~°*!)/ (x19) —€~7? 


+Be~et-4224 CeSer-eerhaiz]), (3.8) 


According to the previous discussion, an upper bound 
on Ag will be obtained for those sets of exponential 
parameters for which the coefficient of B? or of C?, or of 
As, in the integral 


f vse T+V—Ey)V sir, 


is negative. As it turned out, this condition was satisfied 
for all sets of exponential parameters considered, so that 
the subsidiary condition played no role in the actual 
calculation. (During the latter stages of the calculation 
the coefficients of B® and C? were both positive so that 
it was necessary to invoke the result derived in the 
Appendix and noted above, that a bound is obtained if 
the coefficient of As/ is negative.) As in the triplet cal- 
culation, a fair number of trials were made but it is not 
entirely clear how close our final set of parameters is to 
the optimum set for the assumed form of trial function; 
the lowest bound obtained is given in Table I. 

It is somewhat surprising that for the present singlet 
case, where a bound state exists and where consequently 
one might expect it to be more difficult to obtain an 
adequate trial function, it is possible to obtain a very 
good consistency ratio, Rx, with a trial function with 
only three linear variational parameters whereas four 
were required for the presumably simpler triplet case. 
Of course, a good consistency ratio does not actually 
guarantee anything whatever regarding the accuracy 
of the result. Nevertheless, we did not go on in the 
singlet case to the use of a trial function with four 
linear variational parameters. 

Using the estimate of As thus obtained, along with 
the accurately known binding energy of the H— ion, the 
effective range, ros, was calculated from the shape- 
independent approximation (we once again put aside 
any doubts as to the validity of the form of the 
expansion) 

y=As +-Srosy’, 
where 
y= (2m/h*)| Ee— Ey 
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We obtain ros=2.70a9. The effective range was also 
calculated from the trial scattering function, using the 
relation? 


ros= (2 Asi) { (Wsuet—Ws2)dr—8(1-2 A s;)*. 


The last term in this expression arises from the sym- 
metry of the wave function. This equation yields 
ros=2.78a9 which agrees rather well with the previous 
estimate. These values are to be compared with the 
value 2.646+0.004 obtained by Ohmura and Ohmura‘ 
using the very accurate ground-state H 
Pekeris. 

If we ignore the seemingly very unlikely possibility 
that either or both of the scattering lengths are negative, 
we obtain as a bound on the zero-energy total cross 
section 


function of 


COtotal = Sir. 1 rt hdr. | Ss <= 49. 87ra;’. 


Since we have only obtained one bound, it is difficult 
to make any estimate of the reliability of the above 
value. Apart from the general desirability of introducing 
a trial function with more parameters, it would seem 
reasonable in any extension of the present calculation 
to choose a trial function which effectively generates 
the long-range 1/r‘ polarization potential. 

Note added in proof.—A paper by V. M. Martin, M. 
J. Seaton and J. B. Wallace [ Proc. Phys. Soc. (London) 
72, 701 (1958)] contains a number of approximate 
calculations of A s and of Ar. (Note that their definition 
of As and of Ar differs by a sign from ours.) They ob- 
tained the value A 7~1.993a) from a Kohn variational 
calculation ; it follows that this value is a rigorous bound. 
Though this value is not as accurate as the one obtained 
in the present paper, it is of considerable interest since 
the Wr; used was deduced on the basis of the adiabatic 
approximation. While no rigorous conclusions can be 
arrived at, the fact that our calculation and theirs, one 
emphasizing short range and the other long range 
polarization effects, lead to comparable results, would 
indicate that the bound 1.91a) may be a reasonably 
accurate estimate of 47. 

Ignoring the physical argument by which their yr; 
was arrived at, one can write 


Yri=v.(exchange) + by, (adiabatic), 


with 6 a variational parameter. (Their yr; had 6=1.) 
The numerical values of the integrals which are then 
necessary are all given in their article. One finds 
b=0.940 and Ar<1.992a9, so that there is no effective 
improvement. This result slightly increases the strength 
of the conclusion of the last paragraph. 

On the basis of the theorems that have been deduced 
so far, it does not seem possible to prove that their 
Kohn exchange adiabatic estimate of Ax is a bound. It 
is nevertheless of some interest that the value obtained, 
A s=6.372a9, is rather close to our value. 
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APPENDIX 


It will now be shown that the conditions under which 
a Kohn variational calculation provides an upper bound 
on the scattering length can be extended to include the 
case where the trial function may be written as in 
Eq. (3.5), subject to the conditions given by Eqs. (3.6) 
and (3.7). 

We are still concerned with the case for which there 
is one and only one bound state. The result is valid for 
scattering of one compound system by another, but for 
clarity of presentation the proof will be given for the 
problem at hand, the singlet scattering of electrons by 
hydrogen atoms; use will be made of the notation in- 
troduced in the text. 

The method of proof is simply to show the identity of 
the Kohn result, in which the prescribed form of trial 
function is used, and the rigorous bound. The Kohn 
variational principle reduces at zero energy to 


A sx~A set ( 2m i) [ vs Ey)V s.r. (A-1) 


If we substitute the expression for Vs, given by Eq. (3.5) 
into Eq. (A-1), and use the relationship 


fea- Ey)dr— fea- Ey)Qdr= — (h?/2m), 
we find 


(h? 2m)A s=> fea- Ey)dr— 2A a fou Ey)®dr 


+A at [au Ey)Qdr. 


Varying the right-hand side with respect to A s; leads to 


As= [2(H-Ex)edr / { —Ew)Qdr, 
so that 


(h?/2m)A s* fea- En)?dr 


2 
-| fou—rmear] / focr—zxaar 
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Now the rigorous upper bound on 4 sg is given by 


(h?, 2m) (A s—A ss fvsca- Ey)V s;'dr 


| f voce Endesedr] / {Yn En nde. 


(A-3) 


Here Wz, is a function which is normalized and which 
is sufficiently accurate to give a composite bound state 
of H-. Actually, the normalization of V,; is clearly 
irrelevant, and it is trivial to show by the use of a 
limiting process that in fact Vg; need not even be nor- 
malizable; a symmetric function which satisfies the 
boundary condition 


WVz:— const. Ru(re), r; for iS, 


suffices.'® We can then set Vg,=. Further, the choice 
Ws, =® is permissible, corresponding to the choice 
A s;=0. We then find that the upper bound on A g pro- 
vided by Eq. (A-3) becomes identical with the Kohn 
variational estimate, Eq. (A-2), which completes the 
proof. 

The generalization of the above result to the case for 
which there are precisely .V bound states is trivial. It 
is that the Kohn principle provides an upper bound on 
the scattering length provided that the trial function 
contains .V linear variational multiples of mutually 
orthogonal trial bound-state functions, where one of the 
N linear variational parameters can be the trial scat- 
tering length. As discussed previously,’ the trial bound- 
state functions are determined such that they diago- 
nalize the VX NV Hamiltonian matrix; each trial func- 
tion must be sufficiently accurate to give binding. 

In examining the relative merits of the Kohn and 
Hulthén prescriptions for evaluating the linear varia- 
tional parameters in the trial function'® when one 
bound state exists it is necessary to distinguish between 
the following two cases: 


(a) The variational expression provides an upper 
bound by virtue of the fact that the trial function can 
be written as in Eq. (3.4). In this case both methods 
will lead to a bound but the Kohn method is to be pre- 
ferred since it will provide a lower and therefore better 
estimate of the scattering length. 

(b) The trial function can be written as in Eq. (3.5) 

18 The limiting process consists of showing that if Vg; is multi- 
plied by exp(—Ar1—Avz) in Eq. (A-3) the integrals are continuous 


as \— 0 (see reference 6). Clearly some care is required. Thus, 
while we have 


[aH Eas dr= [Ws (H—EnWadr, 
we find that 
[oH-Eniedr# fo (H— Pu)Qdr. 
In writing down Eq. (A-3), we put Wg; on the left in the term 


which is squared since that is the order for which the limiting 
process goes through. 


16'See, for example, Eqs. (2.6) and (2.7) of reference 5, 
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but nol as in Eq. (3.4). Here the Hulthén method need 
not provide an upper bound while, as we have just 
seen, the Kohn method is guaranteed to do so. In this 
case, it is no longer true that the Kohn estimate must 
be more accurate. Indeed, an example of the reverse 
situation is provided by some of Seaton’s’ results. 
Nevertheless, one would certainly use the Kohn prin- 
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ciple, since it possesses the very desirable minimum 
property. 

Similar considerations hold than one 
bound state exists. If no bound states exist case (b) does 
not arise and, as we have pointed out previously,® the 
Kohn method should be used to obtain the bound on 
the scattering length. 


when more 
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A configuration interaction calculation, involving thirty-seven configurations and including the (1s)?(2s)* 
Hartree-Fock function, has been done for the ground state of atomic Be. Approximately ninety percent of 
the correlation energy has been incorporated into the final total energy. The results indicate that the cor- 
relation energy is associated with two effects, namely that of the “‘correlation hole” as has been observed 
for He and that of “‘orbital degeneracy” (which does not appear in the two-electron He case). The former 
effect is best handled by the Hylleraas approach and the latter by the configuration interaction method, and 
the results suggest that an admixture of the two methods would lead to the most rapidly convergent de- 
scription of the exact four-electron wave function. The errors introduced by handling “‘high-lying” con- 
figurations by second-order perturbation theory rather than by exact configuration interaction are also 


investigated. 


I. INTRODUCTION 


HE Hartree-Fock formalism! yields approximate 

solutions of the many-electron Hamiltonian. 
These solutions are in considerable error if one wishes 
to use them to predict almost any physically observable 
quantity. Not only are the solutions in error, but small 
improvements in the wave functions, as evidenced by 
a lowering of the expectation values of the total energies, 
will lead to poorer predictions of some of the observ- 
ables. The lithium hyperfine interaction? is an example 
of this. The two standard methods for improving on 
the Hartree-Fock wave function are (1) that of 
Hylleraas* where interelectronic coordinates (r,;) are 
explicitly included in the wave function and (2) that of 
configuration interaction where the variational prin- 
ciple is applied to a trial wave function which is a 
linear combination of Slater determinants. The 
Hylleraas approach has been very successfully applied 
to the two-electron (three-particle) ions*-> where total 
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energies and wave functions of accuracy sufficient to 
assist in supplying information concerning the nucleus 
have been obtained.‘ The configuration interaction 
approach has yielded much less accurate results for the 
same problem.*7 

The difference between the He Hartree-Fock func- 
tion and the exact eigenfunction for the two-electron 
(nonrelativistic) Hamiltonian occurs the 
Hartree-Fock function inadequately the 
behavior of electrons when they are close 
together, i.e., the “correlation hole” is omitted. The 
comparative svecess of the Hylleraas method, when 
applied to He, is due to the fact that it supplies a more 
rapidly convergent method for describing the “cor- 
relation hole.” 

Both methods increase in difficulty with increasing 
numbers of particles. This increase is most serious for 
the Hylleraas approach since the number of inter- 
electronic r;; coordinates increases quadratically with 
the number of particles while the number of inde- 
pendent one-electron (r;) coordinates increases only 
linearly, When going from the Hartree-Fock to more 
exact eigenfunctions for systems of four or more 
electrons there often is, as has been suggested by 


because 
describes 


the 
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Nesbet® and Jorgensen,’ a problem of “orbital de- 
generacy” along with that of the “correlation hole.” 
We will see that the “orbital degeneracy” problem is 
important for the ground state of Be which in this 
case involves the near degeneracy of the Be 2s and 2p 
one-electron functions (orbitals). The method of 
configuration interaction is the more appropriate way 
of handling the “orbital degeneracy.” 

The writer has used the method of configuration 
interaction for the 'S ground state of atomic Be. The 
primary purpose of the work is to investigate the nature 
of the problems one will face when attempting to deal 
with electronic systems involving more than one doubly 
filled shell. The calculation uses a set of orthogonal 
Slater determinants (in turn constructed from an 
orthonormal set of one-electron orbitals) with the 
Hartree-Fock 1s?2s? function as the first or ‘‘ground” 
configuration. The combining coefficients of the linear 
combination of Slater determinants are just the com- 
ponents of an eigenvector of a matrix eigenvalue 
equation. For a finite set of Slater determinants, this 
eigenvalue equation can be solved by standard methods. 

The correlation energy is defined to be the difference 
between the Hartree-Fock total energy and the true 
nonrelativistic eigenvalue. It is convenient to measure 
the quality of a wave function (superior to the Hartree- 
Fock) by observing what percentage of the correlation 
energy is included in the wave function’s total energy. 
We will use this yardstick in our discussion of Be. 

Configuration interaction calculations have already 
been done for Be. Boys" obtained a ten configuration 
Be wave function whose total energy included approxi- 
mately one-half of the correlation energy. Boys did 
not use a Hartree-Fock function as the “ground” 
configuration. Kibartas, Kavetskis, and Yutsis! ob- 
tained two-thirds of the correlation energy with three 
nonorthogonal configurations one of which being the 
numerical 1s?2s? Hartree-Fock function of the 
Hartrees.” Their (Kibartas, Kavetskis, and Yutsis) 
better result was due to using the Hartree-Fock 
function as one of the three configurations and to a 
very good choice of the other two configurations. These 
two configurations were a 1s°*p;? and a 2s*p.*. The pi; 
was a numerical Hartree-Fock one-electron solution 
for a p function in Be 1s*p,° where the 1s function of the 
Hartrees’ calculation was used and likewise p2 was a 
solution for a 2s*p° environment with a fixed (the 
Hartrees’ solution) 2s function. The p; resembles a 
Be 2 function and no such identification can be made 
of the po. Szdsz’* has used the Hylleraas approach, 

8 R. K. Nesbet, Proc. Roy. Soc. (London) A230, 312 (1955). 
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starting with a Hartree function and obtained similar 
energy values. 

In the course of the calculation it was discovered 
that the published value of the Be correlation energy 
is incorrect, and this is discussed in the following 
section. This is followed by a description of the one- 
electron orbitals and how they were obtained. There 
is then a description of the configurations actually used, 
a few details of the calculation and finally the results. 


Il. THE Be CORRELATION ENERGY 


As has already been indicated, it is convenient to 
measure the quality of wave functions, superior to 
Hartree-Fock ones, by observing what percentage of 
the correlation energy has been incorporated into their 
total energies. Accurate values of the correlation 
energies are desirable in themselves since they aid in 
our understanding of how exact eigenfunctions differ 
from Hartree-Fock functions. 

Fréman" reports a Be correlation energy of 0.087 a.u. 
(i a.u.=27.2023 ev. using the value of the rydberg 
appropriate for Be) and Kibastas, Kavetskis, and 
Yutsis" report one of 0.088 a.u. I have also computed 
it and obtained a value of 0.0944 a.u. This disagreement 
is due to two causes. First the earlier estimates rely on 
the Hartree-Fock total energy obtained by the 
Hartrees” and there are several values of the energy 
available from their results. The commonly chosen”:'4 
value is in error. Secondly, and less in magnitude but 
greater in interest, there are experimental uncertainties 
which affect the estimate of the true eigenvalue. 

The Hartree calculation was done using numerical 
procedures and yielded numerical one-electron func- 
tions. They obtained a total energy ranging between 
— 14.56 to — 14.58 a.u. with — 14.58 a.u. usually being 
quoted. It is difficult to obtain an accurate value for 
the total energy of such a function. This is particularly 
due to errors associated with the kinetic energy integrals 
and this problem has been a matter of some concern." 
Roothaan, Sachs, and Weiss!® have obtained an 
analytic Hartree-Fock solution for Be. The total energy 
can be accurately evaluated for such a function but 
the quality of the function is limited by the basis set 
from which the function is constructed. Large basis 
sets assist in avoiding this problem and Roothaan, 
Sachs, and Weiss did calculations with a number of 
large sets. The best total energy obtained was 
— 14.57302 a.u. which lies within the range of values 
obtained by the Hartrees and which I believe is a more 
accurate estimate than — 14.58 a.u. The Hartree-Fock 
solution used by me as the “ground” configuration is 
also analytic and has a total energy of — 14.57299 a.u. 
or 0.00003 a.u. poorer than that of Roothaan and 
co-workers. 
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Of greater interest than the Hartree-Fock total 
energy is the true eigenvalue. For electronic systems 
where all the ionization energies have been observed 
(this is true for atoms through F) the energies are 
added up and relativistic corrections are subtracted 
giving a nonrelativistic total energy. Unfortunately, 
even for an atom as small as Be, the ionization energies 
are not all accurately known. For the small atoms this 
uncertainty is generally associated with the 1s?'S to 
ls*S ionization process, the value for Be _ being 
+0.00044 a.u.'? To avoid this I have used Pekeris” 
theoretical value for the Be*t*1s® total energy. It is 
accurate to several more digits than are of interest here 
(and it falls within the stated experimental uncer- 
tainty). Using the Pekeris nonrelativistic energy and 
adding to it the observed Be® to Bet* ionization 
energies one needs only make a relativistic correction 
for the 2s shell. A crude estimate of this correction has 
been obtained by using the equation for hydrogenic 


functions; 
aZ! 1 3 
(- + )+ tee (1) 
n* jJt+1/2 4n 


where » and j are the one-electron quantum numbers. 
A screening constant (Z) of 1.95, which was obtained 
by Slater’s rules,'® was used. This yields a 2s shell 
relativistic correction of 0.00002 a.u., a Be total energy 
of —14.66745 a.u. and in turn a correlation energy of 
0.0944 a.u. 


Ill. THE ONE-ELECTRON FUNCTIONS 


The Slater determinants are constructed from an 
orthonormal set of one-electron functions of the form; 


Wi(ta)=[ui(ra)/ra |S: (Oaba)Xi(Sa), (2) 


where the S; is a normalized spherical harmonic (with 
quantum numbers / and m;) and X;, is a spin function 
with eigenvalues m,=-+1/2 or —1/2. The u; is a 
normalized radial function which, so that integrals 
can be easily and accurately obtained, is of analytic 
form, i.e. ; 
ui= 05 Cini (3) 
where normalized basis functions of the form 
nj= N rit nitte-Zir (4) 


have been used. The / is the angular quantum number, 
Z; and n; are assigned parameters and NV, is a nor- 
malization constant and is given by 


(2Z;)*#+2ai+8 } 
v= (— ). (5) 
(21+-2n;+2)! 


17 Atomic Energy Levels, edited by C. E. Moore, National Bureau 
of Standards Circular No. 467 (U. S. Government Printing Office, 
Washington, D. C., 1949), Vol. 1 

18 J. C. Slater, Phys. Rev. 36, 57 (1930). 
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The basis set is listed in Table I. The choice of the 
number of functions for a particular / value, of the 
screening ‘constants (Z;’s), including the relationship 
between Z,’s of different / values and of the powers of 
r (n;’s) relied heavily on earlier work on He.® For 
example, it had been observed that little was gained by 
an extensive investigation where individual Z,’s were 
varied so as to obtain a best basis set so this was not 
done for Be. Care was taken to make sure that no two 
basis functions were too much alike with the resultant 
errors that can occur, e.g., if my had an appreciably 
smaller valued Z; or ne a larger one, the two basis 
functions would overlap each other more and their 
C;;’s would tend to become large in magnitude and 
opposite in sign introducing errors in the integrals 
involving y;’s (which are obtained as linear com- 
binations of integrals involving the basis functions). 
Variation of the two s function Z;’s was done where a 
Hartree-Fock calculation was done for each choice of 
Z;’s and the Hartree-Fock 1s°2s? total energy was used 
as a criterion of the quality of the choice. Limited 
variation of the other Z;’s was also done with criteria 
based on crude estimates of the configuration inter- 
action that could be done with the resulting functions. 

Having chosen the n;’s there was then the problem of 
choosing the y,’s (or u,’s) constructed from them. If 
n W,’s of a given / value had been obtained, the next 
was obtained by using the Schmidt process to orthogo- 
nalize the 7;’s to the m u;’s, observing which of the 
orthogonalized n,’s would be most effective for con- 
figuration interaction, choosing that one as the radial 
part of ¥,4: and then repeating the process (with the 
“principle” 9; of Yn41 omitted) for Y,42. When deter- 


TABLE I. Be basis function parameters. 


For the construction of For the construction of 
s functions (J =0) p functions (J =1) 
j nj Zi J nj Zi 


6.0 ( 
1.0 ( 
6.0 
1.0 
6.0 
1.0 
6.0 
1.0 
6.0 
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9.0 
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For the construction of For the construction of 
d functions (I =2) f functions (J =3) 
j nj Zi nj 


0 12.0 0 
0 2.0 : 0 
1 12.0 
1 2.0 
2 12.0 


For the construction of 
g functions (J =4) 


nj Zi 
0 18.0 
0 3.0 
1 18.0 
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TABLE II. The combining coefficients (C;;) which define the one-electron functions (U;(r)) in terms of the basis set (n;). 


Title Principal 
a configu- 
# function ration* 


j=l 2 4 
0.4848470 0.2176069 0.2641661 
—0.0811293 —0.1473455 —0.0511496 
—0.9541767 —0.4130058 —0.5189231 
—0.0677193 0.1087583 —0.0281226 
—2.3388370 —1.1340586 4.7935430 
—2.9639258 —1.2260328 8.6993974 


2s%s1? 
s?sq1? 
2stst11? 
2s*si1v? 
—0.0110284 


1.0145531 
—2.6698253 


0.0018150 
—0.0002912 
—0.0003976 


0.6344460 
—0.1017717 
—0.1389909 

4.6212002 —0.0858183 —8.4893539 
—1.1619175 1.4598108 2.9832901 

j=17 18 19 

0.0266365 —0.6000319 —0.0826493 
—0.0004037 0.0090939 1.0013675 
—0.0008029 0.0180874 —2,9984135 

6.0010095 0.0140180 —11.227852 

j =22 23 24 

0.0180241 —0.0313172 
—0,0009270 —0.0514960 1,0029326 

3.1698447 0.0639022 —3.0113646 

j =25 26 27 

0.0000000 1.0000000 0,0000000 

6.0000000 —0.0323967 1.0005246 

3.4667482 0.0391222 —3.3204254 


pl 1s?p? 
pir 2s*pri? 
2s*prii? 
piv 2s*prv? 
pv 1s*py? 


d 1s%di? 

du 2s*di1? 
dit 2s%di11? 
div 2s*d1v? 


fi 1s? ft? 
fir 2s? fir? 
fu 2s? fir? 


1,0012089 


gl 1s*gi? 
20 an 2s%g11? 
21 gut 2s*g111? 





* As predicted for the function by second-order perturbation theory. 


mining which orthogonalized n; was most effective for 
configuration interaction, the sets of 1S 15°77, 1s2sn,’, 
and 2s*n? functions were constructed and second order 
perturbation theory was then used to observe which 
set had the greatest effect on the Be total energy. 
Successive y;’s were obtained until further ones had 
predicted energy contributions of less than 0.00005 
a.u. Except for the 1s and 2s, y,’s are labelled with 
roman numerals and are numbered in the order they 
were obtained. 

With a method for obtaining successive y,’s there 
remained only the choice of the first for each / value. 
There was no problem for /=0 since 1s and 2s orbitals 
were obtained from a Hartree-Fock calculation. 
Investigation showed that, other than the 1s? 2s’, the 
most important configuration is a 1s*f? where the p 
function resembles a Be 2 function. The fy (in ac- 
cordance with the labeling system) used in this con- 
figuation was a Hartree-Fock solution for a p function 
in an environment consisting of a Be** 1s? ion. This 
led to a p function which is similar but not identical 
to the p function of Kibartas, Kavetskis, and Yutsis 
in their 1s*f;* configuration. Second order perturbation 
theory predicted that d;, fj and g; functions which were 
also Hartree-Fock solutions for a Be** ion environ- 
ment would yield the best configuration interaction 
energy contributions so such functions were used as 
the first of each of their respective / values (actually a 
rough approximation to such a solution was used for 
gr). In all, six s-like (including the 1s and 2s), five 
p-like, four d-like, three f-like and three g-like one- 
electron orbitals were constructed. In general their 
charge densities are concentrated either into the region 
where the 1s is concentrated or into the region of the 
2s. The ones (x) concentrated in the 1s region were 
chosen for their effectiveness when used in 2s*x? con- 


—0,2683019 
1.3329117 
0.3510279 

—1.5781781 
2.2736416 
0.4300532 

j=10 11 12 13 

—0.1694747 
0.0271855 
0.0371276 
0.0229240 
0.4827560 

2 


0 
1.5380263 
—0.0233099 
—0.0463623 
—0.0359314 


5 6 7 
0.1682250 0.1675844 0.0451277 
—0.0410639 —0.3867802 —0.0075224 
1.9029536 —0.2805105  —0.0888150 
0.3466395 0.4265845 —0.0063392 
—2.2116885 —1.0811843 —0.2176680 
—8.1693479 —0.6874241 —0.2758978 


9 
0.0668827 
—0.0276480 
—0.1293635 
0.0113010 
—0.3351465 
3.8915850 


8 
—0.0452875 
0.2248252 
0.0592733 
1.3292953 
—0.1344083 
0.7048398 


16 
—0.0222008 
0.0035612 
0.0048636 
0.0030030 
0.0632400 


0.6245963 
—0.1001917 
—0.1368331 
—0.0844860 
—1.7791890 


14 
0,0200795 
—0.0032210 
2.8894414 
4.5872141 
—2.5193588 

21 
0.0949354 
—0,0014388 
3.1608514 
5.9176949 


figurations where the overlap of x and the 1s in large 
part determines the effectiveness of the configuration 
for configuration interaction. The other one-electron 
functions, with their charge densities concentrated in 
the 2s region are (according to second order per- 
turbation theory) of greatest importance for the 
construction of 1s?x? configurations. Table II lists the 
combining coefficients (C;;) which define the %;’s or 
y,’s in terms of the n,’s. The third column of the table 
designates the second order perturbation theory 
prediction of whether the function is more important 
when used in 152° or in 2s?x* configurations. 

The technique of building up a set of localized one- 
electron functions, useful for configuration interaction, 
by successive applications of the Schmidt orthogo- 
nalization procedure is moderately effective if a realistic 
method is used to determine which of a set of y,’s is 
most important for use in configuration interaction. 
We will see that second order perturbation theory was, 
unfortunately, not an adequate measuring device. 


IV. THE CHOICE OF CONFIGURATIONS 


Except for the case of two doubly occupied s orbitals, 
such as 1s?2s? or 2s°sy’, a single Slater determinant is 
not a 'S state for a four electron system. It is most 
convenient to deal with the 4S functions which are 
constructed from sets of Slater determinants which 
differ in only their one-electron m, and m, values (.e., 
with fixed assignments of i and /). Such 4S functions 
have been illustrated elsewhere® for the two-electron 
case. With a few exceptions, which will be discussed 
below, only one unique 'S four-electron function can 
be constructed with a specific assignment of i’s (here 
denoting the Roman numeral values) and /’s. Such 
functions are, except for a phase factor of +1, uniquely 
defined when the four i and four / values are given. In 
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this work the phase factor has been chosen so that the 
Slater determinant where all the m,’s equal zero is of 
positive sign in the '§ function. This differs by a factor 
of minus one from the convention used for two-electron 
determinants involving # and / functions in reference 6. 

One hundred and functions or 
configurations can be constructed for which two or 
more of the electrons are 1s and/or 2s and the remainder 
are chosen from the other nineteen y,’s. Hundreds of 
'§ functions can be constructed in which the 1s and 2s 
appear once or not at all. A calculation which utilizes 
more than a small fraction of these configurations would 
the 
calculation and the person responsible for the calcu- 
lation. As a result, one stage of the calculation becomes 


seventy-seven '§ 


unduly tax both the digital computer used in 


a search for the 4S configurations which will be most 
important for use in configuration interaction. Before 
indicating the history of this search it would be well 
to review the types of 'S configurations which can 
occur. One useful way to catalog configurations is by 
the number of y,’s which differ from those in the 
“ground” 1s?2s? configuration. The resulting four types 
are discussed below. In this discussion x and y are used 
to denote y,’s other than the 1s and 2s. 


Single Substitution Configurations 


The 1s?2sx and 1s2s*x are the two types of configu- 
rations of this category. In order to be 'S functions, 
x must be an s-like orbital. Because the 1s and 2s are 
Hartree-Fock orbitals and since x is orthogonal to 
them, the configurations have zero valued matrix 
elements connecting them to the 1s?2s? configuration. 
Second order perturbation theory would thus predict 
that their inclusion would have no effect on the con- 
figuration interaction energy. Since these states have 
appreciable matrix elements connecting them to other 
(than the 1s?2s*) low-lying configurations, it is possible 
that their inclusion would have some effect. Several 
single substitution configurations were included in a 
calculation where all elements of the configuration 
interaction matrix were computed and then the matrix 
was diagonalized. These configurations produced energy 
effects of less than 0.000001 a.u., effects so small that 
configurations of this type have not been included in 
the final configuration interaction calculation. 


Double Substitution Configurations 


This type of configuration plays the leading role in 
configuration interaction. It takes the form of 1s*xy, 
2s*xy and 1s2sxy where x and y may have differing or 
identical / and 7 values. These configurations have 
nonzero matrix elements with the ground configuration 
and it was with these that the second order perturbation 
theory investigation was done. Except for the 1s2s-xry, 
with x and y of differing 7 (their / values cannot differ 
for a \S configuration), only a single 'S function can be 
constructed for a given assignment of 7 and / values. 
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The 1s2sxy of differing x and y plays the smallest role 
in configuration interaction and only one, the 1s2spipn, 
has been used in the final configuration interaction 
calculation. Two linearly independent 1s2spipr'S 
functions can be constructed and only one has been 
used. It is 


WV (1s2spipn) = §[ lsa2s8 pap ] 
—4[1sa2s8pr'api'B ]—4[1sa2s8p;"'apr'3 | 
+}3[1s82saprBprr°a |—4[1s82sapr'Bpu la | 
—4[1s82sapy 'Bpr'a |—}[1sa2sapyBpn's | 
+$[l1sa2sapr'8piur'8 ]+é[1sa2sapr'Bpn'8 | 
—§(1s82s8 pyaprr'a |+3[158258p;'apira | 
+$[1s82sB8p1 apr'a |—3[1sa2sBpy)Bprr'a 
+$[1sa2s8pr'Bpn'a |+$[1sa2s8p;'Bpri'a | 
—$[1sB2saprapir'8 |+3[1s82sapr'aprr' | 
+%[1s82saprapn's |, (6) 


where a and 8 denote one-electron spin assignments of 
+1/2 and —1/2, respectively, and the p superscripts 
denote one-electron m; values. Each bracket indicates 
a single four-electron Slater determinant. Other func- 
tions of this type, including the other 1s2sprpi1, were 
investigated but they gave energy contributions of less 
than 0.00006 a.u. and have not been used in the final 
calculation. 


Triple Substitution Configurations 


These configurations have matrix elements which are 
zero with the 1s?2s* configuration but sizable with other 
important configurations. Their contributions to the 
configuration interaction energy are smaller than 
0.000001 a.u. and thus no configurations of this type 
appear in the final calculation. 


Quadruple Substitution Configurations 


These also have zero valued matrix elements con- 
necting them to the 1s?2s? configuration but unlike the 
single and triple substitution configurations these give 
important energy contributions via their nonzero 
matrix elements with important configurations other 
than the 1s°2s*. Only configurations of the form 2*y? 
have been considered. Investigation shows that other 
types would be less important. If neither x nor y is an 
s-like function, several linearly independent 'Sx*y’ 
functions can be constructed. The simplest is one where 
two-electron 'Sx* and ‘Sy? functions are constructed 
and then combined into a four-electron 'S function. 
Such a function has nonzero matrix elements with 
other configurations used in the calculation while the 
other linearly independent xy? 'S functions do not. 
These other x’y? functions do have large matrix elements 
with the 2°('S)y(4S). Investigation has shown that 
their configuration interaction energy contributions 
[via their interaction with the a2('S)y?('S) ] are effec- 
tively zero. 
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Shortly after the start of the work on Be it became 
apparent that second-, or higher, order perturbation 
theory gave poor estimates of the relative importance 
of different 'S configurations. To avoid this problem I 
constructed the (‘‘basic’’) configuration interaction 
matrix for the most important configurations, then 
increased the matrix to include additional configura- 
tions of uncertain importance and diagonalized the 
resultant matrix to discover the effect of the additions. 
Any configuration which proved to be important was 
added to the “basic”? matrix. The importance of the 
nth configuration would be observed by diagonalizing 
the m by m and the (n—1) by (m—1) matrices and 
interpreting the difference in energies as being the mth 
configuration’s contribution. In the final thirty-seven 
configuration calculation, all matrices down to the two 
by two have been diagonalized with the differences in 
successive diagonalizations again being interpreted as 
the contributions from specific configurations. This 
process is costly in computer time but gives us data 
which aids us in obtaining insight into the configuration 
interaction process. 

In the discussion of results, configurations of the 
1s*xy form will be interpreted as contributing to the 
correlation energy effects of the 2s shell since the xy 
replaces the 2s? of the 1s°2s? configuration. Similarly 
the 2s*xy configurations will be associated with the 
is shell correlation and the is2sxy and quadruple 
substitution configurations with intershell effects. 
This interpretation is not strictly realistic but it is a 
convenient crutch when interpreting results. 

Of the thirty-seven configurations of the final calcu- 
lation, roughly the first twenty were chosen solely for 
: their importance in improving the Be total energy. 
The later configurations were chosen partially for their 
energy contributions and partially for the assistance 
they give in answering questions such as how effective 
was the choice of the y,’s used in the half-dozen most 
important configurations. 


V. THE COMPUTATIONS 


The computations were started on the Whirlwind 
computer at M.I.T. but the majority of the work was 
done on the 704 computer in the M.I.T. Computation 
Center. The computer was used to generate the one 
and two-electron integrals used for the construction of 
matrix elements. These integrals were computed for 
each stage of the Schmidt orthogonalization in search 
of y,’s. The computer was also used for the matrix 
diagonalizations. 

Matrix elements were computed by hand, using the 
well known relationships*’ for matrix elements of the 
nonrelativistic many (four)-electron Hamiltonian be- 
tween Slater determinants. These were combined ‘to 
give matrix elements between multideterminantal 'S 


1 E. U. Condon and G. H. Shortley, The Theory of Atomic 
Spectra (Cambridge University Press, New York, 1953), in 
particular p. 171. 
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functions. The matrix elements are as accurate as the 
one and two-electron integrals from which they are 
constructed. These integrals, which are in terms of 
the y,’s, are obtained as linear combinations of the 
integrals in terms of the basis functions (n,’s). The 
latter integrals are obtained analytically. The ability 
to compute integrals analytically rather than numeri- 
cally yields integrals in terms of the y,’s which are 
comparitively accurate. This is the great strength of 
the analytic approach. The integrals involving y,’s of 
low Roman numeral value are accurate to seven digits 
while those of higher Roman numeral values tend to be 
somewhat less accurate. This is due to the increasing 
magnitude of the C;;’s for the high values of 7. 


VI. RESULTS 


The results are tabulated in Table III. The table’s 
first column lists the contributing configurations (V,,) 
and the second their » values. The next column gives 
the energy contributions as predicted by second order 
perturbation theory. The fourth column lists the actual 
energy contribution for the mth configuration. This is 
obtained by taking the difference between the n con- 
figuration energy and that of the (n—1) configuration 
wave function. The next (fifth) column lists the eigen- 
vector coefficients (K,) which define the thirty-seven 
configuration function (®) in terms of the individual 
configurations (¥,,), i.e., 


37 
=>) Kin. (7) 


n=l 


The first four configurations are the really important 
ones and a ® constructed from these alone may be of 
interest to some readers. For this reason the four con- 
figuration eigenvector appears in the sixth column. The 
next column gives the energies (£,’s) of the m con- 
figuration ®’s. These energies will be compared with 
those in the last two columns. These columns will be 
discussed later. 

Table III contains a number of items of interest. 
First we see that the thirty-seven configuration func- 
tion’s energy (E37) includes slightly less than ninety 
percent, and the four configuration energy (£4) seventy- 
four percent of the correlation energy. Appreciable 
energy contributions stop after the inclusion of the 
fourth configuration. Secondly, there is the failure of 
second order perturbation theory to make accurate 
energy contribution predictions. This is particularly 
so with the 1s*xy type of configuration such as the 
n= 13 case. This failure is so severe that 1s*xy configu- 
rations involving the sy, f1, and g; orbitals have been 
left out of the calculation. For example, second order 
perturbation theory predicts that the 1s*s,;? configu- 
ration would contribute an energy improvement of 
—0.00117 a.u., an appreciable contribution. In a 
correct handling of the configuration interaction, with 
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rasve III. The results of the thirty-seven configuration calculation for Be. 


Second-order 
perturbation 
theory 
prediction 
of the energy 
contribution 
Wn (a.u,) 


Eigenvector Eigenvector 
(Ka's) of the (K,'s) of the 
thirty-seven four- 
configuration configuration 
wave function wave function 


Energy (En) Two-columnt Four-column® 
of the n border border 
configuration determinant determinant 
wave function En en 

(a.u.) a.u.) (a.u.) 


Actual energy 
contribution 
of Wa, i.e., 
En —En-1 (a.u.) 


The mth 
configuration 
¥») 


n value 
0.9597008 
—0.2793724 


—0.0238793 
—0.0188478 


0.9575824 
—0.2844586 
—0.0262111 
—0.0232595 
—0.0059003 

0.0070633 
—0.0051437 
—0.0073743 

0.0056508 
—0.0055013 
—0.0047417 
—0.0051990 
—0.0182294 
—0.0062031 
—0,0018353 

0.0003207 
—0.0019705 
—0.0009703 

0.0015848 

0.0102900 

0.0065906 
—0.0008295 

0.0000858 
—0.0057483 
—0.0049320 
—0,0021912 
—0.0008337 

0.0013765 
—0.0015543 
—0.0004808 
—0.0004351 

0.0004639 

0.0020928 
—0.0002745 
—0.0018990 


1572s? 

1s*p;?? 

2s* py ? 

2s*s 7 

2s7d1? 
prCS)pr 7( 1S) 
22 pur 
2s*pipit 
p2CS)s2(S) 
ls2ss;? 

ls2sp1 id 
2s*pirpiit 
is*d?? 
[s2spipi ,* 
2s*F 

2s?s1 I ? 
2s*diir? 

2s* piv? 
pFCS)diPCS) 
2s*sis11 


— 14.57299 
—0.04116 
—0.01769 
—0.01071 
—0.00213 
~0.00157 
—().00111 
—0.00106 
— 0.00100 
— 0.00084 
— (0.00063 
— 0.00065 
— 0.00040 
— 0.00062 
— 0.00048 
— 0.00031 
—0.00031 
— 0.00027 
— (0.00019 
—(0).00038 
— 0.00020 
— (0.00016 
— 0.00001 
— 0.00023 

- 0.00068 
— 0.00071 
— 0.00061 
— 0.00003 
—().00018 
— 0.00010 
— 0.00009 
— 0.00000. 
— (0.00026 
— 0.00004 
— 0.00003 
— 0.00009 
— 0.00000, 


— 14.57299 
— 14.61414 
— 14.63183 
— 14.64254 
— 14.64467 
— 14.64624 
— 14.64735 
— 14.64841 
— 14.64941 
— 14.65025 
— 14.65088 
— 14.65153 
— 14.65203 
— 14.65265 
— 14.65313 
— 14.65344 
— 14.65375 
— 14.65402 
— 14.65421 
— 14.65459 
— 14.65479 
— 14.65495 
— 14.65496 
— 14.65519 
— 14.65587 
— 14.65658 
— 14.65659 
— 14.65662 
— 14.65680 
— 14.65690 
— 14.65698 
— 14.65698 
— 14.65724 
— 14.65728 
— 14.65731 
0.0025567 — 14.65740 
—0.0003084 — 14.65740 
Experimental energy = — 14.66745 


— 0.04555 
— 0.01937 
—0.01185 
— 0.00268 

0.00000 
— 0.00144 
—0.00117 

0.00000 
— 0.00088 
—().00070 
—0.00142 
—0.00431 
— 0.00040 
— 0.00064 
— 0.00042 
— 0.00042 
— 0.00034 

0.00000 
— 0.00034 
— 0.00034 
— (0.00022 
—0.00029 
— 0.00020 
— 0.00018 
—0.00015 
— 0.00009 
— 0.00006 
—0.00015 
—0.00012 
—(.00011 

0.00000 
— 0.00008 
— 0.00006 
~ 0.00006 
— 0.00008 
- 0.00000, 


— 14.64801 — 14.64737 


— 14.65280 14.65115 


— 14.65527 


14.65344 


— 14.65672 — 14.65452 
2s*s11iStVv 
2s*ststy 
2s*pitpiy 
1s*py? 
Is*pipy 
2s*disditt 
2s*fir° 

2s*d yy? 
prP®CS)d2Cs 
2s*s;y? 
2ser11 

2st py? 

Is*pr pis 
Is*pi7 


— 14.65749 


— 14.65787 — 14.65565 


— 14.65814 - 14.65590 


* See Eq. (6). 
> See text. 


the 1s*2p? configuration already present, the 1s*sy? 
makes a contribution of —0.000002 a.u. 


that most of the energy improvement is associated with 
the “orbital degeneracy” between the Be 2s and 


Of the correlation energy that has been incorporated 
into the Be function, about half of it is associated with 
the 1s*fy’ configuration, slightly less than half with 
correlation in the 'S shell (the 2s°xy configurations), 
about five percent representing correlation between 
shells and about one percent associated with the 2s 
shell correlation after the 2s-p: (which is 2p-like) near 
degeneracy is resolved. 

Inspection of the contributions to the 1s shell cor- 
relation correction shows a pattern which is similar to 
that observed in the He configuration interaction.® 
The 2s’xy configurations are acting to expand, in one- 
electron spherical harmonics and radial functions, an 
interelectronic r;; singularity or “correlation hole” in 
the 1s shell region. A similar interpretation cannot be 
made of the 1s*xy configuration contributions where 
ninety-five percent of the energy contribution comes 
from a single configuration, the 1s*p;°. Instead it appears 


(i.e., 2p) and that, at most, ten percent of the 2s shell 
correlation energy is due to a correction for a “‘cor- 
relation hole’”’ in the 2s shell region. The energy as- 
sociated with the correlation between the two shells, 
as indicated by the 1s2sxy and quadruple substitution 
configuration energy contributions, appears to be larger 
than the 2s shell “correlation hole’’ energy. 

Several double substitution configurations (notably 
those for n= 25, 26, and 33) show energy contributions 
which are larger than predicted by second order per- 
turbation theory. The large contributions occur because 
these configurations act in conjunction with configu- 
rations already present. For example, the addition of 
the 2s*syy? (n=33) configuration caused appreciable 
increases in the eigenvector coefficients (K,’s) of the 
2s*sisty, 2s*sqstv, 25°s1su1 and 2s°s;?> and a decrease 
for the 2s?2?K nv. 


One purpose of the higher » valued configurations is 
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that they serve as a crude test on the y,’s appearing in 
the important configurations. The small energy con- 
tributions of the Is*py’, 1s*pvpr, 1s’pipi, and 1s*p11’, 
despite large matrix elements with the 1s*p;’, suggest 
that the ; orbital was a very good choice for use in 
the 1s*py configuration. Similar observations suggest 
that it would be possible to obtain somewhat better 
fu and s; orbitals for use in the important 2s*p1;" and 
2s*sy configurations. 

The contributions to the Be total energy have been 
the sole criterion of the importance of the configurations. 
Other criteria could be used such as the magnitude of 
the eigenvector coefficients (X,’s). Such a criterion 
would make the 2s shell, 1s°xy type of configuration 
appear more important (note Kj3). Second order 
perturbation theory is as inadequate for predicting 
K,,’s as it is in predicting energy contributions. 

One question of interest is when can second order 
perturbation theory be accurately used instead of the 
full handling of the configuration interaction problem. 
Table III indicates that perturbation theory applied 
to the single configuration 1s?2s? function gives poor 
results. It seemed desirable to find out what happened 
if perturbation theory were used after the two con- 
figuration, 1s°2s? and 1s*p; problem was handled 
exactly. Such a treatment corresponds to setting all 
matrix elements but those in the first two columns 
and on the diagonal equal to zero and the diagonalizing 
the resultant configuration interaction matrix. The 
eighth column of table III gives the result of such a 
“two-column” treatment. In the interest of conserving 
computer time, diagonalizations were restricted to 
every fifth » value. It also seemed desirable to do a 
similar calculation where the four important configu- 
rations are handled exactly. The last column of Table 
III lists the results of the ‘‘four-column”’ treatment of 
the configuration interaction matrix. The “two column” 
results show a conflict between the common tendency 
of perturbation theory to overestimate and the loss of 
the energy contributions due to interactions between 
the higher configurations. The former effect dominates 
and a total energy which is low results. The “‘four- 
column” case yields an energy which is high, i.e., it 
underestimates the effect of configuration interaction. 
Its energy is in poorer agreement with the exact 
treatments (column seven) energy than is the “‘two- 
column” energy. This is due to a closer cancellation of 
errors in the “‘two-column” case. I leave it to the reader” 


2% Footnote added in proof.—It seemed desirable to insert the 
writer’s opinions. I believe that after the 2s-2p (or equivalent) 
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to decide how far one should carry out an exact treat- 
ment of configuration interaction before resorting to 
perturbation theory. It might interest the reader to 
know that in the slightly larger atomic system of C, 
there are ten configurations" which are as important 
as the first four in Be. This suggests that, even with 
the “early” use of second order perturbation theory, 
the problem rapidly becomes huge in size. 


VII. CONCLUSIONS 


The primary purpose of this work was to obtain 
information concerning the problems that will have to 
be faced when one attempts to deal accurately with 
electronic systems which are appreciably larger than 
He. This Be calculation indicates that an “orbital 
degeneracy” problem, as well as the “correlation hole”’ 
problem of He, will be met and must be dealt with. 
The “orbital degeneracy” problem is not a small effect 
in Be and this will be the case for many other electronic 
systems. The Be results also suggest than an effective 
approach would be one where one starts with the 
Hartree-Fock ground configuration, uses configuration 
interaction to resolve the “orbital degeneracy” and 
then goes on and treats the “correlation hole” effects 
either using the Hylleraas approach, which would not 
be trivial, or using additional configuration interaction. 
While doing such a calculation it must be remembered 
that the energy associated with the “correlation hole” 
between shells is liable to be as large as that associated 
with an outer shell. 

In conclusion, I would like to point out that, with a 
better choice of y,’s and with a criterion for choosing 
Y,,’s which is based solely on energy considerations, a 
noticeably better Be energy could be obtained in a 
calculation with as many configurations as have been 
used here. 
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“orbital degeneracy” is resolved, second-order perturbation theory 
can be very satisfactorily used to predict the relative importance 
of configurations and, for many purposes, it is quite reasonable to 
use it in place of full configuration interaction. 

21 R. K. Nesbet (private conversation). 
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The present paper presents a derivation of the “‘master” or 
Boltzmann “‘gain-loss’”’ equation from the Schrédinger equation, 
i.e., a derivation of the equation for the evolution in time of the 
probabilities of finding a physical system in its various states 
from the equation for the corresponding probability amplitudes. 
The ‘‘master” equation is derived for an, in effect completely 
self-enclosed, “‘supersystem,” [A+B], consisting of a “system 
of interest,’ [A ], and a “surroundings,” [B], in relatively weak 
mutual interaction. A discussion is given of the range of validity 
of the “master” equation for [A+B] and it is shown that the 
random phase assumption is required for the state vector of 
[A+B] at the initial time only. The normally microcanonical 
character of the equilibrium statistical configuration of [A+B] 
is demonstrated and a treatment is given of exceptional, ‘‘ex- 
tremely quantal-coherent,” initial statistical distributions of 
[4+B] which may evolve away from equilibrium. Derivations 
are also presented of the “‘master’’ equation for [A ] and of the 
‘“‘master” equation for an individuaj particle or quasi-particle [q ], 
within [A ]; a discussion of the range of validity of these ‘“‘master” 
equations is given and the normally canonical character of the 
equilibrium statistical configuration of [A] is deduced. General 
solutions of the “master” equations for [A+B], [A], and [q¢] 


A. INTRODUCTION 


NE of the major problems in quantum statistical 

mechanics entails the derivation of the “master” 
or Boltzmann “gain-loss’’ equation from the Schrédinger 
equation, i.e., the derivation of the equation for the 
evolution in time of the probabilities of finding a 
physical system in its various states from the equation 
for the corresponding probability amplitudes. The 
attack on this problem was initiated by Pauli' and 
recently very important progress has been effected by 
Van Hove.? The discussion below presents a derivation 
of the ‘‘master” equation from the Schrédinger equation 
using elementary methods and applies the general 
theory to several magnetic resonance situations. 

In brief outline, the subjects treated in the present 
paper are: 

(1) The “master” equation for the “supersystem”’: 
derivation from the Schrédinger equation and dis- 
cussion of range of validity—random phase assumption 
required for the state vector at the initial time only; 
deduction of the microcanonical character of the equi- 
librium statistical configuration of the supersystem; 
average values of “diagonal” and “nondiagonal’”’ dy- 

* This work was supported by the U. S. Air Force Office of 
Scientific Research and by the Office of Ordnance Research, U. S. 
Army. 

t Now at Centre d’Etudes Nucléaire de Saclay, Gif-sur-Yvette, 
Seine et Oise, France. 

‘W. Pauli, Festschrifi zum 60 Geburtstag A. 
Hirzel, Leipzig, 1928), p. 30. 

2 L. Van Hove, Physica 25, 268 (1959); 23, 441 (1957); 21, 517 
(1955); see also the instructive papers of W. Kohn and J. M. 
Luttinger, Phys. Rev. 108, 590 (1957); 109, 1892 (1958). 
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are worked out and the relation between the principles of ‘micro 
scopic reversibility” and “detailed balance” and the nonoscil 
latory character of the approach to equilibrium are exhibited. A 
theorem is presented regarding the time variation of the entropy 
of [A]. 

As illustrations of the general methods developed two important 
processes in magnetic resonance—the the 
longitudinal magnetization, (u),, and the time variation of the 
transverse magnetization, (u’);—are discussed in some detail. It 
is shown that the variation of (u), with ¢ and of (u’); with ¢ for a 
“nonrigid” lattice can be described by means of the ‘master’ 
equation for an individual spin [q] and several special cases are 
discussed on the basis of the evaluation of the appropriate transi 
tion probabilities; a comparison with the “spin-temperature” 
procedure is also appended. On the other hand, it is demonstrated 
that for a “rigid” lattice no description of the variation of (u’), 
with ¢ can be given on the basis of a ‘‘master” equation; in this 
case, quantal coherence effects neglected in the derivation of the 
“master” equation from the Schrédinger equation are vital and 
(u’), must be evaluated by a rigorous calculation of Trace {appro 
priate time dependent density matrix ] u’}. 


time variation of 


namical variables; quantal coherence and _ possible 
evolution of the supersystem away from equilibrium. 

(2) The “master” equation tor the “system of 
interest”: derivation from the “master” equation for 
the supersystem and discussion of range of validity; 
deduction of the canonical character of the equilibrium 
statistical configuration of the system of interest; 
detailed balance and microscopic reversibility; time 
variation of the entropy of the system of interest. 

(3) The “master” equation for an individual particle 
or quasi-particle of the system of interest: derivation 
from the ‘“‘master’’ equation for the (whole) system of 
interest and discussion of range of validity. 

(4) The solution of the “master” equation for the 
supersystem, the system of interest, and the individual 
particle: spectrum of real relaxation times and non- 
oscillatory approach to equilibrium; comparison with 
“spin-temperature’’ procedure. 

(5) Magnetic resonance: time variation of longitud- 
inal magnetization; treatment by means of the indi- 
vidual particle “master” equation; evaluation of 
appropriate transition probabilities and discussion of 
several special cases. 

(6) Magnetic resonance: time variation of transverse 
magnetization ; case of ‘‘rigid”’ lattice : inapplicability of 


ai 


any ‘“‘master’’ equation and discussion of crucial im- 
portance of quantal coherence effects neglected in the 
derivation of the “master” equation from the Schré- 
dinger equation; case of the “‘nonrigid’’ lattice: treat- 
ment by means of the individual particle ‘master’ 
equation. 
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EQUILIBRIUM IN QUANTAL 


B. THE “MASTER” OR BOLTZMANN “GAIN-LOSS” 
EQUATION FOR THE SUPERSYSTEM 


We contemplate a “system of interest,” [A], con- 
sidered imbedded in another, in general, larger system, 
[B], called the “surroundings”; the in effect com- 
pletely self-enclosed combination: system of interest 
and surroundings, [A+B], will be called the “super- 
system.” The Hamiltonian of the supersystem [A+B], 
5, can then be decomposed as: 

R= Haj O+ Kip) +0= H+, (1) 
Kray, Hype) are, respectively, the Hamil- 
tonians of [A | when isolated, and of [B] when isolated, 
and where V is the interaction Hamiltonian between 
[A] and [B]. In circumstances where [A ] and [B] 
are both macroscopically large, the ratio of U to 
KR is =Nypa)'/(N yt N,p))K1 (here Nis}, Nia) are 
the number of atoms in [A ], [B], respectively) so 
that U can be treated as a relatively small perturbation. 

We now choose the complete set of 3 eigenstates 
Yn, HOY,=EF,%,; En effectively continuous—as 
basic states for the description of the density matrix 
operator of [A+B], p(t). The matrix elements of p(/), 
(Wn| p(t) |\Wm)=(n!p(t)|m), are given by 


(n| p(t) | m)=Liikvnl¥ OY © | Wm DP; 
=¥ sal expL— (i/A) (to) IY? (t0) 
X (exp[— (i/) (t—to) I (to) | Wm); 
= (| expl— (#/h) (t—to) IDS 5 W™ (to)) 
x (WY (to) ps expL (i/h) (t— to) HK] | Ym) 
= (n| {exp — (i/h) (t—to) H Jp (to) 
XexpL(i/h) (t—to) K]}|m); (2) 
=exp[ — (i/h) (t—to) KH Jo(to) exp (t/h) (t—- to) KH] 

1 a physical situation where at the initial time /o there 
is an (incoherent) probability p; that [A+B] is found 
in the state y (¢) and where the state Y“ (to) evolves 
in time according to the Schrédinger equation: 
vy (t)=exp[— (i/h) (t—to) HY (to) 

=exp[— (i/h) (t—to) (C+D) W™ (bo) ; 
t—ty =0. (3) 


where (0) 


p(i= 


Equations (2), (3) yields for P(n; 2%), the probability 
that [A+B] is found at time ¢ in the state yp,’ 


P(n; 1)=D5| Wal¥? (O)|*o5= (n| od | n) 
=(n| exp[— (i/h) (t—to) 5C Jo (to) 
Xexp[(i/h)(t—to)H]|n); (4) 


Ln P(n; )= Lj pj=1=Trace {o()}, 


the totality of the P(m;?) values describing the statis- 
tical configuration of [A+B] at time ¢. The average 


: Approximate calculations of (| p(t)|m), (n|p(t)|m) from Eqs. 
(2)-(4) or the equivalent Eq. (12) below have been given in a 
magnetic resonance context by R. K. Wangsness and F. Bloch, 
Phys. Rev. 89, 728 (1953); U. Fano, Phys. Rev. 96, 869 (1954): 
R. Kubo and K. Tomita, J. Phys. Soc. (Japan) 9, 888 (1954); 
F. Bloch, Phys. Rev. 102, 104 (1956); A. G. Redfield, IBM J. 
Research Develop. 1, 19 (1957). 
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value at time /, (),, of any dynamical variable D 


associated with [A+B] is then: 
(Dr=L YO (| DLW ))p; 
=) WW (L) | Wm) Hm | D) Yn) Wn | W(t); 


In m 


=}° (n!| p(t)|m)(m| D| n)=Trace{p(t)D} 


n,m 


=> P(n; t) 


(n|D|n)+>> (1—Smn) 


x (n| p(t)| m)(m D\n). (5) 
Thus, if the matrix of 
diagonal : 


with respect to the y, is 


(m| D\n)=(n| D| n)b mn, 
the P(n;1)=(n|p(t)|n) completely describe the de- 
pendence of (D),; on ¢ and Eq. (5) becomes: 
(Diise) =>, P(n; t)(n| D4**| n). (6) 
In what follows we shall in general study “diagonal” 
dynamical variables D** with (m| D*'**| n)=(n| D| nd mn 
and we note that all such D**“¢ will necessarily commute 
with H®, 
We now consider further the dependence of P(n; ?) 
on ¢. We have from Eq. (4), with r20: 
P(n; t+r) 
=(n|p(t+r)|n)=(n| expl— (i/%) (t—to+7) KH Jo(to) 
Xexp[(i/h) (t—to+7) KH ]|n) 
= (n| exp[— (i/h) 7 5 Jo(t) exp[(i/h)7 5 ]| n) (7) 
=m TW am(r)P(m; O)+rY,(r; t—to), 
where 
W nm(7)= (1/7) | (n| expl— (i/h) 7 5C]| m) |?; 
>, tTWam(7 


n 


)=(m/|exp[(i/h)7 5 ] 


Xexpl—(i/h)rH]|m)=1; (8) 


> tTWam (i/h)rHX ] 


m 


)=(n| expl— 


Xexp[(i/h)r 
Y ,(7; t—to)= (1/7) 2 (1— 


KH ||n)=1, 


Sim) (n| exp — (i/h)r 3C]| m) 


x(n lds (i/h)r 3 ]| k)*(m| p(t)\ k) 
= (1/7) © (1—bim)(n| expl— (i/h)73C]| m) 


k,m,l 
X (n| expl— (i/h)r3C]| k)* 
X (m| expl — (i/h) (t—to) KH ]|1) 
x (k| exp — (i/h) (t—to) 3¢]|1)*P (1; to) 
+(1/r) S (1—bem) (1-8) 


k,m,l 
nla ‘h)r 3 || m) 
X (n| expl— (i/h)r KH ]| k)* 
X (m| exp[— (i/h) (t—to) IC] 1) 
X (k| expl— (i/h) (t—to) 3C]| q)*(L| p(to) | q) 
=Y,*(7;/—t), (9) 
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with 


expl — (i/h)r 5 } 


4 


expl— (i/h)7(H +0) ] 
=exp[— (i/h)rH ](1+8(7)), 
1+8(r)=expl(i/h)rH | expl— (i/h)r (H+) ] 


=1—(i/h)Ur—4 (1/8?) (W+ (0, ])r7+-- 


1+>> { (ih) if dr;U(11) 


f ar jO(7)| 


j=l 


: i+>- 5;(7); 
j=l 


U(r,)=expl(i/h)r,5 JO expl— (i/h)7,H J. 


Equations (7) and (8) yield 


P(n;t+7)—Pi(n;1t) 


- 
7 


= LW nm(7)P(m; t)—Waon(r)P(n; t) ] 


+YV,(r;t—t), (11) 
which is the basic equation for the subsequent develop- 
ment. 

It will be seen that the quantities Wam(7) of Eqs. 
(8), (7), and (11) are (for mm) the probabilities per 
unit time for “transition” of [A+B] during the time 
interval 7 from an “‘initial” state Ym to a “final” state 
y, under the influence of the interaction U—this follows 
any “initial” state Ym evolves in time as 
exp[ — (i/%)r KC Wm. It should also be noted that, using 
Eqs. (8) and (9), lim,so Wam(r)=0 (nm), and 


since 


lim,o Vin(r; t—to) = (i/h)(n| [p()),H]|n), 
so that, from Eq. (11), 
dP(n; t)/dt=(d/dt)(n p(t)\n 


n|(t/h)[p(t),3C]|m); (12) 


dp(t)/dt= (i/h)[ p(t), % ] 


a relation which is usually obtained by direct differen- 
tiation with respect to / of Eq. (4) for P(n;2) 
= (n|p(t)|m) or of Eq. (2) for (| p(t) |m). 
We now assume that p(fo) is a “diagonal” dynamical 
variable 
p(to) = {p(to)}*™*; 


(1| p(to) | g)= (1| p(t) | Dbig= PU; tb, (13) 


so that, substituting into Eq. (9), 
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V(r; t—to)=(1/r) SS (1—Sim)(m| expl— (i/h)r5C]| m 


kym,l 
X (n| expl— (i/h)7r KH ]| k)* 
X (m| exp — (i/h) (t—to) 3] 1) 


X (k| expl— (i/h) (t—to) 3] | 1)*P(Lsto), 
(14) 


Y,,(r;0)=(1/r) (1—Bim) (| expl— (2/h)r 3] m 


ml 


X (n| expl— (i/h)7 HC]| R)*b m5p0P (1; to) =0. 


The assumption p(o)={p(éo)}** implies that the 
initial statistical distribution of (the ensemble of) 
[A+B] over the states y“” (to) involves no specification 
of any definite phase relations among the y,; this 
assumption therefore permits identification of the 
¥‘? (to), pj with the ¥,, P(m; %). Thus the assumption 
p(to)={p(to)}*™ implies that quantal interference or 
coherence effects associated with non-vanishing off- 
diagonal (/| p(to) |g) are absent in the initial time evolu- 
tion of [A+B ] and is equivalent to the so-called random 
or incoherent phase assumption '? regarding the initial 
statistical distribution of [A+B] over the y,., i.e., 
equivalent to the assumption that the state vector of 
[A+B] at (=to, p(t), is given by 


¥ (to) = Li nf LP(m; fo) en 

with the 8, random. The validity of the assumption 
p(to) = {p(to) }4* is ensured, in most cases of practical 
interest, by the preparation of the initial physical 
situation of [A +B] (see Sec. G below for an example). 

It is now worth mentioning that p(to) = {p(to)}4'* 
Eq. (13)—together with Eqs. (2), (10), yield, 
(n| p(t)|m) 

=>. (n| exp[— (i/h) (t—to) KC ]| k) 

X (m| exp[— (i/h) (t—to) H]| k)*P(R; to) 

=exp[— (i/h) (E,© — En) (t—to) ] 

X {bnmP(m; to) + (n| $(i—to) | m)P(m; to) 

+(m| $8(t—to) |n)*P(n; to) 

+ ¥°4(n| S(t—to) | k)(m| S(i—to) | k)*P(R; to)}, 
which is, in general, different from zero for n#m and 
t>to; thus for ‘> fo, p(/) is a “‘nondiagonal” dynamical 
variable. For m=n, Eq. (15) gives 


(n| p(t) |m)=doe| (n| expl— (i/h) (t—to) KC] Rk) |2P(R; to) 


which, in view of Eqs. (8) and (4), is equivalent to Eq. 
(17) below. 

We proceed to examine Eq. (11) or Eq. (7), together 
with Eq. (14), for the dependence of P(m;?) on ¢; 
setting /=¢) and writing f9+7r=/'>%o, we have, 


P(n; U)—P(n; to) 


t' — to 


=P CW nm(t!—to) P m ; ly) 


—Wan(t'—to)P(n; to) ], (16) 
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or, using Eq. (8), 
P(n;')=Y mf (l’— to) W an(t'— (17) 


Equation (16) is of the general form of a “master” o 
Boltzmann “gain-loss” equation for the slaty. 
P(n; t’), that [A+B] is found at time /’ in the state yn. 
However the eae transition probabilities per 
unit time, Wam(t/—t), are here dependent on t/—to 
and in fact essentially describe the whole actual de- 
pendence of P(n;?’) on t/—this is best seen from Eq. 
(17). We should also emphasize that our whole develop- 
ment in Eqs. (2)—(17) [in particular in Eq. (11) and 
Eq. (16) ] is valid with the y, any complete set of states, 
not necessarily the set of 5C® eigenstates. The 3 
eigenstate property of the y, is, however, used to obtain 
explicit expressions for Wam(r) and Y,(r;t—%o) [see 
Eqs. (20), (23)—(25), (27)—(34), below ]. 

Equation (16) or Eq. (17) can be conveniently 
employed to find an explicit form for P(n;?’) vs ¢’ for 
small ¢t’— fo, i.e., for 


to) P(m; to)}. 


“ 


t!—to<Kh/ | (n\O| m)| =h/tn=N/bm, (18) 
where 


n= (En, — Eo) /(N pay +N 8)); 
§m= (Em — Eo) /(N (ay +N 2)) (19) 
are the excitation energies per atom when [A+B] is 
in the states Pn, Ym.’ In fact from Eqs. (8) and (10) 


1 


— (nlerot— (i/h)(U—by) HR ] 


(t'—ty) 


3(U?+(0, 3 ]) 


1U(t'—to) 
x(1-—— 
h 
hat +) |m)) 


(t'—to) 


Ane a 
—(n| | m) 


loan — 1 


(’—t)| h 
1 (t’—%to)? 


; 


[(n| | m) 


+ (En —E,™)(n|0|m)]+--- | 


so that, introducing Eq. (20) into Eq. (16) 


4 The approximate equality in Eq. (18) of (#|U|m) and 
is a consequence of the fact that 


Vash Ly 4) Dj 14) 0(| Ri [4]—R; [41] ) 


with a short range o(| Ry (4]—R,[4) |) so that the nonvanishing 

(n|U|m)| are =| (n|o|m)| ss | (| v\m)| s£, or &m, the last 
approximate equality following from the virial theorem. It is to 
be noted that (n|2|) will be considerably smaller than é, for Case 
(II) of Sec. G below [see Eq. (180)]. 
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} (’—%" 
n; lo) +>, a |(n| | m) 
m 1° 


P(2: = 


_ (f= te)? (to)! 
+terms in — py 
hs hs 
X[P(m; to.) — P(n; to) ] 


= P(n; to) {1—[(t' —to)?/h? JL (n| 0? | 2) 


(21) 


—((n!V{n))*]+---} 
+3 m P(m; to) {L(t —to)?/h?] 


X [(a|O| m) +--+} (1—Smn). 


The initial relaxation of the P(n;?t’) from the P(n; to) 
is thus seen to be quadratic in (//—¢)*. However the 
series expansions in Eq. (21) converge rapidly only for 
t'—to<Kh I(n U|m)|~h/in~h/tém LEq. (18) and when 
t'—to 2h/, another method is required to find P(n; t’) 
vs U' from Eqs. (16), (8) or Eqs. (11), (8), and (14). 

To describe this other method we consider the Eqs. 
(11), (8), and (14) under the restrictions: 


h/inKr St—to, 
h/ En<K 7K CX m(20/t)5(En© — En) 
X |(m| V+VGU+--- |) PF} (1—Smn) 7 
=[Xom Wmn(7) (1-8mn) P= Tn; 
G=0[} (E,©+E,, (0)) — wii I 
—ind[ 4 (En +E, x]; 


(22) 


(23) 


the equality of 


(29/h)5(En — En) [(m| 0+0GU+---|n 


and * 


W mn(7) = (1/r) |(m| exp[— (¢/h#) (H+) ]| n) , 


for r subject to the inequalities of Eq. (23) (and m#¥n) 
is a consequence of the application of standard pro- 
cedures of time dependent perturbation theory*® to 
Eqs. (8) and (10) while the quantity 7, is obviously 
the mean life of [A+B] in the state y,. Equation (23) 
itself is only possible, of course, if [4+ 8B] is of such a 
character that 
h/in<< do m(20/h)5(En —E,) 
X |(m|0+0GU4+ - ++ | 2) Pda) ] 
=T,~h/AE,, 


(AE, =energy width of state y,), 


(24) 


and the inequality of Eq. (24): (excitation energy per 
particle in state y,,)>>(energy width of state y,), is one 
of the two basic restrictions on the character of [A+B] 
that must be made to deduce a “master” or Boltzmann 


5 See, e.g., W. Heitler, The Quanium Theory of Radiation 
(Oxford University Press, Oxford, 1954), third edition, Chap. 4. 
® in Eq. (23) denotes the Cauchy principal value. 
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“gain-loss” equation for P(n;?) vs ¢ for (—to>h/i, 
[see (c), (d) after Eq. (35) below ]. 

We now remark that the relation already set down 
in Eq. (23), viz., 


W mn( 7) = (29/h)b(E,” — E,“ 


X |(m| U+0GU+---|n))? (25) 


implies that this Wym(r) is actually independent of + 
for all + subject to the inequalities of Eq. (23); we 
shall also prove below that the Y,,(r; /—¢o) of Eq. (14) 
vanishes up to terms ~ (U/ 5)? if (—, r are subject 
to the inequalities of Eq. (22). Hence, up to terms 
= (V/ KH), the right-hand side of Eq. (11) is effectively 
independent of + for all r, ‘—¢ satisfying Eqs. (23) 
and (22) so that the left-hand side of Eq. (11), 


P(n;t+7)—P(n; 1) 
T 
+r dP(nt') dP(n;t) 1r&P(n;1) 
= f dt’ = + 
T?, dt’ dl 2 dt 
rt d®P(n; 0) 
1 +++. 
6 dt® 
must be closely equal to dP(n; ?)/dt if it is also to be 
effectively independent of 7. This last approximation, 
however, is well justified since for t—4>h/t, [Eq. 
(22) ] we anticipate that 
dP (n; t) 1 
mw i Fe 
1 |d’P(n; 
Ze 


dP(n;t) 


dt 


( 1 ) dP(n;t) 
z.. da | 


etc. (see Sec. D below) and since r/T,«1 [Eq. (23) ]. 
Thus Eq. (11) becomes, for t—4)27>h/t,, T,>r 
>h/ tn, 


d*P(n; t) 


| dé dt 


dP(n;t) 
=P CW amP(m; t)—WanP(n; t)] 
dt 


+¥ (7; t—t); 


W an? —£,,° 


(27/h)6(E,, 


X |(n| C+ UGU+---|m))?, (26) 
where it is to be proven that VY ,,(7r; /—¢o) is = (U/ RH) 
for t—tb27r>>h/t,. Equation (26) that the 
dependence of P(n;?) on ¢, for (—&>h/i,, and ne- 
glecting third and higher powers of U/ 3, is governed 
by a “‘master” or Boltzmann “gain-loss” equation so 
that completion of the derivation of this “master” 
equation from the Eqs. (11), (8), and (14) now only 
involves the demonstration that Y,(7;/—¢») is indeed 
(0/3)? for t—lb >1r>>h/ Ea. 


shows 
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We proceed to give this last demonstration and write 
Eq. (14), using Eq. (10) and with 


Vim= (1 h) (Ex ‘s — En, - Hy 
in the form: 


Y,(7; t—lo) 


=(1/r) SS (1—dkm) (Gnm+ (| S(7)| m 


kim,l 


X (Gen+(n| S(7)| &)*) (mit (m| S(t—to) |L)) 
X (Gut (k| S(t—to) | 1)*)e em ©) P(L; to) 


= (1 T)>(1—Smn) (nm S(7);m)(m)|) S(l—lo) | n 


XKetrvam(t—to) Pim: ty)-+(n S(r)im 


X (m| $(t—to) | 2)*eiam(*- © P(m; to) |+-c.« 


) 
0 


+ (1/7) { (1—Sxn)[ (| $(t—to) |1)(n| S(r)R)* 
k,l 


X (k| $(t—lo) | L)*eiven(*- © P(L; to)+c.c. | 
+ (1-842) (m| S(r) |2)(n| S(7) | R)* 
X (k| $(t—to) |1)*¥eir#(— ©) P(1; to) +c.c. ]} 


+(1/r) ¥ (1—dkm)L (| $(7) | m)(n| 8(7)| k)* 


k,m,l 


X (m| $(t— to) |L)(k| $(t—to) |1)* Jeten'— PL; to). 


Further, from Eq. (10) 


$1(r) = cin f dr;U(71) 
0 


= cn f dry exp[_(i/h)7r15C ”7]0 


0 


Xexp[l— (i/hA) 1H | ~1 


T Tl 
So(r)= ny f anf dreV (171) U(T2) = UV? 
0 0 


and 
(n| $:(7)| m)=[(1—e'"™") /fvam |(n|O| m); 


so that Eq. (27) becomes, neglecting terms ~ (U/ 3)’, 
(VU Hx), ats 


1 1—e vnamT l—e mun (t—¢ 
(On) 
oo h Vam h Vam 


X | (n| | m)|*LP(n; to.) —P(m; to) |+c.c., 


Y,,(7;l—to) = 


(29) 


and it only remains to prove that Y,(r;/—to) of Eq. 
(29) vanishes when /—¢o, r are subject to Eq. (22). 
The proof that the Y,,(7; /—¢) of Eq. (29) is actually 
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zero when /—(o, 7 are subject to Eq. (2 
as follows. We recall that 


> F(m)= YS F(En ¢ es ik On( En) 


X{F(E am 


2) can be given 


») Om) Sav OVEr am; 


number of K® eigenstates 
Ym=Y4i8) (En am) with any am and energy eigen- 
values between E,, and E,©+dEmn, am denoting 
all quantum numbers other than £,, > which charac- 
terize the state Ym. We can then write Eq. (29) as 


1—e'rnmt 
V(r; l—lo) = fae, | 1080) — ~) 
hvnmt 


t 


1 — eirnm(tto) 
x( - )+ee.] (30) 
hvnm 


En© yf | (E,© 
XC P(E, an; to) — P( En“ 


where n(E,®) is the 


where 
f (Em) =n( 


) an| U| Em jam) |? 
(31) 


») mn 3 to) ]} av Over am 


so that, remembering that vam=(1/%)(E,©—En) 
(1/h) (En—Em)(N taj +N p}) LEq. (19)] and setting 


X=VamT, Vn(r;t—lo) becomes 


ere xh 
V(73t—t)=h if axl s( ees ) 
a (Nay +N (p))t 


1—e* t—~¢ [(t—to) /r]ry - 
x( )( ) free (32) 
x x 


In Eg. (32), [U—e*)/x][(1—e'*-”!”*)/x] is appreci- 
able numerically only for |x| <m7/(t—to) Sa. Since now 
f(ém) is a comparatively slowly varying function of ém, 
i.e., In fm) = (N (ay +N ¢2)) (Em (dm)av over m)+const, we 


have 


xh 
i - ) 
(NV; iy+.V a7 
1 yo 
f(s) dé, ) 
—xh 
an 
(A tay +A [B})T 


rT ghee : 
= f(é)| 1 tf (33) 


T 


and this differs from f(i,) by a negligible percent 
amount since || is effectively not larger than rr/(t—to) 
so that 

\x|h/t, wh/t, 


St 


“A 
7. T 
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(Eq. (22) ]. Thus Eq. (32) 


approximation as 


can be written to a very good 


Y,(7; l—to) 


' x 1—e#* 1—eil( to) /r)z 
=f (Es) f ix( )( - 
oY _« b 4 x 


and the integral /([/—¢o]/r) is zero for all (positive) 
(t—to)/r since [ (1—e)/x ][(1—exp{il(t—to)/7 ]x})/x] 
has no poles on the real x axis or in the upper half of the 
complex « plane and vanishes ~1/|x|* as |x|. 

We have thus deduced from Eq. (11) [or Eq. (26) ] 
the ‘‘master” or Boltzmann “gain-loss” equation with 
time-independent transition probabilities per unit time, 
W am; 


dP(n;t) ; 
= PCW amP(m; t)—WannP(n; t)); 
dt _m 


W nm= (24/h)5(E, — En) 
X | (n| V+VGU+ - ++ |m)|?, 
under the restrictions: 
(a) p(toc)={p(to)}**, [Eq. (13) ] 
(6) h/in<t—t, [Egq. (22)] 
(c) h/tn&h/AE,©=T,=[Dm(20/h) 
X5(En™ — En) | (m| 0+0GU+--+|n) |? 
X(1—Smn)T, (Eqs. (24), (23)], 
(d) neglect of terms ~(0/H)’, (O/H), 
in the V,(r;!—to) of Eq. (14) [Eq. (27)-(34)]. It 
should also be mentioned that with neglect of 
UGU+--- compared to VU in the expression for Wam 


[Eq. (35) ] we obtain Wan=Wmn, i.e., “microscopic 
reversibility,” so that Eq. (35) becomes 


dP(n;t) 
dt 

W nm= (24/h)b(E,© — En 

= (29/h)b(En 


=> es W aml P(m; t)—P(n; t)]; 


») [(n|O| m) 
(36) 


© — F,,) |(m|U0| 2) P= Winn. 
However the validity of “microscopic reversibility,” 
i.e., of the neglect of UGU+--- compared to VU in 
the expression for W am, is not necessary for the deriva- 
tion of an equation for dP(n;¢)/dt of the form of Eq. 
(36). In fact, in view of the third of the equalities of 
Eq. (8), we can write Eq. (11) in the form 


P(n;t+7)—P(n; 1) 
T 


=D Wam(r)[P(m; t)—P(n;t)]+Va(t;t—-b), (37) 
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whence, by use of the arguments of Eqs. 
can obtain the analog of Eq. (35): 


dP(n; t) 


(22)—(34), we 


W um P(m; t)—P(n; t)]; 
dl m 
W nm= (29 /h)b(E, — E,,) 
X [(n| V+0GU+---|m)f, 


which has the form of Eq. (36). 

The solution of Eq. (36) or Eq. (38) is given in Sec. 
D [Eqs. (75)—(88), (95), (100), (104)—(107) ] where it 
is demonstrated that for !—%>>7(max)=largest of the 
T nf T.=(2: Win(1—Skn) F}, 

dP(n; 1) 
dt 
[see especially Eqs. 


O=) mn Wan P(m; f 


(84), (88), (100) ] so that 


lo >>T (max 


—Pi(n:t (40) 


: 7 
to >>T (max)_]- 


Equations (39) and (40) show that the various P(n; ¢) 
ultimately approach time-persistent values which are 
quite independent of the corresponding initial values, 
Pin; to).6 This follows the quantum numbers 
n= E,, an; m= En”, am; Em SE, , can be chosen 
so that: P(m; t) }:-t.>>7 max) SP (m; t) :- >>T max) for 
fixed and all m, whence Eq. (40) implies that actually, 


P(n; b) t —to >>T (max) 


= (1/0)>-. P(R; to) =1/N, 


since 


P(m:; t)\:~w>> 


T (max) = 


(41) 


where 2% is the number of mutually accessible H® 
eigenstates of [A+B ].’ Equation (41) states that in the 
ultimate and time-persistent, i.e., equilibrium, statis- 
tical configuration of [4+ 8] all mutually accessible 
K eigenstates are occupied with equal probability. 

We now wish to emphasize that the equality of the 
equilibrium values of the diagonal matrix elements of 
p(t) [Eqs. (41), (4)] by no means implies that 
(n|p(t)|m)\t-t>>T(max) Vanishes; in fact, such an 
ultimate vanishing of the off-diagonal matrix elements 
of p(t) would not only contradict the explicit expression 
for (n|p(t)|m) given in Eq. (15) [and in Eq. (42) just 
below ] but would also yield 

= exp[_(i/h) (t—to) KH Jo(?) 

Xexp[— (i/h) (t—to) HK] 

=exp[_ (i/h) (t—to) KH J{ (1/1) 1} 


Xexp[— (i h) (t—to) HK ] t—to >>T (max) = (1/N)1 


p(lo)= 


t —to >>T (max) 


contradicting, in addition, the choice originally made 


* It will also be seen in Sec. D that the P(n; ¢) approach their 
ultimate and time-persistent, i.e., equilibrium, values in a non- 
oscillatory fashion. 

TSince Wan <5(E,%—E,™) [Eqs. (38) or (36)] all such 
mutually accessible JC eigenstates have approximately equal 
eigenvalues: £,,°SF,,. 
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in Eq. (13) for p(to)= {p(to)}4* ¥ (1/N)1. It should 
also be mentioned that use of Eqs. (10) and (28) in 
Eq. (15) for (n|p(t)|m) yields (for m#n) 


1— eam (t- to 
(n!| p(t) m)= (— wa ; ) 
hinm 


X (n|VO| m)(P(n; to) — P(m; to)) 


+terms ~ (U/3C)?, (0/IEM)3, ---, (42) 
which last equation can be employed to estimate those 
terms in Eq. (5) for (®), which are associated with the 
off-diagonal matrix elements (m|D\n) of the now 
assumed “nondiagonal” dynamical variable, D. Equa- 
tions (5) and (42) give, for (—to>%/t,, #/im, and with 
use of Eqs. (36), (18), (24) 


“(1 


n,m 


|m){m!| Dn) 


Jo Lim 


Din 


—S5mn)(n!| p(t) 


1— Ee tvnm(t t 
=>> (1—dnm){ —— 
= hvnm 


X (P(n; to.) —P(m; to))(m 


iF (1—dnn)[(2e/h)5(E 


n,m 


) — Eq) 


(m|D\n) h 
lo))- - 
(mm!) 


X |(n|O|m) P](P(n; 


)— P(m; - 
n) 2 


~|X(1—dan) 
=[X P(m; to) 


~= | {(m D n Nav over n,m I{(h Em) | om av « 


nm’ (m; to)(m| D| n)(h/Em) | 
(m| D| 2) }av over n(h/Em)/Tm | 


ver m 


K]{(m| D| 2)}av (43) 


ver ,m |. 


Thus, provided that 


1 {(n| D| 2)} av over nf >>]{(m| D| 2) }av over n. m| 
X{(h Ens) Elev overt 


which, in viewsof Eq. (24) 


(44) 
, is certainly satisfied if 

[{(| D] m)}av over nl Z [{{m| D| )}av over m, ml; 
we have from Eqs. (43) and (5) 


(D).= (: Dpondiag =>. i (n;t 


(45) 


Qnondiag n \ . 


!—to>h om 


<n 


whence, using Eq. (41), 
(D) = (DPrdine) —~ (1/M)T n(n | Dine | 2) ; 
t—to>>T (max) >hi/ én, 
while, from Eqs. (41), (6) 
(D):= (D4), = (1/N)> n(n! 


diag Le 
2 n{ D |” b 


t—to>>T (max)>h/t,. (48) 


8 It ‘should be particularly noted that however p(to) is taken, 
e.g., with arbitrary (n|p(to)|m) (mn), p(t)=exp[—(i h) 
X (t-te) Jo (to) exp[ (i/h) (t—to) HK ] cannot ever become (1/9U)1 
except in the special case p(to) = (1/9U)1 when p(t) is also (1/ 9U)1 
for all t2=to. 
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Equations (47), (48) indicate that, in the equilibrium 
statistical configuration of [A+B], average values of 
“nondiagonal” as well as “diagonal” dynamical vari- 
ables D are obtained by averaging the expectation 
value of D in a particular KX eigenstate, ¥,, over all 
mutually accessible y, with the same weight, 1/2, 
attached to each y,. This mode of averaging is pre- 
cisely that which would be adopted if a microcanonical 
ensemble were assigned to [A+B] and our demon- 
stration of Eqs. (47), (48) is therefore equivalent to a 
justification of the assignment of such a microcanonical 
ensemble to the supersystem [A+B] in its ultimate 
and time-persistent equilibrium statistical configura- 
tion, i.e., equivalent to a demonstration [under the 
restrictions (a@)—(d) above and the further restrictions 
(e), (f) below ] of the quantal ergodic character of the 
supersystem. 

It remains to discuss the possible effect of the neglect 
of the terms ~(U/3)®, (U/H)4, ---, in passing 
from the Y,(r;t—to) of Eq. (27) to the V,(7; t—to) of 
Eq. (29) [restriction (d) above]. Since 0/x 
= Nta)#/(Ntaj +N) [see discussion after Eq. (1) ] 
this neglect is better and better justified for larger and 
larger [A+B]; on the other hand, the Poincaré 
recurrence time, 7(6), defined by 


P(n; to+T(6))—P(n; to) | 
- — sian <6 


(49) 
P(n; to) 


(for all m; 6, a preassigned arbitrarily small number, 
say 1/100) approaches infinity as [A+B] grows larger 
and larger. It is thus reasonable to conjecture that the 
terms ~ (U/H)3, (0/3), --- in the Va(r; t—o) 
are associated with the actual quasiperiodicity of the 
time evolution of [A+B], i.e., are associated with the 
Poincaré recurrence phenomenon in [A+B], and that 
our neglect of these terms corresponds, among other 
things, to the assumption that the 7(6) of [A+B] is 
effectively infinite. If this conjecture is correct another 
pair of restrictions: 


(e) (t—lo)<«T (6), (f) 


must be added to the list of restrictions (a)—(d), above, 
required for the validity of the “master” or Boltzmann 
“gain-loss” Eqs. (35) or (38) or (36); as a consequence 
Eqs. (41), (47), (48) should, strictly speaking, be 
written as: } 


T (max)<T (6), 


P(m; t) 7 (8) >>t —to >>T (max) > P(n; t) | T (8) >>t —to >>T (max) 


= (1 N)>. P(R; to) = 1/K, (50) 


(D)e= (Drendine) &(1/T) YL n(n | Drentias| m) ; 
T (5)>>t—o>>T (max) >>h/é,,, 


(51) 
(D).=(D"*),= (1/) DV n(n | De] 2) ; 


T (5) >>t—to>>T (max) >h/ép. (52) 
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In concluding this section we wish to emphasize that 
we have shown, subject to the restrictions (a)—(/), that 
once the equilibrium statistical configuration is attained 
it persists in time; thus it is impossible [at least during 
time intervals <T(é)] for an equilibrium statistical 
configuration to evolve into a nonequilibrium statistical 
configuration. Since in addition, any nonequilibrium 
statistical configuration evolves in a nonoscillatory way® 
toward the equilibrium statistical configuration, we 
have demonstrated, again subject to the restrictions 
(a)—(f), the essential irreversibility of the time evolu- 
tion of the statistical configuration of [A+B]. The 
reconciliation of this irreversibility with the reversi- 
bility of the time evolution of exp[—(i/h%)(t—to)3C] 
X(t.) [Eq. (3)] which implies a corresponding 
reversibility in the time evolution of 


p(t) =exp[ — (i/h) (t—to) IC Jp (to) exp[(i/%) (t—to) He] 


[Eq. (2)] is effected by the observation that very 
special, “extremely quantal-coherent,”’ initial statistical 
distributions, associated at a minimum with a “non- 
diagonal” p(t) and thus certainly violating restriction 
(a), are required to produce processes which can be 
appropriately described as the evolution of an initial 
nonequilibrium statistical configuration of [A+B] into 
statistical configurations of [A+B] still further from 
equilibrium (see Appendix A). 


C. THE “MASTER” OR BOLTZMANN “GAIN-LOSS” 
EQUATION FOR THE SYSTEM OF INTEREST 


To deduce the ‘master’? equation for the system of 
interest we express the states Pa=Waie)(En 7a) of 
the supersystem [A+B] in terms of the states 
¥141(€),0;), ¥[B)(Mu,8.) of the system of interest [A ] and 
the surroundings [B], as: 

W448) (En ¥n) =H 4) (65,0) 0 (8) (MuBu), 
HOW a4 B) (En yn) = { Hay O+ Hyp) W(En™ yn) 
= (8) (MuyBu){ Keay Wa (€;,05)} 
+4} (€5,05){ Hyp) OW a) (Mu Bu)} 
= (€;+nu)h aj (€j,0)) 0 (8) (Mu8u) 
= En vpat Bi (En yn); 


(53) 


where aj, 8, Yn=a; and 8, are quantum numbers other 
than the energy eigenvalues ¢€;, mu, En =€;+m.u 
characterizing the states W4)(€;; aj), Wpe)(mu,8u), and 
¥445)(E,© yn). We next consider 


P(n3t)= P (44.8) (€),053 MuBu; 0) (54) 


as the joint probability that [A ], [B] are found in the 
states W4)(€;,a;), Yin) (Mu,8u) at time ¢, equal identically 
to the probability that [4+] is found in the state 
V4¢ 8) (En ye) [=p 4)(€i,0;)¥18;} (M8) ) at time f, 
and define 
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Pyaylejaj;3;0= XO Ppagey (ja); muBu3 equation for P44 2)(€;,0;; Mu,8u; 0), Eq. (35), together 
mu Bu with Eq. (55), then yields, with 
=) P ( ; E, —e¢;, Bu; t) 
[A+B] (€j,0;; Ln €j, Bu; t), ™ ‘ 
Bu , , ui nm>= WW [A+ B)(€,0j,Nu,8 “> €k;Lke Nv yr h 
. W mn= Wi 14. B) (€x,0%,Nv Br ; €j,0;,NujBu), 
Peay (nuBu3 O= X Pasay ejay; mu Bus) 
aie: veinliateiaiaialai E,=¢+n2atn=En=E, 
=D Pras ei (En® — 194,05; MuyBu; 4), d 
=, —P (aj (€),0;3 t)= ys [way (€;,0;; €x,a% ; L) 
as, respectively, the probability at time ¢ that [A] is oe 
found in the state W4}(€;,a;) for any probability dis- «Pay (€nrn; 1) — way (enon; 305; 2) 
tribution of [B] over the various states ¥;2)(nu; Bu) 
and the probability at time / that [B] is found in the X Praj(eja,;2)], (56) 
state Wn) (7.,8.) for any probability distribution of [A ] 
over the various states W,4)(€;;a;). The “master” where 


z W; 14B](€j, Qj, E—€;, Bu; €x, Ak, E—e:, By) Pp a+B)(€x, > E—e " B, , o) 
Bu, Bo 
WA} (€j,0;; €4,a4; 1) = 


DX Pia+py (ex, ax; E—ex, 8, ; t) 

By 
pi Ws + B) (€x, az, E—ex, By; €3, aj, E—¢;, Bu)P ta +B) (€j, @;; E—é;, kK 
Bu, Be 
WA} (€z OE 5 €;,0;; =—— 


D Pia+ey (ej, aj; E—€;; Bu; t) 
Bu 


d 
di Pip) (nuBu ‘j= ps [ we) (Mux ; Ne Pe; 1) P By (mv,Bv; t)—wyp) (Mm Bo ) Nu;Bu ; t)P tp) (MuBu } t) J, 
t Nv, By 

where ‘ rm: : . 

Z. WW (4+B)(E— nu, a3; Mu, Ba; E—Mp, &k, Nv; By) P| 14 p)(E—m, Gas Me, Be: b) 
aj, ak 


WB) (NuyBu; Nv Pr; = - . ' 
> Pa+3)(E— np, ak; me, Bv; 2) 

ak 

ps Wi 1+B)(E—m,, Ak, Noy fe: E—11; Qj, Nu Bu)P(4+3)(E—1u, Qi; Nu, 8B 34 t) 
aj, ak 


WB) (Ne,Br 5 %u8u; = 


> Py 143) (E—u,0;53 MuBu5 t) 
aj 


Equations (56)—(59) for Pya)(€;,a;; 4), Pte) (mu,8.;¢) are of the “master” or Boltzmann “gain-loss” type with, 
however, time-dependent transition probabilities per unit time: 
Wa} (€j,0;5 Ek, Ak 5 t), os WB (Ne Bv; NuPu ; t). 

We first consider the ultimate and time-persistent equilibrium statistical configuration of [A+ 8]. In this case 

T(6)>>t—to>T (max) (see Sec. B above) and from Eqs. (41), (50), and (54): 
Pia tT B) (€4 50% ; Nv Pv; t)= Pt a4 Bi (€;,@;3 Nu Be; t)= 1/N (€;+nuSetn = E), 
so that, using Eqs. (55), (57), and (59), and with 9,4)(€;), Ne) (nu) the numbers of [4 ], [B] energy eigenstates 
with energy eigenvalues €;, 7.u, 
Pas (€53 a5; 1) =N yp) (E—e;)/N, 
> Py 4° (€5,0;;2)= > Mp) (E—e;) R= (i nr)>- Jia} (€,) IU By | E—e;)=1, 


€j, aj €j, aj €) 


P py?" (nu Bu i= Ma) (E—7.) | A 


2. P pio" (nuBu; = =. Na) (E—n.) M=(1 nx)>- MB} (Mu)N pa} (E—n.) = 1, 
nu Bu Mu Bu Nu 

> W 14+ B)(€;,@;, E—€;, Bu; €k, ak; E—-e,, B,) 

Bu, Be 

Wale (E5075; €x,n; I= ~ —— 
Nw) (E—ex) 
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D> Ware (ex, az, E—€x, By; €;,0;, E 
Bu, Bv 
€4,0%; €;,0;;= 


— €j, Bu) 


Warauil ( 


> Wa +B) (E— nu, aj, Nhu, cs E-—n, Ak, Nes B,) 
aj, ak 


wpe" (Mu Bu ’ Nv Br 3 t) = 


“Sa (E—*,) 
— Nv, ky Noy A; E— 


DD Warai(E 


aj, a 


Nu; &j, Nu; Bu) 





nye a) (E—n.u) 


w Bt" (9, By ; Nu Bu; t) _ 
Equations (61), (60) and the 


“microscopic reversibility” of the W,(4;8; [Eq. (36)] imply the principle of 
“detailed balance”’ 


way (€j,aj; €xsar 5 LP aj (ex,arg; 1) = way (Ex,crn 3 €5,0053 YP pay?" (€;,0;; 1), 


(62) 


wp)" (quiBu } Woe; t) P (py? (9,80; t) = wp rll (nv,Bv3 NuySu; t)P ppc (nuBu; t) 
which result is sufficient for these time-persistent and ultimate P;4)°*"(€;,a;; 4), Ps)°%"(nu,8u; 1) of Eq. (60) 


to satisfy identically the ‘‘master” Eqs. (56), (58). 
We may also write, in view of Eq. (60) 


Np) (E—e;) 


Na) (E— 


€;) 4/8 d 








P; 4° (E507; ° t) _ 


p ® Nay (ex) (E—er) 
tk 


tk, ak 


Mpa} (E—nu) 


P py? (9u,Bu3 t)= A Oe 


nw Be 


provided that the system of interest [A] is so much 
smaller than the surroundings [B] (Ni4}«N{2)) 
that the various states W;4)(¢€;,a;) with appreciable 
P(4)°"!(€;,0;; 2) are characterized by 


| |d ‘InStta}(E)/dE | 7 d( Eeenst) /dE 
|@ Intpp)(E)/dE?|  |d2( Est) ae? 


Equation (63) corresponds to the assignment of a 
canonical ensemble to the system of interest [A ] and 
of a microcanonical ensemble to the surroundings [ B ] 
in the ultimate and time-persistent equilibrium statis- 
tical configuration of the supersystem [A+B]. 

We now consider the case of the system of interest 
[A] in nonequilibrium and the surroundings [B] in 
equilibrium; physically this is possible only if [A ] is 
much smaller than [B]. Quantitatively, the assertion 
that [B] is in equilibrium while [A ] is not, is equivalent 
to the statement that Pj1;2)(€;,a;; mu,8u;¢) has the 
same numerical value for all 8: 8u(1), Bu(2), ---, Bu(n), 

, BulLMNpsi(nu)]; this implies, using Eq. (55), that 
Pn\(nu,8u;t) also has the same numerical value for 
all 8., consistent with the expression in Eq. (63) for 
Pe pj°*™ (nuyBu; 6). With the Prasn)(€;,0;; mu,8u; ¢) the 
same for all 8, these Ppa+n)(€),0;; Nu,8u; 4) cancel from 
numerator and denominator in the expressions on the 
right-hand side of Eq. (57) and the (in general, time- 
dependent) wya)(€;,07;; €x,0%5 0), Wp (€x,0%; €;,0;;¢) are 
equal to the time-independent w;4)°""!(€;,a;; €x,a%5 4), 





65K 


=E=n =p. 


y ® Nia (E —€;) 


Na} (E—nw) 1 
E Rea\ te) Ray (E— Mm) DL Nray( tm) May ( B)E M1a(E-m) 


=> ; O6'=(kT)- 
e —€ki@ 


€k, ak 


t= InNa)(£), 
dE 


Nya} (E— Nu) 1 


~ Stpe(E) 





way" (err €;y053 2) of Eqs. (61) and (62). The 
“master” equation for P,4;(€;,a;;t), Eq. (56), then 
assumes the form: 


d 


—P 4; (€;; a;; t) 
dt 


= >» [wy4j°"l(€;,0, 5 €x, ke; t)Ppay(€x,ax; t) 
€k, @k 
(64) 


— way (xan ; €;, 5; LP ay(e;, a5; f) J, 


with [see Eqs. (61), (60), (63), (62) ] 


Wall (€ 5,053 €x,0%; L) 


} i W (a+B)(€;, 05; F €x, By) 
Bu Br 


2—€;, Bus €k, ax, E— 


oe MN (e-**/8/ Fo e-e1/@) 


€l,al 


—€x, By ) 
XK e~ (Fe) 8 > e7nw/@ 


nw Bw 


=> Ware) (€;,0;, E—€;, Bu; €x, ax, E 


Bu Bo 
(65) 


wae” 


nu Bu, wv, Bv 


W (a+3) (€),0j,NusBu ; €:;0k,Nv,Bv) 


—s. Ty, ” 
Xe-w/@ » € mu! 


mw Bw 


way (€j,045; €x,0% 5 L) Pi aynn(s, a; - owe 


—_ ~~ 


way?" (en,rn; €;,00;; #) aw ayeil(ey, ax; t) ale’ 





188 SHER AND 
which can be employed to describe the approach of [A] 
to equilibrium (see Sec. D). The “master” equation 
for Pya)(nu,B.u(n); 0), Eq. 
(59), (36) 


(58), becomes, using Eqs. 


d 
—P a) (nu,Bu(n); D= 
dt 


ZZ [Pras B (E— no, a 


Mv, &j, ak 


5 Nv, By(m) ; L) 


— Pi agp) (E— nu, 053 Mu, Buln); 1) ] 


RNa} (ne) 
x 2 


m-=1 


W (1438) (E— nu, aj, nu, Buln) ; 
E—n», ak, Nv, Be(m)) 


= > [Prase)(E—1n, @ > Nuy Buln); t) 


aj, ak 


— Prasp\(E— nu, aj; nu, Buln); t)] 


MN 4} (nu) 


x 2 W (443) (E— nu, @, Mu, By (2) 
m=1 
E—nu; &, Nu, Bulm))=0. 


Thus P(#)(9.,8.(); 9 is time-persistent as is required 
by the circumstance that [B] is in equilibrium (though 
[A ]} is not). 

We conclude this section with an illustration of the 
use of the “master” equation for P,4)(¢€;,a;;¢), Eqs. 
(64), (65), in the derivation of an entropy theorem for 
the system of interest [A ]. We define the entropy of a 
system of interest [A ] whose statistical configuration 
obeys such a “master” equation, as, 


Sta (Q=—-k DY Prajleja 


€j, aj 


> & InP raj(e aj; !), 


and obtain from Eqs. (67), (64) 
dS | 4) (0) ; 
=(k/2) [eu 


dl {+ @j,0h. ah 


anil (esas; €x,0K; L) 


? . an om . . 
K Pay (€xsare 5 L)— way?" (Exar; €),0;3 0) 


XK Pay (ej, aj; 0) ] 


XIn[P pay (ex, ae; t)/Ppay(ejaj; 0], (68) 


as the basic equation for the time rate of change of the 
entropy of [4] arising from: (1) the approach of the 
probabilities P,4)(€;,a;;/) towards their ultimate and 
time-persistent equilibrium values P,4)°%"'(€;,a;; ¢) 
without any net flow of heat between [B] and [A ], and 
(2) from any net flow of heat between [B] and [A], 
dQ 4;/dt. In this last connection, defining the internal 
energy of [A ] as 


Ura) LD Pa; (€;,0;; Le;, 


€j, aj 


(69) 
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we have [again using Eq. (64) ] 
dU ¢4)(t) dP (4) (€;,0;; t) 
anecicanaaal . 


dt 50 dl 


Oe ;(Vp4)) dV 
-> Pyaylejaj3; Ot — ae ) 
alent at [A] dl 


~ ; . ‘ . 
= DY  Lewpayt*" (e525; €x,0%%; 2) 


€j,@j,€k, ak 


XK Pay (€xarn 5 )— wy aye" (ex, ; €;,0;; 0) 
(70) 
X Pay(e;, aj; t) \(e;—ex) 


0e;(V es ) dV taj 
-> Pearle d(- 
9 Gi OV; 4] dt 


dQ) dV (4) 
Reo Peay 4 
dt dl 


where it is clear that dQ, 4)/dt may be either positive or 
negative depending on the direction of the net flow 
between [B] and [A ], and in general, vanishes only in 
equilibrium—see Eqs. (62) or (65). These last equations, 
used in Eq. (68), also ensure the vanishing of dS,4)/dé 
in equilibrium. 

We now define 


°F Pa; (€;,0;; 2) — Ppayet™" (€;,0,; t) 
A(7;i)=— - - —, (71) 


P pay" (€ 5,00; t) 


which represents, at time /, the relative deviation of the 
probability P,4)(€;,a;;/) from its equilibrium value 
Pay" (€;, aj; 2). Expression of dQ,4;/dt, dS,4)/dt in 
terms of A(j;7¢) and 


d je= Ww ayt ll (€ 5,005; €4,n; LE) Py 4j°O"" (€x,01; t) 


= wyayet (ex, ; €;,0;; 1) Payot" (€;,0;; t) 


[see Eqs. (62) or (65) ] yields, 


dQ4() 
——=}3 F rAplLA(k; )—A(j; 4 \(e;—ex), (72) 
dt ik 


dS 4)(t) k e 1+A(k; 2) 
— =- 5 dnLA(ks) 405500) In( = ) 
dt 2 ik 1+A(j; ¢) 


+ 
+—¥ ApulA(k; D—A(Z; 4] 
2 ik 


P pay?" (Exar; b) 
XIn —}, (73) 
Py 4° (es, 3 1) 


® V (4; is the volume of [A ] and / 4) is the pressure exerted by 
[A] on [(B]. dV ,4)/dt is sufficiently slow so as not to induce any 
transitions between 4) (€;,a;) and W 4) (€x,ce). 
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whence, 


using Eq. (63), 


dS ,4)(t) 
- == E aalace t)h—A(j; 0) ] 


dt 2 ik 
1+A( k;t) 1 dQ 43( 4 
xin(— — )+- — ———— 
i+A(j;)/ T dt 


The first term on the right hand side of Eq. (74) 
is (except in equilibrium) always positive and repre- 
sents the time rate of increase of the entropy of [A ] 
associated with the establishment, without any net 
heat flow between [B] and [A], of the ultimate 
and time-persistent equilibrium probability distribution 
P(4)°%""'(€,a;; t) relative to the initial probability distri- 
bution Py4)(€;,a;; fo). On the other hand, the second 
term on the right hand side of Eq. (74) represents the 
time rate of increase or decrease of the entropy of [A ] 
associated with the direction of the net flow of heat be- 
tween [B] and [A]. Only under circumstances such 
that dQ,4)(t)/dt>0 (net heat flow from [B] to [A }) is 
dS; 4) (t)/dt necessarily >0. 


D. THE SOLUTION OF THE “MASTER” OR 
BOLTZMANN “GAIN-LOSS” EQUATION 


For simplicity we rewrite the ‘‘master” or Boltzmann 

‘“‘gain-loss” equations (35), (64) in matrix form as: 
d ! I ' ae 
—||lPOll= |W l- POLL (75) 
dt 

where 

(1/T)) 

Wor 


Wie 


Wi 
W 2N 


; 


a |, 
| 


Wye (1 Ts) 
P(1; 2) | 


| 
|| P(t) || _|Pain t) ] =, 


P(N; 0) P| 


Wnt 


with 
Wam/Wmn=1 (Eq. (36)]; 
(1/Tn)= Dom Wan(1—dmn) [Eq. (23), 
for the supersystem [A+B], and, 


d 
7 e@l= Tel le@l, (78) 
al 


In the mathematics literature a ‘“‘master” equation of the 
form of Eq. (75) is known as a “Markoff chain” equation in a 
continuous variable. For a discussion of general methods of 
solution of “Markoff chain” equations see J. S. Doob, Stochastic 
Processes (John Wiley & Sons, New York, 1953); W. Feller, 
Introduction to Probability Theory (John Wiley & Sons, New York, 
1957); W. Ledermann, Proc. Cambridge Phil. Soc. 46, 581 (1950); 
47, 626 (1951). The solution of “master” type equations is 
worked out for various special cases in the physics literature, 
e.g., N. Bloembergen, E. M. Purcell, and R. V. Pound, Phys 
Rev. 73, 679 (1948); J. P. Lloyd and G. E. Pake, Phys. Rev. 4, 
579 (1954); F. Lurcat, Compt. rend. 238, 1386 (1954 ; 238, 2517 
(1954); I. Solomon, Phys. Rev. 99, 559 (1955). 
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where! 


—(1/T;) 
Un 


Uy ee ae 
—(1/T>2) eee Usy 

ie a (1/Ty) 
Up= W (1,2)ef4@-#@)) /2e7, eH 
U..=Wrsyeter—eiormer.... (79) 
Q(1; t) | Pi: {)e# 1) /2kT 


; iis’ 
low) — t) |__| P(2; sero 


|0(N;0)| PW: 


ezonnieer| 
with 
E(lj=a,---, E(Mpay(a))=a, 
E(N,aj(e1) +1) =e, +++; 
W (1,2) = wat (e1,01(1) ; €1,01(2); 2), «++, 
W(1; Nypay(es)+1) 
= wat (e;,01(1) ; €2,a2(1); 1), «+3 
P(1; )=Piaj(e,ai(1); 2), ---, 
P(N pay (e1) +1; 1)= Pay (er,02(1); 2), +++; 
N=Nay=L Maj (€;) 5 


W (r,s)el2)-E()] (2kT 


= =] 
W (s,r)el2@)-#£()] (2kT 


(80) 


Os 
Ue 
(1/T,)=>- W(s,r)(1—6,,) 





[Eq. (65)]; 


for the system of interest [A]. Since ||W|| and ||U]| 
are both symmetric matrices, Eqs. (75)—(77) are of the 
the same general form as Eqs. (78)—(80), and it will 
suffice to discuss the solutions of the former, those of 
the latter being obtainable from those of the former by 
appropriate substitutions. 

The solution of Eqs. (75)—(77) can now be written as 


N-1 
IPOM=X CBI -LP el pelle; 


|P> (1) 
p»(2) |, 
pW) 


ll>>ll= 


with 


(—||Wl)-llll=orllprll; [|Bell-Iidrll=Se, (82) 
the w,, ||p,|| being the eigenvalues (here assumed non- 
degenerate) and the corresponding eigenvectors of the 


- 1 The relationship between Q(r; ¢) and P(r; ¢) used in Eq. (79) 
was suggested to us by Professor F. Bloch. See also E. W. Montroll 
and K. W. Shuler, Advances in Chemical Physics (Interscience 
Publishers, New York, 1958), Vol. 1, p. 361. 
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matrix —||W||. Since —||W'|) is symmetric—*‘micro- 
scopic reversibility,” Eqs. (36), (77)—the ,: 


WoW Swe +++ wy 1 


are all real, while the normalizability of the P(n; ¢) for 
all ¢ [(d/dt)>”,, P(n; t)=0 or >, P(n; t)=1] demands 


that the algebraically smallest w, is zero, i.e., 


s - y 12 > 
O=wo<w)<we<:: <WN-1.° (8&3) 


Thus, substituting Eq. (83) into Eqs. (81), (89) 


P(t)| = (po P(to) ||) || pi 


+2 (ld, P(to)||) |p» eer (t—to 


V—1 
Peauil || + $F (\f,|| - || P(to) ||) Pr\je-or’* 


(—||W|))- || po|| =9, 


and, since the |W), of Eqs. (76), (77) satisfies, 


(— |W) 1ll=(— Wi). all=o, 


we have (wo assumed nondegenerate!) 
po||= (1/9U' )||1 
Hence, from Eqs. (84), (87) 


|| Peawil |! = (1/9) CS, P(n; to))|\1|| = (1/90) ||1]] (88) 


in agreement with Eq. (41) or Eq. (50), The reality of 
the various w, in. Eq. (81) or (84) shows in addition 
that ||P(t)|| approaches || Pe'|| in a nonoscillatory 
fashion, the (w,;)7! -+, (wy-1)" playing the 
role of relaxation Similarly, solution of Eqs. 
(78)—(80) yields, 


(We) 


times. 


V—1 
OM |= LD Ci gl] - Oo) || Il avile 
y=0 
= ( qo| *1O(to) ) go 


V-—1 
+E (idul-OW)||aele~" 
v=l 


[1/T(min})—1/T)] 
W's) 
W yi 


Xn=[1/T(min)—1/T;]=0, 


PRIMAKOFF 


with 
and 


whence, with the ) of Eqs. (79), (80), 


so that, substituting into Eq. 


ez 
(>, P(r; to)) 


Gea e 
Zia 


Zia 


i.e., using Eqs. (80), (79), 
P 1° (Es ry ( yr j= Peauil | 
(94) 


in agreement with Eq. (63). The symmetry of —||U 
“detailed balance,” Eqs. (62), (65), (80)—ensures 
the reality of the w,’ and so the nonoscillatory character 
of the approach of ||Q(¢)|| to Qe"! 
An interesting lower limit can be obtained for the 
shortest of the relaxation times, i.e., for (wy—,)~', viz., 
(3)T (min) S (wy-,)"; 


T(min)=smallest of the T,, (95) 


so that the shortest relaxation time is 23 
the shortest lived state). Equation (95) follows upon 
introduction of the “non-negative”? symmetric matrix, 


(lifetime of 


W 2 Win 
Woy 


[1/T(min)—1/Ty] 


(1/T(min)—1/T»] 
Wye 


Xp=Wyp2ZO0, etc., 


* The normalizability of the P(n; t) for all ¢, as given, e.g., in Eq. (4), is also obtainable from Eq. (11) since, on the basis of Eq. 
(9) or Eq. (14), 2, Vu (r; t—to)=0 and since Zant Wan (r)P(m; t) —Wmn(r)P (mn; t)]=0. Thus the neglect of V(r; t—¢o) in passing 
from the rigorous Eq. (11) to the approximate Eq. (35) (the “master” or Boltzmann “gain-loss” type equation) does not upset 


the normalizability of the P(n;t). From a mathematical point of view, the normalizability of the P(n; ¢) in Eq. (35) is a con 
sequence of the fact that each column of the —||W|| matrix vanishes, and this property of —||W'|| together with Eq. 


(82) 


may be used directly to establish Eq. (83) and also Eq. (87) below. 
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and use of a theorem of Frobenius" to the effect that 
a non-negative symmetric matrix such as ||X|| has an 
eigenvalue spectrum x,: % 2%. 2%2 2-+-+ 2xXy_, such 
that 


Mo 2X1 SK + S%y_ S90 See S°*: Stn-1, (97) 
and 

xo = |xn-1\. 
Equations (98), (96), and (75) yield 


[1/T (min) ] 2 |[1/T(min)]—en.1|, 


(98) 


(99) 





—W(2,1) 


| es hic baie 


1 |e-Bapiaer) 
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which, upon squaring and dividing by wy_1, is seen to 
be equivalent to Eq. (95). On the other hand, no 
general expression in terms of the 7, seems to exist for 
the upper limit to the longest of the relaxation times, 
(w,), though examination of particular examples (see 
Sec. F) appears to indicate that, as might be expected 
physically, 


(w:)"! ~T (max); J(max)=largest of the T,. (100) 


As an example, we shall now give an explicit ex- 
pression for ||Q(#)|| in the simplest case: N=2. Here, 
from Eqs. (79), (80), (92), (90), (93), we have 


W(1,2)el2@-E@1/e7 | 


—W (1,2) 


1 |g E (1) /2kT | 





IIqo|| = - 


¥ ; : . 
Z tay? e E(2)/2kT (e~ FQ) /kT 4 gE) IkT) 4) gE (2) /2kT 


1 eB (2) /2kT 
llaull= 


Zay*| — eB) kT 


1 le BUkT, 9 (1)/2eT 


lon] =— 


ZA] |@~B(2)/kT. e@F(2)/2kT 


so that from Eqs. (101), (89), (79), 
|P(1 ‘ t)e# 1) /2kT 


1 je 2G) (27. BG) as 1 


Z ay lemE UAT. gE 2) (247 Zu 


i.e., using also Eq. (80) 


b 


> w/=W(1,2)+W (2,1); 


, 


a [P(1 : to)el#)—#2)]/2kT_ pr. to)e~ (2 Q)—B@)] 247) 


e-E (2) /2kT 
e—(W (1,2)+-W (2,1)1 (t—t0) 
e-E (1) /2kT ‘ 


P(t = t) _ (1/Z pay )e~2 P/*T4- (1/Z p43) [Lem 2 /*T P(A : to) —e~ E/T P(2 : to) Je~ EW 0.204 51)1 (to) 


sills 





W (1,2) —_——— to) 
W (1,2)+W (2,1) 


~ W(1,2)+W(2,1) 


Je oraseraniensm, 


P(2- i= (1/Z aj )e~2 47 — (1/Z,4))[e~2 #7 P(A . th)—e~FWs/kT PD; to) Je W 4.204 2.1)) (eto) 


W (2,1) 


W(2,1)P(1; to.) —W(1; 2) P(2; to) 





ee 


Equation (103) demonstrates the proportionality of 
P(1; 4)—Pel(1; 2), P(2; 2))— Pev(2; 2) to 
+[W (2,1)P(1; to.)—W(1,2)P(2; to) ] 
=+{W (2,1) P(A; to) — Pee (1 ; 1) 
—W (1,2)[P(2; fo) —Pearit(2; ¢) ]} 
[see Eq. (65)], ie., to the initial deviation from 


3See, for example, E. Bodewig, Matrix Calculus (North 
Holland Publishing Company, Amsterdam, 1956), p. 145. 


W(1,2)+W (2,1) 


Je transom, 





“detailed balance” and so to the initial deviation from 
equilibrium. 
In concluding this section we wish to point out that 


4 The method of proof of Eq. (95) given in Eqs. (96)-(99) was 
suggested to us by Professor I. I. Hirschman. For nondegenerate 
w,, the 2, S signs in Eq. (99), (95) must be replaced by >, 
< signs. Our statement of Frobenius’ theorem is valid only for 
a non-negative symmetric matrix ||X ||. The theorem can also be 
proved for any non-negative matrix, in which case some of the x; 
with 1S 7=N—1 may be complex, and Eqs. (97), (98) become: 
xo=|xi|2---2>| xv]. 
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a Laplace transform method for solving Eqs. (75)-(77) 
or (78)-(80) yields an explicit formula for the matrix 
|Ky|]=ClB-l] - ||P (to) ||) ||p,|| in Eq. (81) or for the 
analogous ||K,’||=(\|de|\- |(l)||)|igell in Eq. (89), viz. 
I|K»|] = (l|bell - | Po) |) il 
1 }\eu9 | 
= |dD(s) 
ds J IC(N;s) 9m may 


1/C(2; s) | 
| ° } 


where 


D(s)=det(s|/1\|—||W'|\), (105) 


C(n;s)=same determinant as D(s) but with ath 
column replaced by 
| P(1; to) 


|P(2; to) 
| P(N; to) 

Equations (104) and (105) are valid for nondegenerate 
w, and are derived in Appendix B below; the corre- 
sponding equations for degenerate w, are also given in 
this Appendix. It is to be noted for future reference 
that, from Eqs. (104), (87), (82), 


Lin Ko(m)=(||Bol| ||P (to) ||) 22m Po(n) 
=>. P(x; t)=1, 
>. K,(n)= (||p,| - || P(to) || n p(n) 
(1s»vSN-—1) 
= (||Poll - | P(¢o) || )NU4C||B- || - [| ol|)=0. 
E. THE “MASTER” OR BOLTZMANN “GAIN-LOSS” 
EQUATION FOR AN INDIVIDUAL PARTICLE 


OR QUASI-PARTICLE OF THE SYSTEM 
OF INTEREST 


If the states ¥;4}(€;,a;) of the system of interest [A ] 
can be appropriately described in terms of the states 


(106) 


(107) 





WIA 


17] @, {RO} @ 


t)= 


H. PRIMAKOFF 


Yiu(F™), HinI), +2, WAG), +, aI), *- 
of its constituent individual particles or quasi-particles 
(1), (2), ---Cé) ---, Ca), 
B38); 
jJ), a({ 7); 
eee se sor eas eee 


, we can consider 


Pray (€j,05; = Pay ({j 


€;, aj=e({ 


(108) 


>: oe 


oy 7 ro. 
L1}, L2], 


as the joint probability that L 
Cq—1], Ca], Co+1], are found in the states 
¥in(I™), Vin(J), «°°, Va™), » Wte-1(7*"), 
¥ 1017), Vtorn (7), «++ at time /, equal identically 
to the probability that [A] is found in the state 
¥4) (€;,a;) at time ¢. We further define 


Pia(G,H= DL Pray ({j}; 9; 


(JO) 


{FO}@M= ji, 7, ..., Se 
(109) 


as the probability at time / that [g ] is found in the state 
¥ta(j™) for any probability distribution of [1], [2], 
vee, Lé], tee, Lq— 1], [q+ 1], ns : over the various states 
¥in (7), vin(J), --°, Ha(G), » Vien) (7), 


Vtei1)(7*?), ---. The “master” equation for 
Pray ({7}; 9, 
Eq. (64), together with Eq. (109), then yields 


d 


Pigy(G 3 D=E Log (G5 RO 3 OP qy\(k™ 50 
k‘@) 


;¢)], 


with the, in general, time-dependent transition prob- 
abilities per unit time, 


dl 


—wyg(k™; 7; DP i\(7% (110) 


part ({ GO}, CRO}; OP car ({RO} 5) 





DV Pra ({R}; 0 é 


{kO}@ 


wae({RO} ; {7™) ; t)P pay! {7 };2) 


1GO}@, (RO) @ 





DL Prag({ 750 


{i} @ 


Let us now suppose that the system of interest [4 ] is, as a whole, never too far from equilibrium so that we 
can replace the Pya)({j°}; 4) in Eq. (111) by their equilibrium values: 


expL—e({j})/0] 


P, 4 Pauil {j i } . j\=<— 





[Eqs. (63), (108) ], 


> expl—e({k})/O0] 


{k )} 


P F hae © | 7 Payee g@ 


\ 


-ij= 


pm 


{ji} @) 


expl—e({j})/0] 


- ————— [Eq. (109) ]. 
dX expl—e({k™})/0] 


{rR} 
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Then 


Wa (J; RO 50), wig (k™; 7; 0) 


are replaced by time-independent 


1g) (GF 5; RO 5b), Wig (RO ; J; t) 

while Eq. (65)—“‘detailed balance’’—ensures that the 
numerators in the two resultant expressions on the 
right-hand side of Eq. (111) are equal; thus, using also 
Eqs. (109), (112), we obtain 


Wq)°rrt( 7 ; Rk: t) v". 
17} @ 

weg ™"(RO, 7; 1) LO Pray({k}; 2) 
{k@)}@ 


Prqyr"n(G;t) 2 expl—e({9})/O] 
{GO} @ 


= 7 & 7 . (113 
Pi(k@; 1)  expl[—e({k})/O] 


1kO}@ 


Ppay@™({ jG}; D 








Equation (110) with 


Wig (JOR 50), Wig (RF ; t) 


replaced by 


W tq)*l( j@ . k@ . t), W tq) *tt (RO, 7 ; t) 


and Eqs. (111)-(113) define the “master” equation for 
the particle or quasi-particle [q ]; the analogy between 
these equations and the Eqs. (64), (65), defining the 
‘‘master” equation for the system of interest [A ] is 
obvious, and we can use the methods of Sec. D to 
obtain P4}(j7™; ¢) as a function of ¢. A particular sim- 
plification is obtained if, to a sufficient approximation, 
e({ 7‘°}) depends additively on the e; (7), 


€({j}) Sen (J) +e (G)+--- 
+ € 55) (FO) + +e (1) (GO) 


+ €[9) (9G) + far (FP) +--+, (114) 





Wg} eel ( 7 = k®; i= 
1j7)}@, {R®O)@), nu, Bus no Bo 
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since Eqs. (114), (113) give 
wai (G; 5 2) expl—era(j)/O1 
wg (R ; 5; 1) expl—ere(k)/O] 
in complete analogy with Eq. (65). 


F. MAGNETIC RESONANCE: TIME VARIATION 
OF LONGITUDINAL MAGNETIZATION 

We proceed to discuss certain magnetic resonance 
situations in view of the general theory established in 
Secs. B-E above. In these magnetic resonance situ- 
ations, the system of interest [A ] is identified with the 
degrees of freedom describing the orientations of 
nuclear (or electronic) spins, and the surroundings [B] 
with the degrees of freedom describing the motions of 
atoms containing the spins, i.e., in brief, [A ]=spins, 
[B]=“‘lattice.” The ratio 

V/H=V0/ (Hp O+ Kyp)™) 

is now no longer = N 1 438/(N aj +N 2) but is inde- 
pendent of N,4;}(=V{s)) and is not necessarily neg- 
ligible for a sufficiently large specimen—on the other 
hand, 0/3 is indeed small in many cases, e.g., for 
U=nonsecular spin-lattice phonon interaction (mag- 
netic dipole-dipole or electric quadrupole spin-lattice 
interaction). We present a treatment of the approach of 
the nuclear spin system ([_A ]) toward equilibrium under 
circumstances in which the “lattice” ((B]) remains in 
equilibrium throughout and with 0/ (34; ©+ KRya)) 
small. Under these circumstances the conditions for 
validity of the “master” equations deduced in Secs. B, 
C, E are satisfied and our discussion is, in particular, 
based on the individual particle “master” equation of 
Sec. E. 

We treat this “master” equation for an individual 
particle [q], ie., for an individual spin [q], of the 
system of interest [A ], Eq."(110), with wyq)(j™ ;k™ ; #) 
wig (R@; 752) replaced by wyg™(7; k®; 0), 
Wq}°r(R@; 7@;2) and with Eqs. (111)-(113) for 
Wq (J; RO 52), wy *r(R@; 7524). These last 
equations, together with Eq. (65), yield 





(115) 


’ 


ewe 


rele 
Nw, Bw 


x( expL—({k})/0] 
Y expl—e({k}/O]7’ 


{k®}@ 





x expl—e({k})/0] 


, ’ i {kO}@ 
Wg} CRO 5 FM 5 = wpgy°*™n(7; kM; t) 





O}@ 


= expl—e({j})/O7 


where in the present instance j‘ is to be interpreted as the magnetic or spin-orientation quantum number of 


the spin [g¢ ]. Also, from Eq. (36), 


Was 1y {FO} MupBu5 {RO} MeyBe) = (2/h)6CE(LFO}) Ama {RO }) Me) KEFO} mayBu| O | {RO} mey8o) P 


=W (a5) ({R} me Bo5 {7} 5 muBu), 


(117) 
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where, for the case of the magnetic dipole-dipole spin-lattice interaction, U=‘Vaip-aip 


identified with 


Vaip-aiprrrrrrn = DU Cyo(T 21 toi +1 isl 012) + Ego (1 i141 01+) J+ Herm. conj., 
f. , 
; 3 hy? 


jn 


2 (r7)8 


where y=nuclear gyromagnetic ratio; 
¥y— T= (159,940,070); Te=Ry+&, 

R,=lattice vector of the atom [ f], §;=displacement of 
the atom [f] from its lattice position=function of 
phonon creation and destruction operators, and I,y; 
=spin of the nucleus in the atom [f]. The term 
Vdip-dip”™"™ which establishes relatively rapidly a 
“quasi-equilibrium” spin configuration within [A ], need 
not be explicitly considered in the treatment of the 
relatively slower approach to equilibrium of dynamical 
variables such as the longitudinal magnetization since 





H. 


sin6;, Cosby ,e~ *#/e ; 


PRIMAKOFF 


and Vdip-aip can be 


(118) 
3 hy’ 
- ———(sin6;,)"e~? 4%, 
+ va 


E;,= — 





this relatively slower approach to equilibrium i involves 
energy interchanges between the spins [A ] and the 
“lattice” [B]. If the atomic motions of the “lattice” [B] 
are appropriate to, e.g., liquid-like rather than solid-like 
states of the specimen, r; must be expressed in terms of 
creation and destruction operators of motional quasi- 
particles other than phonons. The general formalism 
developed below holds however in this case also. 

We now introduce the notation j°=m;, k®=m, 
(—I Sm,, m; SI) and find from Eq. (118) as typical 
nonvanishing matrix elements, 


, 


({m i} = {mi} © q5 Nu Bu| Vaip-aiprorrern™ | {m,’} = {mi}, my—1; nv, By) 


({m i} = {mi} © mgmy; Mu8u| U 


= (nu Bu Re Eyq\|2v80)L(I—m,+1)(I+m,) JL 


) dip- di pnoncooular | £ se ,! }={m; y@ (p) ,m,—1, m»— 


=P 7(nusBu|Cro|nv,8e)msL(I—m,+1)(I+m,)]#, (119) 
1 > Ne» Be) 


—m,+1)(I+m,)]*. (120) 


Thus, from Eqs. (119), (120), (117), (116), (114) and with €;,,)(m,)= —hym,H ex:=—/wym,, we have 


1; t)= (I—m,+1)(I+-m,)(20/nh) Zz 


W tq)" (m, » Mg— 


Lexp(— 10/®)/ 2 exp(—7./@)] 


Nu Bu, Mv Be » Bw 


x {5( 


Mu No— herr) LX s| (nusBu|Cya|me8e) |?C{(oms?))— (((my)))) 


+ | (nuysBul Dy Cyq| vv) |?({(myz)))? ]+6(nu—ne— 2hwz) 
X24 (nuyBu| Re Eyq| 0,80) |Z (2+1) — ((m;*))+ ((m;))) ]}, 
~ my; exp(hwzm,;/@) 


with 


((m;))=— 


> (hw, 0)3I (I+1), 





~ exp (iwzm,/O) 


~ m7 exp(hwim,/@) 





((m/? \\=— 


31 (I+1), 


X exp(fAwzm;/O) 


my 
whence, for H.x:, T such that fw,/O<1, 


W git" (m,; me—1; D=T— 


m,+1)(I-+m,)§1 (I+1)(2x/h) 


x _ Lexp(—2-/0)/ D exp(—n./ 


nur Bus Mv By nw, Bw 


XL sl5(nu—.— howz) | (nusBubCyrq| v8) |? +5(nu—e— 2Zhwz)2 | (nuBu| Re Eyq| 2,80) |7} 


The shape dependent term, 


= (I—m,+1)(I+m,)w. 


| (nusBu| Xr Cra! ey.) |2(((my)))?, in Eq. (121) contains the factor 


(hw, /O)?= (hiryH ext/kT)* 


[Eq. (122) ] and so becomes important at extremely low temperatures. 
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In a similar way we can work out w,,)°t!(m,—1; m,; 1?) and obtain, consistent with Eqs. (116), (114), (115) 
, : exp[ — €t¢)(m,—1)/0] ; 
W [q}°t"! (m_—1; mg; t) =W_)°t"" (m,; ma—1; t) = Wg)" (mq; my—1; t) exp(—hwz/@). (124) 


exp — €{q)(m,)/0] 


An analogous discussion can be given for the case of the electric quadrupole spin-lattice interaction; here, 





Vauad rel = 907 LA Tine! ntl it iz) +Ays (Ti+)? ]+Herm. conj. 
As=(Q/81(2I—1))(Uty;:24—U nia.) 
A,j'=[0/81(2I—1) (Ui) ;2.2—U tri y— 2U i;:2.y), 
0?U (r) 


Uiy);2,2= CH., 
Oxdx |r= R,+&,, 


where Q=nuclear quadrupole moment, and U(r)=lattice electrostatic potential at r. A calculation similar to 
that in Eqs. (119)-(123), yields: 


Wi qh°A'(mg; mqg— 1; t)= (2mqg— 1° —m_+1)(I+m,)(2n/h) 


exp(—n,/®) 
»4 pa Jot.) (nuBu|Ag| nv Be) |? 
nur Bur Mv Bo IR exp(—7./®) 


nw, Bw 





= (2m,—1)?(I—m,+1)([+m,)w’, (126) 
woo" (1mg 5 mg—25 1) = (I—mg+2) (I— mg +1) (T-+-m,) (I-+-mg—1)(2n/h) 


exp(—7,/9) 





Xx y ‘ JoCo.—n.—2her)| (raul A "Ine Be) |? 
nus Buy Mv, By > exp(—7./9) : 


nw, Bo 


= (I—m,+2)(I—m,+1)(I+m,)(I+m,—1)w”. (127) 
Again, consistent with Eq. (116) or Eq. (115), we have: 
exp[_— €[¢}(m —1)/O] 
exp[— €tq1(m,)/@] 





W git" (m_—1; mg; t) = Wig" (mg; mz—1;t 


=W{q)°t"! (m,; m~—1; t) exp(—fwz/9), 


exp[ — €[¢)(m,—2)/@] 


expL — €{¢)(™,)/9] 





W qt"! (m_— 2; mq; t) = wig" (m, ; Ma—2; t) 


= Wiq]°t"! (m,; ma—2; t) expl—2hwz/O]. (129) 





Having thus obtained the transition probabilities Eqs. (110)-(115). Thus, on the basis of the analogous 
per unit time, wy9)°%"(m,; m,’; 1) LEqs. (116), (121)- mathematical structure of Eqs. (110), (115) and Eqs. 
(124), (126)-(129) ] we can use the methods of Section D —(75)—(80) we can apply the results of Eqs. (81)—(94), 
to solve the individual particle “master” equation, (104), (105) and write (—] <m, <1) 





or 
Pq) (Mq; t) = Pq" (m,; 1) +35 Ky(m,)e~2- ©, 


v=] 


exp[.— €{)(m,)/O | exp[ fw pm,/ 0) 
td exp[ — €(q)(m,')/O ] PY expLhwzw,' / 0] 
ma’ mq’ 








P (qi°%*"" (my : t) = 
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where the w, are eigenvalues of the matrix 


—(1/T;) 


| tqi°""'(I—1; T; @) — 


Ww gi°e"l(—T; T; 0) 


I 


(1 T 1) - > , get" l( mz; I: t), Ctc., 
I 


1 


—j 
) Cm s)| : 
$= —@, 


D(s)=det(s||1||— (132) 


\z (qe || ): 
C(m,; s)=same determinant as D(s) but with the 
column corresponding to m, replaced by 


| Pi (; to) 
|P to (IT—1; to)!. 
Pig\(—1; to) | 
Thus the w, and K,(m,) are functionally determined by 
the wy) "(m,; m,';t) and the wy,)°%!(m,; m,’; t), 
P tq) (mz, ; to), respectively. However, the explicit evalu- 
ation of the functions in question, apart from particu- 
larly simple cases [as in Ev. (101)-(103)], is rather 
complicated. 

Once the probability at time ¢ of finding the spin [¢ ] 
in the state Wy_)(m,_), Pto)(m,;t), is known we can 


determine the longitudinal magnetization, (u),, of the 


system of interest [4] composed of the individual 
spins [gq]. Thus (x); is given by: 


Na) 
—hy JI (a2 ¥iai(m) ) 
V ta} 
— ‘hrm, ), 
Vita) 


so that using Eq. (130), and in view of Eq. (122), 


Nia\{ 2 
(u) = ( ty— » 
J [A] \ mq I 
K.(m)me vols | 
— 
Nia) 
= (yu) eauil hy ) 
V ta) 


I 
x K(m,)m, )e 
— 


P (q)°™"(m,; bmg 


Wgq°emt(I;I1—-1;1) --- Wg 
(1/T7-1) 


w fear ( —I; I—1; ¢) 
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yearil( T; —T; t) 
eauil(]— 1; my. 
—(1/T_z) 


Ny N (a f?y’ 

(uw) eauil = hy : 47 (I+1 ) 
14) 9 

N 


[A] hi 
: nT(1+1)( ). (134) 
V a) 3) 


i-t) 


We now discuss the evaluation of the w,, K,(m,) in 
various special cases of interest in magnetic resonance. 

Case I: I=1 with Vaip-aip>>Uquaa. Then from Eqs. 
(123), (124) 


Wg" (1; 0; 2) =1-2w=wy_;*t"" (0; 1; 2) exp(hw,/O) 


~we*™(0; 1; 2) (1+hw,/9), 
W qi}°"! (0, — 1 : t) —_ 2 ° lw 
= W ql (—1 -Q: 2) exp (hw (-) ) 
Sw [geet ( aa 1 : 0: t 1 iA. hw (-) 
Wg} (1; —1; 4) =wygst"!(—1; 1; =0. 


Equations (135), (131), (132), (134) yield 


o1= (2—hwy O)w2w: 
@o= (2—hw,/O)3w6w ; 
equil 


{(H)t— (Ht 


(eyN a/V a1) 
= — fe 0) f (4+ 3hwr/O)P tg)(—1; bo) 
+ (2hwz/O)P tq)(0; to) — (4—3hwr/O)P (q)(1; to)} 
— pe ©) (ftw, / O){ — P [q}(—1; to) 
+2P [q}(0; to) —Ppqi(1;0)}, (137) 


so that, in general, the longitudinal magnetization (x), 
approaches its equilibrium value with two relaxation 
times, (2w)!, (6w)—!. On the other hand, in magnetic 
resonance practice under the condition of initial satu- 
ration, we have the various P;,)(m,; to) mutually equal 
so that (u)«=0. With 


P91 (1; to) = Pq) (0; to.) = P[q}(—1; to) = 3, 
Eq. (137) becomes 
(u)e—(u) eam 


(AYN (43/V (a1) 


= —2(hw,/O)e v(t 


squil p>—2w ( t 
(pw) earil, 


- . (aaa) 
hy V; i} Vita ) 


so that in this case the longitudinal magnetization (yu), 
approaches its equilibrium value (u)/*"' with a single 
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relaxation time, (2w)~'. Another interesting initial 
condition corresponds to P{4)(m,; to)=4(1+am,) with 
la| <1; e.g.,a=hw,/O for Pq) (mz; to) = P [q\°t""(m,; 0), 
and a=—hw,/O for Ptq)(mq;to) descriptive of the 
(negative temperature) situation “immediately after 
a sudden reversal of Hext.”” Equation (137) now becomes 


(u) e— (u) cori -( ) 
= datietdieniatinniama ——a ew ( t—to) 
(Ay N (a3/Va)) 3 3) 

(u) 1 —a/ (hw /O) Je?" 0) 


™ (139) 
(AYN (a3/V 41) 





so that (u), again approaches (u)," with a single 

relaxation time. It is also interesting to note that 

T (min) = T= [wyq)*t"'(— 1; 0; 2) wi?" (1; 0; 2) 
= (4w)—!< 2 (we)! = (3w)! 

in agreement with Eq. (95), while 

T (max) = T,= (wypqy°™" (0; 1; 2) POLS (2wW) 1S (a1)! 

in agreement with Eq. (100). 


Case IT: I=} with Vaip-aip>>Uguaa. Then from Eqs. 
(123), (124), 


-3w= wii" (4; 3; 4) exp(hwz/O) 
aoa ™(B, $5 (1+ hor /®), 
Wqi°™"(3 5; — 2; 2) 
= 2-2w=wyq)°t!(—43; 3; 2) exp(hwz/O) 
Swiqi°™"(—2; 33 )(+hwr/9), 
W ger (— 3) =a 3 ; t) 
=3-lw=wy_)""(— 3; —3; t) exp(hwz/O) 
Sw qi°""(— 3; — 35 )(1+he,/®), 
mrai™(85 — 350) 
cail(—3 5 $5 2) =wiqi™"(8; — 950 


= Wig" (— 3; 25 )=0, 


(140) 


so that from Eqs. (131)-(134) and under the condition 
of initial saturation 
w= (2—hw,/O0)=2w; 
Wo= (2— hw,/O)3w6w ; 
w3= (2—hw,/0)6w12w; 


5 hwy 


a a —¢-2u( t— to) 


ogg 


(u)+—(ueyoan 
(ty N 43/V a) 
(u) {Cauilg—2w ( t—to) 


maces (142) 
(hryN ai/V 1) 
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Thus the longitudinal magnetization (u), again ap- 
proaches its equilibrium value (u),°" with a single 
relaxation time, (2w)~'. 

Case I1I: I=1 with 
Eqs. (126)— (129), 


Uquaad>Vaip-aip. Then from 
wq}*""(1; 0; ¢) 
=1-1-2w’=wy,_}°"(0; 1; 2) exp(hwz/O) 
wg)? (0; 1; 2) (1+hw2/0), 
Wqi}°"' (0; —15 2) 
= 1-2-1w’ = wy"! (—1; 0; ¢) exp(hwz/O) 
Sw qt"! (—1; 0; )(1+hw,/9), 
Wiqi™(1; —1; #) 
=2-1-2-1w”’ =w ,,)°e"(—1; 1; t) exp(2hwz/O) 
Sw gi (—1; 1; )(1+2hw1/9), 


(143) 


so that from Eqs. (131)-(134) and under the condition 
of initial saturation, 
w= (2—hw,/O)w’+ (2—2hw,/O0)4w” 

a 2w’ + Sw!’ 


(144) 


w= (2—hw,/O)2w’=bw’, 


(um) e— (a) earl hoy 


2 
scape aie, inal --(= Ee (2w’+8w’"’) (t— to) 
(hy N (a;/Vta)) 3\ 8 


(145) 
fy) equil s—(2w’+8w’’) ( t— to) 
(Mt é 





, 


(hy N (a3/ V a)) 


whence (u); once more approaches (u),°%"! with a single 
relaxation time, (2w’+8w’’)-!. 

The evolution in time of (u), toward (u) 0" [as in 
Eqs. (137)—(139), (142), (145) ] has also been treated 
in terms of the concept of a time-dependent “spin- 
temperature” T,(¢). For a comparison of the results 
obtained here with the not always correct results 
deduced by means of the spin-temperature procedure, 
see Appendix C. 


G. MAGNETIC RESONANCE: TIME VARIATION 
OF TRANSVERSE MAGNETIZATION 


We shall now analyze the variation in time of (y’),, 
the transverse magnetization of the system of interest 
[A] composed of the individual spins [¢]. We have: 


N{[A] 


ta) (/ Vea) 2 Taz) =((hy/Via)I 2). (146) 
q=l t 


Such a nonvanishing transverse magnetization may be 
obtained at the initial time ¢) by the application of a 
(very short) “90°” rf pulse at a carrier frequency equal 
to wr=VYHext which rotates the previously existing 
equilibrium longitudinal magnetization into the plane 
perpendicular to H.xt+=Hx:2; thus immediately after 
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the pulse, we have in view of Eqs. (2), (4), (5), (50), (51), 


p(to) 


exp(— Hs) /0) exp(— KH p)/O) 


exp[i(#/2)(—TJ,) ]p°"# exp[—i(x/2)(—T,) ] 





=exp[—i(z, 2H 
Tr 


_ :) exp[i(2/2)I, | 


aceLexp(— 3Cp4}/@O) exp(— Hyp) /O) | 





exp(fwzT,/O) exp(— RH n)/0) 
=expl—i(x/2)I (— . 


TraceLexp(tiwz7./@) exp(— 3(,n)/0) ] 


exp(tw T,/O) exp(— HX n;/O0) 





NR exp(— F/O) 


E=E,%ZE,2:-- 


) exp[i(x/2)/, ] 


, 


(u’)to= Trace{ p(to)u’} = (y/V 43) Trace{p(to)J.} 


hy Trace{exp(fwz,I,/O)I,} 





=(u) om 


Via) Trace{exp(tw ,I,/0)} 
=~(N 43/V (a)) Rhyl (I+1)htw/ 9. 


The description of the variation of (u’), with t(t> to) 

is most easily given in a frame of reference “rotating 

with angular velocity w,2 relative to the laboratory 

frame” and we proceed to generalize our discussion to 

the treatment of phenomena in such “rotating” frames. 
We begin with Eq. (5) for (u’):, viz., 


(u’)e= Trace{p(f)u’} = Trace{ prot (t)urot’ (t)}, 


where 


(149) 


Prot (t) = e7 #2" to Te ({)eteL(t- to) Ts, (150) 


(151) 


Tt) ~ to) + .iwL (t—t 
Brot (j=e iwL (t—to Tey eiwL(t to)Ts. 


the subscript rot indicating operators in the “rotating” 
frame. Use of Eq. (2) with H= Hp4) + Rpg) +0 
= —hwrl,+ Rip} +V and of Eq. (146) in Eqs. (150), 
(151) yields, 


Prot (t) = e~ E(t 0) Taf exp iw (t—to) Is 
— (i/h) (t—to) (Hay) +V) Jo(to) 
Xexp[ — iwz (t— to), + (i/h) (t—to) 
X (Hypa) +0) jew], 


rot’ (t) = (ty/V tay) {Tz cos[ wr (t—to) ] 
+I, sinlwr(t—t) J}, 
so that, substituting Eq. (153) into Eq. (149), 
(u') = (hiy/V ta 1) (cos[wz(t—to) ] Trace{ prot (t) 72} 
+sin[wz (t—to) ] Trace{ prot (t)/,}), 


with proe(¢) given by Eq. (152), and prot(to)=p(to) by 
Eq. (147). 

The expression for proe(/) in Eq. (152) is considerably 
simplified if, 


[Ra),0 J=0, (155) 


[7,,0 ]=0 





the Eqs. (156), (152) yielding, 
Prot (t) = exp[— (i/h) (t—to) (Hp) +V) Jo (to) 

Xexpl_(7/h) (t—to) (Ha) +V) ]. (157) 
If in addition, 

[3a),0]=0, 
the Eqs. (157) and (147) give 
Prot (t) = expl — (i/h) (t—to)V Jp(to) 
Xexp[(i/h) (t—to) V0]. 


(158) 


(159) 


It is further reasonable to suppose on physical grounds 
that Trace{ prot/,} =0 for prot given either by Eq. (157) 
or (159) so that 


(u’)= (hy/ V (a}) (cos[wz(t— to) | 


X Trace{ proe(t)Z2}). (160) 


Equation (160) corresponds to the assumption that, in 
the frame of reference rotating with angular velocity 
wz relative to the laboratory frame, (u’), approaches 
(u’) ea! without any further precession.’® 

Equation (160) shows that the problem of evaluating 
(u’), is reduced to the problem of evaluating 


Trace{ prot (t) Iz} 
which can be written, using Eqs. (5), (6), as 


Trace{ prot (t)I 2} ~— > nln | Prot (t) ldudn| I, | dn) 
= Din Prot(m; t)(bn|Tz| bn), 


provided that the matrix of J, is diagonal with respect 
to the complete set of states ¢,. The quantity Pror(m; 2) 
= (hal prot(t) |@n) is the probability that [A+B] is found 
at time ¢ in the state ¢,. Equations (160), (161) for 


15 See I. J. Lowe and R. E. Norberg, Phys. Rev. 107, 46 (1957), 
who have also demonstrated by an explicit but approximate cal- 
culation in the case J=} that Trace {prod} =0 for prot given by 
Eq. (159) with D =Vaip-aip *°™'™* as in Eq. (168) below. 


(161) 
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(u’), are analogous to Eq. (133) for (u), and may be 
evaluated in the same way if the Pror(m; ¢) satisfy an 
equation of the “‘master”’ type. 

We now discuss whether Prot (2; t)= (bal prot (t) | On) 
satisfies a ‘‘master’” equation analogous to that satisfied 
by the P(n; 1) of Eq. (35). First of all, we note that if 
the @, are such that (@m|I2|¢n)= (bal Iz|Gn)Smn, i.€., 
T,={1,}%, then for the p(to)=prot(to.) of Eqs. (147) 
and (152): 


(dm | Prot (to) on) = (bn | Prot (to) |@n)Omn 
= Prot (m; to)Smn, i-€., prot (to) = {prot (to) } 4%. 


Then, following the procedures of Eqs. (7)—(11) and 
Eqs. (13)-(16), the Eqs. (157) and (159) yield the 
analogs of Eqs. (11), (8), (9), and (14) and Eq. (16), viz., 


Proe(n; t+7)— Prot (n; t) 





T 
=>) LW rot; n,m(7)Prot(m ; t)- Wrot:m.a(7)Prot(; t) | 
+Vrot;a(7; ¢—to), (162) 


where 
W rot: ike) 
= (1/7) |(¢,| expl— (i/h) TK ]| on) P, 
F vsti nlT ; t—to) 
= (1/7) Xo (1—-dem)(bn| expl— (i/%) 7K ]| bm) 


k,m 


X (on| expl— (i/h)rK]| bx)*(bm| Prot (t) | x) 
=(1/7) X (1—dem)(bn| expl— (i/2)7K]| bm) 


k,m,l 


X (bn| expl— (i/h) rH ]| ox)* 
X (bm| expl— (i/h) (t— to) K]| G1] 
X (bx| exp — (i/%) (t—to)K]| 61)* Prot (05 t0), 


with 
K= Kip) O+0V: 


(163) 


Prot(t) of Eq. (157), (165) 


K=0: Prot(t) of Eq. (159), (166) 


and 
Prot (n; t)— Prot (1; to) 
t—lo 
= [Wrot; n,m(t—to)Prot(m ; to) 
— Wrot;m,n(t— to) Prot( ; to) ]. 


It remains, in order to demonstrate the equivalence of 
Eqs. (162)—(166) to a “master” equation, to show that 
the transition probability per unit time, Wot; n;m(7), is 
independent of 7 for #/£,«<7rSt—to with é, a suitably 
defined excitation energy per particle [analogous to the 
discussion in Eqs. (18), (19), (22)-(25); restrictions 
(b), (c) after Eq. (35)] and that Voot;n(7r;!—to) is 
relatively negligible [analogous to the discussion in 
Eqs. (27)—-(34) ; restriction (d) after Eq. (35) ]. 
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To consider the questions raised in the preceding 
paragraph we distinguish two cases: (I) “Rigid” lattice; 
(II) “Nonrigid” lattice, and discuss them in order. 

Case (I): “Rigid” Lattice 

Here we suppose that 
V=U(---(Ry+&)— (R,+&,) ’ 
is well approximated by 

0(---(Ry—R,) Ti lto,-*-) 


where VU is the spin-lattice phonon interaction, e.g., 


? Iu,1to1,° *) 


U=Vaip-dip= Vaip-aipee + Vaip-aip en, 
with Ugip-aip?°™""™" given in Eq. (118) and 
p-dip £ { 
> = f 
Vaip-aip = 3 DS Aygo (Ltyiel toizt] trv! tov 
fo 
— 27 tyyel toi); 


Aj (ts—1,) = —3 (h*y"/17,°) (1—3 cos?6y,) ; 


(168) 


ry—T, =( ¥79,944,Pfo) 


r=R,+&; Ry=lattice vector of the atom [/f]; 
&,;=displacement of the atom [f] from its lattice posi- 
tion=function of phonon creation and destruction 
operators. 

The neglect within U of &, —&, compared to Ry, R, 
corresponds to the physical assumption of the “rigid”’ 
lattice and to the neglect of any energy interchanges 
between the spins and the lattice; since H,,;}= 
Hp) (- ++, Es, €o,° ++) this neglect ensures that [3C;2), 
v _]=0 [Egq. (158) ] and implies the validity of Eq. (159) 
for prot(t) provided that in addition [#,4),0 ]=0 [Eq. 
(155) ]. This last commutator vanishes however if 
Vaip-aiph™"""*" is neglected compared to Vgip-aip®™™"™, 
i.€., if 


U=Vaip-dip= Vaip-dipr + Vaip-aip rrr 


secular 
5) 


(169) 


an approximation valid in the “rigid” solid where 
energy interchanges between the spins and the lattice, 
associated with ‘Vdip-aip"™*"", are entirely unim- 
portant. 

We proceed to investigate the properties of Wrot; n, m(7), 
V rot; n(7 3 !—te) [Eqs. (163), (164), (166) ] with 
RK=U = Vaip-dip*?™™ ( ar yR;- R,,- ves 

seoTindia:--), (170) 


and, in accordance with the general method employed to 
deduce Eq. (25) from Eqs. (8), (10), decompose K as 
[see Eqs. (170), (168) ] 


= Vaip-dip 


K=KO+G, 
rth x Agg(Ry—R,) (7 2 (032), 
a 


U=} “ Ayg(Ry—R,) (7 triul oty— 22 trial tore), 
a 





' 
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and take for the ¢, 
n= {hi11 (ur) (2) (ue) - * -bfq) (He) * - cae) (Mu ,8u), 


) 
(172) 
T ¢g} {ai (Me) = oP to) (Ma); 


N[A] 
La.-( a Hs Jor 
q=l 


. ; >» Ayg(Ry— R, )yMg 
ft. 


= Nay (Wy?/a SN ajen 


whence 
KO bn=Kn Gn 


(173) 


(a=lattice spacing). 
We then have [see Eqs. (23)-(25) ] 
Trot:n= (>, Wrot:m.n(7)(1—8nn) T? 


=[ > (24/h)b(Ky —K,) 


XK ]Gm|U! dn) P?1—Snn tl (174)) 


F 1 (*)] 1h 
© h (h?y*/a*) a’ eile 


so that restriction (c), after Eq. (35), i.e., the analog 
of Eq. (24), is not satisfied and the quantity 


W vot; n.m(7)= (1/7) [@n| expl— (i/h) 
XrVaip-diph™"™"(- ++, R, —R,, seep eeey Lins 


X10), ie -) ]/ Gm) |? 


of Eq. (163) is not ever effectively independent of r. 
In addition U~*K so that restriction (d) after Eq. 
(35), i.e., the analogs of Eqs. (29)—(34), is not satisfied 
either, and the term V rot: n(7;/—to) of Eq. (164) (with 
K=V~Vaip-aiph™™" (+++, Re—Ry, «++ 5 +++, Tin, Tier), 
is not relatively negligible in Eq. (162) compared to 
the term 


D wl W rot; 0, m(7) Prot(m; t)—Wrot;m, n(7) Prot (m; ¢) J. 


Thus no “master” equation analogous to that of Eq. 
(35) for the P(m; t) is satisfied by the Proe(m; t) of Eq. 
(162) in the “rigid” lattice case and the correct deter- 
mination of Proe(m;t), (u’), must be made from the 
complete Eqs. (162)—(164) or from Eq. (167), together 
with Eqs. (161), (160), or alternatively, from Eqs. 
(159), (160). Such a correct determination of (u’), on 
the basis of Eqs. (159), (160) : 


(u’) = (fry/V ¢4;) (coslwz(t—to) ] 
< Trace{ exp[ — (i/%) (t—to) V0 Jp(to) 

exp (i/%) (t—to)O 7 2}), (175) 
V=Vaip-aip™™™ (+++, Ry—R,, ---; +++, Tun, Tie: -); 
as in Eq. (168), p(to) as in Eq. (147), has been given by 
Lowe and}Norberg" and predicts a type of oscillatory 
approach to equilibrium for {(u’),/cos[wz(t—to) ]}—the 
Lowe-Norberg beats—which is observed (six beats are 
detected in CaF at 1.2°K!) and which can never be 
predicted by a calculation based on a “master” equation 
[see discussion at end of Sec. B and after Eq. (88) ]. 
The Lowe-Norberg beats demonstrate in a dramatic 
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fashion for the case of the “rigid” lattice the quantal 
coherence effects contained in the + dependence of the 
term Wrot:n:m(7) and in the presence of the term 
Y rot; n(7; /—to) in the complete Eqs. (162)—(164). 

In summarizing the “rigid” lattice situation it must 
be emphasized that the “master” equation is inap- 
plicable and that the quantal coherence effects are 
crucial because the physical coupling between the spins 
[A] and the lattice [B], i.e., the dependence of VU on 
&;, &, is considered negligible [ Eqs. (158), (159), (170), 
(169), (168) with rR, ]. The supersystem [A+B] is 
then decomposable into two effectively noninteracting 
parts: the set of coupled spins [A*] described by the 
Hamiltonian 4)°?+ and the lattice [B] described 
by the Hamiltonian 3¢ 3), ((3C 4) +0, ps) ]=0), 
the variation of (u’),; with / referring in fact to phenom- 
ena occurring wholly within [A* ]. 

Case (II): ‘‘Nonrigid”’ Lattice 

To treat the case of the “nonrigid” lattice we begin 
with the always applicable Eqs. (162)—(164) with ® 
given by Eq. (165), (169), (168), 

K= Hip) O+V~ Kip) (- +E, Eo)" **) 
+Vaip-aip@™™ (- rs, (R;+é,) 
—(R,+&.), --+53-°-Tin, Tt, --+). (176) 


Thus the dependence of Vaip-aip*"" on the & is 
included but energy interchanges between the spins 
and the lattice are still considered relatively unim- 
portant so that Vdip-aipt™*™ is neglected compared 
to Udip-dip*™"", ensuring the validity of Eq. (155). 
Physically Case (I) applies for T<Tpebye and Case (IT) 
for r2 I tee 

We proceed to show that in this “nonrigid” lattice 
case Eqs. (162)—(165), (176) for Pror(m;?) are well 
approximated by a “master” equation of the type of 
Eqs. (35), (36) for P(n; 2), viz., 
d 
oP roel => [Wrote n.mP roe (me; t) 


¢ m 
— Wrot;m.nProt(m; t)], (177) 
with time-independent transition probabilities per unit 
time 
W rot; n,m= (29 /h)5(nu— nv) | (bn| Vaip-dip™™ |bn) | . 
=Wrot:m,n, (178) 


where 


n=O 4} ({ui} WB) (Muu) 
= (11) (41) (2) (ua): - -Op (ua) > - 
X10) (ua) ++ *} cai (Mu,8u), 


m= 41 ({us’} P1281 (2 Be) 
= ($11) (ur) 2) (u2’) - - “tn (u,’) - = 
X01 (ue’) +>} ra81 (7 Be), 


Hypa Gn=Muhn; Kia) Sm=Nbm,; 
Tq) 2 a) (Hg) = Ua (0) (Ua), 


N{A} 
12> ( » i ta or 
q=l 


(179) 
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The derivation of Eqs. (177), (178) from Eqs. (162)— of 3Cp4)+ Hypa) =H and Vaip-aip’™ playing 
(165), (176) is effected by essentially the same pro- the role of U. In particular, the validity of Eqs. (177), 
cedure as that used in Sec. B to obtain Eqs. (35), (36) (178) follows from the validity, in this Case (ID), of 
from Eqs. (11), (8), (14) with 3¢jz) playing the role _ restrictions analogous to (c), (d) after Eq. (35), viz., 


h lEn - h RT DebyeK T = [> W rot; mn ( 1 —8ns) _ [> ( 2r h )5(n»— Nu) | (Om | Vaip-cip | gn) 12( 1 —dOn n yp 


m 


171 iy? : “1 
7 ;( Weare :. a 
sty 3 Py? 277 

at) | 


and 


(180) 





Vaip-aipee "KKH a), (181) 


while restriction (a) is ensured by the diagonal character, with respect to the 5C;z); eigenstates ¢, of Eq. (179), 
of the p(to)=prot(to) of Eqs. (147) and (152). 

The validity of the “master” equation for P;..(”;/), Eqs. (177) and (178), implies the validity of the corre- 
sponding individual particle (here individual spin) “master” equation [see the analogous passage from Eq. (35) 
to Eqs. (55)—(57) or (64), (65) and then to Eqs. (109)—(111) ] 


d 
—P rot; [a] (Mg; ¢) =D [wrot; [a] (Mg 3 Me ; t) Prot (Ma ; t)— Wrot; (a) (Me 5 Ha; !) Prot; (a) Ma; t)], (182) 
( t Ma’ 


where 


Prot:to (Hea = XL ProaltsQ= DX — Prot({ui};nu, Bud), (183) 


{ui} @, ni, Bu {ui} @, nu, Bu 


jo W rot; n,m sot (me ; t) 
— {ui} @, nu, Bus {us} @, nv, Bo 
Wrot; [9] (Me ; Mo > j= a ———__—_— ——__— - = 
> Poe (m: 1) 


fui’ 1@, nv, Bo 


i W vot {ui} 3 Muy Bus {ui}, We, Be) Prot ({ui’} 3 ne, Be; f) 


{ui} @, nu, Bui {ui} @, nv, Bo 


rr {ui’}s Nes By; t) 





{ui’} @, nv, Bo 


ps Wrot({ui’} Nv; {ui} mu8u) Prot ({u } 5 MusPu;t) 


? {ui} @, mu, Bur (ui) @, ne, Bo 
Wrot; (a) (Ma 3 Ho; f= eR rete amare 
> Prot ( {ui} 5 Muu; t) 


{ui} @), Nu, Bu 





are, respectively, the probability at time ¢ that the individual spin [q] is found in the state ¢;,)(u,) and the, in 
general, time dependent individual spin transition probabilities per unit time. 

As in the corresponding discussions in Secs. C, E, we can, to a sufficient approximation, replace the quantities 
P rot {ui} 3 NusBu; t), Prot({ui’},n»,8; 2) in Eq. (184) by their equilibrium values: 


Prog ({ 5} 20 ,8u3 t) = Prot? ({ us} neBov3 t) ” 1/N= 1/{ (27+1) V{A] z. DUB) (nv) } . 


These equilibrium values follow from Eqs. (41), (50) since Eqs. (177), (178) are of the same mathematical 
structure as Eq. (36), or, in more physical language, are a consequence of the “master” equation, Eq. (177), with 
the “microscopic reversibility” condition, Eq. (178). Thus Eq. (184) becomes, using also Eqs. (178), (179), 


Wot; [a] (Me 3 ie’; t)=wWreot; (q)°C (Me; ie’; t) 


(2x/h)8(nu— nv) | (ota ] ({ui} 7 [B] (nusBu) | Vaip-aip?? | PIA ] ( {ui} yy [B] (nv,Be)) | 2 
{ui} @, mu, Bus (ae’} @, ne, Bo 





{(2T+1)¥ 4 F Hem (ne)} 


= Wrot; [q) °C (Me 5 gs Y= wWrot; (a) (Ma 3 Ma; 2), 


so that “microscopic reversibility” also holds for the wrot; .¢]°"". 
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We now set down typical nonvanishing matrix elements of Vaip-aip®™“"* entering into Eqs. (185) and (182); 


we find from Eqs. (168), and (179) 


({ui y@ (p ” Mesltp; NuyBu| Udip- _— lar | {ui ‘y a). (»); 


Equations (186) and (185) yield, 


Wrot: [q)°e" (ug; Me 1 -{)= equi '(u—1; ae t) 


Wrot; [@] 


= (I—u,+1)(1+u,) 


12 h Nur Bus ev, Be 


which is to be compared with Eqs. (123) and (124) for wiq)°"!(m,; m,— 


noted that A jq=. 1 pg(Rys+E,— R,— 
vanishing (nu= 


5 2x 
I(I+-1)— z. (= — — (ne 2 JEM rad) 
. j 


> wt {[B) (Nw) 
Nw 


) [Eq. (168) ] so that pairs of states Vie) (MBs) »¥B1(nu= nv, B 
Nv; Bul A sq| Mee), i-e., pairs of states which make finite contributions to wrt; (g)°""(uy; ug—1; 4), 


Ma 1, Myer 1; Nv Be ) 


= (Nu; Bu A pa| Nv3vL (1 —ugt1) (7 +n.) }} 


[(7—ppt+1) (7 +u,) }! 


J 86) 
[(I—pyp) (I+up+1) }} (186 


1 
| Ayo| nv Be (187) 


= (J—p,+1 )( I +- ig) Wiran; 


1; t), Wpqi°t""'(m,—1; m,; 1). It is to be 


u) With non- 


Wrot; (1° (ug— 15 wg; 4), in general contain different numbers of phonons. It is the presence of u,=—u,—1 spin flip 


transitions involving a net phonon emission or absorption which destroys, in the Case (II) 


effects so characteristic of Case (I). 
Having obtz uined i in Eq. an the wyot: 
particle “‘master” equation, Eq. (182), 
given in Eqs. (130)—(132) 
using Eqs. (160), (161), (179) 


for Prot: tg) (Ma 


(u’) = (hy V (a) cos wz (t—to) ] 


Nia) 1 
=cosLwyz (t— 
6% ,=-—l 


Ny 
=cos[wz(t—to }) > Prats wiles 0(— hmm), 


wg=—1 


where [analogous to Eq. (130) ] 


Prot; {q] (ug ; t) 


2 
= Prot: (q\°t"' (ues D+D Ky (ue, + (189) 


¥ 


Prot; (q)°t" (ug; 2) = 1/(2T+1), 


and w,, K,(m,) are given by Eqs.” (131), 
ll2erpq}°@""||, Ptq)(m;) replaced by 
P vot; (q) (aq; 4). Equations (188), (189) yield 


hyN [A] 
(u’ ),=cosCian(t— 4) ~ 
Vita) 


(132) with 


|| apy equil || 
“rot; [@] lly 


2 I 
XD LX Kula) ron, (190) 
Po I 


1 Mg 


which is to be compared with Eq. (134) for (u),. 
Equation (190) for (u’); may be used to discuss various 
special cases, e.g., 7=1 and J=}3, as in Sec. F for (u). 
From a fundamental point of view, the nonoscillatory 
approach of this {(u’)./coslwz(t—to) }} to 


{ (u’):£9'/cos[ wz (t—to) ]} =0 


is to be noted. 


, the quantal coherence 


(g)°"" (4g; Ma’ 3 2), we can use the methods of Sec. D to solve the individual 
t). The general procedure is completely analogous to that 
, (135)-(142) and will not be reproduced in detail here. With 
, and (183), we can write 


Prot; [q] (Mg; ) available and 


N[A] 
.e Pra( (ui maias O( & H») 


{ui}, mu, Bu 


p=1 


to) | : > P ests tp] (Mp3 t) (Aypy/ V3) 


(188) 
Vita} 


A word should be added about the situation in liquids, 
Here Udip-aiprr "(+ + +, ty— Bg, °° 5 °° *, Ley, The, «+ +) 
is effectively of the whe of 


Vdip-dip 


aooular(. . a Ii), | eee) 

so Eq. (155) no longer holds and the p,or(¢) of Eq. (152) 
must be used. However the pro: (¢) of Eq. (152) does not 
satisfy a relation of the form: 


Prot (t+ 7) = exp[ — (¢/%)rL Jprot(t) exp[(i/h) rL ] 


—J£ some operator—so that the procedure involved in 
the derivation of Eq. (11) from Eq. (7) and so ulti- 
mately in the derivation of the “master” equation, 
Eq. (35) or Eq. (177), is not immediately applicable. 
Auxiliary, largely physical, arguments, to be reported 
elsewhere, show nevertheless that a “‘master’”’ equation 
of the type of Eqs. (177), (178), and so an individual 
particle “master” equation of the type of Eqs. (182) 

(185), are also valid in the case of a liquid but with 
Vaip-dip™™"™ replaced by Vaip-aip?™ + Vaip-aiprrrr™™ 
in the corresponding transition probabilities per unit 
time: and = Wrot; [q)°A"" (ug; Me’; t). These 


Wrot{g]°t" (u4g3 He 34) may then be evaluated, in a 


‘ee ae, °*< 5+ * 


W rot; nm, My 


4s. manner analogous to that of Eqs. (185)—(187) and the 
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corresponding (u’), found in a manner analogous to 
that of Eqs. (188)—(190). 

In conclusion, and for the sake of completeness, we 
most comment briefly on the calculation of expressions 
involving “lattice” matrix elements such as that enter- 
ing into Eq. (187): 


_ on Lisl MusBu| Asa! nv8v) [*. 
J =S— > 5(nu— Mv) ; 

Th nus Bus Mv» Be p M5) (Mw) 
For solids, As, can be — in terms of the dis- 
placements &;=1r;—R,, —&,=1,—R, which are known 
functions of the phonon creation and destruction oper- 


ators [see Eq. (168) ] while 8,, 8, are expressed in 
terms of the phonon occupation numbers characterizing 





(191) 
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the states ¥(B) (Mu= Nv; Bu ); ¥ 1B) (Mv So) ’ thus the 
matrix elements in & and so § itself can be evaluated 
in a reasonably straightforward fashion.'* On the other 
hand, in the present state of development the theory 
of liquids, the (r;—r,) within A,, cannot in general be 
expressed in terms of creation and destruction operators 
of suitable motional quasi-particles and F cannot be 
evaluated exactly. However § can be calculated approx- 
imately using, eventually, a classical stochastic method." 
Such a method can be introduced if one recalls the 
relation 


i(n.—ne)= (1/2ai) f dr exp[(i/h)(nu—ne)7], (192) 


so that 


i” dr (nu Bu | Qyq(7) | nv Be)(Nv Bo | @yq(0) | nu Bu) 
Nu Pm Nv, By 


F= (1/h?*) 





where 
Q@rq(r)=exp[ (i/h)7 Hp) JA sg 
Xexpl— (i/h)r ya) J; 
Aya (0) = A fq. 


Trace Gyr) @ya( 0) ] 
os . Trace (1) 


(194) 





(195) 


Finally, approximation of the ‘correlation function of 
Qyq(r),” 
f(r) ={Trace[@s,(r) @,,(0) ]/Trace(1)}, 


by a suitable average over the quantity @,.(r) @,_(0), 
results in the determination of f(r) as a known function 
of r and permits the evaluation of ¥ by calculation of the 
integral over 7 in Eq. (195). In performing this suitable 
average over @s,(r) @s,(0) the Heisenberg operators, 


[ry (7) —19(r) ]=expl (i/h) 7 pa) ](ty— 14) 
Xexp[— (i/h)7 5C(n) J, within the @,,(r) are treated 


as classical stochastic variables. 
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APPENDIX A 


In the present appendix, we analyze an example, 
proposed to us by Norberg, of a supersystem [A+B] 
described by such an “extremely quantal-coherent”’ 
nonequilibrium statistical distribution at the initial time 
to, that [A+B] evolves away from rather than toward 
the equilibrium statistical distribution. Essentially the 
same as well as related examples have been analyzed 
in detail from the point of view of pulsed nuclear mag- 
netic resonance theory'® by Lowe,'? and the “solid 
echoes” observed by Lowe provide experimental evi- 
dence for the existence of nonequilibrium statistical 
distributions which evolve away from equilibrium. 

Consider a solid which contains two different nuclear 
species, A and B. Suppose that the lattice of the solid 
is effectively rigid (see Sec. G) and that yg>>ya so that 
the local magnetic field at any nucleus is effectively 
due only to the B nuclei. Under these circumstances 
the two spin systems A and B form an essentially self- 
enclosed supersystem, [A+B] (see related discussion 
in Sec. G after Eq. (175)) with the A spins acting as 
the system of interest, [A], and the B spins as the 
surroundings, [B]. 

Let us suppose that [A+B] is in equilibrium in a 
magnetic field H.x:2 at time fo—7 and that at this time 
a (very short) “90°” rf pulse at a carrier frequency 
=w "4! is applied to the A spins. Then, by Eq. (147), 
we have immediately after application of the “90°” 
pulse, 


exp(heor'* I. {A}) /®) exp\ (hw, '8)7 ,{71/0) 


p(lo— r)= 


Trace Cexp( (ho, 11, 14) @) exp(tw,!")T, 2) eT] 


(A.1) 


18 See, for example, the forthcoming book on nuclear magnetic resonance by A. Abragam. 


177. J. Lowe, Bull. Am. Phys. Soc. 2, 344 (1957). 
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while for {>to—r, Eq. (152) yields, 

Prot (t) =expl —i(t—tot r)wz!417,'4) ]{exp[i (t—tot+ 7) (or 417,414, !4)7,(21— (1/4)V) ]o(to— 7) 
Xexp[—i(t— tot 7) (wr '417, (414, 1717,18)— (1/4)V)]} exp[i(t—to+7)wp (417, (41), 

If now /,'4), J,'*) commute with VU, a condition that is satisfied if U is taken as [see Eqs. (169), (168) ], 


+. 74 = __ a l 5 74 
U=Vdip-dip™™"" = Vaip a-dip A+ Vaip B-dip BP + Vaip a-aip Bm, 
then 


prot (t) = expl— (i/h) (t—to+7)V Jo(to—r) exp[(i/h) (t—to+-7) 0], 


where, in the case at hand [see Eq. (168) and recall that hw, '?)>>hw,!41)], 


V=Vaip A-dip preculart Vaiy B-dip precular — Zz. Aj;,!4) (Bl ( R;— R,) — 2] ty 2!4)T (y).'8!) 
fa 


+3 DA ga! F181 Ro— Ra) (Tpoa PZ page! L fopy OT tap!) — 20 fo 2!F 1 (xy 2) 
gh 


=-> hy aly) )-Hya)(R;; -++T),){). ‘ -)-> try wl g)"®)-H,2)*( Ry); +++ Ty) 4). a 
f 0 


Also from Eqs. (154), (160), 
(upay’)e= (feya/V pa) {cosLwr!4) (t—to+7) ] Trace[ prot (t)7-'4)}}, 
whence, substituting Eq. (A-4) into Eq. (A-6), 
(way’e= (ry tay/ Vay) {coslwr'4) (t—to +7) ] Trace(exp[— (i/h) (t—to+7)V ]o(to— 7) 


Xexp[(i/h)(t—to+7)0 |J,"41)}, 
so that, using also Eq. (A-1), 


(uay’)to—r= (ry, 4}/V 43) Trace {p(to— r)I,'4)} 
Trace {exp[ (Aw, '41/0)/,(41]7,(4)) 
Trace {exp[ (fw '41/0)7,'41}} 





= (hrya/V {a}) 


= (way) oO (N 4/3 V pa hyal 4) (14141) (hw, 41/0). 


The Eqs. (A-7) and (A-8) are analogous to Eqs. (175) and (148) and the quantity {(u;4)’),/cosLwz!4!(t—t+7) ]} 
will approach {(w;4)’)°*"/cos[wz "4! (t—to+7) ]} =0 in an oscillatory fashion—Lowe-Norberg beats; see discussion 
after Eq. (175) in Sec. G. Thus we may say that the proe(¢) of Eq. (A-4) evolves in time as / increases beyond 
to—r in such a way that [A+B] approaches equilibrium, though of course, as in the “rigid” lattice case treated 
in Sec. G, this oscillatory approach to equilibrium as exemplified by the {(u,4)’):/cos[wz'4)(t—fo+7) ]} vs ¢ of 
Eq. (A-7) cannot be described by any “master” equation. 

Let us now suppose that at a time r after application of the “90°” pulse to the A spins, a (very short) “180°” rf 
pulse at a carrier frequency w,'*! is applied to the B spins. Then, immediately after application of this “180°” 
pulse, i.e., at the time (¢.—7)-+7=¢o, which time ¢ we shall consider as the initial time for the subsequent behavior 
of [A+B], we have from Eqs. (A-4) and (A-6), 


Prot (lo) = expLix(—J,'8!) ] exp[— (i/h)rV ]o(to—r) exp[(i/%)rV ] exp[—ix(—J,!!) ] 
=exp[— (i/h)r'U* ]o* (to— r) exp[(i/h)r0*], 


where, using also Eqs. (A-5), (A-1), 
*=exp[—ixl,'8) 0 expLixl,'2)] = — Vaip a-aip 88° + Vaip B-dip B°e™™ 
p* (to— r) =expl —ixl,! Jo(to—r) expLixl,(*)] 
exp[ ftw ,"417,'41/0] expl—hw,'*17,'71/0] 


Trace {exp[hw,417,'41/0] exp[—tw,!217,21/@]}’ 





(A.10) 
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(upay’)to/cos(wz!417) = (Ay a/Vpa)) Trace [p(to) Iz!) ] 


= (ry(4)/V{a)) Trace {expl— 
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(i/h)1r°O* Jp* (to— 7) expL(i/h)rO* V,'4)} 
= (hy, 4)/V{a}) Trace {exp[— (i/h#)rV Jo(to— 7) exp[(i/h)r0 I,'4)}, 


(A.11) 


Prot (lo+7) = expl — (i/#)7V |pror(to) expl(i/h)rV ] 


=exp[— (i/h)rO] exp[— (i/h) 1 U* Joror* (to— 7) expl(i/h) 7 0*] expL(i/h)rV], 


(A.12) 


(uy’)to+7/cos(2wz!4)7) = (rya/V pa) Tracelproe(to+ 7) Je!) ] 


= (hys/V{a}) Trace [exp[— 


We now note that [see Eqs. (A-11), (A-8) ] 


(u4)’) to/cos(wz'417) 


(i/h) TV | exp[ — (i/h) TU* |prot* (to— T) 


Xexp[(i/h)rV*] exp[(i/h)rUVe'47]. (A.13) 


Trace{p(to— 7) exp[(i/h)rV JJ," exp[—(i/h)rV]}} 





(uay’)to—r 


Trace {p(to— 7) I,"4)} 


=1—}43(7/h)? Trace {(0,[0,7,"4)])}+---=1-—A<1, 


(A.14) 


the inequality being, physically speaking, a consequence of the “dephasing effects” of the local fields 


Hs)(R;; ---1,)-- 


-) [see Eq. (A-5)] which, in the frame of reference rotating with angular velocity w ,!4)2, 
precess the various A spins, I,4), at different rates [since H,»)(R,;; 


---[,[41...) is different at different R,]. 


The spin “dephasing” Eq. (A-14) which indicates the decrease of {(u,4)’),/coslwz'4)(t—to+7) ]} with ¢ for 
to— 7 <t<to is the basis of our previous remark that [A+B] approaches equilibrium during the time interval to—r 


to fo. We further note that [see Eqs. (A-13) and (A-11) ], 
Trace {p*(to—1) exp (i/#)rU* ] exp[(i/h#)r0 lJ,"4! exp[— (i/h)r'0] exp[— (i/h)1r0*]} 


(upay’ )to+r/cos(2wz'417) 





(rar) to/cos(w,!417) 


and if the ratio of the traces turns out to be greater 
than 1, i.e., equal to 1/(1—A), the A spins “rephase” 
during the time interval /o to fo+7 and so 


(upay’)¢/coslwr'4)(t—to+r7) J 


increases as a consequence of the reversal of sign of 
H 2) by the “180°” pulse, i.e., as a consequence of the 
difference in sign of the term Vgip a-adip "'* in U* 
and in U [Eqs. (A-10) and (A-5)]. Alternatively, if 
the trace ratio in the spin “rephasing” Eq. (A-15) is 
greater than 1, i.e., equal to 1/(1—A), we can say that 
during a time interval of duration 7 subsequent to the 
initial time ¢o the quantity 


{(up4y’):/cos[wr'41(t—to+7) ]} 





p(to) =expLirwr!3T,'4) Joe (to) expl—irwz (417,147) 


Trace {p(to— 7) exp[(i/#)7V lJ, exp[— 


’ 


i/h)r 
(i/h)rV}} (A.15) 





evolves further and further from 
{(upay’) ee! /cos[wz!41(t—to+7) ]} =0,"8 


i.e., during this time interval the nonequilibrium initial 
statistical distribution of [A+B], described by the 
Prot(to) of Eqs. (A-9) and (A-10), evolves into another 
statistical distribution, described by the prot(to+7) of 
Eq. (A-12), which is even further from equilibrium. 
Also we note that, as already mentioned in Sec. B, the 
nonequilibrium ‘extremely quantal-coherent” initial 
p(to) of Eqs. (A-9), (A-10), and (150) which is associated 
with this possible trend away from equilibrium is cer- 
tainly “nondiagonal” with respect to the eigenstates of 


Hay O+ Hyp) = — (Aewy 417, {414 ho, (17,141), 


viz, 


_expLir(or!, (4]_4-1'*) ] exp[ hw, "417, (41/@] expl—ir(wz!4)I, [4]_ 4- Ip*) ] expl— hao 'P1,171/0] 
~ Trace {exp[ir(wz'417,[41—h-0*) ] exp[hw!417,'41/0] 


Xexpl—ir(wz 17, [4] 4-1)*) )] exp[— | /@)}} 
(A.16) 
18 Ronee of the assumed rigidity of the lattice containing both the A spins and the B spins, (41B]) tear = (1B) to = — (ue B}) to—+ 


= —(y p))°!, so that, as the A spins “rephase,” the B spins effectively remain in the same nonequilibrium (negative tem- 
perature} statistical configuration. 
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It remains to investigate the circumstances under which the ratio of the traces in Eq. (A-15) is actually greater 
than 1, i.e., equal to 1/(1—A). If the B species is fairly dilute compared to the A species Vaip B-aip a’ may be 
somewhat less important: than Ugip 4-dip a" so that, from Eqs. (A-10) and (A-5), 


Ut=—V. 


Equations (A-17), (A-15), and (A-14) yield 


(upay’) to+r/cos(2wz,'4!7) 





(A.17) 


Trace {p*(to—7)I,"4)} 


(u,4)') to/cos(wz'4!7) ” ‘Trace {p(to— 7) expl(i/h)rO ]J,") exp[— (i/h)rV]} 


which shows that, in the approximation of Eq. (A-17), 
the “dephasing” of the A spins during the time interval 
lo—r to to is wholly compensated by their “‘rephasing” 
during the time interval / to 40+. In practice however 
it is probably a poor approximation, even at small dilu- 
tions of B, to neglect the “dephasing” Usip a-aip a"! 
compared to the “rephasing” Vaip a-aip s™"™ so that 
the actual “rephasing” of the A spins is far from 
complete. 
APPENDIX B 

In this appendix we present the solution of Eq. (75) 
by a Laplace transform method and discuss further 
certain mathematical questions mentioned in Sec. D. 

Let p(n; s) be the Laplace transform of P(n; ?) 


(B.1) 


p(n; s) -f e~*(t-to) P(m- t)dt. 


to 


Then, the Laplace transform of Eq. (75) is 


s\|p(s)||— ||P (to) || = || WI} Il p(s), (B.2) 


(s\|1]|—||Wl)-||o(s) |=] P@) |. 


The solution of the V linear inhomogeneous equations 
specified by Eq. (B-3) can be written as, 


p(n; s)=C(n,s)/D(s), 


(B.3) 


(B.4) 
where 
D(s)=det{s\\1||—||W)}} 


s-—Ty 
Wes 


—Wr 
a T3 “1 


he Wi = Wwe 


om Win 
—Wey 
oo” Ty 


=det , eS) 


and C(m;s) is the same determinant as D(s) except 
that the terms in the mth column are replaced by 
P(n'; to), n’=1, 2, 3, ---, N. D(s) can be written in 
the factored form: 


D(s) = (s+wo) (s+ w;) (s++we)+ ++ (st+wy-1), (B.6) 


Trace {p(to—7)I,')} 


Trace {o(to— T) expl (i h)rOJI,t4) exp[ — (i/ h)rO]) 


(uray) to—z 1 
n> I, (A168) 
(uyay’)e/cos(wr4!7) 1—A 





where the —w,; v=0, 1, 2, ---, N—1 are the roots of 
the polynomial D(s), and in view of Eq. (B-5), are 
also the eigenvalues of |||. 

Since C(n;s) is a polynomial of order V—1, the 
method of partial fractions can be used to give: 


N-1 K,(n) 
p(n;s)= > - “; 
=0 Sstw, 


for nondegenerate w,, where, 


N-1 
K,(n)=C(n; —w,) / II] (@—e,) 
v’=0;(»’ Hv) 


f= 


so that 


[Ky ||= 


The inverse Laplace transform of Eq. (B-7) reproduces 
Eqs. (81), (104), and (105). 

Let us now briefly treat the degenerate case where 
w,=w,’ for certain v and v’. Here 


Nd-l Na-1l 
D(s)= TI (stw,)"; YE r,=N, (B10) 


v=0 =O 


where Nz is the number of distinct w,, (VzSN). With 
this D(s) the method of partial fractions leads to the 
following generalization of Eqs. (B-7), (B-8): 


Na-l ry K,;(n) 


p(ns)= YL - 
vO j 1 (stw,)? 


(B.11) 


where 


dg, (n,s) 
Kn) =< | [ n-i)' (B.12) 
ds("r-?) —— 


ey 





EQUILIBRIUM IN QUANTAL 


with 


C(n; s) 


D(s ) 


$,(n,s) = (st+w,)"- (B.13) 


The inverse Laplace transform of the p(n,s) of Eq. 
(B-11) is: 
Nd-1 ry K,;(n) 
yo 
v=0 i=1(j—1)! 


P(n;t)= {FD e—er(t-t0) 


(B.14) 


Nd-—1 Ty Ks 
Pw\|= 
m=O j 1 (j—1)! 


ft Il) e- wy (t—to) 


(B.15) 


which is the appropriate generalization of Eq. (81) to 
the case of degenerate w,. 


APPENDIX C 


The evolution in time of (u), toward (u)a"! [as in 
Eqs. (137)-(139), (142), (145) ] has also been treated 
in terms of the ‘concept of a time-dependent ‘“‘spin- 
temperature” T,(¢). In the spin- -temperature procedure, 
solutions of the individual particle “‘master” equation, 





a mM, hor 
yor 
~ I+ 1 27+ 1 k 


hwy, 
= Pri, 1° (am, ; ‘ t)+—— _ 
(QI+1)k 


which is to be compared with the P[q)(m,;) of Eqs. 
(130)—(132). 

It is now to be emphasized that Eq. (C-3) for 
P {q)(mg; ¢) is correct and so is equivalent to Eqs. (130)- 
(132) for P{o}(m,;t) only if Eq. (C-2) is satisfied, i.e., 
only if the transition probabilities per unit time, 
W tg)°t""!(m,'; m,;t) are such that »v=O and that the 
w(m,) are actually independent of m, (for m,+0) ; this 
last condition must hold since (1/7,(#)—1/T) is inde- 
pendent of m,. Using Eqs. (123), (124), (126)—(129) 
with tiw,/O<<1 it is straightforward to verify that the 
W [g}°t"""(m,'; m,; 1) are indeed such that »=0 always, 
and that the w(m,) are independent of m, (for m,~0) 
for U= Vaip-diprrnnr with any I, and for Veen 
with J=1; in fact: 
w(m,)=2w: V=Vaip-aipe™"™; J=1, 3, 

(Cases I, II of Sec. F), J>3 

w(m,) = 2w'+8w": V=Vgusa™rr"™; JT=1 


(Case III of Sec. F). 


On the other hand, for Uguaa®™"*""™" and J>1, 


SYSTEMS: 


j 1 
+(—-- 
T Ah) 7. 
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Eq. (110), having the form, 
expL— €ta1 (mq), ‘RT, (t) ] 


~ exp[ — €;¢) 


Pq\(mq3 = 


(m,) AT (t)] 
(C.1) 
itm (heor/kT, (t)) 
(27+1) 


are assumed, whence, substitution of Eq. (C-1) into 
Eq. (110) and use of Eq. (115) yields 


d 1 1 
“|in(—-—)] 
dt T(t) T 
Mg 
--|x Wq}°t2!"(mg’ 5 mq; (1 -m) |= -oim 
mg 


m,#0, (C.2) 


0=D>> wyqj*t*!(m,' ; 0; t)m,/=v; 
mM’ 


m,=0 (only when J=1, 2, 3, --: 


Equations (C.2) and (C.1) give 


caimew| 
m (= Jewoet 
No ’ 
T(t.) T 


w(m,) = Nasi” > I+1)] 
8w"[ 21 (I+1)—2m?—1], (C.5) 

so that for aiadieas with J>1 the spin-tem- 
perature P,,)(m,;) of Eq. (C-3) are mot correct. 

Confining our further attention to the cases of Eq. 
(C-4), where the P,,)(m,;?) of Eq. (C-3) are correct 
and so are equivalent to the P,,.)(mz,; t) of Eqs. (130)- 
(132), let us substitute the P,,)(m,;1) of Eq. (C-3) 
into Eq. (133) and obtain, 


“tym ) 
Via) 


= (wu) earuil 1— [1 _ T/T (to) je~*t-™} : 
siryl (I+1)(hwr/®), 








w= P (q] (Ma; (S 


(C.6) 
(u) el (Nea \/ Via ) 


which, for example in the condition of initial saturation, 
T, (to) = ©, becomes, 


(u)e= (uw) 21 — eo (0) 7, (C.7) 


The Eqs. (C-7) and (C-4) for (u), are identical with 
the Eqs. (138), (142), and (145) for (u), vs #. 
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Indium was irradiated with monochromatic neutrons of various energies, and a measurement was made 
of the ratio of the 54-minute to the 13-second activities of In"* produced by neutron capture in In". Such 
a ratio expresses the relative probability for populating the ground or the isomeric state from the initial 
compound state. The irradiations were made with monochromatic neutrons from a crystal spectrometer at 
the resonance energies 1.456 ev and 3.86 ev, in regions between resonances at 0.1 and 2.66 ev, and with 
“pile neutrons.” The results show that the activation ratio differs for the two resonances by a factor of 
approximately 3.5, with relatively more of the 13-second activity being associated with the 3.86-ev resonance 
The half-lives of the two In"'® activities were redetermined and the values 13.4+0.4 seconds and 53.9+0.2 


minutes were obtained. 


I. INTRODUCTION 


EVERAL years ago, prior to the general availability 

of enriched isotopes, the isotopic assignments of 
the slow neutron resonances in indium were made by 
activating indium foils with monochromatic neutrons 
and determining which resonances yielded In"® activi- 
ties.’ In the course of this work it was found that both 
1.458- and 3.86-ev resonances were in In", but it 
appeared that the ratio of the 54-minute to the 13- 
second In"'® activity was different for the two reso- 
nances. A similar situation was observed by Wood? in 
the isomeric activities of Eu’. If such differences are 
indeed real, they are related to the gamma-ray cascades 
which follow neutron capture. Even though the 
compound nucleus is formed in a state of very high 
excitation and high spin (E=6.38 Mev, and J=4 or 5 
for In"*), it is possible for the subsequent cascades 
from two neighboring compound states to terminate 
preferentially in two quite different states, i.e., the 
ground state or the metastable state. Direct experi- 
mental evidence for a difference in the cascade gamma 
rays at the two resonances has been found by Draper 
et al.? 

Considerable information about the first two indium 
resonances is available. Landon‘ found that the radia- 
tion widths of these two resonances are significantly 
different. Even though the observed difference is only 
about 10%, such a fluctuation in T, is highly im- 
probable in terms of the distribution anticipated by 
Porter and Thomas’ who show that the radiation widths 
should probably fit a chi-squared distribution with a 
large number of degrees of freedom. Such a distribution 
implies highly uniform radiation widths. A_ possible 
explanation for Landon’s results is that the two 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

t ICA Fellow, on leave from the University of Ankara, Ankara, 
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resonances are in opposite spin states and that each 
spin state is characterized by a separate and independ- 
ent Porter-Thomas distribution. The angular momenta 
of the compound states which correspond to s-wave 
resonances are limited to J=7+4, where J is the spin 
of the target nucleus. The 1.458-ev resonance has the 
value J=J+4=5, as determined by the scattering 
measurements of Moore® and the nuclear polarization 
experiment of Dabbs et al.’ Very recent nuclear 
polarization measurements by Stolovy® have confirmed 
the above assignment, and have yielded the value 
J=I-—4=4 for the 3.86-ev resonance. Thus the spin 
assignments are not inconsistent with the fluctuations 
in I’, since the' resonances do indeed appear to be in 
different spin states. 

In view of the many interesting and basic features of 
these related phenomena it appeared desirable to 
confirm the previously observed differences in the 
activation ratio of In"*, particularly since the earlier 
measurements had been rather crude. 


II. EXPERIMENTAL DETAILS 


When In" captures a neutron, the compound 
nucleus In"® is formed in a well-defined excited state 
corresponding to one of the resonances in the neutron 
cross section. The compound state decays subsequently 
by emission of one or more capture gamma rays 
terminating in either the ground state of In" or an 
isomeric state at about 70-kev excitation. Both of 
these states decay to Sn"® by 8 emission with distinctly 
different half-lives (see Fig. 1); i-e., 7y(ground state) 
= 13.4 seconds, T7,(70 kev) =53.9 minutes. By measur- 
ing the saturated activities for these two half-lives we 
can determine the ratio for populating the ground and 
isomeric states from the initial compound state. 

The indium foils were irradiated on a high intensity, 
low-resolution (1.6 usec/m) crystal spectrometer using 
Be(1011) as monochromator. The foils were mounted 


6 J. A. Moore, Phys. Rev. 109, 417 (1958). 

7 J. W. T. Dabbs, L. D. Roberts, and S. Bernstein, Phys. Rev. 
98, 1512 (1955). 

8 A. Stolovy, Phys. Rev. 118, 211 (1960). 
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on a sliding frame which permitted them to be moved 
quickly and precisely from the irradiation position to 
the counting position. Thus counting could begin a 
fraction of a second after the irradiation had ended. 
It was necessary, of course, to shield the foils against 
stray neutrons which copiously populate the experi- 
mental area, and to shield the proportional counters 
against environmental gamma-ray background with a 
heavy lead shield. 

The radiations in the two activities are not identical. 
As can be seen from Fig. 1, the beta particles emitted 
in the 13-second decay are much more energetic than 
in the 54 minute. The 54-minute beta activity is 
accompanied by various gamma rays, while the 13 
second is pure beta decay. In order to count the two 
activities with approximately equal efficiency we have 
used two end window gas flow counters having window 
thicknesses of only 0.9 mg/cm’. The two counters 
in"®™ (54m) 
In (13s) 








B- 


Qg- = 3.29 


116 


In sn''6 


Fic. 1. The decay scheme of In"* (taken from reference 10). 


were placed on each side of the foil to approach 4x 
counting geometry, the separation being 8 mm and 
the window diameter being 1 inch. The counters were 
operated in the proportional region each with a cathode- 
follower preamplifier. The output of the preamplifiers 
were connected in parallel to a linear amplifier and 
then to the scaler system. The high voltage supply 
was stabilized to about 0.1%. A daily check of the 
counter sensitivity was made with a standard thallium 
source. The reactor flux was monitored during irradia- 
tion with a neutron counter. A schematic diagram of 
the equipment is shown in Fig. 2. 

Since we are interested only in the variation of the 
activation ratio with neutron energy, we have not 
attempted to obtain absolute values; however, the 
values which are listed in Table I differ only slightly 
from the absolute activation ratio since only small 
corrections have been neglected; e.g., the absorption 
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CRYSTAL 


MONOCHOMATIC NEUTRON 
BEAM 
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; 

In 


4 
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OSITION 


\ LL, 
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TRACK-~s 


Pb sHiELO_ KO 


E 


hee Bo 
Ox} Ks 
PROPORTIONAL COUNTERS 
Fic. 2. Schematic diagram of equipment. Monochromatic 
neutrons are obtained by Bragg reflection from a beryllium 
crystal. The foil can be shifted from irradiation position to 
counting position very precisely and rapidly by a slide 
arrangement. 


in the counter windows, the finite sensitivity of the 
counter to gamma rays, and backscattering. 

The correction for self-absorption of the beta 
particles in the indium foils was important because of 
the energy difference of the beta spectra. This correction 
depended on the capture cross section and hence on 
the neutron energy. The effective capture cross section 
varied from a maximum of about 30000 barns at the 
peak of 1.456-ev resonance to a minimum of about 30 
barns at 2.66 ev. For irradiations at an energy where 
the capture cross section was very large the In" 
activity was confined to a very thin layer on the front 
surface of the foil, while at energies where the cross 
section was small the activity was more uniformly 
distributed through the foil. A series of measurements 
were made to investigate the magnitude of the self- 
absorption effect by using foils of various thickness, 
and by counting the front-back surfaces of the foils 
separately. The results are discussed in Sec. IV. 

At each neutron energy series of irradiations were 
made to determine the saturated activities of the 


TaBLe I. The In" activation ratio. The ratio of 54-minute to 
13-second activities, R(E;), produced by the capture of neutrons 
in In" are listed for several neutron energies. Resonances occur 
in the neutron cross section at 1.456 and 3.86 ev. The radiation 
widths, I',, of these resonances are listed in Column 2. The total 
angular momentum, J, of the two compound states are listed in 
Column 3. The foil thicknesses used for each determination are 
listed in the last column. Presumably these foils were in each 
case thin enough to eliminate the effects of self-absorption. 





Neutron 
energy 
(ev) 


Foil 
thickness 


I, of 
resonance 
(ev) 


J of 
resonance 








0.072" 5 
0.081* 


1.456 
3.86 
2.66 
0.10 
“Pile beam” 








* Taken from reference 4. 
> Taken from reference 8. 
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13-second and 54-minute activities separately. The 
irradiations and counting times each lasted for two or 
three half-lives. To follow the 13-second activity it was 
necessary to two identical which were 
alternately connected to the output of the amplifier 
by an automatic timer. Normally, a 5-second count 
was taken with each scaler alternately. By this method 
the 13-second decay curve was easily followed. 

Background counting rates were regularly measured 
to determine the background of the proportional 
counters, the background activity of the foil prior to 
irradiation, and the spectrometer background arising 
from neutrons which reached the foil but which were 
not Bragg scattered from the monochromator crystal. 
_The latter background was obtained by irradiating the 
foils with the monochromating crystal turned one 
degree off the Bragg angle. In all cases the backgrounds 
were negligibly small 


use scalers 


Ill. TREATMENT OF THE DATA 


Let us define the activation ratio,? R(E;), as the ratio 
of the saturated activity of the 54-minute to the 
13-second periods obtained at neutron energy £;. Thus, 


R(E,)) =A,(54 min)/A,(13 sec), (1) 


where A, is the saturated activity, which can be 
calculated from the relationship, 


A,=A)(l-—e*"), (2) 


where X is the decay constant, 7; is the irradiation 
time, and Ao is the activity of sample at the end of the 
irradiation period. 


4 


1Q. ————_--—-—-- ——_ - 








COUNTS / SECOND 





3( 4c ) 70 
TIME - SECONDS 


Fic. 3. Decay curve for 13-second activity. Many such sets of 
data were used for determining the half-life, 7,;=13.4+0.4 
seconds. These data were taken with a 96 mg/cm? foil which was 
irradiated for 15 seconds in a boron-filtered pile beam. 


® We shall use the term activation ratio instead of population 
ratio used by Wood (reference 2), since it seems more appropriate 
for this case. 
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10 20 30 40 
TIME - MINUTES 

Fic. 4. Effect of foil thickness. Curves A and B on the upper 
graph show the counting rates obtained at the front-back surfaces 
respectively of a thick foil. The irradiation was made with 1.456-ev 
neutrons at which energy the effective cross section is quite 
large, hence most of the activity is produced toward the front 
surface of the foil. Self-absorption is large for beta particles 
emerging from the back surface. Curves C and D are front-back 
activities obtained with a much thinner foil. Here it is seen that 
the self-absorption effect is very small. Since the beta particles 
associated with the 13-second activity are much more energetic 
than these, the self-absorption is negligible even for the 96 
mg/cm? foils. 


The counting observations are made at various times 
after the irradiation has ended; therefore, it is necessary 
to compute Ao from the observed counts taking proper 
account of the decay and of the finite counting period. 
If the counting time is A/ and if the counting starts 
at the time ¢, after the end of the irradiation then the 
number of counts recorded in the counting interval is 


te 


cai=K f —)A ped, (3) 
t 


where C is the average counting rate during the 
interval Af, and ¢ is the elapsed time from the end of 
the irradiation to the middle of the counting interval. 
The limits of integration are from t;=/—}Af to 
to=t+4At. The factor K contains the counter efficiency, 
geometry, backscattering correction and window ab- 
sorption. Integration of Eq. (3) gives the result. 


C=K(2A)/At)e™ sinh(4A AZ). (4) 
Combining Eq. (2) and (4) gives 


CAte* 
,= ———_ —— ——, (5) 
2K (1—e~*’) sinh (3AA/) 

The saturated activities have not been corrected for 
K; however, calculations indicate that to a good 
approximation the ratio A,(54-min)/A,(13-sec) is 
independent of K, except for the effects of self-absorp- 
tion in the foils which is discussed in the next section. 
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IV. MEASUREMENTS AND RESULTS 
A. Decay Constants 


Although the decay constants of the In"® activity 
have been measured many times,” there is considerable 
scatter in the reported values. We found it desirable 
to remeasure the half-lives for use in computing the 
saturated activities. 

For this determination foils of 96 and 26.8 mg/cm? 
were irradiated in the pile beam and at 0.1 and 0.064 ev 
where the intensity was great enough to give good 
counting statistics. Short irradiation times varying 
from 15 to 45 seconds were used to obtain the 13-second 
half-life to avoid the build-up of the 54-minute activity. 
Longer irradiations, 5 to 15 minutes, were used to 
obtain the 54-minute half-life. A typical decay curve 
of the 13-second activity is shown in Fig. 3. After 
minor corrections were made for foil background the 
counter dead-time, the half-lives were determined 
from the decay curves by the method of least squares. 
Many such determinations were averaged to give the 
values, 7Ty*=53.940.2 minutes and 7;=13.4+0.4 
seconds. 


1000 T T T 





FOIL THICKNESS 26.8 mg/cm? 
E = 1.456 ev 


COUNTS PER SECOND 








l 1 l 1 1 n 
10 20 30 40 50 60 70 
TIME IN SECONDS FOR A, MINUTES FOR B 





Fic. 5. Typical data set for irradiation energy of 1.456 ev. 
Curve A shows the 13-second activity in a 26.8 mg/cm? foil 
resulting from a 42-second irradiation. Curve B is the 54-minute 
activity obtained in the same foil after a 27-minute irradiation. 
Saturated activities were computed from these data by the 
method of least squares. Many such data sets were averaged to 
obtain the final values. 


10 The data are summarized in the table of D. Strominger, 
J. M. Hollander, and G. T. Seaborg, Revs. Modern Phys. 30, 
585 (1958), p. 692. 


ACTIVATION RATIO ON NEUTRON 


ENERGY 





1000 : 
t 


[ FOIL THICKNESS 96 mg /cm* 
E= 3.86 ev 


SECOND 


COUNTS PER 





alles 


10 20. 30 #40 #50 #60 #70 
TIME IN SECONDS FOR A, MINUTES FOR B 





Fic. 6. Typical data set for irradiation energy of 3.68 ev. 
Curve A shows the 13-second activity in a 96 mg/cm? foil resulting 
from a 60-second irradiation. Curve B is the 54-minute activity 
obtained in the same foil after a 54-minute irradiation. Saturated 
activities were computed from these data by the method of least 
squares. Many such data sets were averaged to obtain the final 
values. 


B. Activation Ratios 


One of the major difficulties in determining the 
activation ratio was to select a sample which was thin 
enough to eliminate the effects of self-absorption. At 
each energy, a series of foils of various thicknesses 
were irradiated and the front and back surfaces were 
counted separately. The final samples which were 
selected for determining R(£;) were made thin enough 
so that the counting rates from the two sides of the foil 
were practically identical, and so that the same 
activation ratio was observed for the front and the 
back (see Fig. 4). 

An example of the magnitude of the self-absorption 
effect, the data obtained at 1.456 ev should be examined. 
At this energy, a foil thickness of 96 mg/cm? yielded 
counting rates from the front surface which were 
about 2.6 times those from the back; however, for a 
26 mg/cm? foil the counting rates differed only by 
about 6%. The 96 mg/cm? foils yielded a value of 
R(E;) of 1.985 compared with 2.99 for 26.8 mg/cm? 
foils. This difference is, of course, due to the selective 
absorption of the 54-minute 8 particles, since most of 
the activation occurs near the front surface of the foil 
because of the very large resonance cross section. 

Activations made in the direct pile beam showed a 
similar spread in values giving R(£;) of 1.705 and 3.02 
for 96 and 26.8 mg/cm* foils, respectively. This spread 
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is not fully understood, because the thermal cross 
section which accounts for roughly 85-90% of the 
activity is not excessively large. Unfortunately this 
disturbing point was not recognized soon enough to 
make a proper investigation. 

At 2.66 and 3.86 ev the 96 mg/cm’ foils proved 
adequately thin. Measurements indicate that the foil 
thickness selected for each energy (listed in Table I) 
approximated “‘infinitely thin” foils for purposes of 
obtaining R(F;) 

It was necessary to correct the 3.86-ev data for the 
tail of the huge 1.456-ev resonance. The overlap of 
the 1.456-ev resonance at 3.86 ev was aggravated by 
the poor resolution of the crystal spectrometer. The 
correction was obtained by a series of irradiations at 
intermediate energies which permitted the tail of the 
1.456-ev resonance to be extrapolated. No correction 
was needed for the overlap of the 3.86-ev resonance at 
1.456 ev, since this was completely negligible. 

The saturated activities at each neutron energy 
were computed by the method of least squares from 
many decay curves using each point on each decay 
curve. All points were appropriately weighted in this 
computation to account for counting statistics. Typical 
sets of data are shown in Figs. 5 and 6. 
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The activation ratios are summarized in Table I. 
The cross section for the off-resonance energies (0.100 
ev and direct 1.456-ev 
resonance, and hence yield an activation ratio char- 


beam) are dominated by the 


acteristic of that resonance. The point at 2.66 ev 
receives contributions from both resonances and there- 
fore has an intermediate value. 

The difference in the activation ratio for the two 


resonances shows that the two compound states decay 


by quite different gamma-ray cascades. Despite the 
large number of intermediate excited states which are 
“accessible” in the cascade process, it appears that a 
spin difference of one unit between the original two 
states has a very significant effect on the ultimate 
populating of the ground and isomeric states. One 
would expect, therefore that the capture gamma-ray 
spectra yielded by the two resonances would be 
markedly different. 
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The spectra of the isotopes Te?25, Xe!27,128 are calculated by assuming that the odd neutron, having 
available the 3s, and 2d, states, is coupled to collective surface vibrations of the core. Good agreement is 
obtained with the known levels in these nuclei using a reasonable value for the coupling parameter. To 
obtain the agreement, the dy—s4 splitting, «, must be regarded as a function of neutron number. The manner 
in which e varies, as found in the intermediate coupling calculation is compared with the predictions of the 
pairing correlation theory originally introduced in connection with superconductivity. Agreement as to 
the general trend is found. This may be regarded to some extent as an indication of the applicability of the 
pairing correlation theory to nuclear structure calculations. 


I. INTRODUCTION 


Mc of the even-even nuclei in the mass region 
‘108 < A <136 exhibit a vibrational spectrum up 
to the second excited state. Also, neighboring odd mass 
isotopes of a given nucleus in this region have similar 
spectra aside from systematic variations. It seems 
plausible therefore to treat the odd-N isotopes as a 
coupled system comprising an even-even core, capable 
of collective surface vibrations with frequencies of the 
corresponding even-even nucleus, plus an extra-core 
neutron which has available several single-particle 
levels. The energy of the resulting states depends on 
the particle state occupied by the odd neutron, on the 
state of the core excitation characterized by the number 
of phonons, on the strength of the particle-collective 
coupling, and on the total spin to which the particle 
and core angular momenta are coupled. If the coupling 
between the odd nucleon and the core is weak, we may 
treat it in the perturbation approximation. Such a 
model is called an intermediate-coupling model, and 
was briefly outlined by Bohr and Mottelson,! and later 
elaborated by Choudhury,’ and Ford and Levinson.* 
Recently, the theory has been applied in the region of 
gold by Alaga.* 

Three kinds of parameters appear in such a model: 
the strength of the coupling, £, between the odd nucleon 
and the core vibrations, the quantum of energy, fw, 
associated with the core vibrations, and the single- 
particle energies, Ej, available to the odd nucleon. The 
first of these parameters may be regarded as adjustable, 
and should be roughly constant for a given mass region. 
The phonon energy fw may be deduced from the neigh- 
boring even-even nucleus, which forms the core of the 
odd-A nucleus. The single-particle energies £;, how- 
ever, cannot be deduced from experimental information 
if the odd nucleon does in fact interact with the core 


1A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab. 
Selskab, Met.-fys. Medd. 27, No. 16 (1953), Chap. IT. 

2D. C. Choudhury, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 28, No. 4 (1954). 

3K. W. Ford and C. Levinson, Phys. Rev. 100, 1 (1955). 

*G. Alaga, Institute Ruder Boskovic, Zagreb, Yugoslavia 
(private communication). 


vibrations. Therefore, this set of parameters must be 
regarded as adjustable and peculiar to each isotope, 
or else they must be calculated from a model which 
predicts their effective spacing as a function of the 
number of particles occupying them. 

We speak of an “effective” single-particle spacing in 
the following sense. If we begin to fill a set of levels in 
a potential well with noninteracting particles, the levels 
will be filled in order, starting with the level of lowest 
energy. But if the particles interact with each other, 
their motion can no longer be described in terms of the 
uncorrelated wave functions of the potential well. 
Additional states are required to describe the motion, 
namely the unoccupied higher states. Therefore, the 
ground state for the interacting particles cannot be 
found by simply filling the levels in order; instead, 
higher levels will begin to be filled before some of the 
lower ones are completely occupied. Moreover, the 
difference in the energy when one adds a particle in 
turn to two different single-particle levels wiil not be 
the difference in the energies of the levels in the well, 
but will depend in a complicated way on the particular 
levels (i.e., their maximum occupation numbers), their 
spacings, the nature of the interparticle interaction, 
and the number of interacting particles. Essentially, 
then, the problem of finding the effective single-particle 
spacings is a many-body problem. 

Progress has been made recently in the treatment of 
the many-body problem by Bardeen, Cooper, and 
Schrieffer> and with specific reference to nuclei by 
Belyaev® and Mottelson.’ Very briefly we may describe 
the treatment as follows. The interaction between the 
real nucleons may be divided into two parts. The one 
defines the self-consistent field in which the particles 
move (i.e., the potential well with its unperturbed 
levels). The remaining part is essentially a coherent 
pairing interaction (e.g., a very short-range interaction), 


5 J. Bardeen, L. N. Cooper, and J. R. Schrieffer, Phys. Rev. 108, 
1175 (1957). 

®S. T. Belyaev, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 31, No. 11 (1959). 

7 B. R. Mottelson, lectures delivered at University of California, 
Berkeley, Spring, 1959 (unpublished). 
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and gives rise to the “effective” spacings spoken of 
above. A transformation is made to new noninteracting 
particles, the quasi-particles, whose intrinsic structure 
is determined by the pairing interaction. The spectrum 
of the quasi-particles yields directly the effective single- 
particle spacing between the real nucleon levels as is 
described in more detail below. 


Il. INTERMEDIATE COUPLING IN THE 
UNIFIED MODEL 


The Hamiltonian for the system of core plus extra 
nucleon is written 

HA=H,+H,+Ain. (1) 

Here H,, the energy of surface vibrations of the core, is 

H,= (1/2) ¥, (Bl dey |?-+Cla2,|?), (2) 


H, is the energy of the odd nucleon with eigenvalues 
corresponding to the single-particle levels in the pres- 
ence of the spherical core, and Hin: is the interaction 
energy which couples the particle motion to the core 
oscillations : 

Hint= —k Dou cep ¥ 2,* (0,0). (3) 
We adopt as basic wave functions the eigenvectors of 
the Hamiltonian for the uncoupled system 

H )=H,+H,, (4) 

so that 


Ho| j, NR; IM> =(E;+Nhw)|j,NR;IM>. (5) 


Here j denotes the nucleon quantum numbers, N is the 
number of phonons of vibrational motion, R is the total 
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(12;si,) ! 
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Fic. 1. The energy levels of the coupled system of one neutron 
and oscillating core are plotted as a function of the coupling para- 
meter £. The neutron has available the sy and dy states separated 
by «, which for this figure is «=0.6fiw. 
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angular momentum associated with the core vibrations, 
and I=j+R is the total angular momentum of the 
nucleus. The single-particle energies are denoted by Ej, 
and ww is the energy of one phonon of surface vibration. 

The energy eigenvalues are found by diagonalizing 
the total Hamiltonian in the space of the basic states. 
In the present calculation this was done for states 
having up to three phonons. The diagonal matrix 
elements are given by Eq. (5). The off-diagonal ele- 
ments are 


(j, NR; IM|H| j’, N’R’; IM) 
= (—)#B-F1 ehes (x/5)*(5|| ¥ ol] 7’) 
X (NV RI|b||N’R’)W (jRj’R’ ; 12), 


where 


for V’>N, (6) 


§=k(5/22hwC)}, (7) 
is the dimensionless coupling parameter that measures 
the strength of the particle-surface interaction, 6 is the 
annihilation operator for phonons,*® and W is a Racah 
coefficient. Racah’s definition of reduced matrix ele- 
ments has been used.’ The reduced matrix elements of 
Y2 vanish unless 1+1’+-2=0 and may be written 
(ill ¥ all = (—) 0 (27 +1) (27’+1)/4er }} 

XC(j7’2; 4-40), (for 1+/’=even) 

=), (for 1+/'’= odd). 
The reduced matrix elements of 5 are listed in Choud- 
hury’s paper? and differ by a factor from those given 
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Fic. 2. The energy levels of the coupled system of one neutron 
and oscillating core are plotted as a function of the coupling param- 
eter £. The neutron has available the s; and dy states separated by 
¢, which for this figure is «=0.2/w. 





8 The usual definition of 5 is used, viz. 
a,= (Kw /2C)§b,+ (- )*b_,*]. 
® G. Racah, Phys. Rev. 62, 438 (1942); 63, 367 (1943). 
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here: 
(NR\|b||NV 'R’) = (2R’+ 1) 4(.V.R\lb||N’R’)choudhury- (9) 


The energy eigenvalues of the system are a function 
of the coupling parameter £ For one nucleon having 
available two single-particle levels, s; and dy with sep- 
aration ¢, the lower energy eigenvalues of the system of 
oscillating core plus nucleon are shown in Figs. 1 and 2 
corresponding to e«=0.6 ww and 0.2 hw, respectively. 
Notice the doublet structure that the spectrum develops 
at the larger coupling strengths, when ¢ is small com- 
pared to fw. 

The eigenvectors of the coupled system have the form 


|EJIM>= ¥ aj.v.x(E)|j,NR;IM>, (10) 


7.N,R 


where the expansion coefficients @;,v,z are given by the 
diagonalization of H. In the present application of the 
theory, the sum extends on 7 over the s; and d; single- 
particle states and over the core-oscillator states V=0, 
-- +3, For intermediate and strong coupling strengths, a 
given level (£Z,7) will contain large admixtures of several 
oscillator and particle states. This configuration mixing 
has, of course, a marked effect on gamma-transition 
rates. However, since so little is known about the re- 
duced transition rates of the tellurium and xenon 
isotopes, they have not been calculated in this work. 

We may assess the validity of the perturbation ap- 
proach by examining the expansion coefficients in Eq. 
(10) corresponding to the highest oscillator state 
considered. Their squares should be small compared 
to unity. This condition was satisfied in the calculations 
reported in the following section. 


III. THE ODD-MASS TELLURIUM AND 
XENON ISOTOPES 


The experimental information on the energy levels of 
the odd-mass tellurium and xenon isotopes is sum- 
marized in Figs. 3 and 4. The 11/2— level is omitted 
when known, since this corresponds to exciting a particle 
from the core and does not come within the framework 
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Fic. 3. The experimental energy spectra of several of the odd-N 
tellurium isotopes are shown. The 11/2— state has been omitted 
as explained in the text. The spectra are taken from reference 10, 
where the references to individual experimenters can be found. 
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Fic. 4. The experimental energy spectra of several of the odd-V 
xenon isotopes are shown. The 11/2— state has been omitted as 
explained in the text. The spectra are taken from reference 10, 
where references to individual experimenters can be found. 


of the present model. It is interesting to note that the 
first 3+ level migrates to lower energies with increasing 
N, until it finally becomes the ground state. This migra- 
tion is not caused by the coupling to the surface but 
can be explained only in terms of many nucleon inter- 
actions as mentioned in the introduction. A more quanti- 
tative discussion of this effect is given in Sec. IV. For 
the present, the single-particle spacing will be regarded 
as an adjustable parameter. 

The intermediate-coupling model described in Sec. II 
is applied here to Te’ and Xe”’-°, We assume that 
the low-energy spectrum of each of these nuclei can be 
described in terms of having the odd neutron occupy 
the s; or d; level in the shell ending at 82. All lower levels 
are occupied (but not filled) by an even number of 
nucleons which collaborate in a collective surface vibra- 
tion with frequencies given approximately by the corre- 
sponding even-even nucleus. 

The Hamiltonian was diagonalized for various values 
of the spacing ¢€ of the s, and d; levels and the energy 
eigenvalues were plotted as a function of the coupling 
parameter &, as in Figs. 1 and 2. 

It was found that the spectra of the four nuclei 
Te!.25 and Xe’ could all be fitted as shown in 
Figs. 5 and 6 with the same coupling parameter §=2.5 
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Fic. 5. Comparison of theoretical with experimental spectra of 
Te! and Te”. The parameters used in the calculation are listed 
in Table I. The 11/2— state has been omitted as explained in the 
text. 
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Fic. 6. Comparison of theoretical with experimental spectra 
of Xe”? and Xe™. The parameters used in the calculation are 
listed in Table I. The 11/2— state has been omitted as explained 
in the text. 


and the single-particle spacings and phonon energies 
listed in Table I. The quoted value of — implies a value 
for the nuclear deformability : 


C—~200/hw Mev. 


This is consistent with our rough knowledge of this 
parameter. The phonon energies used are compared in 
Fig. 7 with the energies of the first excited state in the 
corresponding even-even nuclei. 

The agreement of the theory with the experimental 
energy levels is quite good. The theory usually cor- 
roborates those spin assignments that are indicated as 
tentative in the literature," and agrees with all the 
firm assignments. The level at 320 kev in Te’ is listed 
as either 7/2— or 9/2+. Since the theory, which 
should predict the low-lying, even-parity states, does 
not give a state near this energy, the present work 
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Fic. 7. The values of #w used in the calculation to obtain the 
fits to the experiments shown in Figs. 5 and 6 are compared here 
with the energy of the first excited states of the even-even nuclei. 


© Nuclear Data Cards (National Research Council, Washington, 
D. C., 1958). 
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suggests an odd-parity assignment. Such a state, as 
with the 11/2—, would correspond to exciting an /y,/2 
particle out of the core. The level at the same energy 
in Xe™ probably has the same character. Some new 
states are predicted in the low-energy spectra (E<700 
kev) of these nuclei. The theory also predicts many 
states at higher excitation, though it is not known to 
what extent the calculation can be trusted at higher 
energies. Some of the higher states together with those 
shown in the figures are listed in Table II. 


IV. APPLICATION OF THE PAIRING 
CORRELATION THEORY 


In the preceding section the spacing, «, of the s; and 
d, levels was used as an adjustable parameter which 
was varied, as shown in Table I, to obtain the best fits 
to the experimental energy spectra. In this section we 
shall exploit some recent developments in the treat- 
ment of the many-body problem to calculate, from a 
given set of independent-particle levels, the variation 
of the single-particle spacing for the last neutron as a 
function of nucleon number. The theory is found to agree 
with the empirically determined dependence found in 
Sec. IT. 

The method of solving the many-particle system was 
briefly explained in the Introduction. The properties 
of the interacting system are completely determined 
in this theory by the “chemical potential,’ A, and the 
“energy gap,” A, which are simultaneous solutions of 
the two equations 


8) 


ae. iil x 
2 & [(E°—A)?+A?]}! 


E,P—dr 
¥a,(1-—— )=%. (12) 
k [ (E.°—A)?+A?]}! 

The sum on & extends over the independent-particle 
levels whose energies are F,°; Q,=(2j;.+1)/2 is the 
number of pairs of nucleons that can occupy the &’th 
level, N is the number of nucleons that occupy the set 
of levels, and G is the interaction energy of paired 
nucleon states. The only interactions included are those 
between nucleons in the conjugate states (m, —m). It 
is estimated’ that G~25/A Mev. 

Unfortunately the Hamiltonian for the system of 
interacting nucleons in the above theory does not con- 
serve the particle number. This is the price that is paid 
for a solution to the many-body problem. However, 
Eq. (12) insures that the average number of particles 


TABLE I. The s;—d, splitting, e(s; lower), and phonon energy hw 








Te'™ 


—_— 0.6 
hw (Mev) 0.48 
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is equal to V, while Eq. (11) insures that the energy of 
the ground state is a minimum, subject to the condition 
on . Because of the nonconservation of particle 
number, the nuclear properties that are calculated in 
this theory represent an average over neighboring 
nuclei differing from the one of interest by pairs of 
nucleons. However, since the amplitudes in the wave 
function corresponding to V, N42, N+4, --- particles 
are successively smaller, in general, the average is 
weighted at the correct nucleon number. 

The “effective” single-particle spacing can be calcu- 
lated from the two parameters \ and A [solution of 
Eqs. (11) and (12) for even-N ] in the following way. 
When the odd nucleon is added to the existing system 
of nucleons, it does not interact with them in the pairing- 
force approximation used. It does however occupy a 
state which, because of the Pauli exclusion principle, 
prevents the pairs of nucleons from scattering into 
this and the conjugate state. Reducing the number of 
ways in which interacting nucleons can scatter reduces 
the (attractive) interaction energy. Therefore when an 
odd nucleon is added to a nucleus in the state j, the 
energy of the nucleus is increased by the amount 


6E;=[(E—d)?+2?}}. 


single-particle spacing between the 


(13) 


The P 


“effective’ 


states j and 7’ is just the difference 


€;; = 6E;—6E;. (14) 


Figure 8 shows the result of such a calculation for the 
tellurium isotopes of interest in this work. All the 
neutrons beyond the closed magic core of 50 are included 
in the calculation. The independent-particle spectrum 
shown in Fig. 8 refers to the levels, £,’, that these 
neutrons occupy if we assume that the interparticle 
interaction is completely exhausted by the self-con- 
sistent field. This situation in general is not realized, and 
inclusion of a residual interaction in the form of a 


TaBLe II. Calculated energy levels of the positive-parity states 
in some tellurium and xenon isotopes. 
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Fic. 8. The spectrum of the last odd neutron in the major shell 
50-82 is shown for several odd-N systems. The spectra are calcu- 
lated from the pairing correlation theory using the set of inde- 
pendent particle levels shown at the left of the figure. N refers to 
the number of neutrons that occupy the levels. The calculation 
corresponds to a value of G=0.25 Mev. 
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pairing correlation gives rise to the interacting-particle 
spectra for the last neutron shown on the right side 
of Fig. 8. Notice in particular that the d; state moves 
toward the s; state with increasing NV until it becomes 
the ground state. This is the trend that was found 
in the previous section and is also indicated in the experi- 
mental spectra (Fig. 1). 

Of course it is the spectrum of the coupled system 
of particle motion and core oscillations that one 
observes experimentally, not the spectra of Fig. 8. 
But the magnitude of the s;—d,; splitting compared to 
hw is reflected in the coupled system as may be seen by 
comparing Figs. 1 and 2. 


V. SUMMARY 


The intermediate coupling approach in the unified 
model provides a good account of the energy spectra of 
the several odd-N nuclei considered in this work. Un- 
doubtedly many odd-A nuclei in the mass regions where 
the even-A nuclei display vibrational spectra can be 
similarly treated, though it may be necessary in some 
cases to consider explicitly the particle coordinates of 
more than one nucleon." 

The pairing correlation theory was used to calculate 
the spectrum of an odd nucleon in the presence of inter- 
actions among the other nucleons. The agreement with 
the information deduced in the intermediate coupling 
calculation suggests at least the semiquantitative value 
of the pairing correlation theory in nuclear structure 
calculations. 


1G. Alaga found it necessary to couple the motion of the last 
three protons (holes) to the core oscillations in his calculations 
for Ag"? (see reference 4). 
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Techniques have been developed which permit the accurate measurement of angular distributions of 


recoil nuclei formed in nuclear reactions. 


The angular distributions of recoils from the reactions Bi®®(a,3n) At”, Bi?®(a,4n) At™, and Bi®®(d,3n) Po™8 
are consistent with a reaction mechanism involving the formation of a compound nucleus and subsequent 


isotropic evaporation of the neutrons, as shown by 


an isotropic evaporation model. 


comparison with Monte Carlo calculations based on 





INTRODUCTION 


HIS work was undertaken in order to gain a more 
complete understanding of nuclear reaction 
mechanisms in the heavy element region than may be 
acquired from cross section measurements. Several 
authors have studied nuclear reactions by means of 
various recoil techniques,'~* but it seemed plausible that 
further information on reaction mechanisms could be 
gained by accurate measurements of angular distribu- 
tions of heavy recoils. 

There are several advantages of studying heavy re- 
coils from nuclear reactions rather than observing the 
light particles. Detection of the recoiling product nuclei 
by observation of their radioactive decay is often ex- 
tremely sensitive and very specific. Therefore, one may 
investigate the mechanism by which a given product is 
formed even though the yield is very low, and even 
though other reactions are taking place simultaneously 
with cross sections that may be several orders of magni- 
tude larger. For example, it would be difficult to learn 
anything about an (a,27) reaction by observation of the 
neutrons in a helium ion energy range where almost’all 
the total cross section belonged to the (a,3”) and (a,4n) 
reactions. 

In this paper, angular distribution measurements of 
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heavy recoils coming from the (d,3m), (a,3m), and (a,4n) 
reactions of Bi®® are presented. Results of Monte Carlo 
calculations based on an isotropic evaporation model are 
used to interpret the experimental angular distributions. 


EXPERIMENTAL PROCEDURES 


Bismuth targets were prepared by vacuum vaporiza- 
tion of bismuth metal on to 0.001-inch thick aluminum 
foils from hot tantalum or tungsten filaments. 

The thickness of the deposited bismuth was deter- 
mined by measuring spectrophotometrically the amount 
of the yellow bismuth-thiourea complex’ produced by 
the addition of thiourea to a solution containing bismuth 
dissolved from a section of the aluminum foil. 

All bombardments were carried out at the Crocker 
Laboratory 60-inch cyclotron. The targets were mounted 
in the assembly shown in Fig. 1. The target chamber was 
evacuated to 50 to 100 microns pressure during the 
bombardment, and the uncoated side of the target foil, 
which faced the incoming beam, was cooled by helium 
gas circulating between the target and the aluminum 
degrading foils that were used to vary the energy of the 
incident particle beam. A catcher foil, consisting of a 
circular piece of 0.001-inch thick aluminum foil 4.6 cm 
in diameter, was positioned behind the target at a dis- 
tance determined by the angle it was desired to inter- 
cept. The position of the beam as it passed through the 
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Fic. 1. Recoil target assembly. 


* The Staff of the Research Laboratory of Hopkin and Williams, 
Ltd., Organic Reagents for Metals and for Certain Acid Radicals 
(Hopkin and Williams, London, 1938). 
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target was fixed by placing a graphite collimator with a 
s-inch circular hole in front of the target assembly. After 
passing through the aluminum catcher foil, the beam 
was stopped in an electrically insulated water-cooled 
Faraday cup at the back of the target chamber. The 
beam current at the Faraday cup was measured by an 
electrometer. In these studies, beam currents of about 
0.25 microampere were usually used. With much larger 
beam currents, there was a tendency for a film of foreign 
material to deposit on the target, which caused scatter- 
ing of the recoils. Also, with high beam current there 
was a possibility of vaporizing target material from the 
aluminum foil, or of causing diffusion of the target ma- 
terial into the aluminum backing. 

After bombardment, the aluminum catcher foil was 
removed from the target chamber and cut into 11 con- 
centric rings by pressing it against a steel cutter in a 
hydraulic press at 5000 psi. The range of angles that 
each ring subtended with respect to the target was cal- 
culated from the dimensions of the catcher foil, the 
weight of the ring, and the distance of the catcher foil 
from the target. In most experiments, the catcher was 
3.0 to 6.0 cm from the target. 

The recoil products caught by the aluminum rings 
were measured by gross alpha counting or alpha pulse- 
height analysis, depending on the species involved. 

As the result of a series of experiments whose object 
was to determine the effect of target thickness on the 
recoil angular distribution, it was found that the angular 
distribution was essentially independent of target thick- 
ness if the target was abgit 1 microgram per square 
centimeter or thinner. 

Since the recoil target assembly was normally used 
near the cyclotron at a point where the cyclotron mag- 
netic field was about 9000 gauss, it was necessary to 
show that the trajectories of the recoils were not seri- 
ously disturbed by the field. In several experiments the 
target assembly was moved outside the magnetic field, 
the beam being brought into it through an iron pipe 
which served as magnetic shielding for the beam ions. 
No change in the angular distribution was observed. 

The symmetry of the angular distributions around the 
axis of the apparatus was established by means of an 
autoradiographic method. The geometric center of a 
catcher foil was marked with a tiny pinhole. After 
bombardment with 23-Mev helium ions the foil was 
pressed by a glass sheet face down against a nuclear 
emulsion plate. The darkroom light was turned on for a 
short time so that e outlines of the foil and of the 
pinhole were regis on the plate. After development, 
the plate was scanned for the a tracks from the decay 
of At?" recoils on the catcher originating from the bis- 
muth target. The angular distribution of the recoils was 
found to be symmetric about the geometrical center of 
the catcher. The half-width of the distribution was9+ 1°. 
By cutting the same catcher into rings and measuring 
the angular distribution by a counting the At*", a half- 
width of 8.50.5° was obtained. 
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On passage through the aluminum degrading foils, the 
incident ion beam was scattered to a certain extent. 
Although at most incident energies the effect of this 
scattering on the recoil angular distribution was trivial, 
at the lowest energies studied it was somewhat more 
important. In such cases a correction was made for this 
effect. 

The angular distribution of the beam particles was 
measured by placing a plain aluminum foil in the target 
position and a bismuth coated foil in the catcher posi- 
tion. After a short bombardment, the bismuth coated 
foil was cut into concentric rings which were analyzed 
for their At?" content by @ counting. Since the quantity 
of At" in each ring should be proportional to the num- 
ber of helium ions which struck that ring, the distribu- 
tion of At®"! gave directly the angular distribution of the 
incident beam. This distribution was then unfolded 
graphically by a successive approximation method from 
the experimental recoil angular distribution. For 22-Mev 
incident helium ions, the correction amounted to 0.5°; 
it decreased rapidly at higher energies. 


MONTE CARLO CALCULATIONS 


A simple evaporation model, based on the compound 
nucleus concept, was taken as the starting point for 
Monte Carlo calculations of recoil angular distributions. 
In order to facilitate the calculations, several simplifying 
assumptions and approximations were made. These are 
listed and discussed below. 

1. Neutrons are the only particles emitted from the 
compound nucleus. Competitive de-excitation by other 
modes, such as proton and gamma-ray emission, is 
negligible as long as the nucleus is excited above the 
binding energy of the last neutron. 

2. The energy spectrum of the neutrons emitted from 
the excited nucleus, unmodified by thermodynamic re- 
quirements, is given by the expression 

g P(E) « Ee-*'’, 

where P(£) is the probability of evaporating a neutron 
of energy E, and T is a parameter, usually referred to as 
the ‘‘nuclear temperature,” used to adjust the shape of 
the evaporation energy spectrum. The calculations show 
that the energy spectrum of the emitted neutrons lead- 
ing to a particular reaction at the excitation energies 
investigated is so drastically changed from the form 
given above by the imposition of thermodynamic re- 
quirements on the outgoing neutrons, and by competi- 
tion from other neutron emission reactions, that the 
energy spectrum of the emitted neutrons leading to a 
particular reaction product is not very sensitive to the 
exact form of the unmodified energy spectrum. 

3. The angular distribution of the outgoing neutrons 
is isotropic in the system of the recoiling nucleus. This 
provides a simple model with which experimental angu- 
lar distributions may be compared. 

4, The parameter T is constant throughout the evapo- 
ration chain. The model does not seem to be sensitive 
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to this assumption. Monte Carlo calculations have been 
carried out in which T was varied by several tenths Mev 
with only a small effect on the angular distributions. 

The following approximations have been made in 
order to simplify the equation that predicts the angle 
of the recoil nucleus in the laboratory system. 

5. The distance traveled by the recoiling nucleus in 
the laboratory system during the evaporation process is 
negligible compared with the distance from the target 
to the catcher foil. This approximation introduces no 
measurable error in the calculation if the total time for 
neutron evaporation is less than about 10~* second. 

6. The mass of the nucleus does not change during 
the evaporation process. For Bi, this introduces an 
error of less than 1% in the angle of the recoil if not 
more than 4 neutrons are evaporated. 

7. The changes in momenta of the recoiling nuclei due 
to loss of mass during the evaporation process are negligi- 
ble. This allows the momentum of the recoil nucleus in 
the system of the struck nucleus to be calculated without 
taking into account the alteration of the system of the 
recoiling nucleus by the loss of neutrons. The error in 
the angle of the recoil nucleus due to this approximation 
is less than 2% in the least favorable case, where the 
errors add for the several neutrons. 

Within the limits of the above approximations, the 
relation giving the angle of the recoil nucleus in the labo- 
ratory system for the case of three emitted neutrons is 


tang= (1— cos?@,)! (cos@3+ pa Pn), (1) 


where ¢ is the angle of the recoil nucleus in the labora- 
tory system with respeet to the incident particle beam ; 
pa is the momentum of the incident particle; and p, is 
given by the expression 


Pun={2mE 4+ 2mE2t+-2mE;+4m( Ei E2)! cos; 
+2(2mE;)'[2mE,+2mE2 
+4m(E,E>)! cos4, | cosb.}3, (2) 


where @; is the angle between the momentum vectors of 
the first and second neutrons in the system of the struck 
nucleus; 42 is the angle between the resultant of the 
first two neutrons and the momentum vector of the 
third neutron; @; is the angle between the resultant of 
all three neutrons and the direction of the incident 
particle beam; £;, E2, and E; are the kinetic energies 
of the first, second, and third neutrons, respectively, in 
the system of the recoiling nucleus ; and m is the neutron 
mass, taken as 1 amu. Energies were calculated in Mev, 

and masses in amu. 
Similarly, for the case of two emitted neutrons, we 

have 

tang= (1—cos*@2)!/ (cosOo+ pa/ pn), (3) 

where p, is given by 
Pn=L2mE\4+ 2mE2+4(mE,)'(mE2)' cos |). (4) 


All quantities are as defined above, except that here @. 


HARVEY, AND 


WADE 


is the angle between the resultant of the two neutrons 
and the direction of the incident particle beam. 

In order to produce an isotropic neutron distribution, 
the cosines of the above angles were selected randomly 
in the range — 1 to 1. The neutron energies were selected 
according to the following scheme: 

First, neutrons were selected in a random fashion to 
fit the distribution 


P(E) = Ee—®!", (5) 


This was done in the case of the first neutron by selecting 
a neutron energy at random in the range from zero to 
E.+Q, by multiplying £.+(Q; by a random number in 
the range zero to one. [E, is the energy of the incident 
particle (a) in the center-of-mass system, and Q, is the 
QO value for the (a,n) reaction. ] The maximum possible 
value of P(E) at the particular T selected was then 
calculated from 

P(E) max= T/e. (6) 


P(E) max Was then multiplied by a random number in 
the range zero to one. If the number thus obtained was 
greater than P(£) for the neutron energy selected, this 
neutron was rejected. The energy spectrum of neutrons 
surviving this operation was that of Eq. (5). The energies 
of subsequent neutrons were limited in the selection 
process to the energy available at that stage of the 
evaporation. 

The next operation was the selection of neutrons from 
the above spectrum that led to the reaction under in- 
vestigation. As an example, let us consider a reaction in 
which 3 neutrons are emitted. A flow diagram of this 
selection process is shown in Fig. 2. 

All the above neutron selection operations, as well as 
the recoil-angle calculations, were performed on an 
IBM type 701 digital computer. One to ten thousand 
cases of the reaction under investigation were tabulated 
at each incident particle energy studied. The time re- 
quired for the calculation varied from about 2 minutes 
at the most favorable energies to several hours at 
energies where most of the neutrons were used by com- 
peting reactions. 


ct 
reactions | 


, 
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Fic. 2. Flow diagram of Monte Carlo neutron energy selection 
scheme for an (a,3n) reaction. E, is the energy of the incident 
particle in the center-of-mass system. Q:, Q2, Qs, and Q, are the 
Q values for the (a,x+m) reactions; £i< Eat+Qi; E2:<ELatQ2—Fi; 
and E3<EatQs:— Ei: — Ex. 
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Fic, 3. Energy spectra of neu- 
trons leading to the reaction 
Bi®™ (a,3n)At? (T=1.40 Mev). 
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The following information was recorded for each 
reaction: 


1. The number of recoil events in 1-degree intervals 
in the laboratory system, or the number of events in 
intervals corresponding to the angular increments of 
the catcher foil rings. 

2. The above number modified by solid-angle correc- 
tions. (For comparison with experiments, the angular 
distributions were always integrated over intervals cor- 
responding to the range of angles subtended by the 
rings cut from the catcher foils.) 


4 6 8 
E, (Mev) 


(Mev) 


3. The energies of the neutrons used in the calculation 
of the recoil-angles, tabulated separately for the various 
neutrons in order of emission as the number of neutrons 
per 0.1-Mev interval. (See Fig. 3.) 

4. The number and type of other reactions per 
thousand cases of the reaction under investigation. 


The relative frequency of occurrence of the various 
competing reactions given by the Monte Carlo calcula- 
tions was found to be quite sensitive to the value of the 
parameter 7. Although the angular distributions were 
not much affected by changes in this parameter, an 
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Fic. 4. Ratio of cross sections for the reactions Bi®(a,2m)At®™ 
and Bi®(a,3n)At®” as a function of incident particle energy. 


effort was made to use the value of JT which gave the 
best fit to experimental cross-section data.” For the 
system Bi*”+- He‘, it was found that experimental values 
of the ratio of the (a@,2) and (a,3m) cross sections were 
matched by the Monte Carlo results using T= 1.4 Mev 
(Fig. 4). For the system Bi?’-+-H?, however, no single 
value of T yields cross-section ratios that are in agree- 
ment with the experimental data, as may be seen in 
Fig. 5. By cross-plotting, values of T that fit the experi- 
mental data at various energies are obtained (Fig. 6). 
For the reaction Bi? (d,3)Po”*® values of T read from 
this graph were used in the Monte Carlo calculatfons. 
Calculations were also done based on the assumption of 
a constant T of 1.75 Mev, and these gave angular dis- 
tributions which agreed with those using values of T 
from Fig. 6 within the statistics of the thousand cases 
tabulated. 


RESULTS AND CONCLUSIONS 


The recoil angular distributions for the various re- 
actions studied have the general shape shown for the 
reaction Bi (a,3n)At”” in Fig. 7. The angle @max is the 
maximum angle in the laboratory system to which the 
recoil can be deflected by the emission of neutrons. All 
recoils observed at angles greater than @max, therefore, 
have been scattered by interaction with the target 
material or with gas molecules in the space between the 


0 FE, L. Kelly and E. Segré, Phys. Rev. 75, 999 (1949). 
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Fic. 5. Ratio of cross sections for the reactions Bi® (d,2n)Po”™ 
and Bi®(d,3n)Po”® as a function of incident particle energy 
(Monte Carlo and experimental results). 


target and the catcher foil. The deviation of the experi- 
mental points in the range of @max from a smooth 
curve dropping to zero at @max is, then, a measure of 
the scattering. It was found that for target thicknesses 
of 1 wg/cm? or less, scattering was negligible. 

For the reaction Bi®(a,37)At®, the experimental 
angular distributions and those resulting from the 
Monte Carlo calculations were found to be in excellent 
agreement, except for scattering in the region of @max, 
over the entire range of incident particle energies in- 
vestigated. Experimental and Monte Carlo results for 
nearly identical incident particle energies are shown for 
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Fic. 6. T as a function of incident deuteron energy 
for the system Bi®-+ H?. 
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the (a3) reaction in Fig. 7. The half-width (width of 
the angular distribution at half maximum, measured in 
degrees) was taken as a measure of the shape of the 
angular distribution for comparison of the experimental 
and Monte Carlo results at the various energies in- 
vestigated. The half-widths of the angular distributions 
for the reaction Bi (a,32)At*” are plotted as a function 
of the energy available for neutron evaporation, 
Eacmt+Qs (Fig. 8). 

The probable error in the half-widths of the angular 
distributions depends somewhat on the incident energy 
and the particular reaction invelved. In general, errors 
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Fic. 7. Monte Carlo and experimental recoil angular distribu- 
tions for the reaction Bi® (a,3m)At®#. Standard deviations are 
shown. The solid curve is drawn through the experimental points 
(Eacm+Q=9.7 Mev for the experiment and 10.0 Mev for the 
Monte Carlo calculations); (0.88 ug/cm* Bi). 


are less than +3 degree for the experiments and less 
than +1 degree for the Monte Carlo calculations. 

The general features of the curve shown in Fig. 8 are 
readily explainable on the basis of the model assumed in 
the Monte Carlo calculations. At the threshold of the 
reaction, no kinetic energy is available for the outgoing 
neutrons, so that the neutrons can give no momentum 
to the recoiling nucleus. Therefore, all recoils must be 
found at zero degrees due to the forward momentum of 
the incident particle. As the incident particle energy is 
increased, the neutrons start contributing momentum to 
the nuclear recoil, and the half-width increases, rapidly 
at first, then more slowly, until all the neutrons are 
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Fic. 8. Angular distribution half-width as a function of Eaem+Q 
for the reaction Bi®(a,3n)At® (T=1.40 Mev). 


leaving the nucleus with about the same kinetic energy 
distributions, as shown in Fig. 3. (The most probable 
energy under these conditions is about 7 Mev.) The 
half-width then remains nearly constant with increasing 
energy, the extra energy remaining as excitation energy 
of the residual nucleus. When the excitation energy of 
the residual nucleus begins to exceed the binding energy 
of the next neutron, the (a,4) reaction begins to com- 
pete. Under these conditions, the (a,3#) reaction is only 
obtained from those events in which the neutrons have 
higher than average energies. This causes the half-width 
to increase again, and this increase will continue ad 
infinitum, or until another mechanism takes over. 

A plot of half-width versus energy for the reaction 
Bi (a,4n)At™ is shown in Fig. 9. Both experimental 
and Monte Carlo points are included. The experimental 
data do not cover a very wide range of incident particle 
energies. This reaction could not be studied at lower 
energies because the presence of large amounts of At™! 
alpha activity produced by the (a,2m) reaction made the 
At alpha particles difficult to detect. The highest 
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Fic. 9. Angular distribution half-width as a function of Eaem+Q 
for the reaction Bi®(a,4n)At™ (T=1.40 Mev). 
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Fic. 10. Half-width of angular distribution as a function of target 
thickness for the reaction Bi®(d,3n)Po™®® (Eg=23.5 Mev). 


energy studied was determined by the maximum energy 
of the cyclotron. As may be seen from Fig. 9, the angular 
distributions for this reaction are consistent with the 
isotropic evaporation model over the range of energies 
that were studied. 

Because of the relatively long half-life of Po”*, in the 
study of the recoil angular distribution of the reaction 
Bi” (d,3n) Po’, it was desirable to use somewhat thicker 
targets than were used in the helium ion bombardments. 
For this reason, and because of the lower momentum of 
the incident deuterons, it was suspected that scattering 
was more extensive than in the case of the helium-ion- 
induced reactions. In Fig. 10, the half-width of the recoil 
angular distribution of the (d,3”) reaction is shown as a 
function of target thickness. All these measurements 
were made at an incident deuteron energy of 23.5 Mev. 
At target thicknesses of about 6 wg/cm? bismuth or less, 
the half-width is well within the limits of error (experi- 
mental ~ +4 degree, Monte Carlo ~+1 degree) of that 
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Fic. 11. Monte Carlo and experimental angular distributions for 
the reaction Bi®™(d,3n)Po™® (Ey. +Q=11.7 Mev). 
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for an infinitely thin target. Consequently, targets of 
about 6 wg/cm? were used in the angular distribution 
studies of the (d,3”) reaction. 

In Fig. 11 are shown experimental and Monte Carlo 
angular distributions for the (d,3m) reaction at the same 
incident particle energies. Figure 12 shows the variation 
of half-width with energy for the experiments and 
Monte Carlo calculations for this reaction. The Monte 
Carlo calculations are in agreement with the experi- 
mental data within the limits of error. It may therefore 
be concluded that the (d,3m) reaction, like the (a,3n) 
and (a,4n) reactions, proceeds by a compound nucleus 
isotropic evaporation mechanism. Apparently the fact 
that the deuteron is a loosely bound particle of relatively 
large radius does not always prevent its capture as an 
entity by the nucleus. 

It is interesting that these three reactions appear to 
be explained by an isotropic evaporation model. As has 
been pointed out by Thomas," Wolfenstein,” and Hauser 
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Fic. 12. Angular distribution half-width as a function of 
Ea.n.+Q for the reaction Bi (d,3n)Po® 


and Feshbach," it can be shown that particle emission 
from a compound nucleus will be isotropic if the level 
densities for both the compound and the residual nucleus 
are sufficiently high, and have a 2/+-1 spin dependence 
over the range of possible J values. Calculations by 
Bloch" based on the individual particle model indicate 
that this dependence is not found at excitation energies 
less than about 12 Mev. In the reactions studied in this 
work, excitation energies much less than this were com- 
mon. At bombarding energies near the Q, the residual 
nucleus must be left in or near the ground state. How- 
ever, it is quite possible that the necessary conditions 
for isotropy are much less stringent than the sufficient 
conditions described above. 

Excitation functions for the reactions Bi®”(a,3n) and 
Bi (d,3n) were measured by Kelly and Segré.! The 


1 R. G. Thomas, Phys. Rev. 97, 224 (1955). 

2 L. Wolfenstein, Phys. Rev. 82, 690 (1951). 

13 W. Hauser and H. Feshbach, Phys. Rev. 87, 366 (1952 
4 C. Bloch, Phys. Rev. 93, 1094 (1954). 
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cross sections show the characteristic shape which is 
expected for compound nucleus reactions. However, 
cross-section measurements only yield information 
about the energy spectra of the emitted particles, and 
agreement with values calculated from evaporation 
theory should not be interpreted to mean that the parti- 
cle emission is isotropic. Bell and Skarsgard’ and 
Jackson'® studied the reactions Bi*®(p,xn)Po-7, and 
found agreement (for x>3) with a simple evaporation 
theory using an energy-independent nuclear tempera- 
ture. At incident particle energies well above the com- 
pound nucleus resonance, there was a small residual 
cross section attributed to direct interaction processes. 

The angular distribution of neutrons with energies 
above 1 Mev from the bombardment of a thick bismuth 
target with 15-Mev deuterons and 30-Mevy helium ions 
was measured by Allen et al.'’ After correction by 
Cohen,'* the distribution was almost isotropic from the 
helium ion bombardment, but strongly peaked in the 
iorward direction from the deuteron bombardment. The 


19 R. E. Bell and H. M. Skarsgard, Can. J. Phys. 34, 745 (1956). 

16 J. D. Jackson, Can. J. Phys. 34, 767 (1956). 

17 A. J. Allen, J. F. Nechaj, K.-H. Sun, and B. Jennings, Phys. 
Rev. 81, 536 (1951). 

18 B. L. Cohen, Phys. Rev. 81, 632 (1951). 
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bombarding energies were too low for the reactions 
studied in the present paper to be contributors to the 
neutron yield. 

Toms and Stephens found that about 90% of the 
photoneutrons obtained from the bombardment of lead 
with 23-Mev bremsstrahlung fitted an evaporation 
spectrum with T=1.35 Mev. The angular distribution 
of neutrons with energies above 4 Mev was almost 
isotropic. Price,” however, found that only the low- 
energy (0-few kev) neutrons from the bombardment of 
bismuth with 22-Mev bremsstrahlung were isotropic. 

Gugelot?! measured the energy spectra of neutrons 
arising from the bombardment of gold and thallium 
with 16-Mev protons. The spectra could be fitted to the 
equation P(E) « Ee-*'/? with T=0.77 Mev (gold) or 
0.71 Mev (thallium). 

All these experiments suggest that, in a variety of 
nuclear reactions, neutron emission from heavy nuclei 
is predominantly due to an evaporation mechanism. 
The present experiment confirms these observations by 
a new method. 
19M. E. Toms and W. E. Stephens, Phys. Rev. 108, 77 (1957). 
*” G. A. Price, Phys. Rev. 93, 1279 (1954). 

21 P. C. Gugelot, Phys. Rev. 81, 51 (1951). 
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Angular distributions and ranges of recoils from the reactions Bi®®(a,2m)At®" and Cm™(a,2n)Cf** have 
been measured. At helium ion energies higher than about 10 Mev above the Q values of these reactions, the 
results are consistent with a reaction mechanism involving the emission of one or both neutrons in the 


forward hemisphere. 


INTRODUCTION 


URING the course of investigations of the type 
reported in the preceding paper (Paper I), several 
reactions were found which gave recoil angular distribu- 
tions markedly different from those predicted by the 
isotropic evaporation model. Two of these reactions, the 
reactions Bi? (a,2m)At®" and Cm*(a,2n)Cf**, have 
been studied in some detail in an effort to define the 
reaction mechanisms. 
Recoil angular distributions alone were not sufficient 


* This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

+ Present address: Department of Chemistry, University of 
Texas, Austin, Texas. 

t Part of this work was submitted in partial fulfillment of the 
requirements for the Ph.D. degree in chemistry at the University 
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§ Present address: Bell Telephone Laboratories, Murray Hill, 
New Jersey. 


to determine unambiguously the mechanisms. The 
Bi (a,2n) reaction gave angular distributions of the 
At*" product which, at the higher bombarding energies, 
were much narrower than those given by Monte Carlo 
calculations based on a simple evaporation model. (See 
Paper I for discussion of the Monte Carlo calculations) ; 
on the other hand, the Cm*“(a,2”)Cf™* angular distri- 
butions were substantially broader than those of the 
At*", In order to gain further insight into the dynamics 
of these reactions, ranges of the recoiling product nuclei 
were measured. These ranges, when interpreted by 
means of range-energy relations, define the momentum 


of the recoiling nucleus along the beam axis; and hence, 


since the incident particle energy is known, the total 
momentum of the outgoing neutrons along the beam 
axis. This additional information allows one to investi- 
gate possible mechanisms in more detail. 
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The techniques used in making the recoil angular 
distribution measurements were similar to those de- 
scribed in Paper I. Curium targets were prepared by 
vaporization. The targets were alpha counted and the 
target thicknesses were calculated from the counting 
rates. Target thicknesses of about one microgram per 
square centimeter were found to be satisfactory from a 
scattering standpoint; however, because of the high 
temperatures required for curium vaporization, there 
was a tendency for films of foreign material to deposit 
on the target during the vaporization process. Such 
films often caused targets to have effective thicknesses 
several times greater than those indicated by the alpha 
counting method. In order to avoid being misled by 
angular distributions from such targets, the curium was 
vaporized on to thin bismuth targets. These targets 
were then bombarded, and only those giving angular 
distributions for the bismuth reaction products in agree- 
ment with data previously obtained from thin bismuth 
targets were used. This procedure made it possible to 
re-use curium targets until the bismuth product angular 
distributions indicated that scattering was taking place. 

Recoil range measurements were made in two ways: 
(1) differential range curves were obtained by stopping 
the recoils in a stack of thin plastic films, and (2) average 
ranges were determined by measuring the number of 
recoils escaping from very thick targets. 

For the thin film absorption measurements, targets 
were prepared in the manner described in Paper I for 
the angular distribution studies. Targets of about one 
microgram of target material per square centimeter were 
used. The absorber films were made of VYNS plastic, 
prepared by stretching on a water surface in the manner 
described by Pate and Yaffe.' The films, which were 1 
inch in diameter, were mounted on aluminum frames 
which were spaced in slots 0.030 inch apart. The film 
thicknesses were usually in the range from 5 to 15 micro- 
grams per square centimeter. Depending on the film 
thicknesses, a stack of 15 to 20 films was used to stop the 
recoils. Film thicknesses were measured by the optical 
absorption method described by Pate and Yaffe,'! by 
use of a Beckman Model DU spectrophotometer at a 
wavelength of 600 my, using the transmission-thickness 
calibration curve given by Pate and Yaffe. Results of 
successive measurements made on the same film were 
quite reproducible, and measurements made at different 
areas of the same film were usually in good agreement. 
Several films were weighed on a microbalance. The 
weights given by this method were in good agreement 
with those calculated from the transmission measure- 
ments. The film thicknesses as measured before the 
bombardment were probably accurate to within about 
one microgram per square centimeter. 

The recoil target assembly used for the angular dis- 
tribution measurements was also used for the recoil 


‘ B. D. Pate and L. Yaffe, Can. J. Chem. 33, 15 (1954). 
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range studies. The carrier holding the plastic absorber 
films was placed close to the target; the first plastic 
film was about 0.5 cm from the target surface. The beam 
was collimated to }-inch diameter by means of a graphite 
collimator. The target chamber was evacuated to 50 to 
100 microns pressure during the bombardment. 

Beam intensities of 0.2 to 0.5 microampere were 
usually used; the duration of the bombardments was 
several hours. The passage of the beam through the 
plastic films caused them to become extremely fragile 
near the center; and there were very possibly dimen- 
sional and chemical changes in the plastic, so that the 
portion of the films that the beam passed through may 
have had a thickness appreciably different from that of 
the rest of the film. In general, the counting procedures 
were much the same as those previously described for 
the angular distribution studies. The yields of astatine 
or californium isotopes stopped in each film were meas- 
ured by direct gross a-counting or a-pulse analysis of the 
films; no chemical separations were made. 

The measurement of recoil ranges in thin plastic 
films is a difficult operation. In spite of all the precau- 
tions taken, the absolute values of the recoil ranges 
measured by this method were not consistently re- 
producible. The reason for this is not understood. How- 
ever, useful information can still be derived from these 
recoil measurements because the ratio of the recoil 
ranges for the various reaction products in any one 
bombardment was quite reproducible. Consequently, 
the conclusions concerning reaction mechanisms that 
are inferred from the thin film recoil range data are 
based only on the relative recoil ranges for the various 
reaction products studied in a particular bombardment, 
rather than on the absolute recoil ranges themselves. 

Targets for thick target range determinations were 
prepared by vaporizing bismuth on to 0.001-inch thick 
aluminum foil in vacuum. The thickness of the deposited 
bismuth was measured by weighing pieces of the alumi- 
num foil before and after the vaporization. The targets 
contained 2.5 milligrams per square centimeter of bis- 
muth. Variations in vaporization geometry gave rise to 
fluctuations in target thickness of about 3%. The 
targets, which were about 4 cm? in area, were cut from 
a large foil coated in a single vaporization. Eleven 
targets were arranged in a stack with a 0.001-inch 
aluminum catcher foil behind each target. The stack was 
exposed in vacuum to the full energy helium ion beam 
of the cyclotron, with the bismuth sides of the targets 
facing downbeam. The aluminum foils had a thickness 
of 7.3 milligrams per square centimeter. Each bismuth 
layer degraded the beam about 0.2 Mev. Range meas- 
urements were thus obtained from a single bombard- 
ment at 11 energies ranging from 46.6 Mev to 22.2 Mev. 
At energies where the excitation function of the reaction 
under investigation was very steep, it was necessary to 
apply a small correction to the measured recoil range, 
arising from the variation in cross section through the 
thickness of the target. 
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All the astatine recoil products in the catcher foils 
were measured by gross alpha counting and alpha pulse 
height analysis. The recoil products in the thick targets 
were measured by gross alpha counting. The astatine 
was then volatilized from the targets and condensed on 
cold platinum disks, which were then pulse analyzed to 
provide abundance ratios of the various astatine iso- 
topes. The average range of any given recoil species is 
given by the expression 


R, verage a N c T/ (NV. - Nr) ’ ( 1 ) 


where Raverage is the average range in the target material 
for this recoil species, V. is the number of recoils stopped 
in the catcher, V7 is the number of recoils remaining in 
the target, and T is the target thickness. Thick target 
ranges were not measured for the Cm**(a@,27)Cf™"® re- 
action because of the large amount of curium that would 
have been required. 

It should be pointed out that the measured ranges are 
actually the components of the range along the beam 








nN 


@ 





IN DEGREES 


4 Bi?°%(a,2n) At?" ExPERIMENTAL 


Bi2°? (a, 2n) At2"' MoNTE CARLO —— 
CALCULATION 


Cm?*4(q, 2n) Cf 24® ExPERIMENTAL 


z 
ce) 
- 
2 
a 
« 
» 
= 
a 
« 
< 
4 
=] 
v 
Zz 
< 
uw 
° 
Ps 
- 
2 
> 
' 
uw 
4 
< 
=x 











8 12 16 20 24 28 
Eacu + Q IN MeV 


Fic. 1. Angular distribution half-width as a function of Eaen+@Q 
for the reactions Bi®(a,2m)At®" and Cm*4(a,2n)Ci™®, 


axis. The angular distributions of the various recoils 
were sufficiently narrow and unvarying that these com- 
ponents are valid quantities for the comparison of one 
reaction with another. 


RESULTS AND CONCLUSIONS 


A plot of the half-width of the angular distribution 
versus energy is shown in Fig. 1 for the reactions 
Bi? (a,2n) At?" and Cm**(a,2)Cf***. Both Monte Carlo 
and experimental results are shown. The Monte Carlo 
calculations shown in Fig. 1 were for the Bi?®(a,2n) 
reaction. At values of Eacm+Q2 greater than about 10 
Mev, the experimental half-widths for both reactions 
differ considerably from those given by the Monte Carlo 
calculations. 

The difference in the angular distributions of the 
Bi(a,2n) reaction and the Cm**(q@,2m2) reaction is 
probably due to the difference in the amount of energy 
which must be carried off by the neutrons. The fission 
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Fic. 2. Recoil differential range curves for the reactions Bi™*- 
(a,2n)At?*, Bi (a,3n)At?, and Bi®(a,4n)At®™ (E,=43.6 Mev). 


activation energy for Cf** is about 4.5 Mev’; and after 
emission of the second neutron, the residual excitation 
energy must be less than this amount if the nucleus is 
to survive. The binding energy of the last neutron in 
At?! is 7.7 Mev, and the At?" nucleus can therefore 
retain an excitation energy up to this amount and sur- 
vive. In addition, the Q values for the two reactions 
differ by 1 Mev; as a result of these two effects, the 
neutrons must carry away a total of 4.2 Mev more 
energy to produce Cf** than to produce At*". The Cf*# 
angular distributions are therefore broader than the 
At?" angular distributions. 

Since one would expect the conditions for isotropic 
neutron evaporation from a compound nucleus to be 
better met at high excitation energies, these results lead 
one to suspect that a mechanism other than compound- 
nucleus formation is starting to contribute to the (a,2m) 
reactions at about 30 Mev, which is at the peak of the 
(a,2n) excitation functions for both reactions.’ 4 Further 





| 


: | 
+-Bi?? (a, 2n) At?" 











AVERAGE RANGE 
lat2"=s4 uom/cm2 


bea: Gees 
Bi2*(a, any At? 


—EE 


RECOILS STOPPED 
PER uGM /CM2 VYNS (RELATIVE) 











80 100 120 140 160 
RANGE (uGM/CM2 VYNS) 


Fic. 3. Recoil differential range curves for the reactions 
Bi® (a,2n)At™ and Bi®(a,4n)At®™ (E.=46.5 Mev). 
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Fic. 4. Recoil differential range curves for the reactions Bi® 
(a,2n)At™, Bi®™ (a,4n)At™, and Cm™4(a,2n)Ci™® (E,=46.5 Mev). 


evidence that a compound-nucleus mechanism begins to 
contribute to the (a,2m) reaction at helium ion energies 
above 30 Mev is supplied by the results of the thin 
target recoil measurements. Results of a single experi- 
ment in which the ranges of recoils were simultaneously 
measured for the (a,2m), (a,3”), and (a,4m) reactions 
of Bi® with 43.6-Mev incident helium ions are shown 
in Fig. 2. There is a striking similarity between the 
differential range curves of the Bi?” (a3) and Bi (a,4n) 
reactions. The angular distribution studies in Paper I 
indicate that the (a,3) and (a,4n) reactions of Bi®™ 
both proceed by a compound-nucleus mechanism. The 
similarity in the differential range curves for these re- 
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Fic. 5. Recoil differential range curves for the reactions 
Bi (a,2n)At™ and Bi®(a,3n)At® (E,=38.6 Mev). 


AND DONOVAN 

actions is further evidence that both reactions proceed 
by the same mechanism. The peak of the range curve 
for either of these reactions may then be interpreted as 
the most probable range of recoils having the full mo- 
mentum of the incident helium ion. The width of the 
curve is due to a combination of range straggling and 
deviations from the most probable recoil momentum 
caused by the momenta given to the recoils by the out- 
going neutrons. The average range, which is what we 
wish to compare with the thick target range results, is 
the range which half the recoils exceed. The average 
range in most of the differential range curves is some- 
what greater than the most probable range due to a long 
range “tail.” As may be seen in Fig. 2, the average 
range for Bi®(a,2m)At*" recoils produced by 43.6-Mev 
helium ions is considerably less than that for the 
Bi™(a,3n) At?” and Bi™(a,4n) At recoils. This can only 
mean that many of the At*" recoils have failed to absorb 
the full momentum of the incoming helium ion. In other 
words, a compound nucleus was not formed. 
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Fic. 6. Recoil differential range curves for the reactions Bi®® 
(a,2n)At™, Bi (a,3n)At?”, and Cm™*(a,2n)Cfi** (E,=33.0 Mev). 


According to the range-energy relation derived by 
Bohr® and Lindhard and Scharff*, the ranges in light 
stopping media of recoils of the mass and energy studied 
in this work should be proportional to their energies. 
This type of range-energy relation is also supported by 
calculations based on experimental results of Baulch 
and Ducan,’? Leachman and Atterling®; Sikkeland and 
Ghiorso®; Harvey, Wade, and Donovan”; and Morton, 
Valyocsik, Donovan, and Harvey." If, then, the recoil 
range is proportional to its energy, it is possible to 
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calculate the energy of the lower range (a,2m) recoils 
from the ratio of the ranges of the (a,2m) recoils to those 
of the (a,3n) or (a,4n) recoils since these last two re- 
actions must proceed by a compound-nucleus mecha- 
nism on the basis of the results discussed above. 

Range curves for the products of the (a@,2m) and (a,4) 
reactions of Bi measured at an incident helium ion 
energy of 46.5 Mev are shown in Fig. 3. Another meas- 
urement at this same energy, this time including, in 
addition, the Cm**(a,2m)Cf*** reaction, is shown in 
Fig. 4. Although the absolute ranges have not been 
reproduced, the relative ranges have. In order to com- 
pare the range of californium recoils with that of astatine 
recoils, the californium range should be multiplied by 
about 1.1 to correct for the Z~? dependence of range on 
nuclear charge.® 

Differential range curves measured at 38.6 Mev and 
33.0 Mev are shown in Figs. 5 and 6. The average range 
for the (a,2m) reaction product gradually approaches 
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Fic. 7. Thick target ranges as a function of incident helium 
ion energy for the reactions Bi®(a,2n)At™, Bi®(a,3n)At, and 
Bi (a,4n )At™, 


that of a compound-nucleus reaction as the incident 
particle energy is lowered. This approach takes place at 
a higher energy for the Bi?®(a,2m) reaction than for the 
Cm*“(a@,2m) reaction, as might be expected from the 
angular distribution data shown in Fig. 1. The dis- 
crepancy between the experimental (a,2m) angular dis- 
tribution data and the Monte Carlo results at the lower 
energies (Eacm+Q2<7 Mev) is just about at the limit 
of the estimated errors in the half-widths (about +1° 
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for the Monte Carlo results and about +}3° for the 
experimental results). + 

Results of the thick target range measurements are 
shown in Fig. 7. Included for comparison are the recoil 
range data from the thin film measurements for the 
Bi™(a,2n) reaction. Only the ratios of ranges of (a,2m) 
product to (a,3n) or (a,4) product were used; each 
ratio was multiplied by the appropriate (a@,3#) or (a@,4m) 
product thick target range in bismuth to give the range 
of (a,2n) recoils in bismuth. The results are in good 
agreement with the thick target range data. The recoil 
ranges of the products of the compound-nucleus reac- 
tions Bi®(a,3n) and Bi2(a,4n) plotted as a function of 
the incident particle energy establish the range-energy 
relation which is needed in order to calculate the energies 
of the (a,2m) recoils. The range-energy relation is seen 
from Fig. 7, to be quite linear. The errors indicated in 
Fig. 7 are due to the +3% fluctuations in target thick- 
ness, which was mainly responsible for the observed 
scatter of the points. 

The range measurements for both Cm™ and Bi?!” 
targets show that the (a,2m) reactions involve preferen- 
tial emission of neutrons in the forward direction, but 
it is not possible to decide unambiguously whether only 
one, or both, neutrons are involved. Comparison of the 
experimental and calculated angular distributions of 
At?" leads to the same conclusion. Attempts to analyze 
the results by the use of average values for the recoil 
angles and momenta fail, probably because recoils 
having average momentum are not often emitted at 
the average angle. The surprising result is that the 
assumptions of the simple compound nucleus model 
begin to break down at energies as low as 30 Mev, when 
the cross sections for the (a,2m) reactions are near their 
maximum values. An unambiguous solution of the 
kinematic problem probably requires the measurement 
of the momenta of recoils as a function of their angle. 
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Perturbation Theory Applied to the Nuclear Many-Body Problem* 
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Perturbation theory is applied to infinite nuclear matter at the observed density for a well-behaved two- 
body potential, containing a tensor force. We find that a tensor force can contribute as much as 10 Mev/ 
particle to the binding energy in second order. Perturbation theory is then modified to include the pseudo- 
potential treatment of an infinite repulsive core. We give a detailed derivation of the DeDominicis-Martin 
and Huang-Yang result for a pure repulsive core. We obtain an expansion jointly in powers of the strength 
of the attractive potential, and in the range of the core. We find the second-order contributions to the 
binding energy for several potentials combining an infinite repulsive core with an attractive potential. For 
each case considered, the second-order terms are large (absolute value about 20 Mev/particle). 





I. INTRODUCTION 


M“’* different workers have applied perturbation 
theory to obtain the binding energy per particle 
E/A in infinite nuclear matter for given assumed two- 
body nuclear forces. In most of their work the emphasis 
has been on computing E/A as a function of the 
, nuclear density (or corresponding Fermi wave number 
k;). The computed equilibrium density and binding 
energy at that density may then be compared with 
experimental values. 

Perturbation theory calculations made over 20 years 
ago by Euler’ showed that, at the equilibrium density, 
the terms of second order were only several Mev per 
particle. Swiatecki? and Bethe*® have emphasized that 
Euler’s small ratio of second-order to first-order terms 
(value about 60 Mev per particle) shows that perturba- 
tion theory is converging rapidly for this problem; 
and that this convergence is due to limitations on 
possible intermediate states imposed by the Pauli 
principle. Euler used a well-behaved two-body poten- 
tial, of exchange character such that nuclear matter 
will not collapse. The perturbation is the sum of all 
two-body forces. For the low orders considered here, the 
Rayleigh-Schrédinger form of perturbation theory 
applies without any special modifications for the many- 
body problem.‘ (In higher orders special care must be 
taken concerning “linked clusters.’’) 

Euler’s calculations for a Gaussian two-body poten- 
tial were repeated by Huby® for a Yukawa potential, 
and by Thouless® for an exponential potential. These 
three potentials of different shapes are for central forces 
with parameters in agreement with the effective range 
treatment’ of low-energy properties of the two-particle 
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system. (This implies modernizing Euler’s results by 
inserting modern values for the range of the Gaussian 
potential.) The numerical results for the second order 
term are reasonably small and close to each other for 
the three different shapes of two-body potential. Thus, 
perturbation theory seems to converge reasonably 
rapidly for well-behaved central forces. 

Several lines of argument, however, have led to the 
conclusion that the two-body forces are not well- 
behaved, but instead become extremely large and re- 
pulsive at very short distances. Even if this repulsive 
potential is finite, it is so large that perturbation theory 
converges poorly. The repulsive potential is usually 
treated as an infinite repulsive core, of radius c, which 
gives very similar results to a finite repulsion of some- 
what larger range.’ 

While an infinite repulsive core cannot be treated by 
standard perturbation theory, which involves an ex- 
pansion in powers of the strength of the potential Vo, 
an analogous expansion may be made by introduction 
of a pseudopotential, or closely related ¢ matrix. The 
expansion parameter becomes &yc, the product of the 
Fermi wave number and the core radius. (The infinite 
repulsive core produces a phase shift of value kc in two- 
body scattering. This phase shift is averaged over 
different values of k, the wave number for relative 
motion. Since the average of & is of order of magnitude 
ky, the expansion parameter is expressed as kyc.) Huang 
and Yang* developed this expansion both for an 
isolated system of two particles, and for a many-body 
system with a pure repulsive core force. Independent 
work by DeDominicis and Martin’ carried the expan- 
sion to the (&y,c)* term. 

Gomes, Walecka, and Weisskopf” have considered 
the problem of a combination of an infinite repulsive 
core and. an attractive potential. Their method of 
numerical computation involves combining the usual 
perturbation theory expansion up to terms of the first 
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power of the attractive potential Vo with the De- 
Dominicis-Martin expansion up to terms of the third 
power in the parameter kyc. Our paper may be regarded 
as an extension of their work, in that we speil out the 
mathematical framework for combining the two ex- 
pansions, and in that we calculate two terms not in- 
cluded by Gomes et al., i.e., Euler’s term from second 
order perturbation theory for the attractive potential, 
and a term involving first powers in both the attractive 
potential and in kyc. (We do not agree with certain 
features of the Gomes-Walecka-Weisskopf calculation, 
i.e., their use of the effective mass approximation in 
calculation of the ¢ matrix; their assumption that the 
triplet central potential equals the singlet potential; 
and their choice of core radius for the singlet potential. 
However, while these details seriously affect the calcula- 
tions of the binding energy E, they are of less importance 
for the question considered here of rapidity of con- 
vergence of the expansions.) 

The mathematical framework for combining the two 
different expansions was suggested by R. E. Peierls. It 
is one of several procedures discussed by Tobocman.” 
As emphasized by Tobocman, many different approxi- 
mation procedures are possible in attacking a many- 
body problem. In any particular case we must weigh 
the ease of the procedure against the accuracy achieved. 
In this paper we adopt a particularly simple procedure, 
and we study its rapidity of convergence for the 
problem of infinite nuclear matter. Our purpose is to 
try to find a relatively simple method that yet con- 
verges reasonably rapidly. Such a method, if it exists, 
would have two main advantages as compared, for 
example, to Brueckner’s method.” First, our method 
would be easier to understand. In particular, it is clear 
just what approximations are made, and whether the 
approximations are valid. Second, our method might 
prove directly applicable to other nuclear problems, 
such as that of the binding energy of a finite nucleus, or 
the affects of two-body clusters on nuclear reactions.” 
(Brueckner’s work on the finite nucleus demands 
further approximations beyond those made in his treat- 
ment of infinite nuclear matter.) 

Further, the present treatment whether it converges 
or not will suggest which terms give a large contribution 
to the binding energy, and which terms should, there- 
fore, be emphasized in a variation treatment of the 
nuclear problem.'® For instance, the important con- 
tribution that we find due to tensor forces suggests that 
a variational wave function should include an adjust- 
able parameter to allow for the corresponding deviation 
from isotropy of the two-body wave function. 
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Our present objective is to examine whether perturba- 
tion theory, with certain modifications, converges 
reasonably well for calculations of the binding energy 
per particle in nuclear matter. The criteria for con- 
vergence are not exact: they amount to looking at the 
first- and second-order terms and guessing whether the 
third-order terms will be small enough so that they can 
either be neglected or estimated by crude approxima- 
tions. Until we have confidence in the method we shall 
not try to find the binding energy for comparison with 
experiment. To emphasize this point of view, we shall 
not even calculate a first-order term, but merely 
estimate its order of magnitude as an indication of the 
rate of convergence of our series. We shall evaluate the 
second-order terms at the observed nuclear density. 
The actual two-body forces would presumably give a 
density of nuclear matter equal to the observed value, 
so that our expansion should converge reasonably well 
at the observed density if the expansion is to be of use 
in evaluation of the equilibrium properties of nuclear 
matter. If the expansion converges well, it would be 
straightforward though tedious to extend the second- 
order (and first-order) calculations as a function of 
density, and thus determine the equilibrium density 
and equilibrium properties.” 

The method used for solving the many-body problem 
should be chosen in a manner appropriate to the two- 
body potential assumed. (i) For certain two-body 
potentials, such as the well-behaved central potentials 
treated by Euler,! ordinary perturbation theory con- 
verges well. (ii) For certain potentials including a re- 
pulsive core, the modified perturbation theory treated 
in this paper would converge well. (iii) If our modified 
perturbation theory converges poorly for a certain 
potential, it might be possible to modify the theory 
further to obtain a rapidly converging series for this 
problem. (iv) None of the three techniques above may 
converge rapidly; but Brueckner’s technique may give 
a rapidly converging series, i.e., the incoherent scatter- 
ing terms may be small. (v) For certain potentials, none 
of the four methods above would give a rapidly con- 
verging series. Detailed numerical works must be done 
for any given two-body potential to determine which 
category is appropriate. 

In the next section we apply perturbation theory 
to the nuclear many-body problem for the case of a well- 
behaved two-body potential containing a tensor force, 
that fits the low-energy measurements. Many examples 
of such triplet potentials are given by Biedenharn, 
Blatt, and Kalos'*: the central and tensor potentials 
may be chosen to have various shapes; and also for 
given shapes we may combine a weak central potential 
(strength parameter s.=0.6) with a strong tensor 
potential. Alternatively, we may combine a strong 
central potential (s-= 1.0) with a weak tensor potential. 
We find that the numerical value of the second-order 


16 L. C. Biedenharn, J. M. Blatt, and M. H. Kalos, Nuclear 
Phys. 6, 359 (1958). 
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term is insensitive to the potential shape chosen, but is 
sensitive to the strengths assumed for the central and 
tensor potentials. Specifically, the second-order term is 
almost twice as large for the strong tensor potential, 
than for the weak tensor potential. (See Tables III and 
IV). The convergence of perturbation theory is poor 
for the strong tensor potential, and fair (i.e., not much 
worse than in Euler’s work) for the weak tensor 
potential. 

In Sec. III we develop a modified perturbation theory 
for treating the infinite repulsive core alone, and we 
apply this modified perturbation theory to find terms 
up to the second power of kyc. The &yc term was derived 
by Lenz.'? The (&yc)? term result was stated by Huang 
and Yang* and DeDominicis and Martin’ without a 
detailed derivation. We shall supply the details. 

In Sec. IV we develop our modified perturbation 
theory for a two-body potential containing both a 
repulsive core and an attractive potential. In Sec. V we 
consider two-body potentials taken from Biedenharn, 
Blatt, and Kalos,'® and Gammel-Thaler.'* Our results 
(Tables V, VI, VII) show that in all cases considered 
the second order terms are large, i.e., our modified 
perturbation theory converges poorly for the nuclear 
many-body problem using an attractive potential com- 
bined with a repulsive core of radius about 0.4 fermi. 

In the final section we discuss our numerical results, 
and consider briefly other related methods that are 
expected to converge better than the methods treated 
in this paper: Moszkowski’s"® and Lomon’s” different 
separation of the potential into two parts, and the use 
of a velocity-dependent two-body potential*! instead of 
a repulsive core. 


Il. ORDINARY PERTURBATION THEORY 


Euler,' Huby,’ and Thouless® have applied ordinary 
perturbation theory to the nuclear many-body problem, 
for well-behaved central two-body potentials. We shall 
use a notation similar to Euler’s and give only a brief 
development of the formula for the second order term. 
The details are given in his paper. 

We separate the Hamiltonian H into one part A in- 
volving the kinetic energy T alone, and a perturbation 
v consisting of the sum of well-behaved static two-body 
potentials. (Of course, many-body forces may be of 
importance, but are not considered in this paper. Use of 
velocity-dependent two-body force is mentioned in the 
last section.) 

H=T+». (1) 


Here and throughout this paper certain summations 


17 W. Lenz, Z. Physik 56, 778 (1929). 
18 J. Gammel and R. M. Thaler, Phys. Rev. 107, 1337 (1957). 
Also see reference 12. 

1S. A. Moszkowski, Bull. Am. Phys. Soc. 4, 256 (1959); and 
University of California at Los Angeles UCLA Technical Report 
No. 2, O.O.R. (unpublished). 

2%” E. L. Lomon, Bull. Am. Phys. Soc. 4, 48 (1959). 

21M. Moshinsky, Phys. Rev. 106, 117 (1957); 109, 933 (1958). 
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are implied, but are not stated explicitly : T denotes the 

sum of the kinetic energies of the individual nucleons, 

and »v denotes a sum of the interaction of all pairs. 
Following the standard Rayleigh-Schrédinger per- 

turbation theory, the energy E is given, up to second 

order by 


E= (¢0| T | bo) + ($o0| v| bo) 
(G0 | 2| Po) (On| 2) h 
+r- _ . 2 
n Ey—E, 
Here ¢» and ¢, are eigenfunctions for the unperturbed 
Hamiltonian T for the ground and excited states, re- 
spectively, of infinite nuclear matter. Thus, ¢o is a 
Slater determinant of plane-wave functions for the 
individual nucleons, with wave numbers from zero up 
to the value k; at the Fermi surface. The excited state 
wave function ¢, has a single pair excited, each member 
of the pair being outside the Fermi sphere. The energies 
in the denominator EF» and E,, are the eigenvalues for the 
unperturbed Hamiltonian; i.e., they are the kinetic 
energies. 
The value of the first term (¢9| 7} ¢ 
for our assumed perfect Fermi gas 


} is well known? 


(1/A) (o| T| 0) =27;= 3 (fR2/2M) =24 Mev. (3) 
Here T; is the kinetic energy, of value 40 Mev, at the 
Fermi surface. Throughout this paper we use ky= 1.40 
fermi“, corresponding to the nuclear radius parameter 
ro=1.52/k;=1.09 fermis. [For infinite nuclear matter, 
ro is defined by the relation volume per particle 
= (4/3)xro. | 

The first order term (¢|v!¢o) has been calculated 
by many authors!:>-*.° for different assumed potential 
shapes and exchange mixtures v. At our value for ky, 
the literature gives 


(1/A) (do v| do —<— 60 Mev. (4) 


Note that the value of this term differs appreciably 
among different potentials v that fit the low-energy two- 
body data. For instance, a weak central force (strength 
parameter s.=0.6) gives only about 60% of the con- 
tribution of a strong central force (s.=1.0). Note that 
a tensor force gives no contribution to (¢o!v/@o), since 
a tensor force averages to zero on angular integration. 

In evaluation of these equations some workers?*-® 
have made a choice of the unperturbed Hamiltonian 
different from our choice Hp= T=f?k?/2M. Their argu- 
ment is that in general a self-consistent effective 
potential felt by a single particle is velocity-dependent.” 
We might then use Ho’=7+V (&) to find the energies 
E, and E, in the denominator of the second order term 
in Eq. (2). In practice, this choice of Ho’ complicates 
the already difficult sum over intermediate states n. 
These workers then make the effective mass approxi- 


2 J. VanVleck, Phys. Rev. 48, 367 (1935). 
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mation by selecting the term in V(&) that is quadratic 
in k, and combining this term with the kinetic energy T 
to give Ho’ =h?k®/2M*. Several arguments"”:”” show 
that the effective mass M* has a value in the range from 
0.5M to 0.8M, where M is the true nucleon mass. Since 
M* occurs in the denominator in determining the energy 
denominator of the second order term, the second order 
term is proportional to the value chosen for M*. (Note 
that the eigenfunctions ¢» and ¢, are unchanged when 
we adopt an effective mass.) Thus, the convergence 
of perturbation theory is improved by the use of an 
effective mass that is smaller than the true nucleon 
mass. 

It may seem surprising that the value of the second 
order term should depend on the arbitrary choice of 
Hy as Hy’. (One is tempted to make perturbation theory 
converge extremely rapidly merely by choosing M* as 
extremely small.) However, the dependence of per- 
turbation theory results on the choice of Ho disappears 
if we go to the third order. Feenberg™ has shown that 
the combination [E® ?/(E®—E) is invariant to a 
“scale transformation” such as the introduction of an 
effective mass. [Here E® and E® are the second and 
third order contributions to the energy, respectively. ] 

Since computational problems cause us to stop at the 
second order perturbation term in this paper, our result 
does depend on the arbitrary separation into Ho and ». 
Neither our use of the true mass M, nor the alternative 
use of the effective mass M*, can be regarded as giving 
an exact answer. 

In evaluation of the second-order term of Eq. (2), we 
neglect the exchange term':*® which is much more 
difficult to evaluate than the ordinary term. For the 
exchange mixtures in common use such as the Serber 
force, the exchange term is somewhat smaller than the 
ordinary term, and has the same sign. Our use of the 
true mass M, and our neglect of the exchange term are 
two errors in opposite directions and of comparable 
magnitude. Our result for the second order term should 
be in error by an amount less than either of these 
neglected effects: our calculation may be accurate to 
30%. In any case, it should be accurate enough to draw 
conclusions as to the rapidity of convergence of per- 
turbation theory as applied to the nuclear many-body 
problem. 

Euler' has manipulated the second-order term of Eq. 
(2) into a form convenient for use with different 
perturbations. The summation over intermediate states 
n is rather involved: we are concerned with a pair of 
nucleons, wave-numbers k;, and k, in the ground state, 
which scatter to an intermediate state m with wave- 
numbers k,/=k,;+q and ke’—q. (The sum of the 
momenta is conserved for our present problem of 
infinite nuclear matter; though it need not be for the 
finite nucleus problem. All wave numbers are given 


23 FE. Feenberg, Ann. Phys. 3, 292 (1958). 
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TABLE I. Numerical values of Euler’s function P(u).* 





0.1 
0.2 
0.3 
0.4 


0.5 
0.6 
0.7 
0.8 
0.9 


* The function P(x) is given in analytic form in Eqs. (7) and (8) of the 
text, and in reference 1. 


in units of ky.) We want the expression 


(Po|v $0) (On| 2| bo) 
E® = (5) 
n Eo—E,, 


summed over-all k; and k; inside the Fermi sphere, and 
summed over-all » for k,’ and k,’ outside this sphere. 
For the ordinary term (though not for the exchange 
term), the numerator is only a function of q. The 
integral of the energy denominator [proportional to 
q: (q+k,—k:) | over k; and ky in the region satisfying 
the Pauli principle for k,’ and k,’ is done for fixed q. 
Euler’s Appendix gives the result 


: 7 = a’k,d*k. 
aera f f © 


u=4} 


q 
O<u<l, P(u)=P,(u) = (4+74u—5u'+ 1445) 
XIn(1+)+29u?— 34 
+ (4—73u+5u3— 1415) 
XIn(1—u)— 400? In2, 
1<u, P(u)=P2(u)= (4—200?— 2003+ 4u5) 
XIn(u+1)+40+22u 
+ (—4+ 20u?—20u'+4u5) 
X In(u—1)+ (40u'— 8u*) Inu. 
Numerical values of the function P(u) are given in 
Table I. 
Euler gives convenient and accurate power series 
expansions: 
P,(u)=40(1—1n2)u?— 10u4+ ($u®)+0.2148, 
P.(u)= (10/3) u-'+- 4u7+0.16u-. 


The matrix element (¢o|0|/¢,) in the numerator of 
Eq. (5) gives us the Fourier transform of the potential. 
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For a central potential — V9v(r/8) 


($0| | on)= F(qg)= _ Vo fe’ 


= —4rV 8° f(w). (9) 


9-'y(r/B)d*r 


D 


fiae)= f (sinwy/wy)v(y)y"dy, 
0 


(10) 
where y=r/8 and w= 2ux with x=&,@. Euler obtains 
E®/A = — (1/2®52*) (k,6 Tea f P u)ul F(u) Pdu. (11) 


The coefficient c, depends on the exchange character of 
the two-body potential : 


co=3('V+)?+3(V,)?+9(V_)?+-1('V_)?. (12) 


For the exchange term in second order, Euler gives a 
coefficient c’ : 


¢2o' =3('V4)?+3(V4)?—-9CV_)?—-10V_)% 12’) 


The superscript gives the spin multiplicity, and the 
plus or minus subscript gives the parity of the wave 
function. (Thus, 'V, is the value of Vo for a spin singlet 
spatially symmetric state.) We assume a Serber force, 
different (both for V» and 8) in the spin triplet (even, 
central) and in the spin singlet states. For each even 
state co=3(Vo)* with a different V» (and 8) value de- 
pending on spin. Equation (11) becomes 


E®/A = —(3/20m?)x8(Ve/T))I (13) 


I= freoms 2ux) Pdu. (14) 


For the particular case of a Gaussian v=—V 5 
Xexp(—?r*/s?), Euler has evaluated the integral J and 
obtains 

= — (3/2'5m9)x*7(V F/T; g(x), 


(15) 


where x=,/8. Table II extends Euler’s numerical 
results for g(x). Euler also gives its asymptotic form 


TABLE IT. Euler’s second-order energy.* 


g(x) from Euler 


0.051 
0.107 
0.328 
0.707 


1.034 
1.307 
2.079 
2.479 


® The second-order energy for a Gaussian potential (without core) is 
proportional to g(x): See Eq. (15) of the text, and reference 1. 


RAZAVY, 


ROJO, AND WEBRE 
for x1 and «>>1. [Since Euler’s g(x) = (2°x*/r)/, Eqs. 
(13) and (15) are in agreement. | 

We have reviewed Euler’s treatment so that we can 
extend it to the case of a well-behaved tensor potential 
— Vor(r/8)Si2. We replace Eq. (9) by” 


(do| 2 ¢,)=F(q)= = Vo f ev To.(r B)S2(?) Br 


= — Ar V 08'S 12(g) fr(w), 


® 
fi(w) -{ j2(wy)oi(y)ydy. 


0 
The spherical Bessel function 


j2(s) = —sinz/z—3 cosz/22+3 sinz/z*. (18) 


Here Sj2(#) is the tensor operator in ordinary space 


Si2(?) =3 (01-7) (a2: ?)—o1- G0, 
and 
S12(G) =3(@1°9) (2-9) — 01-2, 


where # and @ are unit vectors. For any given direction 
g, the integrals over d*k;, d*k., and sum over n can be 
done as above by Euler giving P(u). In integrating 
F,(q) over the direction for g we obtain, since for a 
spin-triplet state, 
[S12(g) P=8—2S812(9), 
(44[.S12(9)_?)av=42r(8), 


or eight times the usual 47%. We now modify Eqs. (13) 
and (14) using this factor of 8, and using f;(2ux). Fora 
tensor force of Serber character c.=3 and 


E®/A=— (6/5x*)x*(Vo2/Ts)Ii, (20) 


(21) 


T= f Put f(2ux) Pa 


The factor of 8 in Eq. (19) causes a strong tensor force 
to give a surprisingly large contribution to the second 
order energy. 

The second-order term E™ is calculated from Eqs. (15) 
and (20) for various potentials fitting the low-energy 
data. Biedenharn, Blatt, and Kalos'® have provided us 
with a great variety of triplet potentials. We have the 
freedom in choice of shape for central and tensor 
potentials. After the shapes are assumed, there are 
still four parameters available (central strength and 
range, and tensor strength and range) to fit only three 
experimental data (deuteron binding energy and quad- 
rupole moment, and the effective range). Biedenharn 
et al. use this extra freedom by choosing the central 
force as weak (strength parameter s.=0.6), with corre- 
sponding strong tensor force. Alternatively, the central 
force can be assumed strong (s.= 1.0) witha weak tensor 
force. We choose a Gaussian shape for the triplet force, 
and either Gaussian, exponential, or Yukawa shape for 
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the tensor force. The details of the potentials used are 
given in the Appendix. 

The singlet potential is chosen as a Gaussian shape, 
with strength parameter 0.95 and effective range 2.5 f. 

The central triplet, tensor, and singlet potentials 
are each assumed to have Serber exchange character. 
Other cases can easily be treated using Eq. (12). 

Certain details involved in using Eq. (20) for a tensor 
force are also given in the Appendix. These calculations 
were performed on a desk computer, with an accuracy 
of several percent. The results are given in Tables II 
and IV for weak central and strong central potentials, 
respectively. Table III shows that the strong tensor 
force associated with the weak central potential gives 
about —10 Mev contribution to the nuclear binding 
energy per particle; the value is insensitive to the 
tensor shape. On the other hand, the weak tensor 
potential used in Table IV gives about —5 Mev con- 
tribution, while the contribution of the central potential 
remains small, the total second order being about 
—6.5 Mev. 

If a pure central triplet force were used,' then the 
strength parameter s, should be about 1.4, and Table IV 


TABLE III. Second-order terms for weak central potential 
(without core).* 





—0.7 
—0.4 

Gaussian Exponential 
—11.1 — 10.0 
—12.2 —11.1 


Singlet Gaussian 
Weak central triplet Gaussian 
Yukawa 
—9.7 
—10.8 


Strong tensor 
Total second order 








* The second-order contribution to the binding energy per particle is 
given in Mev, computed from Eqs. (15) and (20). The weak central triplet 
potential has strength parameters s- =0.6; details concerning the potentials 
used are given in the Appendix 


gives a second-order term of only about —3.3 Mev per 
particle. Thus, an increase in the strength of the tensor 
force increases the magnitude of the second order term 
appreciably from —3.3 for no tensor force to —6.5 for 
a weak tensor force, to about —11 Mev per particle 
for a strong tensor force. We do not have at present a 
. precise criterion for the rapidity of convergence of 
perturbation theory applied to the nuclear many-body 
problem: a reliable estimate of third-order terms would 
certainly be very useful. We guess that perturbation 
theory converges well enough to stop at first order if 
there were no tensor force ; the convergence may be good 
enough for a weak tensor force, but convergence seems 
poor for the strong tensor force used in Table ITI. 


III. PURE REPULSIVE CORE 


The problem of an infinite repulsive core of radius ¢ 
has been solved independently by DeDominicis and 
Martin,’ and by Huang and Yang’$; but neither authors 
give the details of their solution. [Note added in proof. — 
See A. A. Abrikosov and I. M. Khalatinkow, Appendix 
Al, Repts. Progr. Phys. 22, 329 (1959).] We shall give 
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TABLE IV. Second-order terms for strong central potential 
(without core).* 


Singlet Gaussian 

Strong central triplet Gaussian —1.3 

Exponential 
—4.5 
—6.5 


Yukawa 
—4.4 
—6.4 


Gaussian 
—5.1 
—6.8 


Weak tensor 
Total second order 


* The second-order contribution to the binding energy per particle is 
given in Mev, computed from Eqs. (15) and (20). The strong central 
triplet potential has strength parameter se=1.0; details concerning the 
potentials used are given in the Appendix. 


the detailed solution for the binding energy calculated 
through terms of order (k,c)* as part of our more general 
problem of combining a repulsive core with an attrac- 
tive potential. 

We want to solve for the energy with Hamiltonian 
H=T-+,: 


E= (@0| T| Yo) + (| 2-| Wo). (22) 


Here ¢p» is as before the eigenfunction for kinetic energy 
T for infinite nuclear matter. Wo is the eigenfunction for 
H, and is zero whenever any two nucleons are separated 
by a distance less than c. Of course, perturbation theory 
fails for an infinite v,. This infinite 1, must be replaced 
by a pseudopotential, or ¢ matrix defined so that 
(po v,|Yo)= (Go| t| 0). 
The pseudopotential satisfies” ** the operator equation 
t=v,+1,Gl. (24) 
Here G is the modified Green’s function for the kinetic 
energy operator 7, taking account of the Pauli principle 
in summing over intermediate states n: 


(23) 


on(r)On*(r’) 


Girr)=r (25) 


Eo—E, 


Bethe and Goldstone show how to solve Eq. (24) 
in an expansion of powers of (yc). This method was 
followed by DeDominicis and Martin.’ Instead, we 
shall follow a method suggested by R. E. Peierls, 
similar to that used by Tobocman." 

Equation (24) can be (formally) solved by iteration 
for ¢ giving 

t=v,+0,G0,+0,G0,Gr,+ ---. 


Also Eq. (24) can be solved first for v, giving 


v,=1(1+Gi)"=1—1Gt+ 1GiGi+ ---. 


(26) 


(27) 

If we substitute v, from Eq. (27) into Eq. (26) we are 
pursuing a circular argument, and recover the result 
t=t. However, we can write equations similar to (24) 
and (27) which will be useful in finding an expression 


*R. J. Eden, Nuclear Reactions, edited by P. M. Endt and M. 
Demeur (Interscience Publishers, Inc., New York, 1959), Vol. 1. 
25H. A. Bethe and J. Goldstone, Proc. Roy. Soc. (London) 


A238, 551 (1957). 
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for /. 


; i « bd ; 
| 
baz=VetTVAasdtasz 


(28) 
and 


Ur>= baa ts KGadasttadiads Atud an - (29) 


Here /,, is the pseudopotential for an isolated system 
(“‘nx” standing for “no exclusion principle’’). G,,z is the 
Green’s function for an isolated system: that is, in 
Eq. (25) all states m are included in the sum. If we 
substitute v, from Eq. (29) into Eq. (26) we find an 
expression for / in terms of tz: 


t= lnztlnac(G—Gaz)tnz+higher order terms. (30) 


This equation is useful since /,. is relatively simple. 
For a pure repulsive core, /,2 is given by 


ln2= (4rh?c/M)6(r), (31) 


where we have neglected terms of order c’ or higher. 
M is the true nucleon mass. 
The energy of the system of fermions is, from Eq. (30), 


E= ($0| T| $0) + (0! t| bo 
= (do| T | do)+ (po! tnz| Po 
+ ($0! tnz(G—Grz)lnz| bo 


+higher order terms. (32) 


Neglected terms are of order (4;c)’ or higher. The term 
(@o|T| 0) gives a contribution of (3/5)T; to E/A, as 
in Sec. II. The term (@0|/nz|¢0) gives the Lenz!’ term 
(2/m)(kyc)T;. The last term (60) tnz(G—Garz)lnz| do) is 
calculated following Euler’s work,! outlined in Sec. II. 
Using Eq. (25), 


- (Po lnz Pn) (Pn lnz $0) 
(do lnzGlnaz Po 2 % . . 
n Eo— En 


This is the usual second-order perturbation theory 
result of Eq. (5), where now we treat /,, of Eq. (31) as 
the perturbation. As above, the matrix element from 
state 0 to state m gives the Fourier transform of the 
perturbation [See Eq. (9) ]: 


(oo inal bn) ~P)= f ¢ a! (4arh?c/M)5(r)d°r 


Sorh?c/M. (34) 


The sum in Eq. (33) over states » satisfying the Pauli 
principle again gives us Euler’s P(u) defined in Eq. (6), 
and given explicitly in Eqs. (7) and (8). 

For the term G,,, we sum over all intermediate states 
and take the Cauchy principal value, obtaining a new 
function P,2(u). If u>1, all intermediate states will 
automatically satisfy the Pauli principle, so P,z(u) 
= P,(u). For u<i, we find that P,.(u)¥P;,(u); but 
Py2(u) again equals P2(u) with the one change that 
In(u—1) in Eq. (8) is rewritten as In| 1—wa). 

The term (G—G,,) then gives us [P(u)—P,2(u) | 
which is different from zero only for u<1. We keep 
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track of various factors, following Euler. [See our Eq. 
(11) ]. In particular, if we assume a Wigner-character 
repulsive core and include both ordinary (c2) and ex- 
change (c2’) terms we have c»+c:’=12 [See Eqs. (12) 
and (12’) ]. 

We find 


(1 A){o| tnz(G—Gnaz)tnz do 


= — (1/2°52*) (Ry®/T;) (12) (4rh?c/M) 


1 
xf [P,(u)—Pr2(u) judu 


= (12/35?) (11—2 In2) (Rec)? Ty. 


We have used from Eqs. (7) and (8) 
1 
[Py u)— Py2(u) judu=—(11—2 In2 


Combining our first three terms we have the Huang- 
Vang and DeDominicis-Martin result : 


E/A=T 3+ (2/m) (Ryc) 
+ (12/354?) (11—2 In2)(kyc)?+--- 


IV. MODIFIED PERTURBATION THEORY FOR 
A REALISTIC POTENTIAL 


Instead of treating separately a well-behaved attrac- 
tive potential v or an infinite repulsive core v,, we shall 
consider the problem of a potential w=v+,. This 
amounts to combining the results of Secs. II and III 
and adding one extra term for an interference effect 
due to combining an attractive potential with a re- 
pulsive core. Our purpose here is to develop the modified 
perturbation theory appropriate for this problem in a 
systematic manner, and to include ali terms up to the 
second power in the strength of the attractive potential, 
the range of the repulsive core, or a combination of 
these two parameters. 

We write the Hamiltonian H = 7+ w where w=0+1,. 
(Note that we define »=0 for r<c.) As in Eq. (24) we 
express the / matrix in terms of the perturbation, w, and 
solve by iteration: 

t=w+wuGi=wt+wuGuw- (38) 
Again G is the Green’s function for operator T, taking 
account of the Pauli principle. We use Eq. (29) for », 
to express w in terms of /,, for a pure repulsive core: 


W=0+0,=0+lnz—lnzGndact:::. (39) 


Substituting Eq. (39) for w in Eq. (38) we obtain, in- 
cluding terms through second order: 
i= (v+-lnz—lnzGnslazt salad 
+ (o+tazt il’ *)G(v+laz + vay 
=0+bnztlaz(G—Gaz)inzt+0Gv+2t,2Gr. (40) 
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The energy is given by Eq. (32): 


E se (do| T| do) + ($0|2| 0)+ (do| hes! go) 
+ (Ho | tnz(G—Gnz)tnz | oo)+ {do} vGu | go) 
+2(¢0|tn2Gv| do)+higher order terms. 


This expression gives the energy in a combined expan- 
sion in powers of ¢,2 (that is the core radius c) and in 
powers of the attractive potential v. 

Gomes, Walecka, and Weisskopf” obtain an expan- 
sion similar to our Eq. (41); however, they include the 
DeDominicis-Martin term of third order in ¢,z, and 
they omit the oGv and 2/,,Gv terms of our equation. 


(41) 


V. APPLICATION OF MODIFIED 
PERTURBATION THEORY 


We shall investigate the rapidity of convergence of 
our modified perturbation theory expansion Eq. (41) 
for several different choic?s of the two-nucleon potential 
with an infinite repulsive core. 

The radius of the infinite core is usually chosen'® as 
about 0.4 f, and we have adopted this value here. (We 
also use 0.4315 f for the potentials taken from Bieden- 
harn’s tabulations.'® The radius of the core is sensitive 
to the shape chosen for the attractive potential v. If a 
square-well’* is chosen for 2, then the 1S phase shifts are 
best fitted by a core of radius about 0.2 f, or only half 
the value usually chosen. We do not know which core 
radius is most appropriate to the Gaussian shape 
treated below.) 

Expressions for the first five terms in Eq. (41) are 
given in Sec. II or ITI. We shall develop the expression 
for the last term, 2(@o!¢,2Gv!@o), and then use these 
equations to find the various second-order terms, for 
different choices of the two-body potential. From 
Eq. (11), 


2( Go| tnzGv | bo) 
(Go| fnz|n)(n|0| do) 
. ex 
=2(—-1 2851) (b,"/Tj)oa { Plw)uP (uP wd (42) 


We use Eqs. (9) and (34) for the Fourier transforms 
F(q) and F.(q), respectively. As in our treatment of the 
pure repulsive core, the exchange term integral gives 
the same result as the ordinary integral. This follows 
from the argument that F’.(q) is independent of g so an 
exchange integral 


F.(q)F(q’) 
i ra @kd*ke 


‘aff PD peehe~P. F(q')P(q’). (43) 


26 L. T. Bennett, B. L. 


Eskut, and J. S. Levinger (private com- 
munication). 
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Here, as in Eq. (6), q=k,/—k,;=momentum change 
of the first particle; and q’=k,’—k, which equals 
— (q+k,—k.) from momentum conservation. To obtain 
the last expression on the right of (42), we integrate 
over d*k,d*k, for fixed g’ in the region such that the 
Pauli principle is obeyed for k,’ and k,’, obtaining 
P(g’). We now integrate the last term over q’, 
and obtain the same result for the exchange term, 


SF (q7’)P(q')q'dq’ 
as for the ordinary term 
JS F(qg)P(q)qdq. 


We shall include both ordinary and exchange terms 
and use ¢:+c2’=6 for a given spin state (triplet or 
singlet) for a Serber character attractive potential ». 
Using the factors in Eq. (11) we have 


1/A)2(go0| tnzGv| bo) = (6/5x2)kcx®V ol 


T= f Pwuf(Que)du, 


(10). As above, 
zero for r<ce. 


(44) 


(45) 


The function f is defined in Eq. 
v= —Vor(r/8), where v(r/B) is 
Also, x= kB. 

Note that as in the calculation of (¢o!v|¢@0) only a 
central (singlet or triplet) » contributes in Eq. (44); a 
tensor potential averages to zero on angular integration. 

The first four terms in Eq. (41) are calculated or 
estimated as similar for any attractive potential v. We 
choose ky= 1.4 f, and c=0.4 (or 0.43) f. Equation (3) 
gives us the Fermi energy T7;=40 Mev, and 


now 


(1/A) ($0| T | $o)= 24 Mev. 


The second term (¢0|v| 0) is again about —60 Mev 
per particle and depends on the separation between 
central (triplet) and tensor force. [See Eq. (4). ] 

The third term in Eq. (41) is given in Eq. (37): 


(1/A) (bo| tnz| 60) = (2/m) (kyc)T;= 14.3 Mev (46) 


for c=O4f (use of 
15.4 Mev). 
The fourth term in Eq. (41) is given by Eq. (35): 


c=0.43f increases the value to 


(1/A ) (do | tnz(G—Gnz)tnz| | 0) 


=T,(12/35x2)(11—2 In2) (kyc)?=4.1 Mev, (47) 


for c=0.4 f. (Use of c=0.43 f gives a value of 4.8 Mev.) 

This second-order term includes both ordinary and 

exchange integrals, and uses the true nucleon mass. 
The last two terms in Eq. (41) are evaluated using 
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TABLE V. Second-order terms for weak central force with core.* 


my & 
(1, A) do vGo do) 
— 3 
— 4 
— 16 (Gaussian) 
— 16.6 (exponential) 
—23 


(2/A)(do| tnzGv| do 





Singlet 
Central triplet 
Strong tensor 


Total 


® See Eqs. (13), (20), and (44) for the calculations, and see the Appendix 
and reference 16 for the potentials used. The energies are given in Mev. 


Eqs. (13), (20), and (44). [Since G is given by Eq. (25), 


(po! vGt do) 


| _ da(r)bn*(r’) 
= do v). penser v 60) 
| on Eo—E, 
(o|0| Gn) (On| 2! bo) 
=> — is 
n Eo—E, 


-E®, 


where E® is the standard second-order term of Eq. 
(5).] Note that for (¢o|2Gv|¢o) we calculate only the 
ordinary term; while for 2(¢0|/,:Gv|¢o) we include 
both ordinary and exchange terms. 

We shall take our attractive potentials mostly from 
Biedenharn, Blatt, and Kalos'® (their Table 2.3). From 
their work we estimate the singlet intrinsic range 
b,=effective range —2c=1.6f; and we choose the 
shape as shifted Gaussian. Their values for the central 
(triplet) and tensor forces are quoted in the Appendix. 
We shall use their cases of shifted Gaussian shape for 
the central triplet, combined with shifted Gaussian or 
exponential shape for the tensor force. As in Sec. II, we 
treat separately the case of weak central (s,=0.6) 
combined with strong tensor, and strong central 
(s-=1.0) combined with weak tensor. 

Our results for the strong central potential are given 
in Table V, and for the weak central potential in 
Table VI. 

We treat the Gammel-Thaler'® potential in the same 
manner, obtaining the second-order terms given in 
Table VII. Note that we have not included their 
two-body spin-orbit force. 

We see from Tables V, VI, and VII that the total 
second-order terms are large in each of the five cases 
treated. The (2/A)(@o|tncGv\oo) term varies from 


TaBLe VI. Second-order terms for strong central 
potential with core.* 


(1/A)(@o| 2G} do) 


(2/A)(do| tnzGv| do 





Singlet + 5 — 3 
Central triplet +1 —13 
Weak tensor 0 — 5 (Gaussian) 
— 4 (exponential) 
Total +23 —20 


* See Eqs. (13), (20), and (44) for the calculations, and see the Appendix 
and reference 16 for the potentials used. The energies are given in Mev. 
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15 to 23 Mev, and the usual second-order term 
(1/A) (¢0| vGv| do) varies from — 20 to —33 Mev. There 
appears to be some slight hope of convergence, since if 
we add these two terms together, and also use the result 
given in Eq. (47), we obtain —3 Mev, +8 Mev, and 
—8 Mev, respectively, for the three tables. These 
numerical results cannot be taken seriously in our 
present calculation, since our (¢0|2Gv|@») term is for 
the ordinary term only, and the other two terms include 
the exchange term as well. Also, the three terms will 
likely be affected differently by use of a velocity- 
dependent ‘shell-model’ potential V(%) in the un- 
perturbed Hamiltonian. Finally, the cancellation may 
work well for the second-order terms, but poorly for 
third-order terms. 


VI. DISCUSSION 


Tables V, VI, and VII show that various second-order 
terms for an attractive potential with an infinite re- 
pulsive core are of the order of 20 Mev per particle. 
We conclude that our present modification of perturba- 
tion theory gives a poorly converging series for calcula- 
tion of the binding energy of infinite nuclear matter, at 
the empirical density, with the potentials chosen. 

One reason for the large second order terms is that the 
use of a repulsive core necessitates use of a deeper and 
narrower attractive potential. Thus, the (¢0| xGo| do) 
terms in Tables V and VI, are much larger than 
corresponding terms in Tables III and IV. 

It seems possible that certain changes either in the 
potential used or in the modified perturbation theory 
would substantially improve our convergence. 

First, one might use a velocity-dependent two-body 
potential*! instead of the static potential with repulsive 
core chosen in this paper. This might give second order 
terms similar to those in Tables III and IV for a static 
potential without core. 

Second, the potential with core could be chosen with 
a smaller core radius,”* for a different assumed shape 
of the attractive potential v. Use of a core radius of 
only 0.2 f would cause a substantially smaller absolute 
value for the ($0|tnzGv|¢o) and (¢o|vGv| do) terms. 

Third, one might follow the method” of a different 
separation between large and short range potentials. We 
can repeat the derivation of Eq. (41) for the binding 
energy starting with the perturbation w=»v,+12, instead 
of our previous w=?+1,. v, is a short-range potential 
including the core and part of the attractive potential 
outside the core. For r<b, v,=w. vz is the remaining 
large-range attractive potential; for r>6, x, =w. The 
parameter 6 can be chosen” as 0.8 or 0.9f, so that 9, 
gives zero phase shift for low-energy scattering of the 
isolated two-body system; or 6 can be taken as an 
adjustable parameter. 

Equation (28) is now rewritten using 2, instead of the 
repulsive core 2,: 


tas’ = 0, S1Gudles (48) 





NUCLEAR MANY-BODY PROBLEM 


Then /,.2’ and vz, are used in the derivation, to replace 
tnz and 2, respectively. We obtain instead of Eq. (41): 


E= (¢0| T | 60) + ($0| vz |¢0)+ (Go| tnz’ | bo) 
+ (0| tnz’(G—Grz)tnz’ | 0) + (Go| vzGrz| do) 
+2(0| tnz’Gvz|¢o)+higher order terms. (49) 

This series must converge as well or better than F4. 
(41) used above, since we can choose 6=c and obtain 
again our results in Tables V, VI, VII. Moszkowski” 
gives persuasive arguments that his Eq. (49) should 
give a rapidly converging series. 

Of course, there is no assurance that any of these 
methods will be successful. The alternate method of 
Brueckner” is to find ¢ from the analog of Eq. (24) for 
the complete perturbation w: 


t=w+w6t. (50) 
The solution is particularly difficult since Brueckner 
and Gammel use the Green’s function G for an un- 
perturbed Hamiltonian H» including a velocity-de- 
pendent potential V(&). They then need to find a self- 
consistent solution of Eq. (50) by an iterative procedure. 
As Brueckner has pointed out,?’ our second-order term 
in Table VII due to the Gammel-Thaler tensor potential 
is about three times the —6 Mev per particle that the 
tensor potential contributes in the Brueckner-Gammel 
treatment. 


APPENDIX 


The attractive two-body potentials used were taken 
from Biedenharn, Blatt, and Kalos,'* and from Gammel 
and Thaler'® (as quoted by Brueckner and Gammel,” 
Table III). We give the potentials without core in 
Table VIII, first the weak central potential and 
associated strong tensor potentials, and then the strong 
central potential and weak tensor potentials. 

The integrals /,(w) needed in Eq. (17) were evaluated 
analytically for Gaussian, exponential, and Yukawa 
potentials, without core. 


ve(y)=exp(—y?") 
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TaBLe VII. Second-order terms for Gammel-Thaler potential.* 








(2/A)(oo| tnzGo| do) 


(1/A)($o0| 2Gv| bo) 





Singlet +10 
Central triplet +11 
Tensor 0 

Total +21 


~ 
= 6 
~20 
—33 











_ * See Eqs. (13), (20), and (44) for the calculations, and see the Appendix 
for the potentials used. Note that the Gammel-Thaler spin-orbit term has 
not been included. The energies are given in Mev. 


gives 
3a Vm f6 
f.?(w) =— erf(}w)— *(=+ 1 ) exp(—w*/4), 
Qu 4 \~w’ 
where 
2 t 
erf(¢)=—— f exp(—2*)dx, 
0 


VO 


(A1) 


ve(y) = e ¥ 
gives 
3 ‘ 
f.® (w)=— tan“w (A2) 


ial ont 


a 


vy (y)=e-¥/y 
gives 
3 3 
fi® (w) = —— tan“w+——-——_ 
: oan 


° (A3) 
1+w? 


The integral J, of Eq. (21) was evaluated numerically, 
using the different functions /; above, and the function 
P(u) from Table I. The resulting 7; depends on the 
value of x=h,8. Values for x and J; are given in Table 
VIII, and are used in Eq. (20) to give the second-order 
term E®/A of Tables III and IV. 

The attractive potentials with core are defined to be 
zero inside the core radius. They are given in Table IX. 
The shifted Gaussian central potential has the form 
where c’=c/8. 


v¢(y)=exp[—(y—c’)*], 











Strength 


Potential Reference parameter 


Intrinsic 


range Formula 


& 


I(x) 





0.95 
0.6 
1.199 


Singlet Gaussian 

Weak central triplet Gaussian 
Strong tensor Gaussian 

Strong tensor exponential 
Strong tensor Yukawa 

Strong central triplet Gaussian 
Weak tensor Gaussian 

Weak tensor exponential 
Weak tensor Yukawa 


row 1 
row 1 
row 4 1.25 
row 7 1.34 
row 3 1.0 
row 3 0.882 
row 6 0.891 
row 9 0.933 


2.5 —35 exp(—0.33r?) 

2.33 —25 exp(—0.38r?) 

2.59 — [41 exp(—31r*) ]Si2 
2.64 — (134e1 4") S12 

2.69 — (57e-"/0.797r)Si2 
1.80 —71 exp(—0.641r?) 

3.20 —[20 exp(—0.20r*) }Si2 
3.44 _ (57e3 087) S19 

— (21¢7°-56" /0.56r)Si2 


0.0081 
0.139 
0.030 


EOSSe 


0.0045 
0.0718 
0.014 


Ne Qe RR NN ht 
Amuc 


i Go Sa 
an 








*® The reference gives the row in Table 2.1, of Biedenharn et al., reference 16. The intrinsic range is given in fermis, and the formula for the potential 


in Mev. The parameter x =ks8; and J; is the integral of Eq. (21). 


27K. A. Brueckner (private communication). 
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TaBLe IX. Potentials used with core.* 





Strength 


Potential parameter 


Reference 
Singlet, shifted Gaussian 0.95 


Weak central triplet, shifted Gaussian row 1 0.6 
Strong tensor, shifted Gaussian 
Strong tensor, exponential 


Strong central triplet, shifted Gaussian 


0.849 
0.803 
1.0 


row 1 
row 4 
row 3 


Weak tensor, shifted Gaussian 
Weak tensor, exponential 
Gammel-Thaler, singlet 


0.599 
0.562 


> 
row 3S 
row 6 


Gammel-Thaler, central triplet 


Gammel-Thaler, tensor 


* The reference for ‘“‘row’’ gives the row nur 
intrinsic range is given in fermis, 


(14), (21), and (45), respectively. 
Equation (10) gives 


{?(w)= (\ T 4)[coswe ‘4.2 
+[(e’ 


(c’/w) sinwe’ | exp(—w*/4) 
3 sinwe’ | 
IG(w 


, 
w) coswce — 


Xexp[—w?/4 2w. (A4) 


\-b-<3 , 
2) 7 S1Nnex 


x) | exp(/)d1. 
‘ 


0 


The function?® 


G 


The tensor shifted Gaussian has the same radial 
dependence. The integral /;¢(w) was found by numerical 
integration for different values of w, and substituted 
numerically into the expression for /;. 

For /; for the tensor exponential, with core, we used 
Eq. (A2) for the integral from zero to infinity, and made 
a small numerical correction (less than 4%) for the 
integral from zero to the core radius. 

The Gammel-Thaler central Yukawa potential 

vy (w=e %/y¥ 


] 


#8 E. Jahnke and F. Emde Tables of Functions, (Dover Publica- 
tions, New York, 1945), 4th ed. 


nber in Table 2.3 of Biedenharn et al., 
and the formula for the potential in Mev. 
Biedenharn’s potentials, and radius 0.40 FM for the Gammel-Thaler potentials. 


Intrinsic 


range Formula Integral 


~ 7 =0.079 
1.=0.22 


‘1.6 —87 exp[—0.83(r—0.43)?]_ 


0.91 — 162 exp[—2.5(r—0.43)?] 
2.07 
2.24 
0.88 


— {45 exp[—0. 
— (121¢71-60(r-0.43 
— {290 exp[-—2. 


r—0.43)? 
)Si2 
(r—0.43)?}} Sis 


J}Si 


48 ( 
43) 


2.96 
3.44 


— {16 exp[—0.24(r—0.43)?] 
— (36¢71-03(r-0.43)) $5 


—434e7145"/1.457 


I,=0.012 
I,=0.072 
T=0.12 

1.=0.37 
I=0.21 

T.=0.57 

7,=0.045 


— 8776-2 /2.09r 


— (159¢7-5"/1 0457)S12 


refer -nce 16. The Gammel-Thaler potentials are from reference 12. The 
Ail attractive potentials are zero inside the core of mine te f 0.43 FM for 
The parameter x =ks8. The three integrals 7, J:, and J< are given in Eqs 


gives the function 


f*(w)=—- 


ft 


aie 


- - (A5) 
w(1+w)? 


p . , 
(Ww COSwC +SINwe }. 


For calculation of /; for the tensor Gammel-Thaler 
potential, we used Eq. (A3) for the integral from zero 
to infinity. Numerical corrections for the integral from 
zero to the core radius were about 1%. 

The values of J, 7;, and 7. [Eqs. (14), (21), and (45) | 
calculated in this manner for the various attractive 
potentials with cores are tabulated in Table IX. These 
quantities are used in Eqs. (13), (20), and (44) to give 
the second order contributions to the energy quoted in 


Tables V, VI, and VIII. 
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The possibility of a fission chain reaction is discussed for the purpose of explaining the discrepancy between 
the observed light intensity of supernova type I in its decaying stage and the amount of energy available 
from the spontaneous fission of Cf. A convergent fission chain reaction would make the energy output 
many times larger while at the same time would keep the half-life of the light intensity curve the same as 
that of the spontaneous fission of Cf**, However, the necessary conditions for this mechanism to contribute 
appreciably to the energy source do not seem to exist in supernova type I; other mechanisms are required 


to exylain the discrepancy. 


SUPERNOVA of type I, after an initial period 

of about 30 to 100 days following the explosion, 
exhibits an exponential decrease in its light intensity 
with a half-life of 55 days.! The half-life numerically 
equals that of the spontaneous fission of Cf***?; the 
spontaneous fission energy of Cf** has been considered 
as the energy source of the supernova in its decaying 
stage.** However, to account for the observed light 
intensity it is necessary to assume a mass of 6 sun-masses 
to be blown off during the explosion in order to syn- 
thesize enough Cf** by the r process,‘ i.e., the neutron 
capture process on a fast time scale.5® On the other 
hand, the mass of the Crab Nebula, the present day 
remnant of the Chinese supernova of 1054 A.D., is 
estimated to be about 0.1 sun-mass; but due to un- 
certainties in estimation, a value for this mass of about 
1 sun-mass would not be unreasonable.* Thus a dis- 
crepancy of at least a factor of 6 seems to exist.” 

In this note we consider a mechanism by means of 
which fission energy many times more than that avail- 
able from Cf? may be released at a rate according to a 
half-life equal to that of Cf. When a Cf? nucleus 
undergoes spontaneous fission it releases about four 
neutrons. These neutrons may induce fission in the 
fissionable material present in the supernova shell and 


* Supported by the National Science Foundation. 
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filaments ~0.1 sun-mass can be determined. 


a chain reaction of fission may result. We are not in- 
terested in the divergent chain reaction, for which the 
reproduction factor & is greater than unity and by which 
the fission fuel will be used up in a short time. (Possibly 
such a reaction might take place in some other circum- 
stances.) We shall consider only the convergent chain 
reaction for which & is less than unity and the multipli- 
cation factor m equals 1/(1—k). The chain reaction 
serves the purpose of a fission multiplier—each Cf**# 
nucleus acts as a trigger which sets off a series of m 
fission events. The total energy release is thus increased 
about m times from that available from Cf** alone. 
Since the m fission events follow the fission of the first 
Cf** almost instantaneously, the time rate of total 
energy release is the same as that of spontaneous fission 
of Cf?. Thus the energy output follows a decay curve 
of 55 days half-life. 

The conditions under which this mechanism will work 
properly are that: (1) there be enough secondary fission 
to ensure a reproduction factor & close to unity; (2) the 
reproduction factor k remain constant in time. The ful- 
fillment of these conditions depends on the chemical 
composition of the supernova shell and the kinematics 
of the explosion. The neutrons released in fission may be 
captured by many materials, and may decay spontane- 
ously in addition to inducing secondary fission. The 
supernova shell is essentially hydrogen mixed with some 
4n-type nuclides. These isotopes do not absorb neutrons 
but act as a moderator to slow down neutrons. The de- 
graded neutrons will then react, through resonance 
levels, with the r-process products (about 1% of the 
supernova shell‘) i.e., the medium-weight nuclides of 
80<.A<210 and the heavy-weight nuclides of 230<A 
<about 265, resulting in capture or fission. The chain 
reaction does not change the chemical composition of 
the supernova shell appreciably. Therefore it seems 
reasonable to assume that the reproduction factor k is 
nearly constant in time (no “poisoning” of this “cosmic 
reactor’). Because of the resonances it is difficult to 
estimate the ratio of fission to capture. Cameron® pointed 


8 A. G. W. Cameron (private communication). 
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out that a preliminary value of m of about 8 is too 
optimistic; based on his values of abundance and cross 
sections he estimated the value of & to be a small frac- 
tion. In order that no neutrons are lost by spontaneous 
decay it is necessary that the reaction (capture and 
fission) lifetime of neutron be much shorter than its 
spontaneous decay lifetime. As the expansion of the 
supernova shell goes on, its density decreases and the 
time required for a neutron to react with heavy nuclides 
increases. Fowler’ pointed out that after several hundred 
days the density will be so small that spontaneous decay 
will take place before any reaction. This situation is not 
improved even assuming the exploding material to be 
confined in a shell.” It appears that the necessary con- 
ditions are not realized in supernova type I and thus 
other explanations perhaps are necessary." In view of 
the plausibility of the fission chain reaction and its 
possible occurrence in other circumstances it was de- 

* W. A. Fowler (private communication). 

10 J. Greenstein pointed out some difficulties of such an assump- 
tion in a private communication although a calculation shows 
that a shell of a thickness of the sun-radius is stable against 
thermal diffusion and leak-proof for the neutrons. 

4 E. Anders has now published a paper in Astrophys. J. 129, 
327 (1959) considering Fe™, instead of Cf**, to be responsible for 
the exponential decline of the supernova light curve. 
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cided to publish these results and point out the diffi- 
culties regarding the supernova type I. 

Another source of fission contributing to the chain 
reaction may be mentioned here. The odd A, very heavy 
nuclides (4>254), such as E*®, have long half-life 
against spontaneous fission. After capturing a neutron 
and converting itself to an even-even nuclide (by 6 
decay if necessary), such a nuclide will become one with 
extremely short spontaneous fission half-life and there- 
fore will undergo fission “immediately.” Thus the neu- 
tron capture processes of such very heavy odd-A nu- 
clides also contribute to the fission chain reaction just 
as does the induced fission. However, the amount due 
to this source is likely to be small. 


ACKNOWLEDGMENTS 


It is a pleasure to acknowledge the many stimulating 
discussions on this work the author has enjoyed with 
Professor William A. Fowler, Professor G. R. Burbidge, 
Professor Robert F. Christy, and Professor Jesse L. Green- 
stein when he visited the California Institute of Tech- 
nology in the summer of 1957, and their continued 
interest and correspondence afterwards. Dr. A. G. W. 
Cameron’s communication is also gratefully acknowl- 


edged. 


NUMBER 1 1960 


Two-Nucleon Stripping Process* 
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A new expression is derived for the differential cross section of processes in which two nucleons are captured 
from an incident alpha particle or similar projectiles. The formula derived is compared with a similar one 
previously obtained together with some experimental data on the O!(d,a)N™ reaction. Fairly good agree- 


ment is observed. 


T is well known that the theories of the stripping 
reactions! of deuterons were successful in describing 
the main features of many such reactions, especially the 
experimentally observed forward peaking. On the other 
hand, some deuteron stripping reactions showed a 
backward peaking of the stripped particles distribution, 
which was explained in terms of the heavy-particle 
stripping process, as developed by Owen and Madansky.? 
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Quite recently, however, experimental results have 
accumulated on reactions in which two nucleons are 
stripped from the projectile and captured by the target 
nucleus. This is the case for (a,d) and (He*,p) reactions® 
and data are also available for their inverse. These 
cases show also the forward and backward peaking 
characferizing the deuteron stripping process. This may 
suggest that in the two-nucleon stripping reaction, a 
mechanism similar to that responsible for deuteron 
stripping may take place. An expression for the differ- 
ential cross section of this process, based on the first 
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Born approximation was derived, predicting the 
observed forward and backward peakings.* 

In the simple theory of deuteron stripping, such as 
the (d,p) reaction, the interaction V(|r,—r,|) outside 
the target nucleus appears in Butler’s treatment as the 
quantity responsible for the stripping process. Here r, 
and r, refer to the coordinates of the constituents of 
the deuteron. On the other hand, in the first-Born- 
approximation method (Bhatia, Huby et al.) the 
interaction potential V(|r,—&|) is taken to be re- 
sponsible for the stripping process, with & referring to 
the collective coordinates of the target nucleus. The 
particles in the core, forming the target nucleus, are 
not treated separately, some of the aspects of the actual 
many-body problem being thus left out of account. 

In his analysis of the deuteron stripping theory, 
Gerjuoy® has shown that in the first Born approximation 
method for the (d,p) stripping reaction, the potentials 
V(\r,—r,|) and V(|r,—&|) are equivalent in calcula- 
tions of the cross section, in one of the several develop- 
ments based on different sets of assumptions. In the 
theory of the two-nucleon stripping process mentioned 
above,‘ the interactions V(|/r,—&|)+V(|r,—&|) are 
used, with r, and r,, ciel for the coordinates of the 
neutron and proton captured from the projectile, and 
~ referring to the collective coordinates of the target 
nucleus. 

By considering the (a,d) stripping reactions on 
similar lines to those given by Gerjuoy® for the (d,p), 
it can be shown that in the first Born approximation, 
the matrix elements of the potentials 


V(|ta—E|)+V(|rp— |) 
and 


V= V (\ra—tn| )4+-V (\ra—rp| )+V(\ra—rp!) 


are equivalent in calculations of cross sections for the 
(a,d) stripping reactions. Here r, refers to the coordinate 
of the outgoing deuteron (see Fig. 1). The precise 
meaning of the equivalence of the two potentials is 
presented in the Appendix to the present note. 

Below, the latter form of the potential, referred to as 
V, will be used in the first-Born-approximation matrix 
element for the (a,d) reaction, together with the delta- 
function representation for the three interparticle 
potentials. This representation has been successfully 
employed in deuteron stripping theories.* It will be 
seen that the differential cross section « may be repre- 
sented in a compact form suitable for comparison with 
experimental data. 

In the center-of-mass system the cross section may 
be written 


do = (1/4a2h*)M *M .* (Ra/ka) | T|?. (1) 


4M. el Nadi, Proc. Phys. Soc. (London) A70, 62 (1957); 
M. el Nadi and M. el Khishin, Proc. Phys. Soc. (London) 73, 
705 (1959). 

5 E. Gerjuoy, Phys. Rev. 91, 645 (1953). 

6G. Breit, Handbuch der Physik, edited by S. Fliigge (Springer- 
Verlag, Berlin, 1959), Vol. 41, Part 1, p. 327. 


PROCESS 


Fic. 1. The two- 
nucleon stripping 
process. The proton 
p and neutron m are 
captured by the tar- 
get nucleus TJ from 
an incident a parti- 
cle. The outgoing 
deuteron is shown as 


Here the summation sign implies the sum over final 
states and average over the initial state, and 


I= f drat exp(—ika-ra’)V1y""" (rp,tn,8)V 


X exp ( ik, ’ ra) La( Fon Tayi (€), (2) 


while r,, fn, fa are the vector displacements of the 
proton, neutron and deuteron. The quantity 


[(M,+M,)/M,]R, 


where R=3(r,+r,), is the vector displacement of the 
deuteron with respect to the center of the final nucleus. 
The notation M,*=M.4M;/(M_~+M;), M.*=M.M;/ 
(M.+M,), with M; and M; standing for the masses of 
the initial and final nuclei will be used and the custom- 
ary symbols ka=(2M.*Eq)'/h and ka=(2M,*E,)i/h 
with /, and £, standing for the energies of the deuteron 
and a particle in the center-of-mass system will be 
employed. 

The internal wave function for the a particle will be 
denoted by ¢a(fp,Fn,¥a). This will be approximated by 
the Gaussian form exp(—~y? i<;7i;). Here y is a 
constant, r;; is the distance between the two particles 
z and 7 in the a particle, and summation extends over 
i and 7 from 1 to 4 with the condition that i<j. 

The total exponent of e in the matrix element (2) is 
given by 
A tka: ra +ik, "Fea 

= —ika-{ra—[(M.+M,)/M,]R} 

+ika:4(tp+r.+2ra) 

=iQ-R+3iK- 9,+27K- 0, (3) 


where 


ra’ =fa— 


rg= In+@p =IntOn= R+o, 
Q=k,- (M; /M ;)Ka, K=3k,—k,. 
Similarly one obtains for the exponent of the internal 
wave function of the a particle 


4 
9 
>. AF 


i<s 


= r —~(2a?+3p,?+3p,"— 2p pPn cos§), (4) 
where a is the distance between the proton and neutron 
which will constitute the outgoing deuteron after their 
detachment and @ is the angle between o, and oy. 





244 M. 


The wave function of the residual nucleus 
viy"/(E,r,,r,) will now be expanded in terms of the 
wave function of the target nucleus ¥7,“*(&) and that 
of the captured particles as follows: 


Wr (E,r,,8n)= Dd ALY *(E) fipin( 8 ptr) 
Ik 


Be Lb fy 
xz/( Jerrod Yi"), 
M\M, M My, 


with 


— -@ 2 | 
yi4Q)= + ( ) Pismo) Ptam(orn) (6) 
mptin\Mp My VM 


where the two bracket symbols denote the Wigner 
vector-addition coefficients, f1,!n(rprn) is the product of 
the radial parts of the wave functions of the bound 
proton and neutron, wz, w,, and w, denote in each case 
collectively the polar angles defining the directions of 
the vectors &, r,, and r,, respectively. 

The coefficient Az;,z in (5) gives the probability 
amplitude that the final nucleus is composed of a core 
with angular momentum /; and a proton-neutron 
system with total orbital angular momentum L. It is 
proportional to the reduced width amplitude. The 
integral over & in (2) gives 


fer E,r,,tn)V7; Mi/ é \dé 


# i £ 
=> Atetfigtlryra)( 


Jy") (7) 
LM M, M My; 


Using Eqs. (3), (4), and (7) one finds for the matrix 
element (2) 


cee 3 
[=> Arstfigta(Ro)( ) 
iM M; M My; 


x f exp{iQ- R+3iK- (9,+0,)—y?(20+3,,? 


+3pn?—2pppn cosd)} Yr™"* (Q)do,dondQ. (8) 


In the matrix element (8), Ro is substituted for |r,| 
and |r,|, where Ro is the nuclear radius. This follows 
(Bhatia, Huby et al.) from the assumption that strip- 
ping takes place at the nuclear surface. The integration 
over Q is readily performed by means of 


f exci. R)y.*"*(Q)dQ 
=i*{4e(2L+1)}jr(ORo)bu.o, (9) 
where jz, is the spherical Bessel function of order L. 


The evaluation of the integral in (8) over 9, and 0,, 
is greatly facilitated by the assumption of the 5-function 


NADI 


interaction potential 


— V of (| on| )+-8( Op )+6( | Op— 0, |) ] (10) 


where Vo is a constant.’ 

Now, since the integrand in (8) is symmetrical with 
respect to @, and on, the first two terms on the right- 
hand side of (1) give equal contributions. Using the 
term —Vo6(|o,|) in the integral (8), one obtains for 
the integral over 0, 

x 


—Vo} exp(i-K-0,/2—37°p,")do, 


= — (wiVo/3v3y*) exp(— K?/48y7?). (11) 


Similarly, using the third term on the right-hand side 
of (1), —V05(\ep—on|)=—Vod(\r|), in the 
integral over p, one gets 


i.e., 


nD 


= vof exp(iK-0,—47’p,")do, 


0 


=—(riV, Sy*) exp(— K*/16y*). (12) 


Thus the complete expression for the matrix element 
(8) becomes 


I, L oy 
I~>y 1 Artfipn(Re)( ) 
M; 0 M; 


xX i4(2L+-1)4[3.07 exp(— K?/48y 
+exp(— K?/16y*) ]71(QRo). 
Squaring (13), substituting in (1), summing over the 
final and averaging over the initial states, one gets for 


the differential the center-of-mass 
system 


cross section in 


do[3.07 exp(— K?/48y*)+ exp(— K?/16y’) ] 


X fiptn? (Ro) Sr) An,t|*72(QRo). (14) 


The angular dependence enters through both Q and K, 
as 


O=[ka— (Mi/M kak +4(M./M kaka sin®(36), 
K?= ($ka—ka)*+2kaka sin? (36). 


7For simplicity of calculation the coefficients of the three 6 
functions have been assumed to be the same. There is no com 
pelling reason for believing that the best representation of actual 
conditions is obtained in this manner. If the relative spin orien- 
tations of the two protons and the two neutrons are taken to be 
the same as in the ground state of the alpha particle and if one em 
ploys the Majorana-Heisenberg mixture (1—¢)P™+gP# for the in 
teraction potential, then one obtains in fact a somewhat smaller 
effective interaction between » and m than between # and d, the 
ratio of the latter to the former being ~1.5. It is not certain, 
however, th atthis method of estimating the ratio is sufficiently 
complete and it is also not clear that the difference between using 
different coefficients of the 6 functions in Eq. (10) cannot be com- 
pensated for in its effect on the angular distribution by a 
suitable adjustment of the value of the nuclear radius R. The 
simplifying assumptior. of equal coefficients has been used, 
therefore, in the present note. This problem does not, of 
course, arise in the stripping of a three-body projectile; e.g., in the 
(He*,p) reaction. The writer is indebted to Professor G. Breit for 
drawing his attention to the possible importance of the effect 
discussed in this footnote. 
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The quantity inside the first parentheses of (14) gives 
the form factor for the (a,d) reaction. 

Equation (14) can also be used for (He*,p), (7,p) or 
(Tn) reactions with the following modifications: The 
form factor in (14) is replaced by [2 exp(—K?/32y’) 
+exp(— K?/8y*) . 


(?=[kn— (Mi/M kp P-+4(M/M p)haky sin?(38), 
K?= ($k, —k,p)? + $kak, sin? (30). 
In the derivation of Eq. (14), the spins of the particles 
were neglected. If this is taken into account, then the 


following selection rules, associated with the matrix 
element for the general case, apply 


1,=1+L+t+h,, 


or 


{Ty,—T,| —1<1,.41,<Js+Ji +344, 


where 


L=1,+4., 


and J; and J; are the spins of the initial and final nuclei, 
respectively. Also the conservation of parity implies 
that the total orbital angular momentum ZL must be 
even or odd according as the parities of the initial and 
final nuclei are the same or different. 

In Eq. (14), there is no interference between different 
values of L, so that fitting with experimental data can 
be accomplished by one or more values of L. 

Comparing the expression (14) with the previously 
derived expression,‘ one observes the simplicity of the 
present formula as regards to its fitting to experimental 
data. Although the two formulas are basically the same, 
the present form combines the different summations, 
expressed in the earlier formula, in one or more simple 
terms depending on the possible values of L. 

To compare the formula® (14) with the experimental 
data, the observations of Green and Middleton? on the 
reaction O'*(d,a)N™, for the ground level transition 
were considered. The ground level of N“ is J=1+ and 
that of O'* is =O", so that there is no change of parity 
in this transition. Hence Z is even. Assuming the 
particles to be picked up in the ; state, the values of 
L are limited to 0 and 2 only. 

The value of the constant y defining the Gaussian 
wave function of the a@ particle is given by (1/7)=4.5 
<10-" cm as this is found to give reasonable values 
for the binding energies of the a particle and the triton.’ 

Figure 2 shows the theoretical curve calculated, 
according to formulas (14) above, and to the corre- 
sponding formula in reference 4, both for the same 


8In a recent publication [S. Hinds and R. Middleton, Proc. 
Phys. Soc. (London) 74, 196 (1959) ] of further experimental data 
on Be*(He*,p)B", mention was made of some work, under publi- 
cation, by H. C. Newns, in which the differential cross section for 
the two-nucleon stripping process is given by 


da (6)=Z1| A (L)jx(QRo)|?. 
Apart from the form factor given in (14), the formulas are of the 
same form. 


®T. Muto and T. Sebe, Progr. Theoret. Phys. (Kyoto) 18, 621 
(1957). 








Fic. 2. Comparison of theory and experiment for O'*(d,a)N™. 
The dashed curve is calculated by means of Eq. (14) of the text 
while the solid curve is obtained by the corresponding formula of 
reference 4. The experimental points are from Green and Middle- 
ton. 


value of the radius 6.0X10-" cm. In fitting formula 
(14) to the experimental data, the following ratio for 
the coefficients Az and A» was obtained: 


| Ao ‘A o|2?= 10/3. 


The difference between the two theoretical formulas, 
as shown in Fig. 2, may be attributed to the fact that 
in the earlier work, the differential cross section was 
expressed as an infinite series and that only the first 
few terms of this were calculated. Moreover, in the 
present calculations, a different value for the constant 
y of the a-particle wave function is used. 

Satchler and Sawicki!® have recently shown, that 
when deuterons are stripped by spheroidal nuclei, some 
additional selection rules are implied, which can prevent 
the mixing of different angular momentum quantum 
numbers LZ in the cross section for some particular 
nuclei. 

As in the formula (14) above for the (a,d) reaction, 
summation is implied on all the possible values of L, 
it may be of interest to consider if this mixing is limited 
when the a or the He’ particles are stripped by sphe- 
roidal nuclei. The cross section is still given by Eqs. 
(1) and (2) with the following expressions for the 
initial and final nuclei: 


W.= (2741/1692) Ly (Q;; i’) DK E*(6,) 


+ (—)Fi-hiy (—Q;; i’) DM;,-K7*(6;) ]yo(8), (15) 


and 
V;= (27 ;+ 1/162?) 4[x (Q;; i’p'n’) DM /Ks"! (8;) 
+(—)¥-4x(—2;; i'p'n’) Du ;,-Ks"! (0) ]eo(€), (16) 
10 J. Sawicki, Nuclear Phys. 6, 575 (1958); S. Yoshida, Progr. 
Theoret. Phys. (Kyoto) 12, 141 (1954); G. R. Satchler, Phys. 
Rev. 97, 1416 (1955); G. R. Satchler, Ann. Phys. 3, 275 (1958); 


D. A. Bromley, H. E. Gove, and A. E. Litherland, Can. J. Phys. 
35, 1057 (1957). 
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where ¢o(£) is the spinless core wave function of the 
vibrational ground state, x(Q2;; 7) the wave function of 
the particles outside the core, 7’ denotes the coordinates 
of these particles in the intrinsic system, Darx?(@) are 
the usual rotational matrices depending on the Eulerian 
angles 6;, and K represents the component of the total 
angular momentum J along the nuclear symmetry 
axis. The quantity K is assumed to be nonnegative. 

The wave function x (Q2;; i’p’n’) may now be written 
down as 


a 
x(Q;; i’p’n’)=x(Q;; 7’) > ( ) 
( 


Mm®\D, Q, L 


Xx'?(Q,; p)x™(Qa; n’). (17) 


Using (15), (16), and (17) the overlap integral becomes 
f dkdi’ V,*¥, 


. k& @ 
=[(27,+1)(27,+1)/ (162*)?}? + Q ) 
%M%\Q, 2, Q 


& &, 
X {x* (Qn; 2’)x*(Qy; p’) Duk 7” (6;) Du Ki" *(,) 
+(—)is-7-**(—2, ; 2’)x*(—2,; 9’) 
X Duy,-K;" (6;)DM;,—K,"*(8;)}. (18) 
The wave functions of the captured nucleons x (Q, ; ’) 
and x(Q,; p’) will now be transformed from the intrinsic 
nuclear system to the fixed system by means of 
x(Qr; n’) = R( rnd. mn Dmnon'(0;) Vin™ (wn), ) 
(19 
x (2; p’) = R(r,)>. mp Dm pap’? (6; ) Vi," (wp). 


Inserting (18) and (19) in the reaction amplitude /, 
integrating over @;, and summing over 2, and Q,, it is 
found that 


( <= ) mnt myt+K s—Ki 


1 
T=—{(27;+1)/(27,4+1)}} ¥ 
4r* 


Mn ,Myp,L 
St Beets £ Riwks £ ts 
Math Mins ae, a 
Mm, My K; Q Ky M; — M, 
X fa gdrataR(ra)R(r)¥ 0" (on) (wp) 
Xexp[iQ-R+iK-(9,+0,)/2 
— 7? (2a?+3pn°+3p,?—2p npn Cosé) |. 


Using the formula 


| Lt «2 
Vin™ (wn) Vi,"*(wy)= > ( Jeo, 
u'm’ \m, m, M’ 


in the above integral and proceeding in the same manner 


EL NADI 


as before, the following expression is obtained: 


I&Fintp(Ro)[3.07 exp(— K?/48y?)+exp(— K?/16y’) ] 


££ tack 2 h 
xEx(— 8 )( ) 
K, 2 K,/\M; 0 M; 


X (4)4(2ZL+1)477(QRo). (20) 


Squaring (20), summing over M; and averaging over 
M,, one gets for the differential cross section 


do&F tytn(Ro)[ 3.07 exp(— K?/48y2)-+exp(— K?/1672) 


lvl; L Izy? 
xE( ) jr2(ORo). 
INK; Q K;7| 


(21) 


This is similar to the expression (14) derived above, 
except for the term 
ahr 
Ky | 


fie L 

| K; Q 

which implies, when the spins of the captured particles 
are taken into account, the following selection rules: 


Ty—-1] <|L4+144+'4| SI 4h, 
K,;=K:+0’, |L+14+14]>9’, 


where 2’ is the projection of the vector L+14+1, along 
the body axis. If either 7; or Jy is zero, as in the case 
of even nuclei in their ground states, then (22) together 
with the parity conservation rule will, generally, limit 
L to pne value only. 

In the integrals over r, and r, which lead to. (20), 
the lower limit was taken as the nuclear radius Ro, 
instead of the corresponding values for spheroidal 
nuclei, as this was shown by Satchler and Sawicki" to 
have negligible effects on the scattering amplitude. 


(22) 
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APPENDIX. DERIVATION FOR THE MATRIX 
ELEMENT OF THE (a,d) REACTION 


To derive an expression for the scattering amplitude 
for the (a,d) reaction, the method used by Gerjuoy® 
for the (d,p) stripping reactions will be followed and a 
similar notation will be used. 

If the nucleus is pictured as a fixed center of force, 
then the solution ¥ at infinity must be of the form 


V=yY.t?, (Al) 
where ¥q is the plane wave of a particles incident on 


1 J. Sawicki and G. R. Satchler, Nuclear Phys 7, 296 (1958). 
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the initial nucleus, and ® is everywhere outgoing. 
Allowing the energy to have an infinitesimal positive 
imaginary part, the outgoing character of ® is secured 
provided it remains bounded as ry, ry, or ra or all 
approach infinity. Let ¢(r,,r,) denote the wave func- 
tions of the final nucleus in a (a,d) reaction in which 
one neutron ‘“‘n’’ and one proton “‘p” are captured into 
bound states. Then the scattering amplitude A(n) in 
the direction n will be given by 


eikra 


A(n)——= lim J dr,dr,¢*¥, 


Tp ram 


(A2) 


and rg approaches infinity along n. 
A solution is sought with outgoing deuterons whose 
energy corresponds to leaving the neutron and proton 
bound to the center of force schematically representing 
the target nucleus. The total Hamiltonian is given by 
H=TatT,+T,t+VatV> 
+VntVaptVaptVan, (A3) 
where T represents the kinetic energy, V the potential 
energy, and the symbols d, p, the deuteron, proton, 
and neutron, respectively. The solution satisfies 
(H—E)¥=0, (A4) 
with W having the form (A1), where 
Ya= ¢(a) exp[tk.: (2ratrptrn)/4], 


so that Wa(a) satisfies the wave equation 


(TatTatT pt V ant Vapt Vnp—E\va=09. 


(AS) 


(A6) 


The solution of Eq. (A4) can now be written as 


Vv =yYo—G( Vat Vaat Voat Vanp)¥, 


(A7) 
where 
(TatT.+T,+VitV,—E\Wo=9, 
(TatT,+T,+V.,+V,—E)G=1 
=6(ra—ra')b(fp—Tp )b(fn—Tn’). 


(A8) 


(A9) 


The solution of (A7) satisfies the boundary conditions 
at the nuclear radius, and satisfies the boundary 
condition at « if G is the outgoing Green’s function, 


G(Pa,ta' 3 En¥pFn Tp ) 
= ak g(E- d) ¢(EnFp,A) ¢ (rn’ fp’ ,A). 


¢(A) form the complete set of eigenfunctions of the 
neutrons and protons in the field of the initial nucleus 
so that 


(A10) 


(T.+7T + Vat V>—A) ¢(A)=0, (A11) 
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while g(E—X) is the outgoing free space Green’s 
function for the deuteron satisfying 
(Ta—E+d)g(E—\) =8(ra—tra’), 
and has the form 
1 2M. exp[i(E—A)!|ra—ra’ |] 


g(ta—Fa’) =— —— - 
4r i? 


(A12) 





(A13) 


, 
|fa—Tra' | 


From Eq. (A6) one gets 
Va=WotG(Viat V,—- Van— Vap— Vnp)Wa- 
Eliminating Yo from (A7) and (A14) one finds 


V=P.—G(VatV,—Var—Vap— Va Wa 
—G(VatVnatVpatVnp)¥. (A15) 


Substituting (A15) into Eq. (A2), and using Eq. (A5) 
it is seen that the contribution from the first term on 
the right-hand side of (A15) vanishes exponentially as 
ra— , since both ¢ and g(a) are bound states. The 
second and third term on the right-hand side of (A15) 
can be simplified by using Eqs. (A10), (A13) together 
with the orthonormality of the set g(A). Letting 
ra— «, then one has 


A(n)=A(n)+A.(n), (A16) 
where 
1 2M, 
A,(n)= te 
4r i? 


x ( Vat Vo— Van— Vag F atte 
1 2M, 


A,(n)=—- — J deat ste e¥246* (tasty Xs) 
4r fr’ 


dradrdr,e~**2"*4y*(r,,8 Az) 


(A17) 


xX ( Vat Vanat V oat Vap)¥, (A18) 


where \, is the total energy of the bound proton and 
neutron in the final nucleus: 

Eliminating the potentials in (A17), by using Eqs. 
(A6) and (A11), it can be shown that A,(n)=0. 

In the first Born approximation one may replace ¥ 
by Wa, so that the scattering amplitude will be given by 
(A18) with W replaced by Wa. 

Neglecting Va, Eq. (A17) shows that in the first- 
Born-approximation amplitude either of the following 
interaction potentials may be used: 


VatVy or VantVaptVna- 


This proves the equivalence of the two methods for the 
derivation of the cross section. 
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The magnitude of the energy gap in nuclear matter associated with a highly correlated ground state of 
of the type believed to be important in the theory of superconductivity has been evaluated theoretically. 
The integral equation of Cooper, Mills, and Sessler is linearized and transformed into a form suitable for 
numerical solution. The energy gap, calculated by using an appropriate single-particle potential and the 
Gammel-Thaler two-body potential, is found to be a very strong function of the density of nuclear matter, 
and of the effective mass at the Fermi surface. It is concluded that the magnitude of the energy gap for 
nuclear matter should: not be compared directly with experimental values for finite nuclei, although the 
results suggest that if the theory is extended to apply to finite nuclei it probably would be in agreement 


with experiment. 


I. INTRODUCTION 


T was pointed out by Bohr, Mottelson, and Pines! 
that the spectra of even-even nuclei have an “energy 

gap” and that the low-lying states of atomic nuclei 
might have a collective character which could be 
described in a manner similar to that proposed by 
Bardeen, Cooper, and Schrieffer? in their theory of 
superconductivity. 

If realistic nucleon-nucleon forces are to be used, 
it is difficult to make a quantitative theoretical evalu- 
ation of this suggestion for finife nuclei. However, 
Cooper, Mills, and Sessler* have shown how the BCS 
method-could be applied to infinite systems of strongly 
interacting fermions and it has been shown‘ that nuclear 
matter does in fact have a gap in its energy spectrum. 

The object of the present paper is to determine the 
magnitude of the energy gap for nuclear matter with a 
view to gaining some insight into the possible results of 
extending the theory to finite systems. 

In the next section, the basic equations of the theory 
are described, linearized, and rearranged into a form 
suitable for numerical solution. The results are pre- 
sented in the form of three figures and discussed in the 
final section. 


Il. DESCRIPTION OF THE CALCULATION 
1. Basic Equations 


The equations from which the energy gap may be 
calculated are presented in CMS and may be obtained 
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from equations briefly derived in another paper® of 
this issue by letting 8—> ~. 

An infinite system of Fermions has an energy spec- 
trum with a gap, if there is a nontrivial solution of the 


equation 
—3 fG—r)0(r, r’ dr’, 1) 


k -© 


x(r) 


where 


1 é 
G(r)= fa =; 
(2)? J [e2(k)-+5(k) 


€(k) =e(k)—e(kp), (3 


and 


where e(k) is the effective single-particle energy in 
nuclear matter. The internucleon pottential is »(r), and 
x(r) the correlation function. The function ¥(k) is the 
Fourier transform of $(r)=—v(r)x(r), so Eq. (1) is 
nonlinear. 

In the numerical computations to be described here, 
the linear approximation’ to Eqs. (1) and (2) will be 
used. It is assumed that $(k) is a slowly varying func- 
tion of k which may be replaced by a constant €9 which 
becomes the eigenvalue of Eq. (1). 


2. Rearrangement of the Equations 


The simplest way to obtain accurate numerical 
solutions of Eqs. (1) and (2) is to transform the equa- 
tions by the method described in ES. The only dif- 
ferences are (i) we take the limit 8— © and retain € 
in the equations instead of 6., and (ii) there are 
S-state solutions for nuclear matter and they give rise 
to a true energy gap. 

Using Dirac notation, we define 

| o)=|kr)—Gor!| ¢), (4) 


5V. J. Emery and A. M. Sessler, Phys. Rev 
hereafter called ES. 
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where 


Gy=- 


Tv 


le(R)| 


1 p* [lBR|—lke Rel] 
f one. < 


and 
(r| ke)=sinkpr. 
Also let 


1 7 dk 
L,(€)=- f —— 
To [e(k) +e? }! 


Then, by the method described in Sec. III. 1 of ES, it 
is found that 
Ly(€0)= —1/(¢|0| ke). (8) 


The procedure used is to solve the coordinate space 
representative of Eq. (4) for (r|¢) and to use the 
solution to evaluate (kr|v|¢). This value is put into 
Eq. (8) from which ¢9 may be determined. The energy 
gap AE is 2e€» (see reference 2). 

The integrand on the right-hand side of Eq. (7) is 
sharply peaked a the Fermi surface so that it is sufficient 
to use the effective mass approximation 


e(k) =n?k?/2m* (9) 


(m* being the effective mass at the Fermi surface) and 
the method of evaluating Z(8) described by ES to find 


Shh va Ike 
Pe A Me 


(10) 


m* 2m* (¢|0| kr) 


3. Numerical Procedures 


The internucleon potential to be used has a hard 
core of radius c and an external attraction, for which 
we make the approximation of ignoring 2(r)¢(r) for 
r<clo(r)=(r|@)] while retaining the 6-function con- 
tribution on the core.® Then, for S states, the coordinate 
representative of Eq. (4) becomes 


° Go(r,c) 
o(r)=| sinkor—sinkrc 


Go(c,c) 
£ haa Go(r,c)Go(r’,c) 

-f ir| Gules!) | 
0 Go(c,c) 
Xv(r')e(r’)dr’, 


where 


1 3) 
Gulry)=- f dk 
T #6 


sin*krc 


kp)= 
Go(c,c) 


[sinkr sinkr’—sinker sinker’ ] 


\e(k)—e(kp)| 





e Go(c,r) 
+f ar sinker—sinkre—~ loo) (13) 


Go(c,c 


®H. A. Bethe and J. Goldstone, Proc. Roy. Soc. (London) 
A238, 551 (1956). 


IN NUCLEAR MATTER 
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Fic. 1. The energy gap in nuclear matter as a function of the 
effective mass at the Fermi surface, for “normal density” corre- 
sponding to ke=1.40 f-. The binding energy per nucleon has 
been taken to be 15.5 Mev in the evaluation of V (k) [Eq. (16) ff.] 


Equation (11) has now to be solved numerically and 
(@|v|kr) calculated from Eq. (13). The numerical 
procedures used were described in Appendix I of ES. 
Since the singular part of v(r)¢(r) has been removed 
explicitly, the number of Gauss points in the quadrature 
could be reduced without essential loss of accuracy. 


4. Potentials 

The best available two-nucleon potential has been 
obtained phenomenologically by Gammel and Thaler.’ 
In § states there is probably an energy gap for triplet 
as well as singlet states. However, the singlet gap is 
certainly larger and, in view of the complications 
introduced by tensor forces, the triplet gap has not been 
calculated here. 

The Gammel-Thaler form of v(r) is 


for r<c, 
for r>c. 
For the 1S state, 'V,=425.5 Mev, u=1.45 f"' and 
c=0.4 f. 

For the single-particle energies, we have taken the 
form‘ 


= (14) 


=—'Vie"/ur, 


e(k) =h?/2m+ V (k), (15) 
where 


V (k) = —Vo/(1+ak?). (16) 


V and a are determined by the requirements that e(kr) 
shall equal the energy per nucleon in nuclear matter 
(—15.5 Mev at normal density) and that the effective 
mass m* at the Fermi surface, defined by 
de(k)| hk p 
——| = (17) 
dk ike m* 


7 J. L. Gammel and R. M. Thaler, Phys. Rev. 107, 291 (1957). 
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Fic. 2, The energy gap in nuclear matter as a function of density 
for m*=m, i.e., ignoring the dispersive effects of nuclear matter. 


shall have a specified value. The results are to be quoted 
as a function of m*/m. 


III. RESULTS AND DISCUSSION 


The results of the calculations are presented in Figs. 
1, 2, and 3 which show the variation of the energy gap 
with m* at two densities (normal density, ke=1.40 f" 


and a reduced density, kr =1.0f~'), and the variation 


with density for m*=m [i.e., V(k)=0]. 
We have also studied the sensitivity of the quantity 


T =hPkp/mio)\v| ky (18) 


by examining three cases: 


(1) Schrédinger equation, i.e., |e(k)—e(kr)| is re- 
placed by (h?/2m)(k?—kr*), for which T= —5.06. 

(2) V(k)=0, for which T= —4.02. 

(3) V(k) corresponding to m*=0.67, for 
T=-—6.43. 


which 


Thus, 7 is not very sensitive to the exclusion prin- 
ciple or the dispersive properties of nuclear matter, so 
that the strong dependence of AE on these effects is 
localized into L(€9) [see Eq. (8) ]. 

For rough estimates of the magnitude of AZ, then, 
it is sufficient to replace T in Eqs. (10) and (18) by 
(—coté),* where 6 is the Schrédinger equation phase 
shift for relative momentum hkr. (10) 
becomes 


Equation 


Sik p* “~—m 
AE= exp{ — coté }, 
m* 2 m* 


and this approximation improves as kr decreases.® 


8 V. J. Emery, Nuclear Phys. (to be published) 
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Equation (19) now shows why the energy gap is such 
a rapidly varying function of density and effective 
mass and why it is so small at normal density. The 'S 
phase shift, 5, is almost zero at a momentum corre- 
sponding to normal density, and increases rapidly as 
the momentum decreases (i.e., as the density decreases). 
Since both coté and m* appear in the exponent in Eq. 
(19), a small change in either quantity produces a large 
change in AE. 

Consequently, it is difficult to draw any quantitative 
conclusions about the energy gap in finite nuclei from 
a study of nuclear matter, since at least one very 
important effect is the variation in density of finite 
nuclei associated with the nuclear surface. 

However, the order of magnitude of the energy gap 
in finite nuclei might be estimated by averaging the 
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m*/m 
Fic. 3. The energy gap in nuclear matter as a function of the 
effective mass at the Fermi surface, for a reduced density corre- 
sponding to ky=1.0 f-!. The binding energy per nucleon has been 
taken to be 10.0 Mev in the evaluation of V (&) [Eq. (16) ff. ]. 


nuclear matter gap over densities from zero to normal 
density (kr varying from zero to 1.4 f-'). It can be 
seen from Figs. 1, 2, and 3 that such an estimate would 
be consistant with the gaps observed in heavy nuclei! 
so that a theory of finite nuclei analogous to the one 
presented here might well be expected to be in agree- 
ment with experiment. 
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A number of angular distributions of protons from the reaction Li’(d,p)Li® have been measured for a 
range of incident deuteron energies below 2.5 Mev. These agree remarkably well with a simple form of 
Butler-Born stripping theory, uncorrected for Coulomb and nuclear effects. A description is given for this 
unusual agreement in terms of the small Q value, —0.188 Mev, for the reaction. 

A resonance in the proton yield is found at an incident deuteron energy of 1.4 Mev which has not been 
observed in measurements of the 8 yield from this reaction. Angular distributions measured on and around 
the resonance show no influence of this on the unusually good stripping patterns. 





INTRODUCTION 


HE stripping reactions of small Q value tend to 
have been neglected, owing to the practical 
difficulties of separating the product proton groups 
from the scattered deuterons, particularly in the for- 
ward angles, where the major structural features of 
stripping angular distributions lie. In such cases, for 
low bombarding energies, the simple expedient of using 
absorbing foils between target and counter, to stop the 
deuterons but allow the protons through, cannot be 
used. Many such reactions can however be effectively 
studied with magnetic analyzers of high resolving power. 
The further difficulty, even in conjunction with a 
magnetic spectrometer, in the case of low-energy pro- 
tons, namely of the actual detection in the presence of 
an intense background of neutrons and gamma rays, 
can also be largely overcome. Yet another of the prac- 
tical difficulties in the case of small-0 reactions at low 
bombarding energies, is that of measuring the angular 
distributions at the most forward angles. To do this 
the product protons must traverse both the full thick- 
ness of the target and its backing material, so that these 
have to be adequately thin to allow them through. 
In the case of lithium for the energy range in ques- 
tion, the additional complication exists that proton 
groups from oxygen and carbon—the presence of which 
is inevitable if the lithium target is prepared in air, or 
at any time even briefly exposed to air—coincide with 
those from lithium for certain angular spans which are 
of interest. 

The bombardment of lithium with deuterons has 
been studied by a number of workers in a variety of 
ways. Among these should be mentioned the observa- 
tion of protons from the (d,p) reaction by Holt and 
Marsham! for an incident deuteron energy of 8.0 Mev, 
and by Levine, Bender, and McGruer? for an incident 
deuteron energy of 14.4 Mev. The (d,p) reaction pro- 
duces Li’, which decays by 8 emission to Be’, which in 


+ The experimental work described here was done in the 
Cavendish Laboratory, University of Cambridge, England. 

1]. R. Holt and T. N. Marsham, Proc. Phys. Soc. (London) 
A66, 1032 (1953). 

2S. H. Levine, R. S. Bender, and J. N. McGruer, Phys. Rev. 
97, 1249 (1955). 


turn breaks up into two a particles. Some of the earliest 
work on the reaction Li’+d was studied through the 
observation of the B- and a-particles emitted. Rum- 
baugh, Roberts, and Hafstad*® determined an excitation 
function for incident energies up to 1 Mev, from the 
a particles. 

Using the 6 particles, Bennett, Bonner, Richards, 
and Watt,‘ Baggett and Bame,® and Bashkin® have 
measured the excitation function for the reaction. There 
is general agreement that there are resonances at 0.80 
and at 1.04 Mev. Baggett and Bame find a slight change 
in slope at a deuteron energy of 1.4 Mev, which they 
consider to indicate a broad resonance. Bashkin, how- 
ever, finds no suggestion of a resonance at about 1.4 
Mev, despite careful search. His excitation function is 
substantially flat above about 1.9 Mev, which leads 
him to suggest that this may indicate that stripping, 
rather than compound nucleus formation, is tending to 
dominate. 

It was largely this conclusion of Bashkin which led 
to an effort to detect the protons from the reaction 
Li’(d,p)Li® at low bombarding energies, with the view 
to studying the competition between compound nucleus 
formation and stripping, by careful measurement of 
the angular distributions associated with various parts 
of the excitation function, from the clearly resonant 
region below 1 Mev to the suggested stripping region 
above 2 Mev. 


EXPERIMENTAL DETAILS 
(a) Magnetic Spectrometers 


The difficulties associated with the measurement of 
protons from a reaction of small Q value at low bom- 
barding energies, have already been mentioned. The 
use of magnetic analysis suggests itself. Two magnetic 
spectrometers were used in this series of experiments— 
the smaller bent the protons through an angle of 50°, 
and had an angular range for distribution measure- 

3L. H. Rumbaugh, R. B. Roberts, and L. R. Hafstad, Phys. 
Rev. 54, 657 (1938). 

4W. E. Bennett, T. W. Bonner, H. T. Richards, and B. E. 
Watt, Phys. Rev. 71, 11 (1947). 

5 L. M. Baggett and S. J. Bame, Jr., Phys. Rev. 85, 434 (1952). 

6S. Bashkin, Phys. Rev. 95, 1012 (1954). 
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ments from 22° to 158°. The resolving power—expressed 
as (AE/E)X 100—was 8%. This figure is slightly decep- 
tive, in that the momentum profile had an extended 
tail on the low-energy side. Further factors indicating 
the need for an improved spectrometer, were certain 
unsatisfactory features in the ion-optics of the system, 
and the limitation in angular scan to 22° in the forward 
direction. 

An existing 180° magnet, of conventional design, 
was converted to a rotating spectrometer in a simple 
but effective way, by remounting on a carriage with 
four sets of wheels, set precisely at appropriate angles, 
such that the rotation proceeded about a predetermined 
point. This center of rotation had to be plumb below 
the center of the target in the reaction chamber. The 
position of this latter point determined the object-pole 
face distance and had to be such that a suitable image- 
pole face separation was obtained. The calculations on 
the focusing properties of magnetic spectrometers 
were based on the work of Judd,’ and actual measure- 
ments of image distances were made using a quartz 
plate. This 180° spectrometer had a measured resolving 
power of 2%. Two reaction chambers were designed 
for use with this magnet. One was continuously rota- 
table with an angular scan from —5° to +60°. The 
initial function of the 180° spectrometer was to obtain 
measurements at the most forward angles, in particular 
below 30° where the 50° spectrometer was inoperable, 
so that this chamber was much used and proved very 
effective and reliable. The principle on which the design 
was based was that of a ring, containing the “‘outlet”’ 
tube to the magnet, which rotated about an inner main 
body with beam entrance tube. This inner chamber had 
an aperture over a certain angular span, surrounded by 
a gaco rubber ring. 

The angular limitations of this reaction chamber led 
to the design of a simple two-stage device in which a 


Fic. 1. Schematic diagram of 180° magnetic spectrometer 
5° to +60° reaction chamber. 


with —5 
7D. B. Judd, Rev. Sci. Instr. 21, 213 (1950). 
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large-diameter sylphon bellows was constrained by two 
guides to bend in a horizontal plane. The bellows could 
be moved 35° to either side of its undistorted position, 
giving an angular scan of 70°. Using two beam-entrance 
positions gave a total angular scan of from 0° to 135°. 
The physical shape and dimensions of the magnet itself, 
and the severe limitations of space in the target room, 
were such that irrespective of the reaction chamber 
design, a more backward angle could not be reached. 
Changing from one beam-entrance port to the other 
was a rapid procedure, as each port had a vacuum 
sluice-type valve. 

The 180° spectrometer is shown, with the —5° to 
+ 60° reaction chamber in position, in Fig. 1. The rota- 
tion mechanism and lead-shielded detector can be seen. 

Both magnetic spectrometers were calibrated by elas- 
tic scattering of protons from thin nickel foils, making 
due corrections for foil thickness and recoil. The energy- 
field current dependence featured a small but regular 
deviation from linearity in both cases. Both spectrom- 
eter systems were tested by angular distribution meas- 
urement of Rutherford scattering. 

The angular scans of the two magnetic spectrometers 
were such that only by using both for any particular 
reaction, could a complete angular distribution be 
measured. The data to be presented have been obtained 
in this manner. 


(b) Detectors 


The main criteria for detectors used with the mag- 
netic spectrometers for the case of low-energy protons, 
have been mentioned. The narrow confinement of the 
target room was such that neutron and gamma-ray 
backgrounds presented a serious problem. The most 
satisfactory solution was found in a CsI(T1) photo- 
multiplier combination. This scintillating material is so 
slightly hygroscopic that it can be used without any 
covering “window.” Polishing to reduce thickness and 
to get a final finish presents no problem, but in detail 
was found to depend on the source of the material. As 
unnecessary thickness increases the background, the 
CsI(T1) disks could ideally be reduced to a dimension 
such that only those protons which the magnets were 
capable of resolving, were completely stopped. In prac- 
tice they were reduced to thicknesses between 0.003 
and 0.006 inch. Such scintillators, used with conven- 
tional photomultipliers, were found to have a resolution 
between 4% and 5% in energy. The optimum attained 
was 3%. The response of one of the CsI (Tl) photomulti- 
plier systems to protons is indicated in Fig. 2. 


(c) Targets 


For the type of reaction in question, a self-supporting, 
uniformly thin target is highly desirable. Where this is 
not possible, the choice of a backing material is largely 
determined by the reaction which is to be studied. In 
this case, nickel offered a feasible solution. As a self- 
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Fic. 2. Response of CsI (TI) to protons. 


supporting foil, thicknesses of 0.000025 in. are available. 
Backed by copper, a highly uniform layer of nickel, as 
thin as 0.000002 in., can be obtained. Such backed 
foils were mounted in a target frame—designed so as to 
allow freedom of tension in the foil—and the copper 
backing then removed by a solution of trichlor acetic 
acid in ammonium hydroxide. The remnant unbacked 
nickel foil in its holder had to be manipulated with 
extreme care in the water wash which followed. A jig 
was used to obviate any lateral movement. 

In this experiment, Li’(d,p)Li’, only the preparation 
of the target by evaporation in situ in a hard vacuum, 
was suitable. Both the delicacy of the thin nickel back- 
ings and the desirability of having a suitable thickness 
of the evaporated material, suggest the need for a 
method of controlled evaporation of thin, uniform 
layers of material. An apparatus was designed to fit 
all the reaction chambers described, in which highly 
controlled deposition by evaporation was achieved. 
Any target thickness, from about 1 kev (to 440-kev 
protons) in any number of increments of as small as 
1 kev (to 440-kev protons), could be made. 


(d) General Features and Practice 


To all reaction chambers a monitor was fitted, con- 
sisting of a CsI(T1) photomultiplier arrangement similar 
to that used in conjunction with the magnetic spec- 
trometers. A reaction group or scattered group was 
isolated by a single-channel pulse-height analyzer, from 
these. 

All measurements were made using a velodyne-type 
current integrator. 

The output from the scintillation detectors used with 
the magnet spectrometers was fed to a 80-channel 
pulse-height analyzer, and all intensity measurements 
were made from the relevant part of the recorded 
spectrum. Such measurements were corrected for the 
actual live time of the multichannel analyzer during 
the recording period. 

All the experiments used the deuteron beam of the 
electron-beam stabilized, van de Graaff accelerator of 
the Cavendish Laboratory, which at that time had a 
maximum potential of 2.5 Mv. 


Q VALUES: 


REACTION Li'(d,p)Li® 


EXPERIMENTAL RESULTS 


A typical magnet scan is given in Fig. 3. This par- 
ticular one was taken with the 180° magnet, and differs 
from the scans taken with the 50° magnet only in that 
the latter have a higher background. A number of 
groups are resolved, and their origin is as indicated in 
Fig. 3. No group is shown from the reaction C”(d,p)C®, 
as this appeared only after many hours of bombard- 
ment, due to the effectiveness of an 8-in. long conduc- 
tion trap, cooled to liquid nitrogen temperature, through 
the relatively narrow aperature of which the incident 
beam had to pass. The very prominent group, due to 
the reaction H(d,p)D was a severe embarrassment, 
however. The hydrogen originates not in the target, 
but in the molecular hydrogen component of the in- 
cident beam which, on striking the target, breaks up 
and is partially absorbed on the target. The presence 
of protons from this H(d,p)D reaction was most un- 
fortunate in that even for bombarding energies as high 
as 2.4 Mev, it was impossible to resolve them from 
those from the lithium reaction at the most forward 
angles. The angular span for which this was true, in- 
creased as the incident deuteron energy was decreased. 

After determining the optimum magnet setting, the 
output of the CsI(Tl) detector was analyzed by a 
conventional Hutchinson-Scarrott multichannel ana- 
lyzer. A typical spectrum is given in Fig. 4. It is clear 
that an accurate assessment of the true intensity of the 
proton group can readily be made, similarly it is clear 
how great an error would be made if magnetic analysis 
were carried out without pulse-height analysis. 

Excitation functions for the reaction Li’ (d,p)Li® were 
measured with the 50° magnet at 30°, 40°, 60°, and at 
90°, all being values for laboratory space coordinates. 
The maximum energy range for such measurements 
extended from 0.7 to 2.5 Mev. The presence of protons 
from the reaction H(d,p)D made measurements at 30° 
and 40°, and below 1.25 Mev very difficult and, where 
overlap became appreciable, inaccurate. 


x1lO Identification : 
Counts 12 

per 1: Li7@@,t) Li? 
2: Li7(4,p) Lie 


3:H (@,p) D 


4:(H,)* 


4p Coul 
above 10 


lLiMev 
protons 





Cigh = 3° 
Ey = 24 Mev 














° 

9 | @ 8 7  ‘@ Amp 

io I 20 EY) Mev (protons) 
OSs io psMev (tritons) 











Fic. 3. Typical magnetic scan with 180° magnet 
for charged particles from Li’+d. 
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Fic. 4. Typical kicksorter spectrum from the 180° magnet system 
for protons from the reaction Li’ (d,p)Li® 
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Fic. 5. Excitation function for protons from 
the reaction Li’ (d,p)Li®. 


An excitation curve is presented in Fig. 5. For the 
reasons given above, there is considerable uncertainty 
about the form of this below 1.2 Mev, but in this 
region it is not inconsistent with the presence of reso- 
nances at 0.8 and 1.0 Mev. One excitation function has 
been modified by a correction for the variation with 
energy of the “‘penetrability” of the incident deuteron. 
This is given in Fig. 6. An example of an excitation 
function as measured with the 180° magnet is given in 
Fig. 7. 

In general trend these excitation functions are similar 
to the results of Baskin for total cross section, and of 
Baggett and Bame. One distinguishing feature is that 
where Bashkin’s yield curve remains essentially con- 
stant from 1.9 to 3.0 Mev, the proton yield curves 
presented here show a very broad maximum at about 
2.05 Mev, followed by further broad structure. Of 
particular interest is the clear resonance found at 1.4 
Mev. Baggett and Bame had reported a small change 
in gradient in their excitation function at this energy, 
but Bashkin had subsequently searched this energy 
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region for a similar feature with no success. Since the 
target thickness is known, both the true position and 
half-width of the resonance can be determined, and are 
found to be 


FEves= 1.375 Mev+10 kev. 
r 


2=51 kev+S kev. 


Angular distributions were measured at various in- 
cident deuteron energies, chosen primarily as the exci- 
tation functions indicated these to be regions of interest. 
The highest energy, 2.5 Mev, represents the maximum 
energy available at the time the experiment was per- 
formed. Distributions were studied on the 1.4-Mev 
resonance, above it at 1.5 Mev, below it at 1.2 Mev, as 
well as at 1.9 Mev and at 1.0 Mev. These are repro- 
duced, after correction for solid angle in the center-of- 
mass system, in Figs. 8 to 13. The theoretical curves 
accompanying these diagrams are calculated from the 
non-Coulomb, noninteraction stripping formalism of 
Friedman and Tobocman,' using for convenience the 
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Fic. 6. Excitation function for protons from the reaction 
Li? (d,p)Li®: (a) with a deuteron penetrability correction; (b) form 
of the total cross section. 
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Fic. 7. Excitation function for protons from 
the reaction Li’ (d,p)Li'*. 


8 F. L. Friedman and W. Tobocman, Phys. Rev. 92, 93 (1953). 
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graphs of Enge and Graue,® based on this 
Most of the other simple stripping deriva- 
tions have been tried, with no significant difference. 
Figure 14 is included to indicate the sensitivity to 
R value of the angular distributions. 

The “radius” of the nucleus appears in the differ- 
ential cross section for stripping as an adjustable 
parameter. In attempting to find the best match be- 
tween experimental and theoretical curves, every change 
in R necessitates a complete recalculation of the angular 
distribution. If the 7 value is not zero, however, the 
udp) U® 
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Fic. 9. Angular distribution of protons from the reaction 
Li’ (d,p)Li’, for 1.9-Mev deuterons. 
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Fic. 10. Angular distribution of protons from the reaction 
ae Li? (d,p)Li’, for 1.5-Mev deuterons. 
9H. A. Enge and A. Graue, Univ. Bergen Abrok Naturviten. 
Rekke No. 13 (1955). 
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angular position at which the experimental distribution 
has its maximum can be used to determine the R value 
for each possible / value. The most reasonable of these 
R values can then be selected on the normal criteria. 
This R value will be “unique” in that it will produce 
a distribution with a peak at the correct angle—only 
one distribution need, therefore, be calculated. A set 
of curves for the determination of such “best-fit radii” 
has been given by Lubitz."° This method was applied 
wherever the position of the maximum was well-defined. 
Even in such cases, at least two further R values were 
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Fic. 11. Angular distribution of protons from the reaction 
Li? (d,p)Li’, for 1.4-Mev deuterons. 
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. 12. Angular distribution of protons from the reaction 
Li’ (d,p)Li’, for 1.2-Mev deuterons. 


 C, R. Lubitz (privately circulated, 1957). 
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Fic. 13. Angular distribution of protons from the reaction 
Li’ (d,p)Li’, for 1.0-Mev deuterons. 


always tried. Where the position of the maximum was 
masked by protons from the contaminant H(d,p)D 
reaction, the appropriate R value was found by trial. 
It was always striking how sensitive the fitting was to 
R value—even a 2% change in this value produced 
distributions which were clearly not as good. Normaliza- 
tion was usually effected at the maximum yield point. 
No component, isotropic or otherwise, was subtracted 
for any of the distributions. 

All these angular distributions show a striking degree 
of agreement between the experimental results and the 
theoretically calculated curves. Holt" defines a “good 
stripping pattern as one in which a theoretical curve 
can be fitted reasonably closely to the main maximum 
without subtracting from the experimental curve an 
isotropic background of more than about 20% of the 
peak value.” On this criterion, the agreement in the 
distributions presented for Li’(d,p)Li* is remarkable. 
The greatest deviation is found in the distribution with 
incident deuteron energy of 2.5 Mev. Even here the 
agreement is good on the Holt criterion, but the fea- 
ture of interest in this particular case is that the devia- 
tion can not be attributed to the simple addition of an 
isotropic background. It would appear then not to be 
due to a contribution from compound nucleus forma- 
tion. But for this example, perhaps the most pleasing 
feature of the angular-distribution fits, is the agreement 
at large angles. 

It would have been valuable to make similar accurate 
comparisons at the most forward angles. For reasons 
already given, not sufficient experimental points are 
available below the angles at which maximum yield is 
found, for such a comparison. The tendency, if any- 
thing, is to drop more quickly than does the theoretical 
curve. Green and Middleton” have noticed that angular 
distribution patterns with /=1 for reactions with small 
Q values fall below the theoretical curve at 0°. For 
similar reactions with /=2 angular distributions, Holt" 


"J. R. Holt, Proceedings of the International Conference on 
Nuclear Reactions, Amsterdam, 1956 (Nederlande Naturkundige 
Vereniging, Amsterdam, 1956). 

2 T. S. Green and R. Middleton, Proc. 
A69, 28 (1956). 
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has reported that they sometimes lie above the theo- 
retical curve at 0°. 

A feature already mentioned, is the surprisingly great 
sensitivity to R value in fitting experimental to theo- 
retical angular distributions. The succession of such 
angular-distribution fits presents an opportunity to 
compare the variation of R value with deuteron energy. 
The result of such a comparison is shown in Fig. 15. A 
smooth increase in R with decreasing deuteron energy 
is found. At the lowest deuteron energy, 1 Mev, the 
R value demanded is much greater than the trend 
would predict. This is, however, in the region where 
the difficulties associated with the H(d,p)D reaction 
were most severe. The variation of angle at which 
maximum yield occurs with deuteron energy, can also 
be expected to be smooth, increasing too with de- 
creasing energy, with the 1-Mev measurement not in 
agreement with the general trend—this is presented in 
Fig. 16. The increase in “effective radius” with de- 
creasing deuteron energy is physically sensible in that 
the Coulomb effect can be expected to become increas- 
ingly effective in its influence. 

Another feature of great interest arising out of these 
results concerns the resonance found in the excitation 
function at 1.4 Mev. Three of the angular distributions 
already discussed were measured on, below and above 
this resonance, respectively. In so far as a high degree 
of agreement between theoretical and experimental 
curves was found, as also of sensitivity to R value, it 
was hoped that the effect of the resonance would show 
itself in these angular distributions. In this way the 
influence of a component from compound nucleus for- 
mation could have been studied. As can be seen from 
the diagrams, however, the effect of the resonance 
shows itself only as an increase in intensity, with no 
significant influence on the agreement between experi- 
mental measurements and theoretical curves based on 
a simple stripping theory. 

Other workers have also found such resonances, the 
best-known example being that reported by Stratton, 


Li’@d,p) Le 
E,=25Mev 


cr ©) 


(rel. 
units ) 


x 16cm 


R 
—~R 
’ R 

l 


4.1 
5.214 
5.465 





20 40 60 80 100 140 


° 
Som. 





180 


Fic. 14. Sensitivity of theoretical angular distributions to 
value of R, for protons from the reaction Li’(d,p)Li’, with /=1 
and 2.5-Mev deuterons. 





REACTIONS WITH SMALL Q 


Li’(d,p) Li® 








{4 18 22 
Ey Mev 


Fic. 15. Variation of R from experimental curves, 
with deuteron energy. 


Blair, Famularo, and Stuart," and by Bertholot, Cohen 
et al.,'* for the deuteron bombardment of oxygen at 
3.01 Mev. In this case the stripping angular distribu- 
tions themselves are, however, far from good, and very 
marked variation in pattern in traversing the resonance 
is apparent, although the nature thereof does not seem 
to suggest an increase in compound nucleus formation. 


DISCUSSION 


A feature of particular interest in the results pre- 
sented, is the apparent absence of Coulomb and nuclear 
interaction effects in the reaction, deduced from the 
close agreement between experimental measurements 
and simple stripping theory over the complete angular 
range investigated. This can be understood in terms of 
the low Q value for the reaction, and the fact that it 
was studied at low bombarding energies. The correla- 
tion with Q value was proposed by Wilkinson,’® and 
recently elaborated on by him'® and by the author.” 

If nuclear and Coulomb effects are to be minimized, 
the proton in the deuteron should be as far removed 
from the target nucleus as is compatible with stripping 
and attachment of the neutron still to take place. 
Clearly this is most easily achieved if the momentum 
requirements can be met when the proton-neutron sepa- 
ration in the deuteron is maximal. The momentum of 
the outgoing proton in a (d,p) reaction is composed of 
about half the momentum of the ingoing deuteron, and 
an “internal” contribution from the ground-state wave 


3 T. F. Stratton, J. M. Blair, K. F. Famularo, and R. V. 
Stuart, Phys. Rev. 98, 629 (1955). 

4 A. Berthelot, R. Cohen, E. Cotton, H. Faraggi, T. Grjebine, 
A. Levéque, V. Naggiav, M. Roclawski-Conjeaud, and D. 
Szteinsznaider, Compt. rend 238, 1312 (1954). 

15D). H. Wilkinson (private communication, 1956). 

16 ED). H. Wilkinson, Phil. Mag. 3, 1185 (1958). 

17 J. P. F. Sellschop, Phys. Rev. Letters 3, 346 (1959). 
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function of the deuteron. Considering low bombarding 
energies where the ingoing deuteron contribution will 
be small, the contribution which must be obtained from 
the deuteron ground-state wave function will be small 
for low-Q, large for high-Q reactions. The greater this 
contribution has to be, the smaller the neutron-proton 
separation in the deuteron must be, consequently the 
closer the proton in the ingoing deuteron will be to the 
source of nuclear and Coulomb perturbing effects. 
Summarizing, for low bombarding energies, the strip- 
ping angular distributions will be more “pure,” the 
smaller the Q value of the reaction is. For high bom- 
barding energies, a similar logic can be developed. 

An additional factor contributing to the purity of 
the simple stripping mechanism found in low-Q, low- 
energy reactions, arises from the relatively wide sepa- 
ration of the proton from the target nucleus. For a 
true compound nucleus to be formed this proton will 
have to move inwards, and this will be discouraged in 
that it would have thereby to penetrate the Coulomb 
barrier. 

A further feature of interest arises from the resonance 
in the excitation function which was found at an in- 
cident deuteron energy of 1.4 Mev. As the angular dis- 
tributions appeared to indicate stripping of an unusually 
high degree of purity, they presented an opportunity to 
test sensitively the influence of the resonance on the 
stripping mechanism. The results indicated no observ- 
able tendency of the resonance to distort the stripping 
angular distributions. 

If the argument presented here is correct, that is to 
say that (d,p) reactions of small Q value show unusually 
good stripping due to the absence of nuclear and 
Coulomb interaction effects, the polarization of the 
outgoing protons should be small. This polarization is 
now being measured to indicate if this is so. 

This reaction is now also being systematically studied 
at higher energies. An effort is being made to eliminate 
or at least drastically reduce the (H.)+ contamination 
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Fic. 16. Variation of angle at which maximum occurs in experi- 
mental distributions as a function of deuteron energy. 
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in the beam so that the study of the most forward 
angles can be completed. 
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Measurement of the Circular Polarization of Resonance-Scattered Gamma Rays 
Following the Electron Capture of Se’*} 
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The circular polarization of the 265-kev y rays following the mixed Gamow-Teller and Fermi electron- 
capture decay of Se’* into As*® has been measured. The neutrino momentum was fixed with the help of a 
resonance scattering process. From the experimentally determined degree of right-hand circular polarization 
of —0.21+0.15 it was concluded that the sign of the Gamow-Teller to Fermi matrix-element ratio in this 


beta decay is negative. 


I. INTRODUCTION 


lr is well known that the distribution of beta particles 

emitted with respect to the nuclear spin is of the 
form (1+ cos@) in an allowed nuclear beta decay. In a 
beta-decay process which preserves the nuclear spin, 
I, two types of beta transitions can occur, Fermi 
transitions (nonspin-flipping) and Gamow-Teller tran- 
sitions (spin-flipping). In a mixed Gamow-Teller and 
Fermi transition the asymmetry coefficient a is strongly 
dependent on the interference between the two types of 
interaction. A large interference due to approximately 
equal contributions of both parts gives rise, in general, 
to a large asymmetry. 

For this type of allowed transition the relative size 
of the Gamow-Teller and Fermi matrix elements can 
be estimated theoretically, with the help of nuclear 
models, and selection rules.and wave functions based 
on them. For example, the isotopic spin selection rule 
AT=0 for Fermi transitions will strongly suppress any 
Fermi contribution to a AT>1 transition. However, 
more refined arguments taking into account isotopic- 
spin mixing of the (model dependent) nuclear wave 
functions due to Coulomb interactions show that 
Gamow-Teller and Fermi matrix elements may be 
present simultaneously. Theoretical estimates of these 
admixtures have been made for several cases.’~* In 
order to help achieve a better understanding of the 


+ Supported by the U. S. Atomic‘Energy Commission. 
* Present address: Universitetets Institut for teoretisk Fysik, 
Blegdamsvej 15-17, Copenhagen @, “Denmark. 
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details of nuclear coupling it seems worthwhile to 
obtain more experimental information on the relative 
signs and relative magnitudes of the Gamow-Teller 
and Fermi matrix elements in such transitions. 

In the beta decay of initially unpolarized nuclei, a 
measurement of the degree of nuclear polarization (with 
respect to the electron momentum) afler beta decay 
determines the asymmetry coefficient @. Experi- 
mentally, the polarization in the nuclear state produced 
by beta decay can be determined from a measurement of 
the degree of circular polarization of a subsequently 
emitted gamma ray, the polarization axis being fixed 
by counting the beta particles in a given direction. 
Experimental studies of such 8-y circular-polarization 
correlations have, in some cases, provided data on the 
Gamow-Teller to Fermi matrix-element ratio.‘~® 

An alternative experimental approach is also possible : 
instead of counting the electrons directly one can make 
use of the recoil momentum transferred to the nucleus 
as a consequence of beta decay. If certain momentum 
conditions are fulfilled a fluorescent scattering process 
can be produced. The direction in which the gamma ray 
capable of producing resonant excitation is emitted is 
then used as the polarization axis to determine the 
mean angle of emission of the lepton pair in beta decay, 
or the direction of the neutrino in an electron-capture 
process. If the circular polarization of the fluorescent- 
scattered gamma ray is also measured, the nuclear 
polarization can then be inferred. An experiment of this 


4F. Boehm and A. H. Wapstra, Phys. Rev. 106, 1364 (1957); 
109, 456 (1958). 

5H. Schopper, Phil. Mag. 2, 40 (1957). 
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type was first successfully performed by Goldhaber 
et al.’ with a different goal in mind. 

We describe here an experiment of the recoil type 
on the As’® nucleus. The Se*® to As’ electron-capture 
decay is an allowed transition with no spin change. 
Our aim in this experiment is to find if the transition 
proceeds by a mixture of Fermi and Gamow-Teller 
matrix elements, and if so, to determine the relative 
sign and magnitude of this admixture. 


Il. DESCRIPTION OF THE EXPERIMENT 


Data on the electron capture decay of Se”, which 
has been extensively studied by many. investigators, 
are summarized in the Nuclear Data Sheets.* For the 
following discussion we have adopted the decay scheme 
shown in Fig. 1 which is based on reference 8 and on 
other more recent work.?-” 

Experimental data on the fluorescent scattering of 
As:® y rays are available owing to the excellent studies 
of Metzger and Langevin-Joliot and Langevin." 
These authors have studied the resonant excitation of 
As™ levels under various experimental conditions. For 
a gaseous source of SeH2 at a pressure of about 0.1 
atm—the source condition which we employ in the 
present experiment—Metzger and Langevin-Joliot and 
Langevin have observed a strong resonant scattering 
of the 265-kev y ray and no detectable scattering of the 
280- and 401-kev y rays. 

Consequently the experimental data indicate that 
only the following decay branch leads to resonant 
scattering : 


5 2t (E.C.,Eo)5, 2+(91,41)3/2 ~(¥2,2)3/2-, 


with £,= 136 kev, E2= 265 kev. A possible contribution 
of the 121 kev-280 kev cascade is discussed in Sec. IV. 

We propose to measure the circular polarization of 
the second gamma ray, ‘2, in this branch after it has 
been resonant scattered at an As scatterer. 

Let us consider first the recoil-momentum conditions 
necessary for a scattering process. The decay energy is 

7M. Goldhaber, L. Grodzins, and A. W. Sunyar, 109, 1015 
(1958). 

8 Nuclear Data Sheets (National Academy of Sciences, National 
Research Council, Washington, D. C.). In particular: (As?) 
K. Murakawa and S. Suwa, Repts. Inst. Sci. Technol. Univ. 
Tokyo 6, 209 (1952). (Se75) L. C. Aamodt and P. C. Fletcher, 
Phys. Rev. 98, 1224 (1955); D. C. Lu, W. H. Kelly, and M. L. 
Wiedenbeck, Phys. Rev. 97, 139 (1955); A. W. Schardt and J. P. 
Welker, Phys. Rev. 99, 810 (1955); A. W. Schardt, Bull. Am. Phys. 
Soc. 1, 85 (1955); W. H. Kelly and M. L. Wiedenbeck, Phys. Rev. 
102, 1130 (1956). 

*H. J. van den Bold, J. van de Geijn, and P. M. Endt, Physica 
24, 23 (1958). 

WE, P. Grigor’ev, A. V. Zolovatin, V. Ia. Klement’ev, and 
R. V. Sinitzyn, Izvest. Akad. Nauk, S.S.S.R. Ser. Fiz., 23, 159 
(1959) [translation : Bull. Acad. Sciences U.S.S.R. 23, 153 (1959)]. 

1 W. F. Edwards and C. J. Gallagher, Jr., Bull. Am. Phys. Soc. 
4, 279 (1959) and unpublished data. 

2 F. R. Metzger and W. B. Todd, Nuclear Phys. 10, 220 (1959). 

13 F, R. Metzger, Phys. Rev. 110, 123 (1958). 

14H. Langevin-Joliot and M. Langevin, J. phys. radium 19, 765 
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Fic. 1. Scheme of the electron-capture decay of Se7® into As’®. 
The gamma rays labelled y: and y2 measured in the present 
experiment are indicated by heavy lines. Energies are in kev. The 
numbers in parentheses represent relative gamma intensities. 


known from studies of the reaction As’°(p,2)Se7>™ to 
be 864 kev, which corresponds to a neutrino energy, 
Eo, of 452 kev for K capture to the 401-kev state. 
Clearly the fluorescent scattering condition for ‘72, 
FEo+E\> Ez, is fulfilled and resonance scattering can 
occur. 

If we had only one gamma ray, y, with an energy E; 
of 401 kev following the electron-capture, then the 
resonance condition would be simply cosi?=— E,/Eo, 
where # is the angle between the neutrino and the y 
quantum. However, in the presence of two gamma rays, 
71, and ye, the resonance condition becomes 

Ey cos0+ FE; cose+ F.=0, (1) 
where # is the angle between neutrino and y2 and ¢ is 
the angle between y: and ye. For each value of 3 there 
is a value of ¢ in accordance with the resonance con- 
dition (1). We can express the resonance condition as 
a function of ¢ alone by writing 


Eot+ E2 


Max| —1, - 
Ey 


4 


41 


Eo— E2 
]scoses in| +H, = | (2) 


In the case of our experiment we have (Eo— E2)> EF, 
and the condition becomes extremely simple because 
cos¢g can assume all values between +1 and —1. 

We now have to calculate what the circular polari- 
zation of those y2 quanta capable of producing a reso- 
nant excitation should be. General formulae for the 
degree of circular polarization of the second gamma ray 
in a triple cascade through states with spins consecu- 
tively Jo, 11, Z2, and I; have been derived by Morita’ 

°C. C. Trail and C. H. Johnson, Phys. Rev. 91, 474(A) (1953); 
C. R. Gossett and J. W. Butler, Phys. Rev. 113, 246 (1959). 

16M. Morita, Phys. Rev. 107, 1729 (1957). 
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and Kriiger.'” For the present case, assuming pure 
multipoles Lo, L3, Kriiger’s result is 


W (8,¢)=[(1+A2P2(cos¢) | 


+[ Bot- BzP2(cosg) JA cosd, (3) 


where 
Ao Fo(L1,L1,J1,J 2) F of Lo, L2,J 3,J 2), 


By= (—1)"3(2L,4+-1)[ (21 +1) (2J2+1) ]K1,0; 1,0] 2,0) 
(1 Jy Jy) 


(Li, 1;L1,—-1]k, 04k Ly Lap (k=0, 2). 
Ye Si 


A is the coefficient for (@-,y)-circular polarization 
correlation such as quoted in reference 18 
A 5 FP (Le, Le, J 3,J2) {Fill JoJ1 ) x? 

- F,(0,1,J0,J1 x}, (1+2*), 
where x= |C4/Cy| Mer/M r= 1.25Mer1/ Mrs is the ratio 
of Gamow-Teller to Fermi matrix elements. 

Expression (3) becomes, after # has been replaced 
by ¢ by virtue of (1) and the resulting expression has 
been averaged over-all values of ¢, 


(4) 


W =(W (¢))ay=1—A(E2/ Eo) 


T,(4+1) To(I2+1)—L,(L1i1+1) 
x ointaain 


(5) 
20/1(1+1)J2(72+1) }! 

When this expression has been evaluated for the 
(E.C.,y1,v2)-cascade in As*®, the circular polarization 
of those y2 quanta capable of exciting resonance 
fluorescence is finally W=1—0.536A. 

It is interesting to notice that the averaging over the 
neutrino and y; momenta reduces the corresponding 
result for a (8-,yecire) correlation only by a factor of 
about two. 


Ill. EXPERIMENTAL TECHNIQUE 
Source Preparation 


The experimental conditions for fluorescent excitation 
of the 265-kev level have been investigated by Metzger" 
and Langevin-Joliot and Langevin." Due to the rela- 
tively long lifetime of the 401-kev state (741.510 
sec) it is imperative to use a gaseous source. Both 
authors have found that in order to preserve full recoil 
momentum the gas pressure should not exceed a few 
cm Hg. The gaseous compound of selenium chosen was 
SeH». SeH2 has a boiling point of —42°C and has a 
molecular weight only a few percent higher than that 
of atomic selenium. In our experiment we used a 
pressure of 0.11 atm of SeH», which was an empirically 
determined compromise between source strength and 
signal-to-noise ratio in the resonance peak. 

Se”® was prepared by irradiating selenium metal en- 

7L. Kriiger, Z. 
munication (1959). 


18 F, Boehm and A. H. Wapstra, Phys. Rev. 109, 456 (1958). 


Physik 157, 369 (1959); and private com- 
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riched (12.3%) in Se“ in the MTR reactor in Arco, 
Idaho. The source was prepared in the following way: 
4.5 mg of irradiated selenium metal corresponding to 
about 170 millicuries radioactive Se’® was placed in a 
quartz capsule of ~15 cc volume and attached to a 
vacuum system. The capsule was evacuated to ~ 10-% 
mm Hg, thereafter filled with hydrogen to a pressure 
of 0.11 atm and finally sealed. The reaction Se+H:— 
SeH2 was produced by heating the capsule in an oven 
at ~800°C for two hours, after which time no evidence 
for unreacted Se was observed. The capsule was allowed 
to cool off slowly. The heating of the source was repeated 
every five days during the experiment because SeH, has 
a tendency to decompose slowly. 


Experimental Setup 


Figure 2 illustrates the experimental setup. The As 
scatterer consists of a hollow aluminum cylinder (0.5- 
mm aluminum), 1-inch thickness, 6-inches high, filled 
with powdered As metal. A Se scatterer with identical 
dimensions was made. 

A comparison of the nonresonant Se’® spectra from 
the As and the Se scatterer was made using a nongaseous 
Se” source. The spectra appeared to differ by about 
6% in intensity. An appropriate correction was applied, 
therefore, to the resonant- to nonresonant scattering 
ratio in the actual experiment. 

In order to minimize background it was important 
to eliminate as much as possible all mass surrounding 
the source and scatterer. The experiment was set up 
well above the floor in the center of a large room. 
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Fic. 2. Experimental ar- 
rangement for measuring 
the circular polarization of 
resonant scattered 265-kev 
y rays in As’, 
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Fic. 3. Pulse distribution from the Se’H2 source. Curves 
labeled As and Se represent the pulse-height distribution after 
scattering from As and Se scatterer, respectively, followed by a 


scattering from the iron of the polarization analyzer. The differ- 


ence between the As and Se curves is also shown. The setting of 
channel 1 and channel 2 during the experiment is indicated on the 
abscissa. 


A cylindrically symmetric geometry was employed 
for the polarization analyzer. The analyzer magnet was 
similar to, though somewhat smaller than, the one used 
in reference.*® The pulses from the NaI detector were 
fed into two single-channel analyzers, one accepting the 
Compton quanta due to the scattered 265-kev radiation, 
the other set to accept quanta below that energy. The 
position of these settings is shown in Fig. 3. The spec- 
trum of the radiation Compton-scattered from the 
analyzer magnet for both the As scatterer and Se 
scatterer using a freshly prepared SeHe source is shown 
in Fig. 3. The resonant-to-nonresonant ratio in channel 
1, (Nas— Nse)/Nas, which is the number of quanta due 
to the resonance scattering, divided by the total number 
of quanta, varied between 0.3 and 0.55 depending on 
the source condition. An unscattered Se’®> gamma-ray 
spectrum is shown at the top of Fig. 3. The shift in 
energy of the 265-kev peak shown is in good agreement 
with the shift expected from the mean angle for 
Compton-scattering in the apparatus. 


Data Taking 


The magnetic field of the analyzer was changed every 
ten minutes during a run. At the end of each interval 
the counts in channel 1 and 2 were recorded auto- 
matically with a camera. The counting rates were such 
that from 2000 to 5000 and about 100000 counts per 
10 minutes were collected in channels 1 and 2, respec- 
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tively. Averages were taken for the relative difference 
of counting rate with the As scatterer for field “up” 
and field “down,” (N44s— NYas)/Nas, for both channels. 
In the control channel 2 this difference was always zero 
within the error limits, indicating that no noticeable 
instrumental asymmetry such as might arise from the 
influence of the magnetic field on the counter was 
present. The relative difference obtained in channel 1, 
corrected for the nonresonant background, is a measure 
for the degree of circular polarization. 

Three SeH: sources were prepared, each being used 
for a two-week run with the As scatterer. Every other 
day the nonresonant background was determined 
using the Se scatterer. 


Efficiency of the Analyzer 


In order to derive the degree of circular polarization 
from the measured asymmetry we have to know the 
“efficiency” of the analyzer defined as the percent 
counting rate difference for opposite magnetic fields for 
a 100% circularly polarized gamma ray. We have 
obtained a calibration curve for our magnet by using 
the bremsstrahlung of P®. The degree of circular 
polarization as a function of the photon energy of the 
P® bremsstrahlung can be computed readily from the 
formulas of McVoy.” We have calibrated the analyzer 
with 1300-kev and 800-kev bremsstrahlung quanta and 
extrapolated the efficiency curve with the help of the 
energy dependence from an equation similar to Eq. (1) 
in reference 18. For the 265-kev y ray an efficiency 
e= 1.1% with an estimated error of 0.1% is found. 


IV. RESULTS AND CONCLUSION 


The counting rate asymmetries in channel 1 and in 
channel 2 are summarized for the three experiments 
in Table I. With the help of the known magnet analyzer 
efficiency this asymmetry can be expressed in terms of 
the circular polarization of the y2 quanta after resonant 
scattering. We obtain an average value of +0.175 
+0.125 for this circular polarization from the three 
experiments. Taking into account that we have de- 
tected backward-scattered fluorescent quanta (cos 
= —().82) we find for the circular polarization of 2 


Py.=W—1=—0.21+0.15. 


This experimental result can be compared with the 
predictions from Eqs. (4) and (5). 


TABLE I. (Nf as—N as)N as corrected for 
nonresonant background. 


Channel 1 
+ (0.18240.175)% vee 
+ (0.142+0.32)% + (0.032+0.050) % 
+(0.287+0.26)%  +(0.016+0.048)% 


Channel 2 








Experiment A 
Experiment B 
Experiment C 








# K. W. McVoy, Phys. Rev. 106, 828 (1957); 110, 1484 (1958). 
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Fic. 4. Comparison of experimental and theoretical values of 
the circular polarization of the resonant scattered gamma_rays. 
The ordinate represents the averaged angular distribution, W, ac- 
cording to Eq. (5) and the abscissa is the relative contribution of 
Gamow-Teller interaction. The curve gives the theoretical values 
assuming a positive Gamow-Teller to Fermi matrix-element ratio 
(upper branch) and a negative ratio (lower branch). 


Equation (5) gives the following explicit answer: 


W = 1—0.536[0.0873 (x2+5.91x)/(1+22) ]. 


) 


GALLAGHER, JR. 

contribution of Gamow-Teller interaction, we obtain 
the curve reproduced in Fig. 4. The upper branch 
corresponds to positive values of x and the lower branch 
to negative values of x. The experimental point is also 
shown in this figure. We conclude from the experiment 
that x is negative and, therefore, Mgr/Mr is negative, 
although we are aware of the relatively large experi- 
mental uncertainty. 

Metzger" puts an upper limit of 4% to the fluorescent 
scattering contribution of the 280-kev line (see Fig. 1) 
with respect to the 265-kev line. For the 121 kev—280 
kev cascade one finds W=1—0.554A’. A’ differs from 
A only by the F)-coefficient of the second y ray the 
ratio F)(1,1,3,3)/F1(1,1,3,3) A 4% contri- 
bution of the 280-kev y line would therefore result in 


? 


being 2.3. 


an increase of the absolute value of the anisotropy 
curve of Fig. 4 of 10%, not affecting our conclusion. 


ACKNOWLEDGMENTS 


We wish to thank Dr. H. Weidenmiiller and Dr. L. 


If we plot W as a function of »°/(1+2°), the fractional Kriiger for many helpful discussions. 


PHYSICAL REVIEW VOLUME 119, NUMBER 1 


Radioactive Decay of Tm'** 


R. G. Witson AND M. L. Poor 
Department of Physics and Astronomy, The Ohio State University, Columbus, Ohi 
(Received January 25, 1960) 

Erbium oxide enriched to 72.9% in the 166 mass number was irradiated with 6-Mev protons. An activity 
decaying by electron capture and positron emission with a half-life of 7.69+0.05 hours was produced by a 
(p,m) reaction and its assignment to Tm!*¢ confirmed. The observed activity consists of the K x ray of 
erbium, gamma rays with energies of 81, 184, 289, 405, 460, 598, 674, 694, 707, 759, 782, 788, 878, 1052, 
1179, 1276, 1351, 1589, 1874, and 2058 kev, annihilation radiation, and particle radiation with an end-point 
energy of 2000+40 kev. Gamma-gamma coincidence measurements and consideration of the energies and 
relative numbers of the observed radiations have led to the assignment or confirmation of energy levels at 
81 (2+), 265 (4+-), 554 (6+), 788 (2+), 863 (3+), 959 (4+), 1248 (2), 1317 (5), 1462 (0+), 1547 
1701 (4+), 1894 (5+), 2139 (3), and 2168 (0) kev in Er'**, The 2139-kev level is highly populated by 
electron capture and the positron transitions occur to the 265 (4+-)-kev level. The positions of the observed 
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radiations and the branching ratios of electron capture are shown in a proposed energy level scheme. 


INTRODUCTION 


N activity decaying 99+% by electron capture 

and <1% by positron emission with a half-life 
of 7.7 hours has been assigned to Tm'®*.! Gamma radia- 
tion of approximately 1.7 Mev was detected in this 
activity and the positron end-point energy was found 
to be 2.1 Mev. Conversion electron measurements fol- 
lowing the proton irradiation of natural ytterbium oxide 
have led to the assignment of transitions with energies 
of 80.7, 154.6, 184.7, 194.8, and 215.4-kev and to the 
postulation of energy levels of 81 (2+) and 265 (4+) 


1G. Wilkinson and H. G. Hicks, Phys. Rev. 75, 1370 (1949). 


kev in Er'®6.2 One group of workers has reported gamma 
rays in this activity with energies of 80, 180, 670, 800, 
and possibly 1320 kev.’ Another group has reported 
gamma rays with energies of 80, 180, 690, and 780 kev 
in this activity and have postulated an energy level of 
780 kev (2+) in addition to the 265 (4+)- and 81 (2+)- 
kev levels.* The assignment of an 80.6-kev level resulted 


2 J. W. Mihelich, B. Harmatz, and T. H. Handley, Phys. Rev. 
108, 989 (1957). 

3 W. E. Nervik and G. T. Seaborg, Phys. Rev. 97, 1092 (1955). 

4G. M. Gorodinskii, A. N. Murin, V. N. Pokrovskii, B. K. 
Preobrazhenskii, and N. E. Titov, Doklady Akad. Nauk (S.S.S.R.) 
112, 405 (1957) [translation : Soviet Phys.-Doklady 2, 39 (1957) ]. 
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Fic. 1. Gamma-ray spectrum of 7.7-hour Tm!® measured with a 
3X3 inch crystal on a 100-channel scintillation spectrometer. 


from Coulomb excitation experiments.® The energies 
and relative numbers of conversion electrons from 22 
transitions in the activity of Tm!® have been reported.® 


EXPERIMENTAL RESULTS 


Erbium oxide enriched to 72.9% in the 166 mass 
number was irradiated with 6-Mev protons. The com- 
position of the remaining portion is as follows in percent : 
<0.1 Er'@, 0.1 Er’, 17.7 Er’, 8.5 Er’, and 1.5 Er. 
The atomic number of the resulting activity was de- 
termined by the identification of the erbium K x ray, 
which was compared with the known K x rays of ter- 
bium, dysprosium, thulium, ytterbium, lutetium, and 
tantalum emitted from radioactive Dy'®, Tb'®, Yb'®, 
Tm!”, Hf!”5, and W'*!, respectively. Ion-exchange sepa- 
ration was deemed unnecessary. 

The mass number of the activity was determined by 
identifying and comparing the relative amounts of this 
activity and the well-known activities of Tm'”, Tm'®, 
and Tm! in similar proton irradiations of enriched 
Er'® and Er'®, 

The half-life of the activity produced by the proton 
irradiation of enriched Er'® is 7.69+0.05 hours as 
measured by following the decay of the gamma-ray 
spectrum for over five half-lives with a 100-channel 
scintillation spectrometer. The original assignment of 
the 7.7-hour activity of Tm'® is therefore confirmed. 

Figure 1 shows the observed gamma-ray spectrum of 
Tm! which includes gamma rays with energies of 81+ 1, 

5 E. L. Chupp, J. W. M. DuMond, F. J. Gordon, R. C. Jopson, 
and H. Mark, Phys. Rev. 112, 518 (1958). 

6A. A. Bashilov, Ia. Gromov, G. M. Gorodinskii, B. G. 
Dzhelepov, et al., Proceedings of the Second United Nations Con 
ference on the Peaceful Uses of Atomic Energy, Geneva, 1958 (United 


Nations, Geneva, 1958), U. S. Atomic Energy Commission micro- 
card A/CONF/15 P2477. 
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TABLE I. Relative numbers of gamma rays, N,, conversion 
electrons, Ve, and corresponding transitions, N;, in the activity 
of Tm" for gamma-ray energies, /,, expressed in kev. 
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. X ray 100 

80.7 9 16000 
154.1 § 50 
184.4 20 2200 
193.2 2, 240 
214 140 
289 ’ 

299 
347 
405 
460 
595 
598 
674 
694 
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878 
1052 
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1874 
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* Observed in coincidence spectra only. 


182+2, 600+5, 69545, 780+5, 880+8, 1050+10, 
1180+8, 1275+8, 1350+12, 1875415, and 2055412 
kev in addition to the erbium K x ray. Gamma-gamma 
coincidence measurements have shown that in addition 
to the gamma rays mentioned above, there exist weaker 
gamma rays with energies of 285, 405, 460, and 1590 
kev, and that the 695- and 780-kev peaks are each com- 
posed of more than one gamma ray. No gamma ray 
with an energy greater than 2200 kev and an intensity 
greater than 1% of that of the 2055-kev gamma ray 
exists. A peak in the gamma-ray spectrum at 510 kev 
was shown to be annihilation radiation by its strong 
180 deg self-coincidence. Weak particle radiation with 
an end-point energy of 2090+40 kev was observed by 
the use of a Geiger tube with aluminum absorbers. 

All of the reported radiations emitted from Tm!® are 
listed in Table I with the conversion electron references. 
The figures in the third column of Table I are the rela- 
tive numbers of counts under the spectral distributions 
of the observed gamma rays after correction for crystal 
efficiency. The figures in the fourth column are the rela- 
tive numbers of conversion electrons as reported in 
reference 6. The relative numbers of the 81- and 182-kev 
gamma rays were corrected for internal conversion’ 
using the data in Table II. The numbers in the last 
column of Table I are the relative numbers of the transi- 
tions. In cases where several gamma rays were observed 

7M. E. Rose, Internal Conversion Coefficients (North-Holland 
Publishing Company, Amsterdam, 1958). 
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TABLE II. Internal conversion data for erbium. The a’s are 
from reference 7. Nr/N, and Nr/Nx are the ratios of the total 
number of transitions to the number of gamma rays and K-con- 
verted transitions, respectively, for gamma-ray energies, Ey, ex- 
pressed in kev. 


aL: am Nr/N, Nr/Nx 
1.90 
0.035 


E, aK 


81 «1.60 
182 0.21 


ahi aL2 


0.61 1.90 
0.021 0.042 


1.84 8.4 5.2 
0.042 1.35 6.4 


in one peak, the numbers in the third column were 
divided using the data in the fourth column. All of the 
numbers in the last column have been adjusted to read 
in percentages of disintegrations. The first number in 
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Fic. 2. Typical gamma-gamma coincidence spectra obtained 
for the activity of Tm'*® with a coincidence circuit of resolving 
time 27=1.5X10~* sec. Gamma energies are in kev. Individual 
spectra are coincidences gated by 2055-kev events for curve A, by 
511-kev events for curve B, and by 182-kev events for curve C. 
Curve C shows the 1590- and 285-kev gamma rays which can be 
seen only in the coincidence spectrum. 
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the fifth column of Table I, 107, is the total number of 
K x ray producing events of which only 100 are observed 
because the K-fluorescence yield in erbium is 0.932.8 

Table III is a tabulation of the gamma-gamma coinci- 
dence information obtained for the activity of Tm'® 
with a coincidence circuit of resolving time 27 = 1.5 10~-° 
sec and two 1}X2 inch crystals used at either 90 or 
180 deg. Three typical coincidence spectra are shown in 
Fig. 2. Curve A shows that only the K x ray and the 
81-kev gamma ray are in coincidence with the 2055-kev 
gamma ray and that there are a sufficient number of 
K x rays compared to the number of 81-kev gamma rays 
to allow a very high percentage of K x rays to precede 
the 2055-81-kev cascade. Curve B shows that the K 
x ray and the 81- and 182-kev gamma rays are in coin- 
cidence with the 180 deg self-coincident annihilation 
radiation. This curve shows that there is approximately 
a one to one relationship between the number of 81- and 
182-kev transitions in coincidence with the annihilation 
radiation after correction for internal conversion. Curve 
C shows that the K x ray and gamma rays with energies 
of 81, 285, (510), 600, 695, 1050, 1180, and 1875 kev 
are in coincidence with the 182-kev gamma ray. 


DISCUSSION 


Figure 3 shows an energy level scheme for the decay 
of Tm!® which is consistent with the experimental evi- 
dence of this investigation. It accounts for 27 out of the 
28 observed radiations listed in Table I. 

The assignment of a 265-kev (4+) level is now con- 
firmed because (1) strong coincidences are observed 
between the 81- and 182-kev gamma rays, (2) there 
exists no 265-kev crossover transition, (3) strong tran- 
sitions occur from higher levels to this and the 81-kev 
(2+) levels as shown by the gamma-gamma coincidence 
measurements, and (4) as noted by others, this level is 
predicted for the second ground-state rotational level. 
The possibility of a 550-kev (6+) rotational level is 
suggested by the existence of a weak 285-kev gamma ray 
seen only in the coincidence spectrum gated by 182-kev 
events. 

The existence of a 2139-kev level in Er'®* which is 
highly populated by electron capture transitions from 
Tm'* is clearly shown by the strong coincidences ob- 
served between the 2055-kev gamma ray and only the 
81-kev gamma ray and between the 182- and 1875-kev 
gamma rays. Further evidence of the 2139-kev level is 
seen by the coincidences observed between transitions 
from this level to lower excited states and transitions 
from these states to levels in the ground-state band. 

Because a 2087-kev transition is reported in reference 
6 in addition to a 2058-kev transition, it is assumed that 
the 2055-kev peak in the gamma-ray spectrum seen in 
Fig. 2 is composed of both of these transitions. The 


8A. H. Wapstra, J. G. Hijgh, and R. Van Lieshout, Nuclear 
Spectroscopy Tables (North-Holland Publishing Company, Am- 
sterdam, 1959). 
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TaBLeE III. Gamma-gamma coincidence information for the activity of Tm'®*. Designations are gamma-ray energies in kev. 


coincidence information then shows that both of these 
transitions occur to the 81-kev level. Therefore a level at 
2168 kev is tentatively assigned with a possible spin of 0 
because no other transitions from this level are observed. 

A 788-kev level with a spin of 1 or 2 is implied because 
(1) strong 707- and 788-kev transitions exist in the 
activity of Tm", (2) the 695-kev peak is strongly in 
coincidence with the 81-kev gamma ray, while the 780- 
kev peak is only weakly in coincidence with the 81-kev 
gamma ray, and (3) a 1350-kev gamma ray is in coinci- 
dence with both the 695- and 780-kev peaks. Reason (2) 
implies that the 780-kev peak is composed of at least 
two gamma rays, one of which is stronger and not in 
coincidence with the 81-kev gamma ray and one which 
is weaker and in coincidence with the 81-kev transition. 

A level with a spin of 3 or 4 is implied at 863 kev 
because (1) a 782-kev gamma ray is in coincidence with 
the 81-kev but not with the 182-kev, (2) the 598-kev 
gamma ray is in coincidence with the 182-kev, and (3) the 
1276-kev gamma ray is in coincidence with the 782-kev. 

A 959-kev level of spin 3 or 4 is implied because the 
878-kev gamma ray is in coincidence with only the 81- 
and 1179-kev gamma rays and the 695-kev peak is in 
coincidence with the 182- and 1179-kev gamma rays. 
This situation also requires that the 695-kev peak be 
composed of more than one gamma ray. The weak 405- 
kev gamma ray observed in coincidence with the 182- 
kev gamma ray may then occur between this level and 
the 6+ level of the ground-state band. The 788-, 863-, 
and 959-kev levels seem to comprise a rotational band 
with K=2 and hence have spins of 2+, 3+, and 4+, 
respectively. If K were greater than 2, transitions within 
the rotational band (AK=0) would be more highly 
favored than transitions to the ground-state band 
(AK>3). If K were 1, the 598-kev transitions would be 
replaced by an 863-kev transition and the observed 
strong coincidences between the 182- and 598-kev 
gamma rays would not occur. That these three levels do 
comprise a rotational band is favored by the ratio of the 
energy differences between them. This ratio is 171/75 
=2.3 which is in the range of values predicted by the 
formula Ex [7(J+1)—Jo(Jo+1)] where Jo is the spin 


675 765 
695 780 
705 


785 
yes yes 
yes Ww 
yes no 
no no 
yes w 
yes no 
yes no 
no yes 
yes yes 
no no 


of the ground state of the band and / is the spin of 
excited levels. 

The strong transitions from the 2139-kev level to the 
2+ and 4+ levels of the ground-state rotational band 
and the weaker transitions to the three levels of the 
K =2 rotational band favor the assignment of spin 3 for 
the 2139-kev level. A spin of 4 is made less favorable by 
the spin assignment made for the ground state of Tm'®, 

69 1 mg7'**.is an odd-odd nucleus in the region of ellipti- 
cally deformed odd-odd nuclei. The collective nuclear 
model predicts a doublet of states for such a nucleus, 
one of which is the ground state. The measured ground- 
state spins of 6gTm'® and gesDyo7'® are $+ and 3—, 
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Fic. 3. Proposed energy level scheme for the decay of 
Tm'"®, Energy level designations are in kev 
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respectively. Spins of 2— and 3— are therefore pre- 
dicted for ¢9Tmg;'®*. The choice of 3— for the ground 
state of Tm'® is consistent with the population of the 
two levels with spin 4+, one of which is populated 
directly by electron capture decay, and of the 6+ (0+) 
ground-state rotational level. 

The value of A for the 2139-kev level is not easily 
chosen. The high population of this level by electron 
capture from the now assigned 3— ground state of Tm'®* 
implies the possibility of a single-particle state with 
K =3. However, then the strong transitions to the mem- 
bers of the ground-state band for which the change in K 
is 3 seem inconsistent. The possibility of K=O is con- 
sistent with transitions to the ground-state band but 
seems to be inconsistent with the high population of the 
2139-kev level by electron capture. 

A level at 1317 kev of possible spin 5 is suggested by 
the 1050-kev gamma ray, which is in coincidence with 
the 182-kev gamma ray and by the existence of a 763- 
kev transitions reported in reference 6. Levels at 1248 
(2), 1462 (0), and 1547 (3) kev are suggested by the 
gamma-gamma coincidence information and the exist- 
ence of transitions with energies of 214, 299, 347, 460, 
674, and 759 kev reported in reference 6. The 460-, 674-, 
and 759-kev gamma rays are observed in the coincidence 
spectra gated: by the gamma peaks which include the 
707- and 788-kev gamma rays. 

The transitions with energies of 154, 193, and 347 are 
not observed in the gamma-ray spectrum but are shown 
in Fig. 3 as comprising a rotational band with A=3. A 
rotational band is chosen because the 347-kev line can 
serve as a crossover transition and the energy ratio is 
then just that predicted and observed for rotational 
bands. K=3 transitions from the 
excited levels of the band occur to the lower members 


is chosen because 
of the band rather than to other states. 

The strong-coincidences observed between the annihi- 
lation radiation and only the 81- and 182-kev gamma 
rays led to the conclusion that the positron decay of 
Tm'® populates the 265-kev (4+) level of Er'®*. The 
relative numbers of the 81- and 182-kev gamma rays 
in the coincidence spectrum gated by 511-kev events 
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imply that there is approximately a one to one relation- 
ship between the 81- and 182-kev transitions following 
the positron decay. Positron decay transitions to the 
ground state of Er'® are precluded by the large AJ and 
AK. The population of the 265+3-kev level by the 
2090+ 40-kev positron places the ground state of Tm'* 
3375445 kev above the ground state of Er'®, 

The relative amounts of electron capture decay shown 
in Fig. 3 were obtained by subtracting from the 107 K 
x rays in the fifth column of Table I, A x rays resulting 
from K conversion and one K x ray for every electron 
capture transition required to balance the difference 
between the number of transitions from a given level 
and transition into the same level. As seen in curve A 
of Fig. 2, a large number of K x rays exists in the coinci- 
dence spectrum gated by 2055-kev events. Enough K 
X rays are present to account for K conversion of the 
81-kev transitions required to produce the number of 
81-kev gamma rays observed and to allow one K x ray 
to precede every 2055-kev gamma ray which gated the 
observed 81-kev gamma rays. Therefore the 2139-kev 
level of Er'®* must be populated largely by A capture. 
L capture to all of the levels of Er'® is assumed negligible 
with respect to K capture. 


At the end of the section on Tm!'® in reference 4, a 
rough calculation of the branching ratios of electron 
capture to the 80- and 264-kev levels of Er'®® was made. 
The inconsistency mentioned there of these ratios with 
the predicted spin for Tm'®* is now removed because 
this investigation shows that the 80- and 265-kev levels 


are largely populated from higher levels in Er'® 
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Elastic Scattering of Deuterons by He‘ 
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A model of the d+ Het interaction is developed and compared to the data on the ground state of Li® and 
the d+He‘ elastic scattering data up to 4.5 Mev (deuteron laboratory energy). New phase-shift analyses 
of the 8- and 10.3-Mev elastic scattering data are made, and quantities relevant to the production or analysis 


of beams of polarized deuterons are calculated. 





I. INTRODUCTION 


MODEL of the d+He‘ interaction is developed. 

The model is in agreement with the ground-state 
properties of Li® as deduced by Foldy' from the (7,d) 
reaction in Li®, Phase shifts calculated from this model 
are in agreement with phase shifts found in Galonsky 
and McEllistrem’s® analysis of Galonsky et al.’s* experi- 
mental! data on elastic d+ He? scattering in the energy 
range up to 4.5 Mev (laboratory deuteron energy). 
Phase shifts calculated from the model make it possible 
to extend the phase-shift analysis to the experimental 
data of Allred et al. at 10.3 Mev, and Burge et al. at 
8 Mev.‘ From the phase shifts for 8 and 10.3 Mev, we 
have calculated the quantities relevant to experiments 
designed to produce or analyze beams of polarized 
deuterons. 


Il. THE MODEL 


We reduce the problem to a three-body problem by 
treating He‘ as a “fundamental particle” or “lump,” 
and imagining the nucleons in the deuteron to interact 
with Het “lump” via the nucleon-He‘ optical model 
potential’ and with each other via the nucleon nucleon 
potential. We solve this three-body problem only ap- 
proximately by applying a no distortion approximation ; 
that is, we imagine the deuteron is not distorted in the 
course of the d+Het‘ interaction. 

Thus we neglect the possibility of deuteron breakup 
in the interaction. We hope to estimate the effects of 
the breakup in future work (in progress with Mr. John 
H. Christy). Our calculation of the deuteron spin polari- 
zation quantities is thus suspect at 8 and 10.3 Mev but 
may serve as a guide in the planning of experiments. 

In order to formulate the model mathematically, we 


+ This work done under the auspices of the U. S. Atomic Energy 
Commission. 

* Now at the Southwestern College, Weatherford, Oklahoma. 

t Now at the Case Institute of Technology, Cleveland, Ohio. 

1L. L. Foldy (to be published). 

2A. Galonsky and M. T. McEllistrem, Phys. Rev. 98, 590 
(1955). 

3 A. Galonsky, R. A. Douglas, W. Haeberli, M. T. McEllistrem, 
and H. T. Richards, Phys. Rev. 98, 586 (1955). 

‘J. C. Allred, D. K. Froman, A. M. Hudson, and L. Rosen, 
Phys. Rev. 82, 786 (1951). E. J. Burge, H. B. Burrows, and W. M. 
Gibson, Proc. Roy. Soc. (London) A210, 534 (1952). 

5 J. L. Gammel and R. M. Thaler, Phys. Rev. 109, 2041 (1958). 


wrote the deuteron wave function in the form 


¢(r)=Lu(r) + (1/y/8)w(r) S12 Xi, 


Si2= (3e,-re,-r)/r—1, 


(1) 


where r is fp—Fp, Xi” is a triplet spin function, and oe, 
and @, are spin operators for neutron and proton, re- 
spectively. The total wave function is taken to be 


v= ¢(r)F(q), (2) 


where q is the vector from the He* lump to the center 
of gravity of the deuteron 


Q= 2 (tytn) — THe. (3) 


Substituting V into the Schrédinger equation, we obtain 
the no distortion approximation by multiplying by 
u(r)+w(r)Si2 and integrating over r. In this way we 
obtain an equation for F(q)X,", in which V(q) appears 
as a potential, where 


V(q)= fartutca/, 8)wS12 [2V-+V rs(on+e,) 


*(q+3r)X (30 ,+¥,) Lut (1/\/8)wS]. (4) 


In Eq. (4), V. and Vzs (the nucleon He? optical model 
potentials) have |q+}r| as argument. Terms with 

—}r, which may also appear with }¥V,— ¥,, have been 
transformed by the substitution r— —r in deriving 
Eq. (4). 

One may wonder about the question of conservation 
of total angular momentum. The V(q) given by Eq. (4) 
is an operator; we have not yet made a partial wave 
expansion of F(q)x.”. 

We find by performing the azimuthal integrations in 
Eq. (4) (referring r to q as polar axis) 


V(q)=V.(g)+Vis(q)(on+e,)-q 
x Vat Vr(q IE (eo, *qo,- q)/¢), (5) 


where® 


Ve(q)= 2f ar u'(r)Ve(\q+3r| )u’(r) 


+2f ar u’(r)Vc(\q+3r})w’(r), 


° We use the symbols Vc and Vzs in two different ways, but 
there is no reason to confuse them. 
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q (f) 

Fic. 1. (a) The central term in the d+He‘ interaction. The 
solid curve is calculated from the model; the dashed curve is an 
equivalent square well potential adjusted to fit certain data. 
(b) The tensor and spin orbit terms in the d+Het* interaction. 
The solid curves are calculated from the model; the dashed curves 
are equivalent square well potentials adjusted to fit certain data. 


1 
y , , ; 11 , 
V rs(q) fac (r)Vis(\q+4r| u(r) 
? 


1 r 
7 fa u’(r)Vis(\q+4r\ )u’(r) cos(q,r)- 
4 q 


1 
f aru’ Vis(q+4r| )w’(r) sin?(q,r), 
) 


Vr(qg)= t fae u’(r)Vie(\q+4r! )w’(r)P2(q,r). 


win 


In Eq. (6), we have used the substitutions 
u’=u—w//8, 


, 


. (7) 
w’ = 3w//8. 


Also, (q,r) means the angle between q and r. We have 


HILL. 


AND THALER 
neglected integrals involving w’? (because the percent 
of D state in the deuteron is small.) 

In calculations, we have used for the deuteron wave 
function’ 


u(r)=N cosél1—exp(— 8x) ] exp(—a 


hy 


w(r) 


N sinél1—exp(— yx) ] exp(—<x) 
{1+3[1—exp(— yx) ]/x 
+3[1—exp(—yx) P/x*}, (8) 
x=ar, 
= 2.0170, 


sinéd= 0.03356, 


N=0.875041, 


cosé = 0.99947, 
B= 4.7533, 


a=(0.23181750 f . 


and for the nucleon He‘ optical model potential® 


r r—R 
Ve(r) -v¢{1+(- -1) ex )| 
D D 


Vis(r)=Vis exp(r—R/D)L 


(9) 


Sy 


where (these values are rough average values from 
reference 5) 


Vc=57.6 Mev, 
Vis=16.75 Mev, 
R= 
D= 


1.775 f, 
0.8875 f. 
Graphs of Ve¢(q), Vis(g), and Vr(q) so calculated are 
shown in Fig. 1. 
Ill. QUALITATIVE FEATURES OF THE MODEL 


The nucleon He’ optical model predicts a bound state 


of Li® (or He*) 


if the exclusion principle is not taken 


8 (DEGREES) 





——— 
LAB DEUTERON ENERGY (MEV) 


Fic. 2. 3S:+D, phase shifts calculated from the 
model as a function of energy. 


7 L. Hulthén and L. T. Hedin, Kgl. Norske Videnskab. Selskabs, 
Forh. 31, No. 3 (1958). 
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into account. When the exclusion principle is taken into 
account, the bound state disappears because the ampli- 
tude of the properly antisymmetrized wave function 
formed from the unantisymmetrized wave function 
corresponding to this bound state vanishes. Essentially, 
one is trying to put three protons (or neutrons) in the 
1S shell in antisymmetrizing the wave function. These 
spurious bound states arise in other problems® and are 
well understood. 

We must anticipate that spurious bound states will 
arise from the deep central potential shown in Fig. 1. 
In all, two S; bound states and one Po, one Pi, and one 
P, bound states (the first and last with admixtures of 
D, and Fz states, respectively) are found to exist with 
the potentials shown in Fig. 1. 

The lowest S state is deep (more than 10 Mev of 
binding), as are the three P states (more than 5 Mev 
of binding). It is known from the mass defects of d, He’, 
and Li® that the binding energy of Li® relative to sepa- 


TABLE I. Phase shifts versus energy calculated from the square 
well potentials shown in Fig. 1.* The ¢; are Coulomb phase shifts 
go=0, gi= ¢1-14+2 arc tan(n/l). 


6(Po) +4¢1 8(Pi)+4¢1 8(P2)+}¢1 
(radians) 


5(D2) +4¢2 





6(Ds) +} ¢2 


0.3749 

0.1530 
—0.0189 
—0.1663 
—0.2964 
—0.4131 
—0.5187 
—0.6150 
—0.7033 
—0.7844 
—0.8592 
—1.0509 


0.3828 

0.1757 

0.0165 
—0).1206 
—0.2424 
—0.3520 
—0.4515 
—0,.5422 
—0.6252 
—0.7012 
—0.7710 
—0.9468 


0.8114 
0.3531 
0.2237 
0.1168 
0.0226 
—0.0632 
—0.1429 
—0,2178 
—0.2887 
—0.3562 
—0.4207 
—0.6532 


0.3692 

0.1377 
—0.0417 
—0.1947 
—0,3290 
—0.4489 
—0.5572 
—0.6558 
—0.7461 
—0.8291 
—0.9057 
—1.1029 


1 
2 
3 
4 
5 


—0.5949 
—0.5368 
—0.5435 
—0.5734 
—0.6133 
—0.6576 
—0.7980 


ceca 


~~ 


» The square well potentials in Fig. 1 would give the D phase shifts shown: 
however, the potential actually used in this calculation is Vc =22.100 Mev, 
Vis =1.3667 Mev, Vr=0, so that the P phase shifts should be slightly 
different. However, the main point is that the P phase shifts are negative 
and not much split; their precise magnitude is not important. 


rated d and He? is 1.52 Mev, and the binding energy of 
the second S state agrees closely with this value. 

Without further study, we accept the lowest S level 
and the three P levels as spurious in the sense that if we 
knew how to antisymmetrize the corresponding wave 
functions, we would find the antisymmetrized wave 
function to vanish. We accept the 2 level as the ground 
state of Li®. 

From a study of the yd reaction in Li®, Foldy' has 
concluded that (r?) in Li® is given approximately by the 
size of a deuteron, and that (g*) is much larger than 
(r?). We get automatically that (r?) is given by the size 
of a deuteron in our model, of course. (g*) will turn out 
to be large for two reasons: first, it will be related to the 
binding energy of d and Het relative to Li® (1.52 Mev) 
which is less than the deuteron binding energy (2.22 
Mev). The fact that the bound state is a 2S level means 
that there is a node in the wave function, which further 


8 P. Swan, Proc. Roy. Soc. (London) A228, 10 (1955). 
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TABLE IT. Phase-shift analysis for 8 and 10.3 Mev.® 


8 Mev 10.3 Mev 

Starting Starting End 

E point point point 
0.7120 0.7739 
2.0516 2.2595 
+0.2500  +0.2500 
—0.6133 —0.6263 
—0.3562 —0.1760 
—0.8291 —0.1411 
—0.7844 —0.1212 
—0.7012  —0.1627 


End 
point 
6(3S1) 0.9840 
6CDi)+3¢2 1.5411 
2e 0.3990 
5(®De) +3 92 — 0.5435 
56(3D3)+43¢2 —0.2178 
6(@Po)+3¢1 —0.6558 
63P1)+3¢1 —0.6150 
6(3P2)+4¢1 — 0.5422 


0.9489 

1.7764 

0.3990 
— 1.266 
— 0.2965 
—0.1566 
—0.1566 
—0.1566 


“For 8 Mev, the Coulomb phase shifts are ¢1/2 =0.1566 radians, g2/2 
=0.2354 radian, and for 10.5 Mev, ¢1/2 =0.1383 radian, 2/2 =0.2077 
radian. 


increases (g?) over what one might expect. We find 


: 11 
(¢)=22 f, a 


whereas, as Foldy points out 
(r?)= 41.80 f? shell model, 


(g?)= 10.45 f. (12) 

It has to be concluded that the d+He* model of Li® 
is superior to the shell model in this respect. We now 
calculate the location of the virtual (unbound) D levels 
in order to show that the d+He* model also works for 
these levels. We treat the virtual D levels by calculating 
scattering phase shifts, of course. 

We anticipate the following qualitative features. The 
S phase shift starts at 27 at zero energy and decreases 
with energy ; that is, (when the 27 is subtracted from it) 
the S phase shift will look something like the S phase 
shift for hard sphere scattering for some radius hard 
sphere. This behavior agrees with the result of Galonsky 
and McEllistrem.? The P phase shifts start at # at zero 
energy and decrease with energy. Because the tensor 
and spin orbit terms shown in Fig. 1 are weak, compared 


TABLE III. Quality of fit to differential cross section at 8 Mev. 


@(c.m.) (degrees) Ocale (barns) 


30 0.3300 
40 0.1760 
50 0.0920 
60 0.0395 
70 0.0415 
80 0.0660 
90 0.0830 
100 0.0950 
110 0.0860 
120 0.0730 
130 0.0750 
140 0.1070 
150 0.1860 
160 0.2400 


Sexp (barns) 


0.3520 
0.1838 
0.0820 
0.0385 
0.0395 
0.0623 
0.0837 
0.0900 
0.0822 
0.0734 
0.0809 
0.1153 
0.1747 
0.2431 


® The literature on the theory of d+Het scattering (definition 
and calculation of phase shifts and connection between phase 
shifts and scattering amplitudes) is reviewed in the Appendix. 
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TABLE IV. Quality of fit to differential cross section at 10.3 Mev. 


6(c.m.) 


degrees) 


#(c.m.) Tex; Feat 
(degrees) (barns barns 


18.4 
22.0 
23.0 
29.4 
34.0 
36.6 


exp 
(barns) 


Trvale 
(barns) 


0.0713 
0.0710 
0.0694 
0.0629 
0.0608 
0.0580 
0.0542 
0.0453 
0.0440 
0.0381 
0.0351 
0.0332 
0.0312 
0.0312 
0.0320 
0.3040 
0.0351 
0.0401 
0.0437 
0.0468 
0.0540 
0.0582 
0.0613 
0.0662 


0.0679 
0.0709 
0.0668 
0.0616 
0.0587 
0.0576 
0.0519 
0.04447 
0.0418 
124.6 0.0378 
127.2 0.0362 
3 0.0370 
0.0354 
0.0371 
0.0400 
0.0436 
0.0473 
0.04655 
0.05365 
0.05845 
0.0706 
0.07275 
0.07425 
0.0824 


0.5445 
0.3797 
0.3479 
0.2093 
0.1460 
0.1176 
0.0803 
0.0593 
0.0361 
0.0256 
0.0155 
0.0125 
0.0129 
0.0158 
0.0225 
0.0285 
0.0377 
0.0444 
0.0532 
0.0586 
0.0590 
0.0684 
0.0712 
0.0718 


0.452 
0.356 
0.326 
0.186 
0.143 
0.111 
0.0761 
0.0571 
0.0369 
0.0223 
0.0105 
0.00975 
0.0118 
0.0171 
0.0217 
0.02535 
0.0343 
0.04115 
0.0481 
0.0548 
0.05785 
0.0629 
0.0694 
0.0691 


100.6 
101.2 
103.6 
109.2 
110.6 
112.4 
114.6 
119.8 
120.6 
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to the central term, there will not be much J splitting 
unless there is a resonance. Calculation shows there is 
no resonance and (as expected) little J splitting. This 
behavior also agrees with the results of Galonsky and 
McEllistrem, who found small, negative unsplit P phase 
shifts. 

By inspection of Fig. 1, and from a knowledge of the 
interval rules’ for the spin orbit and tensor terms in 
Eq. (5), it can be seen that the order of the D levels as 
given by Galonsky and McEllistrem is the same as the 
order given by the d+ He‘ model. 

Only detailed computation can confirm whether or 
not the magnitude of the S phase shift is correct, whether 
or not the D phase shifts pass through 90° at the right 
energy and with the right level width, and whether or 
not the tensor coupling of the *S;+*D, state is negligible 


raBLe V. The function ¢ vs @. 


6(c.m.) 


(degrees) 4.5 Mev 8 Mev 10.3 Mev 


—0.005 
—0.045 
—0.115 
0.285 
0.240 
0.150 
0.220 
0.235 
0.250 
0.255 
0.230 
0.080 
—0.195 
—0.305 
—0.310 
—0.310 


20 0.2155 
30 0.3327 
40 0.1938 
50 0.0899 
60 —().3618 
70 —().2698 
80 0.1778 
90 0.4155 
100 0.2675 
110 —0.0790 
120 —().2920 
130 0.1749 
140 0.1300 
150 0.4247 
160 0.6339 
170 0.7527 


0.1044 
0.2256 
0.4663 
0.6060 
—~0.0285 
0.3170 
0.3712 
0.3192 
0.1777 
0.0621 
—().2526 
0.2323 
0.1285 
0.0465 


1 See the Appendix for the interval rules 
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as Galonsky and McEllistrem assumed. We may sum- 
marize our calculations very shortly by saying simply 
that everything calculated from the d+ He* model does, 
in fact, agree with the results of Galonsky and McElli- 
strem, and that the d+ He‘ model makes it possible to 
extrapolate their work to 8 and 10.3 Mev, at which 
energies the tensor coupling is important. 


IV. SUMMARY OF CALCULATIONS BASED 
ON THE MODEL 


The *S:+*D, phase shifts, including the coupling 
constant, are shown as a function of energy in Fig. 2. 
The coupling parameter 2e is negligible for Ez<4.5 Mev, 
and the 4S; and *D, phase shifts are in reasonable (if not 
excellent) agreement with the phase shifts of Galonsky 
and McEliistrem. 

Rather than calculating the *D», and *D; phase shifts 
directly from the model, we have adjusted a “phe- 
nomenological”’ square well potential central, tensor, 


TABLE VI. The function u vs @. 


6(c.m.) 

(degrees) 4.5 Mev 
20 0.2449 
30 0.4961 
40 0.7173 
50 0.9201 
60 0.9944 
70 0.7324 
80 0.2773 
90 0 
100 —0.1056 
110 —0.1726 
120 — 0.2509 
130 —0.3019 
140 — 0.2934 
150 — (0.2403 
160 — 0.1660 
170 —0.0841 


8 Mev 10.3 Mev 


ee 0.23 
0.6615 0.395 
0.9326 0.595 
1.093 0.61 
0.382 -0.40 

—().740 —0.76 ; 

—0.514 —(0).31 

—0.245 0 
0.433 0.285 
0.810 0.57 
0.884 0.875 
0.423 0.98 

—0.093 0.52 

-—0.273 0.095 

—().243 oes 


° 
and spin orbit terms to fit the following data: the 2S 
level must have the right binding energy (1.52 Mev), 
the *D; and *D, phase shifts must pass through 90° at 
the energies given by Galonsky and McEllistrem, and 
the width of the *D; resonance must agree with the 
width given by Galonsky and McEllistrem. This last 
condition determines the range of the square well (we 
assume that all three terms have the same range) and 
the first three conditions determine the depth of each 
term." This square well potential is compared with the 
model potential in Fig. 1. The agreement is reasonable. 
P and *D: and *D; phase shifts calculated from the 
square well potential are given in Table I as a function 
of energy. 

We have used phase shifts taken from Table I and 
Fig. 2 as a starting point for a phase-shift analysis of 


" This is not really so since as indicated in Fig. 1 we have used 
different central terms in the S and D states. Thus the square well 
potential in Fig. 1 is “‘a” potential (and not ‘‘the” potential) which 
fits the D. and D; phase shifts of Galonsky and McEllistrem (see 
also remarks in footnote to Table I). 
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the 8- and 10.3-Mev data. The phase shifts which we 
find to give the best fit to the data are similar to the 
pliase shifts used as a starting point as shown in Table IT; 
however, the magnitude of the P phase shift is much 
smaller than expected from Table I, and also smaller 
than expected from a graphical extrapolation of Galon- 
sky and McEllistrem’s P phase shift. The quality of the 
fit to the data is shown in Tables III and IV; the rms 
deviation is a little over twice the errors assigned by 
the experimentalists in the case of 10.3 Mev. 

The quantities relevant to experiments designed to 
produce or analyze beams of polarized deuterons are the 
expectation values of four operators.”* These four quan- 
tities are denoted differently by various authors. 


Wolfenstein’s 
notation" 
(T29) l, ‘V2 
(T11) —u/N3 
(To) = —v/v3 

( T 2 ) = 2v3 


Stapp’s 
notation 


TABLE VII. The function 2 vs @. 


6(c.m.) 
(degrees) 10.3 Mev 
vee 0 
0.0424 0 
0.0910 0 
0.1650 0 
0.1913 —0.06 
0.0043 —0.11 
—0.1044 —0.115 
—0.1421 —0.12 
— 0.1762 —0.125 
—0.2270 —0.115 
— 0.2794 —0.07 
—0.2647 0.08 
—0.1812 0.24 
—0.1060 0.225 
—0.0577 0.13 


4.5 Mev 


20 0.1139 
30 0.3292 
40 0.5421 
50 0.7426 
60 0.8433 
70 0.6664 
80 0.2916 
90 0 
100 —0.2155 
110 —0.4485 
120 —0.6624 
130 —0.7369 
140 —0.6596 
150 —0.5074 
160 —0.3363 
170 —0.1664 


8 Mev 





The quantities ¢, uw, v, w are given in Tables V-VIII as 
a function of angle for the two energies and also 4.5 Mev. 
They have been calculated at lower energies (in the 
vicinity of the *D; resonance, namely 1.1 Mev) by 
Pondrom* and also at 2.5 and 3.5 Mev by Phillips.’®* We 
have checked these calculations. 


V. SUMMARY 


The model we have given for the d+ Het interaction 
may be of interest for d+heavy nucleus interaction. 

It is our hope that the analysis of the 8- and 10.3-Mev 
data has led to correct estimates of the quantities re- 
quired to plan experiments with polarized deuteron 
beams. 


2 See the Appendix for an outline of the theory. 

3 See W. Lakin, Phys. Rev. 98, 139 (1955). 

4 Lee G. Pondrom, Phys. Rev. Letters 2, 386 (1959). 
16 R. J. N. Phillips, Phys. Rev. Letters 3, 101 (1959). 
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TABLE VIII. The function w vs @. 


6(c.m.) 
(degrees) 8 Mev 10.3 Mev 
0.045 


0.163 


4.5 Mev 


20 0.0885 
30 0.3802 
40 0.8268 
50 1.3568 
60 1.5953 
70 0.8091 
80 —0.6021 
90 — 1.2460 
100 —0.8842 
110 0.0782 
120 0.9736 
130 1.2392 
140 0.9820 
150 0.5860 
160 0.2615 
170 0.0648 


0.2434 
0.5699 0.44 
1S 0.98 
1.226 0.8 
—0.3131 —0.60 
— 1.029 —0.73 
— 1.047 —0.65 
—0.8240 —0.52 
—0.3703 —0.315 
0.3351 0.055 
0.8482 0.62 
0.7421 0.85 
0.4186 0.52 
0.1743 0.23 


APPENDIX 


The partial wave expansion of F(q)X,” is exactly the 
same as it is for the triplet state in nucleon nucleon 
scattering. The interval rule for the term (¢,+¢,)-q 
XV, is the same as the interval rule for the spin orbit 
term; namely 

$LJ (J+1)—L(L+1)—S(S+1)], 
and since on: qop: q/¢ is (Si2+1)/3, its properties when 
operating on states of definite J and LZ may be read from 
a table of the properties of Sj. (see, for example, 
Ashkin and Wu'®). 

We have used the so called nuclear bar phase shifts 
in parametrizing the scattering matrix. The formulas 
for the elements of the scattering matrix in terms of 
these phase shifts are given by Stapp.’’ Galonsky and 
McEllistrem introduce 5 scattering amplitudes A, B, C, 
D, E and give formulas for these in terms of the elements 
of the scattering matrix (see their Appendix I, final 
equation). Stapp, on the other hand, uses only 4 scatter- 
ing amplitudes a, 6, c, d. [See his Eq. (22), p. 75.] 
Therefore Galonsky and McEllistrem’s amplitudes must 
be connected; we find 

E sin?@/V2= A— B+cos0(C—D), 
and 

b= —}3(C+D) sindi, 

d=—(C+D)/2, 

a=3(2A+B), 

c= —2A+2B—3 cos0+3D cos. 


This last formula is, indirectly [via Galonsky and Mc- 
Ellistrem’s last equation in their Appendix I and Stapp’s 
Eq. (A.20) ], an expression for Stapp’s amplitudes in 
terms of the bar phase shifts. 

For the calculation of quantities relating to deuteron 
spin polarization phenomena, we use Stapp’s equations 
on his p. 76 ff. 

16 J. Ashkin and T.-Y. Wu, Phys. Rev. 73, 982 (1948), Eq. (26). 


17H. P. Stapp, thesis, University of California Radiation Labo- 
ratory Report UCRL-3098 (unpublished), p. 107, Eq. (A.20). 
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The possibility of branching in the decays of Na#!, Mg*, Al**, Si?”, S*, and Ca® has been investigated 
using NaI(TI) scintillation detectors. The nuclear gamma rays emitted as a result of branching transitions 
were detected in coincidence with the accompanying positron annihilation radiation. Branching was found 
to the first excited states of the daughter nuclei in the decays of Na", Mg, and S*, with intensities (com- 
pared to the total decay) of 2.2, 9.1, and 1.1%, respectively. The decays of Al?5, Si??, and Ca® were found 
to have no detectable branching to the lower excited states of the daughter nuclei, and upper limits of less 
than one percent were placed on the branching ratios for such branches. The lack of branching in the decay 
of Al** to the 0.98-Mev level of Mg*5 favors a unified model description for the nuclear states involved. 


INTRODUCTION 


N the past several years, the decays of many mirror 
nuclei have been studied by means of magnetic 

spectrometers in an effort to reduce the uncertainties 
of the comparative lifetimes for these decays. The 
mirror nuclei in the region 19<A<39 have been 
studied using a 180° magnetic spectrometer,' and 
further studies have been made for A =15, 35, and 39 
with a thin lens magnetic spectrometer.~* These 
determinations have increased the precisions of the 
end-point energies to the extent that the comparative 
lifetimes of the decays are known to within about five 
percent, using the values of the most recent half-life 
determinations,** and neglecting branching in the 
decays. Comparisons of matrix elements calculated 
from different nuclear models for these positron decays 
can now be made with the experimentally determined 
values, in an effort to determine the accuracy of the 
descriptions of the models. However, if there exists 
more than one beta-decay branch, the half-life that 
should be used in the computation of the comparative 
lifetime is not the total half-life, but is the half-life for 
the ground state to ground-state transition. 

Up to the time of this study, little information was 
available on the presence of branching in the decay of 
mirror nuclei. Weak branching has been reported in the 
decays of A®®,? Al’®,? P®§ and Cl*,° and an upper limit 
of about 0.1% has been reported for branching in the 
decay of Ca®.* Thus, it was thought that a more 


* Work was performed in the Ames Laboratory of the U. S. 
Atomic Energy Commission. 

t National Science Foundation Predoctoral Fellow, now at the 
Ohio Oil Company, Denver Research Center, Littleton, Colorado. 

‘Roger Wallace and Jasper A. Welch, Jr., Phys. Rev. 117, 
1297 (1960). 

20. C. Kistner, A. Schwarzchild, B. M. Rustad, and D. E. 
Alburger, Phys. Rev. 105, 1339 (1957). 

70. C. Kistner, A. Schwarzchild, and B. M. Rustad, Phys. 
Rev. 104, 154 (1956). 

‘O. C. Kistner and B. M. Rustad, Phys. Rev. 112, 1972 (1958). 

5M. V. Milhailovic and B. Povh, Nuclear Phys. 7, 296 (1958). 

*S. E. Arnell, J. Dubois, and O. Almén, Nuclear Phys. 6, 196 
(1958). 

7D. Maeder and P. Stahelin, Helv. Phys. Acta 28, 193 (1955). 

8H. Roderick, O. Lénsjé, and W. E. Meyerhof, Phys. Rev. 
97, 97 (1955). 

* W. E. Meyerhof and G. Lindstrom, Phys. Rev. 93, 949 (1954). 


extensive knowledge of branching in the decays of 
mirror nuclei was needed, and this study was under- 
taken to estimate the effects of branching in the decays 
of the mirror nuclei Na”', Mg”, Al*®, Si?’, S*", and Ca®. 


EXPERIMENTAL METHOD 


The mirror nuclei studied in this experiment were 
produced from their respective elements by irradiation 
in the 45-Mev bremsstrahlung beam of the Iowa State 
University Synchrotron. The Na*™ and AIl*® sources 
were produced by the (y,2m) photonuclear reaction on 
Na™ and Al’, respectively, while the other activities 
were produced by the (y,”) reaction on the most 
abundant stable isotopes of their respective elements. 
Contaminant activities did not prove to be of great 
concern in the experiment, except for the production 
of Al?*™, which was of higher yield than Al** in the 
photonuclear reactions on Al?’. For this case, the result 
obtained is dependent upon the estimated relative in- 
tensities of the two activities which were produced. 

Due to the short half-lives involved in the decays 
studied, and in order to reduce the background during 
the counting periods, the samples were transported by 
means of a pneumatic shuttle system a distance of 12 
feet from the bombardment position to the shielded 
counters. The samples were mounted in blocks of balsa 
wood and were } inch thick by 1% inches in extent. In 
a single cycle the samples were bombarded for a period 
of time equal to about three half-lives of the decay 
under investigation, and were counted for a similar 
duration. For the shorter lived samples as many as 
1000 cycles were used. 

The method which was used to observe branching in 
the positron decays of the mirror nuclei listed above 
involved the study of the gamma-ray spectra obtained 
in fast coincidence with annihilation radiation. The 
usual fast-slow coincidence arrangement with a re- 
solving time of 10-* second was used to gate a 256- 
channel analyzer. A gamma-ray pulse from one counter 
was recorded by the analyzer when it was in fast coin- 
cidence with an annihilation radiation pulse from the 
other counter. Unwanted coincidences between the two 
annihilation radiation photons were prevented by the 
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geometrical arrangement of the coincidence counters. 
These counters, which consisted of NaI(T!) crystals 
coupled to RCA 6810A photomultiplier tubes, were 
placed with their symmetry axes forming the legs of a 
right angle. The sample was positioned in a brass con- 
tainer placed at the apex of the right angle and was 
beyond any line connecting any two points in the detec- 
tion crystals. The container served to stop the posi- 
trons within a particular geometrical region, from 
which annihilation radiation coincidences could not be 
detected, since the annihilation radiation photons 
would be emitted in opposite directions. A lead ab- 
sorber was placed between the crystals to prevent 
gamma radiation from scattering out of one detection 
crystal and into the other, which would also result in 
an unwanted coincidence. 

With this arrangement, therefore, the measured 
coincidence spectrum consisted of gamma radiation 
resulting from a branch in the decay, if present, with 
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Fic. 1. Singles gamma-ray spectrum obtained 
from the decay of Mg*. 


the additional effects of positron bremsstrahlung, the 
back-scattering of one annihilation radiation photon, 
and annihilation-in-flight radiation. With careful anal- 
ysis of the spectra obtained, the lowest branching ratio 
which could be detected with this method was estimated 
to be about 0.2%. 

The branching ratio for each branch was calculated 
from the relative intensities of annihilation radiation 
and gamma radiation. The number of counts observed 
per unit time in the photopeak of the annihilation 
radiation in a singles spectrum is 


Nou = 2N 2” (€P, T)o.511, 


while the number of counts per unit time in the photo- 
peak of a gamma ray in a coincidence spectrum is 


Ny°=2N BQVLN® (EP, T) 0.61 (€P/T),. 


In these equations, 2 is the solid angle subtended by 
the detector at the source, ¢ is the efficiency of inter- 
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Fic. 2. Coincidence gamma-ray spectrum of the decay of Mg*. 


action of the gamma ray with the detection crystal, 
and (P/T) is the probability that an interacting gamma 
ray will lose all of its energy in the crystal resulting in 
a photopeak event. For a given geometry, e and (P/T) 
can both be expressed as functions of the energy of the 
gamma ray. The superscripts (1) and (2) refer to the 
detection channels of the coincidence arrangement. 
G is the intensity of the branch decay expressed in per- 
centage of total decays. Solving these equations for 
B gives 
N,¢ 
B=—— en 
Nos P2® (eP/T)4® 


The determination of 2° was made experimentally, 
using a Na™ source, which has a known branching ratio 
of nearly 100%. The values of the photopeak detection 
efficiencies which were used throughout the experiment 
were taken from the calculations of Vegors, et al.” 
Normalization of the counting rates observed in this 
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3. 3. Coincidence gamma-ray spectrum of the decay of Mg® 
minus a C"™ coincidence gamma-ray spectrum. 


™S. H. Vegors, Jr., L. L. Marsden, and R. L. Heath, U. S. 
Atomic Energy Commission Report IDO-16370 (U. S. Govern- 
ment Printing Office, Washington, D. C., 1958). 
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Fic. 4. Singles gamma-ray spectrum obtained 
from the decay of Na*!. 


investigation was made to the amount of synchrotron 
beam dosage given the samples. 


RESULTS 


Some of the experimental gamma-ray spectra ob- 
tained in the investigation are shown in Figs. 1-7. 
Figure 1 shows a singles gamma-ray spectrum of the 
decay of Mg”. There is a very slight indication of a 
gamma ray at an energy of 0.44 Mev corresponding 
to a transition to the first excited state of Na. How- 
ever, an estimate of its intensity is extremely difficult 
to determine from Fig. 1 since the annihilation radiation 
peak is so intense. Figure 2 shows a coincidence spectrum 
of the decay of Mg”, and it is seen that the 0.44-Mev 
gamma ray is a prominent feature of the spectrum. 
The apparent peak between 0.2 and 0.3 Mev was 
thought to be due to the detection of an annihilation 
radiation photon after it back-scattered from the sur- 
rounding shielding. This effect would increase further 
at lower energies, but the coincidence circuit cutoff 
causes it to appear like a peak. Figure 3 shows the 
result of the subtraction of a coincidence gamma-ray 
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5. Coincidence gamma-ray spectrum of the decay of Na®. 
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spectrum from the decay of C"', for which no branching 
is known, from the spectrum of Fig. 2, indicating that 
scattered annihilation radiation was indeed the sus- 
pected source of the low-energy prominence in the 
coincidence spectrum. 

Figure 4 shows a singles spectrum from the decay 
of Na*!, in which there is no indication of a branch to 
the 0.347, Mev first excited state of Ne?'. However, the 
coincidence spectrum of Na”! shown in Fig. 5 shows that 
such a branch is clearly present. The broad peak at 
0.2 Mev is also due largely to the detection of scattered 
annihilation radiation photons. 

The singles spectrum obtained from the decay of 
S* is shown in Fig. 6. There is a slight indication that 
a branch is present in the decay to the first excited 
state of P®!, Examination of the coincidence spectrum 
for S*' shown in Fig. 7 also indicates that such a branch 
does occur, although the intensity of the branch is 
quite weak, accounting for the poor statistics observed. 
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Fic. 6. Singles gamma-ray spectrum obtained 
from the decay of S*. 


The peak at 0.511 Mev and the continuous portion of 
the spectrum are due to bremsstrahlung-annihilation 
radiation coincidences. 

The spectra obtained in the studies of Al*®, Si?’, and 
Ca* are not shown, but they exhibited no indications of 
branching to the first or second excited states of the 
daughter nuclei. 

Table I shows the results of this experiment, along 
with the comparative lifetimes, or ft values, calculated 
from the tables of Moszkowskiand Jantzen." References 
are given for the values of the end-point energies and 
half-lives used. 


DISCUSSION 


The results of this experiment can be interpreted in 
terms of either the shell or unified models of the 
nucleus for all cases except for the decay of Al*®, where 

1S. A. Moszkowski and K. M. Jantzen, University of California 
at Los Angeles, Technical Report No. 10-26-55 (unpublished 
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TABLE I. The branching ratios and comparative lifetimes for the decays of the mirror nuclei studied in this investigation. 


Parent 
isotope 


Daughter level 


End-point energy 
(Mev) 


(Mev) 
Na?! 2.51+0.62* 
2.16+0.02 
3.09+0.018 
2.65+0.01 
3.38+0.03* 
3.85+0.02" 
4.39+0.03" 
3.12+0.03 
9 5.490+0.025¢ 


M gs 


AP® 
Si”? 
S31 


Ca 


* See reierence 1. 
» See reference 6. 
See reference 5. 
1R. S. Storey and K. G. McNeill, Can. J 
of 6.5+2.5%. 
© See reference 4 


Phys. 37, 1072 (1959), have 


the unified model appears to give a better interpreta- 
tion. Using the configurations assigned to the ground 
states of parent and daughter nuclei and the daughter 
excited states, the appropriate selection rules for beta 
decay can be applied to determine the predictions of 
branches in the nuclei studied. The shell model con- 
figurations for the first two excited states of the daughter 
nuclei can be assigned in all the nuclei studied except 
Ca*, where the spins and parities for the excited levels 
of K*® are not yet reported. Unified model configura- 
tions have been assigned to the levels of Na*," Mg*,8 
and P*'," and plausible assignments can be made by 
comparison to these cases for Ne”, AlP?’, and K*®. 

The branches observed in the decays of Na®! and 
Mg* are predicted in a qualitative sense by both the 
shell and unified model descriptions. Both models 
predict beta transitions to the first excited states of the 
daughter nuclei, resulting from a recoupling of three 
id; nucleons from j= $ for the ground states to j=3 
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Fic. 7. Coincidence gamma-ray spectrum of the decay of S*. 


2 EF. B. Paul and J. H. Montague, Nuclear Phys. 8, 61 (1958). 
13 A. E. Litherland, H. McManus, E. B. Paul, D. A. Bromley, 
and H. E. Gove, Can. J. Phys. 36, 378 (1958). 
4 C. Broude, L. L. Green, and J. C. Willmott, Proc. Phys. Soc. 
(London) 72, 1122 (1958). 


Branching ratio 
(percent) 


97.8+0.3 
2.2+0.3 
90.9+0.5 
9.1+0.5¢ 
>99.1 
>99.8 
98.9+0.1 
1.1+0.1 
>99.9« 


also 


Transition 
ty (sec) 


Total & 
(sec) 


ftX 10-8 
(sec) 


3.91+0.15 
90+ 12 
5.49+0.10 
28+2 
4.30+0.19 
4.41+0.13 
§.16+0.17 
99+ 10 
4.33+0.10 


23.5+0.2 
1045+ 140 


23.0+0.2" 


12.1+0.1° 


0.88+0.01° 


recently reported this mode of decay to occur with a relative intensity 


for the excited states using the shell model description, 
and resulting from a rotational state transition in the 
representation of the unified model. 

The decay of Al® is explained more accurately by 
the unified model, in that the shell model predicts a 
transition from the 1ds ground state of Al*® to the 0.98 
Mev 1d; state of Mg*, with an expected branching 
ratio of the order of ten percent, using equal Gamow- 
Teller matrix elements for the ground-state and excited- 
state transitions. Using the unified model configura- 
tions, however, the first (0.58 Mev) and second (0.98 
Mev) excited states belong to the rotational band of 
the 2s,, K= 4 single-particle level." Thus, the transi- 
tion from the ground state of Al*® to the 0.98-Mev 
state of Mg*® is K forbidden, so the lack of branching, 
which was the observed result of this experiment, seems 
to be explained more accurately by the unified model 
than by the shell model, at least in a qualitative sense. 
The weak branch to the 1.61 Mev (J=$) state of Mg®>? 
is expected to be a rotational transition, using the 
unified model configurations. 

The decays of Si?” and Ca* are expected to have no 
branching to the first or second excited states by con- 
sideration of both the shell and unified models, and none 
was observed in this investigation. In the case of Si?’, a 
transition to the first excited state of Al?’ (0.84 Mev, 
I=4+-) is second forbidden. The shell model forbids a 
transition to the second excited state of Al?? (1.01 Mev, 

=$+-) since this would involve a two-particle transi- 
tion. In the unified model description, if the first and 
second excited states of Al?’ belong to the rotational 
band of the 2s;, K=}4 single-particle level, a transition 
to the second excited state is K forbidden, as well as in- 
volving a two-particle transition. 

Both models also forbid a transition to the first 
excited state of P* in the decay of S*, but this branch 
was observed in this investigation. In both the shell 
model and unified model descriptions, the ground state 
and first excited state are due to the 2s; and 1d; single- 
particle levels. Thus, a transition to the first excited 
state of P* is a two-particle transition and is forbidden. 





276 W. L. TALBERT, JR.., 
Parkinson,'® however, has reported configuration mixing 
to be present in the shell model description of the 
ground state of P*', and such mixing can be used to 
explain the presence of the branch in the decay of S*. 
In the unified model description, the configurations 
are also expected to be mixed," and again this would 
allow a transition to the first excited state of P*' in the 
decay of S*. 


1% W.C. Parkinson, Phys. Rev. 110, 485 (1958). 
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The 9.5-hour decay of Ga and the 5.1-minute decay of Cu®* have been studied by a variety of techniques 
including gamma-ray spectroscopy, internal conversion measurements, and angular correlation studies. All 
but one of the 18 gamma rays observed have been ordered into a structure of 11 levels and the spins and 
parities of all but one of these levels have been determined. It is shown that Ga*® has spin zero and even 
parity and that its 4.166-Mev 8 spectrum is a pure Fermi transition. The energy of the internal conversion 
line of the 4.300+0.005 Mev transition was measured with great care and this line may be useful for spec- 
trometer calibration. The second excited state of Zn®, at 1.875 Mev, has 2+ spin and parity. The stopover 
transition from this state contains at least 10% M1 radiation: the stopover to crossover ratio is greater than 


100 to 1. 


I. INTRODUCTION 


HE decay of Ga® to Zn was investigated in 
great detail by Mann, Meyerhof, and West.! 
Earlier work, mainly magnetic spectrometer measure- 
ments of the positron spectra, was performed by Langer 
and Moffat? and by Mukerji and Preiswerk.* The decay 
of Cu® was studied by Friedlander and Alburger.‘ 
Recently, Horen and Meyerhof,® in a new study of 
the decay of Cu® to Zn®, found a level at 1.865 Mev 
(the second excited state) which strongly suggested 
that some of the gamma rays in the decay scheme of 
Ga® had been misplaced. This conclusion was strength- 
ened by the (p,p’) reaction data of Beurtey et al.,® 
who were able to resolve inelastic proton groups cor- 
responding to excitation of the lowest levels in Zn®. 
Magnetic moment measurements of Ga indicate 
that its spin is zero,’ while shell-model considerations 


t Work performed under the auspices of the U. S. Atomic 
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4A. Mukerji and P. Preiswerk, Helv. Phys. Acta 25, 387 (1952). 
4G. Friedlander and D. E. Alburger, Phys. Rev. 84, 231 (1951). 
®D. J. Horen and W. E. Meyerhof, Phys. Rev. 111, 559 (1958). 
*R. Beurtey, P. Catillon, R. Chaminade, H. Faraggi, A. 
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7J. C. Hubbs, W. A. Nierenberg, H. A. Shugart, and J. L. 
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imply that the parity of this state is positive. The 
4.17-Mev ground-state positron spectrum in the Ga® 
decay is thus expected to be a pure Fermi transition. 
Measurements of the polarization of these positrons® 
have figured significantly in the determination of the 
beta-decay invariants of the Fermi interaction. It 
therefore seemed valuable to check that the 0+ 
assignment to Ga® was in agreement with the Ga® 
decay scheme, and to determine the purity of the higher 
energy portion of the positron spectrum. 

The second excited state of Zn® at 1.865 Mev, while 
similar in many respects to the second excited states 
of Zn™ and Zn*®, has a very much smaller crossover to 
stopover transition ratio.’ Its behavior was, therefore, 
studied in some detail. 

We have been able to place all but one of the 18 
gamma rays we observed into an ordered scheme con- 
taining 11 levels and to determine unambiguously the 
spins and parities of all but one of these levels. The 
measurements which led to our decay schemes of Ga® 
and Cu® are described in the following sections and are 
summarized as follows: 

(1) The energies and intensities of the gamma rays 
fed in the decay of Ga® were determined by single- 
crystal scintillation spectrometry, by three-crystal pair 

8M. Deutsch, B. Gittelman, R. Bauer, L. Grodzins, and A. 
Sunyar, Phys. Rev. 107, 1733 (1957); S. Frankel, P. Hansen, 
O. Nathan, and G. Temmer, Phys. Rev. 108, 1099 (1957). 

*D. J. Horen, Phys. Rev. 113, 572 (1959). 
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Fic. 1. Three-crystal pair spec- 
trum of y rays in the Ga® decay. 
The curve (A) is the resolution of 
the experimental curve (B) into 
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scale refers to the pair energy, i.e., 
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spectrometry, and by internal conversion spectrometry 
using an intermediate image spectrometer. 

(2) These gamma rays were ordered into a decay 
scheme by the requirements placed by their energies 
and intensities as well as by y-y coincidence measure- 
ments using both conventional methods (i.e., multi- 
channel analyzer and single-channel analyzer) and an 
XYZ coincidence analyzer.” The level scheme resulting 
from these studies was further confirmed by positron- 
gamma coincidence studies, and, very critically, by a 
study of the gamma-ray intensities in coincidence with 
511-511 kev annihilation radiation. 

(3) The spins and parities of the levels were deduced 
from (a) angular correlation measurements on cascades 
through the known 2+ first excited state at 1.037 Mev, 
(b) the internal conversion and gamma-ray intensity 
measurements, and (c) from the allowed character of 
the beta feedings to the levels. In Sec. IX the experi- 
mental evidence leading to decay scheme of Fig. 6 is 
summarized. The final section contains a discussion of 
the results. 


II. SOURCE PREPARATION 


All the Ga® activity was prepared by 40-Mev a 
bombardments of natural Cu targets. For many of the 
y-ray measurements the Cu target was allowed to 
decay for several hours and then used without chemical 
separation. For the § spectra, conversion electron 
spectra, and y-y correlation measurements, the Ga 


1 Lee Grodzins, Rev. Sci. Instr. 26, 1208 (1955). 
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Mev 


activity was separated from the Cu target and from 
Zn activities produced in the bombardment by the 
ether extraction process. The Ga activity was separated 
from the ether solution by back-extracting into water. 

Cu® sources were produced by neutron activation 
of Cu®. Preliminary runs were performed using natural 
Cu targets and also isotopically separated (90%) Cu® 
obtained from the Oak Ridge National Laboratory. 
Because of difficulties with even small amounts of Cu® 
activity, the final experiments were performed using 
99.4% Cu® targets obtained from the Atomic Energy 
Research Establishment at Harwell. 


Ill. y-RAY INTENSITIES 
A. Three-Crystal Pair Spectra 


A single Nal scintillation spectrometer of presently 
available resolution cannot resolve the complex spec- 
trum of y rays between 0.8 and 4.8 Mev. For this 
reason, Mann, Meyerhof, and West! investigated the 
y-ray spectrum with the use of a three-crystal pair 
spectrometer using an oscilloscope display of pulse 
heights. We have repeated this measurement using a 
100-channel analyzer in place of their oscilloscope. Our 
spectrometer was constructed using a 2 in.X2 in. Nal 
center (display) crystal and two 3 in.X3 in. Nal side 
crystals for detection of the annihilation radiation. 
The pulses displayed on the multichannel analyzer 
were those in coincidence (27~10~" sec) with 511425 
kev radiations in both side crystals. Energy calibration 
of the center crystal was determined using the photo- 
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peak positions (in the single spectrum of the center 
crystal) of the 0.511-, 1.037-, and 2.748-Mev peaks. 
The pair spectrum is shown in Fig. 1(B). A continuous 
background indicated in this figure, due to brems- 


TABLE I. Gamma-ray energies and intensities. 


Intensities 
adopted 
in decay 
scheme 
percent 

per decay 

Ga") 


Intensities 
adjusted for 
conversion 
Measured data 
relative percentage 
y-ray per ground 
intensities* state 6") 


Intensities* 
by Mann 

E+(Mev) et al. 

0.828 +0.0024 1 + + 1 S. ‘ 
037 +0.0024 7 5 36 

333 +0.0034 0.3 3 
41 +0.03 O08 

54 +0.04 0.5 

915 +0.010¢ A+ 0. 1.0 

183 +0.0044 3+ 1. +1 

410 +0.0204.f 1.0 

470 +0.0204 « 1.0 

748 +0.0044 6 

03 +0.05°.« 0.4 

24 +0.04e.b 0.9 

400 +0.204.: 1.0 

790 +0.0304 0.6 

10 +0.04 1.8 

300 +0.0054 2.2 

AS +0.06' 

4.833 +0.0304 
Annihilation 

(0.511) 
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N 


alue of 60 for the 2.748-Mev y. 
2.748-Mev y rays per ground- 
lerived from three-crystal pair 
O0.5il-, 0.828-, and 1.037-Mev 
from singles and coincidence 


* Intensities normalized to an arbitrary v 
Sixty percent is the approximate ratio of 

state position transition.) All intensities are 
spectrometer data except those of the 
transitions whose intensities are derived 
spectra as described. 

> Adjustments made on rays whose internal conversion intensity 
measurement is more precise than the y-ray intensity measurement. The 
gamma intensities are computed from conversion intensity using assuming 
£2-M1 multipolarity. 

© Normalized to 26 for 2.748-Mev y ray 

1 Energy determined from internal conversion measurements. 

e Energy determined from 3-crystal pair spectrometer measurements. 

‘ Energy given as 2.43 Mev in decay scheme. 

*« Gamma rays not shown in decay scheme 

» Energy given as 3.22 Mev in decay scheme 

' Double line—shown as two transitions in decay scheme 


strahlung escape, is subtracted before analysis of the 
spectrum into the separate peaks as indicated in Fig. 
1(A). The relative intensities of the y rays were obtained 
using the relative pair efficiency curves given by Mann 
et al.,! and are given in the second column of Table I. 


B. Intensity of y Rays Below 1.2 Mev 


The only y rays observed are at 0.511, 0.83, and 
1.037 Mev. The intensities of the 0.511- and 1.037-Mev 
y rays relative to the 2.75-Mev y ray can be obtained 
from the singles y-ray spectrum in a 3 in.X3 in. Nal 
spectrometer. We have been able to obtain the relative 
intensity of the weak 0.83-Mev y ray only by com- 
parison of the 0.83-Mev and 2.75-Mev y rays in 
coincidence with 1.037 Mev." Since we believe both 
of these y rays are completely in coincidence with the 
1.037 y ray, this measurement seems justified. The 
results are given in the second column of Table I. 


IV. INTERNAL CONVERSION 


Measurements of internal conversion electrons from 
Ga*®* were performed using an intermediate image 
magnetic lens spectrometer.” The spectrometer was 
fitted with spiral baffles to separate electrons and 
positrons,” and the resolution was adjusted to ~ 1.5% 
yielding a transmission of ~2°% of 4r. Sources of ~3 
mC of Ga® were prepared by evaporation of a water 


1 These coincidence measurements have been corrected for the 
angular correlation between 1.037- and 1.87-Mev vy rays and the 
1.037- and 0.83-Mev y¥ rays. 

2D. E. Alburger, Rev. Sci. Instr. 27, 991 (1956). 

13D). E. Alburger, S. Ofer, and M. Goldhaber, Phys. Rev. 112, 
1998 (1958). 
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drop containing the activity on 1 mg/cm? Mylar film 
resulting in sources estimated to be less than 1 mg/cm? 
in thickness. Three separate runs of the conversion 
spectra were made one of which is shown in Fig. 2. This 
curve has been corrected for both room background 
and source decay. The remaining background is due to 
Compton electrons produced in the source itself and in 
the spectrometer baffles and to a small component of 
positrons scattered through the spiral baffles. The 
rather abrupt breaks in the background correspond to 
the Compton edges of the intense y rays. The K and L 
conversion lines are unresolved in all cases. The energies 
of y rays corresponding to the conversion lines are given 
in Fig. 2 and in Table I. The spectrometer was cali- 
brated with the 0.976-Mev conversion line of Bi?®’. Par- 
ticular care was taken in the measurement of the energy 
of the 4.3-Mev conversion line energy so that it might be 
used as a calibration for spectrometers containing iron. 

The 8* spectrum of one of the sources was measured 
several days after the conversion measurements. At 


TABLE IT. Internal conversion coefficients. 


Q(K +L 
a 
B* (4.16 Mev) 


- — x 
E.(Mev) §8*(4.16 Mev) 
0.52 +10% 
2.08 +5% 
0.045 +10‘ 
0.057 +25‘ 
0.064 +11' 
0.020 +55°% 
0.027 +40‘ J 
0.227 +8% 60 
0.014 +16 6.8% 
0.0081+35°; 4.3 
0.020 +23° 10.8 
0.0095+ 25‘ 5.4 


(ak +a) X104 


43 +0.6 
2.74 +0.36 
1.1 +0.4 
1.05 +0.35 
0.49 +0.08 


0.65 +40* 


0.38 +0.05 
0.21 +0.04* 
0.19 +0.08 
0 185+0.060 
0.175+0.050 


0.828 
1.037 
1.333 
1.915 
2.183 
2.410 
2.470 
2.748 


_ ~y 
Ww Ure D bo 
el eee 


Z 


* Unresolved y-ray intensity. Conversion coefficient is just 


electron intensities divided by unresolved y intensity. 
b Probably double. 


sum ol 


that time the 1.037-Mev conversion line was still quite 
easily observed, thus enabling us to check the source 
decay over about seven half-lives. Averages of the 
conversion line intensity from the three runs relative 
to the 8* intensity in the ground-state 8+ transition 
(4.166 Mev) assumed to be of allowed shape are given 
in Table II. The y-ray intensities relative to total 8* 
emission is determined from the relative intensity of 
y rays to annihilation radiation. If we assume, in 
accordance with our final decay scheme of Fig. 6 that 
88°% of the 8* decays are in the 4.166-Mev group, then 
the numerical values for the y intensities in the second 
column of Table I are the measured y intensities per 
100 ground state 8+. From these intensity measure- 
ments and the measured conversion line intensities, 
we obtain the conversion coefficients given in Table IT, 
and plotted in Fig. 3. The theoretical K+Z conversion 
coefficients are obtained by graphical extrapolation to 


Ga*é 
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Fic. 3. Theoretical total conversion coefficients for different 
multipolarities in Zn as a function of energy. The points indicate 
the measured coefficients of the observed transitions (see Table IT). 


high energies of the lower energy coefficients of Sliv." 
The errors indicated in the figure and table are relative 
errors and do not reflect any of the uncertainty in the 
determination of the @* branching. However, the 
excellent agreement between the measured and theo- 
retical conversion coefficient for the 1.037-Mev y ray, 
which is undoubtedly £2, confirms the 6* branching 
ratio to the ground state. 

We conclude that the conversion coefficients of the 
1.037-, 0.83-, and 2.748-Mev transitions are indicative 
of £2 or M1 character and that those of all the other 
measured transitions are consistent with £2 or M1 
character (or mixture). Also, the theoretical M1 and 
E2 conversion coefficients differ only slightly from one 
another and are well known. We have, therefore, 
adjusted some of the relative y intensities to those 
obtained from the conversion data and the theoretical 
conversion coefficients assuming £2 or M1 multipo- 
larity, since the relative intensities of the stronger con- 
version lines can be measured more accurately than the 
corresponding y rays. The adjusted intensities are given 
in the third column of Table I. 

A careful search for conversion electron lines between 
0.30-Mev and 0.82-Mev was performed. The absence 
of any conversion line indicates that no gamma-ray 
transition in this energy region can occur in the Ga® 
decay with more than 1% intensity even if its internal 


4L. A. Sliv and J. M. Band, Tables of Gamma-Ray Internal 
Conversion Coefficients, Leningrad Physico-Technical Institute 
Report, 1956 (translation: Report 571CC K1, issued by Physics 


Department, University of Illinois, Urbana, _ Illinois, 
(unpublished ) ]. 
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Fic. 4. Nal pulse-height spectra. (A) Singles observed in a 
3 in.X3 in. crystal, (B) y rays in coincidence with the 1.04-Mev 
y tay, (C) y rays in triple coincidence with two annihilation quanta 
from the source. The arrows indicate the expected positions of 
peaks corresponding to y rays observed in the three-crystal pair 
spectrum and the conversion electron spectrum. 


conversion coefficient were as low as that of an £1 
transition. 


V. COINCIDENCE EXPERIMENTS 


The singles NaI spectrum of Ga® y rays obtained 
with a 3 in.X3 in. crystal is shown in Fig. 4(A). It is 


Fic. 5. X-¥-Z analyzer spectrum of Ga*® coincidences. The 
camera field cuts off slightly above 1 Mev in the horizontal 
direction leading to the asymmetry of the display. 
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clear that the complexity of this spectrum precludes the 
possibility of quantitative coincidence spectroscopy 
except for the most intense y rays. 


A. Gamma-Gamma Coincidence 


Gamma rays in coincidence with the 1.037-Mev 
transitions were measured with conventional fast-slow 
coincidence circuitry employing two 3 in.X3 in. Nal 
detectors and a 100-channel analyzer for the display. 
The spectrum of coincidences is shown in Fig. 4(B). 
A list of the coincident y rays and some of their relative 
intensities are given in Table III(A). It was not con- 
sidered possible to obtain more quantitative data than 
is given in the table. 


TABLE III. Results of coincidence experiments. 


(A) ¥ rays in coincidence with 1.037 Mev:y (Fig. 4 
(a) 0.83, 1.30, 2.90, 2.18, 2.40, 2.75, 3.4 Mev y. 
(b) Zo.s3/Z2.73=0.20(+10°%) corrected for angular 
correlation 
(c) I2.75/I3.4~twice ratio in singles. 
(B) Coincidence sorter: (Fig. 5 
(a) in coincidence with 0.51: 
0.83, 1.04, 1.30, (1.68), 2.18, 2.75, 3.24, 
(b) in coincidence with 0.83: 
0.51, 1.04, 1.90, 2.40 
(c) in coincidence with 1.05: 
0.51, (0.68), 0.83, 1.30, (1.68), 1.91, 2.18, (2.40), 2.75, 
3.40 
(d) in coincidence with 1.30: 
very weak 1.4 
(e) except for very weak 1.4-1.30 coincidence no y ray of 
energy >1.1 Mev in coincidence with any y ray of 
energy >1.1 Mev. 





(C) Coincidences between 7 
(Fig. 4) 
(a) relative intensities in coincidence: 
Ty .04° 21.332 T2182 12.752 13.25= 1.1:0.08:0.6:0.25:0.26 
(intensities expected from decay scheme 
1.1:0.12:0.65:0.23:0.26 


rays and 2 annihilation quanta 


(D) Coincidences between + rays and 8* 
8 channel Most intense y rays 
0.22<Es3<0.62 3.24, 2.75 
1.3 <E3<2.2 


The X-Y-Z coincidence sorter is described in detail 
by Grodzins.” As used, the oscilloscope X and Y 
deflections correspond to pulse-height amplitude in two 
3 in.X3 in. Nal crystals, respec tively. The oscilloscope 
spot is intensified only if a coincidence occurs between 
the two detectors. The detectors were shielded from 
one another by a ~1}-in. Pb absorber and each crystal 
was shielded from the source by a 3 g/cm? Pb absorber. 
Photographic exposures of the scope screen were made, 
one of which is shown in Fig. 5. The results of these 
measurements are given in Table III(B). Some of the 
coincidences recorded in Table III(B) are enclosed in 
parentheses since they probably correspond to escape 
peaks of higher energy y rays. It should be noted that 
even in very long photographic exposures no coin- 
cidences were observed between two y rays of energy 





DECAY OF 


Gast 


AnD Ce* 


























&-+4---9 


- 5.1 MIN 


















































> .66 
in 


Fic.'6. Proposed decay scheme of Ga** and Cu®. All intensities, given in parentheses, refer to percentage of 
decays of the parent activity. Log ft values for the 8-decay transitions are indicated. 


greater than 1.1 Mev except for the weak 1.3-1.4 
coincidence. 

The knowledge of the precise energies of many of 
the y rays of Ga®, the available information on the 
levels of Zn®* from the decay of Cu® and the quali- 
tative results of the coincidence sorter experiments 
provide sufficient information to determine most of the 
level scheme of Zn® as given in Fig. 6. Further con- 
firmation of this level scheme was obtained from the 
coincidence experiments described below. 


B. y Rays in Coincidence with Annihilation 
Radiation 


The spectrum of y rays in coincidence with two 
annihilation quanta, indicating 6+ decay in the source, 
is a sensitive test of some of the features of the assumed 
decay scheme since the K capture to 8+ ratios to par- 
ticular states depends critically on the 6-decay energies. 
The coincidence experiment was performed using three 
3 in.X3 in. Nal crystals. The resulting spectrum is 
shown in Fig. 4(c). The measured relative intensities 
of y rays in coincidence with positrons as deduced from 
this spectrum are given in Table III(C) and are in good 
agreement with the values expected from the decay 
scheme. 

It should be noted that this experiment fixes an 


upper limit of 1% for the ground-state transition from 
the 2.37-Mev state to be compared to the 1.2% in- 
tensity of the 1.33-Mev cascade transition from this 
state. 


C. Positron-Gamma Coincidences 

The thick anthracene crystal necessary for this 
experiment has, unfortunately, an appreciable efficiency 
for gamma detection. Gamma-gamma_ coincidences 
accounted for about one-half the measured rate when 
the anthracene crystal pulses were selected for high 6+ 
energies. First order measurement of this effect was 
done by interposing an absorber for 8+ rays. The 
qualitative information obtained is listed in Table III 
and is in agreement with the decay scheme. 


VI. POSITRON SPECTRUM 


The positron spectrum from the decay of Ga® was 
measured with the intermediate image spectrometer. 
The observed spectrum is shown in Fig. 7. Kurie 
analysis of the upper group by fitting in the region 
5<p<9moc yields a straight Kurie plot with end point 
of 4.166-+0.030 Mev. All the points below 1.8 Mev'® 


15The source used for these measurements had decayed for 
more than 48 hours thus assuring that the 1.8-Mev 8* spectrum 
of 1-hr Ga® was no longer present. 
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Fic. 7. Positron spectrum of Ga® observed with intermediate 
image spectrometer. The solid curve is the calculated sum of the 
separate groups with intensities and end points indicated in the 


decay scheme 


lie above the straight line extrapolation of the high- 

energy Kurie plot. It is, however, clear that more than : 
©“ of the total 8* intensity belongs to the ground- 

state transition. 

Considerations of the precision of 8-spectral meas- 
urements'® indicate that one cannot generally expect a 
single group allowed 8 spectrum to yield a Kurie plot 
linear to better than several percent the 
maximum energy unless extreme care is taken with the 
source and spectrometer. Since small and unknown 
instrumental deviations from the expected allowed 
shape of the intense high-energy branch have a serious 


43 


at ~3 of 


effect upon the apparent intensities and end points of 
the lower energy groups, it is not considered particularly 
significant to perform Kurie analysis with successive 
subtractions in order to analyze the Ga® 8* spectrum. 

The solid curve drawn in theoretical 
spectrum determined by adding all the 8 groups with 
end points and relative intensities as given in the decay 
scheme and is normalized to the total measured spec- 
trum intensity. The agreement between the measured 
spectrum and the curve is probably within the possible 
systematic errors of the measurement. 

In the decay scheme of Fig. 6 the intensities of the 
8+ group are determined from the y-ray and internal 


Fig. 7 is a 


conversion data, in such a manner as to account for 
the measured internal conversion intensity of the 1.037- 
Mev transition relative to the intensity of the ground- 
state positron branch and for the intensities of the other 
y rays. All the capture to positron branching ratios are 
determined theoretically’? from the values of K to 6* 


16 A. Schwarzschild, thesis, Pupin Cyclotron Laboratory Re- 
port CU-167, AT30-1-GEN-72, Columbia University, 1957 
(unpublished). 

17M. L. Perlman and M. Wolfsberg, Brookhaven National 
Laboratory Report No. 485 (7110) (unpublished); P. F. Zweifel, 
Phys. Rev. 107, 329 (1957); A. H. Wapstra, G. J. Nijgh, and 
R. Van Lieshout, Nuclear Spectroscopy Tables (North-Holland 
Publishing Company, Amsterdam, 1959). 
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ratios of Zweifel as corrected by Perlman and Wolfsberg 

and a value of ~ 10% for the K to L capture ratio. 
Table IV gives the 8 group intensities as determined 

from the decay scheme, together with a comparison 

with the results of Mukerji and Preiswerk,*® and Langer 

and Moffat.2 The different the inner 


intensities of 


groups as determined by these authors may well be 
due to systematic errors in the measurement (scattering 
effect, etc.) and in the analysis. It is, however, inter- 
esting and gratifying to point out that the ratio of the 
sum of the intensities of the inner groups to the ground- 
state group intensity is ~15%% in the work of these 
authors and in our decay scheme. 


VII. DECAY OF Cu' 


During the course of our investigation of this decay, 
the detailed work of Horen and Meyerhof® was reported. 
Our results are in agreement with the decay scheme 
they propose. We shall discuss in detail only those 
measurements which extend their work. 

The intensity ratio between the 0.83-Mev y ray 
and the 1.037-Mev y ray was measured by comparing 
the 1.037-Mev intensity with the intensity of the (true 
coincident) sum peak at 1.87 Mev as obtained with a 
single 3 in.X3 in. Nal detector. These measurements 
indicated a relative intensity of 0.028+0.003 for the 
ratio of 0.83- to 1.037-Mev y-ray intensities. This 
method is reliable only because the 1.87-Mev crossover 
is extremely weak. 

An attempt was made to observe the very weak 
crossover transition. Isotopically pure Cu®, bombarded 
for several minutes in the Brookhaven reactor to pro- 
duce ~1.5 mC of the Cu® activity, was placed in a 
Lucite container thick enough to stop all the electrons. 
An absorber consisting of 1.5 inches of Pb and ?-in. of 
Cu was placed between the source and the 3 in. X3 in. 
Nal crystal in order to reduce the pile-up of brems- 
strahlung pulses, to enhance the crossover relative to 
the intense 1.037-Mev y ray, and to suppress the 1.037 
0.83 Mev sum peaks. Figure 8 shows the spectrum 


TABLE IV. 8 decay intensities. 


Mukerji/Prieswerk® 
and Langer/ Moffat' 
Intensity 
normalized 
to 44% for 
ground-state 
transition 


Our results 
Percent intensit 
per decay Ga 
Positron K+L 
energy capture log 


0.3 5 44 
0.09 


) 
0.946 3.3 2 B. 
0.767 1.6 
0.381 : 30 

Electron 

capture 
energy 
1.088 
0.886 
0.73 
0.36 


4.10 
4.300 
4.45 
4.83 


® See reference 3. 
» See reference 2. 
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obtained in this manner. The background pulses ob- 
tained in the high-energy region of Fig. 8 are presumably 
due to summing of the intense bremsstrahlung and the 
1.037-Mev y ray and to high-energy bremsstrahlung. 
The 1.87-Mev transition was not observed; an upper 
limit of 2.2 10~* per 1.037-Mev y-ray for the crossover 
intensity, corresponding to a limit of 0.8X10~ for the 
ratio of the ground state to cascade intensity in the 
decay of the 1.865-Mev level is deduced. 


Vill. ANGULAR CORRELATION MEASUREMENTS 
USING Ga** AND Cu*®* SOURCES 


The angular correlation measurements were per- 
formed using two 3 in.X3 in. NaI detectors each placed 
at about 15 cm from the source. The detectors were 
unshielded except for an absorber of ~2.6 g/cm? Pb 
over the face of each crystal and a u-metal shield 
surrounding the motor driven movable detector. The 
electronics consisted of a fast-slow coincidence system 
employing a 6BN6 coincidence tube and having a fast 
resolving time of 27-~2X 1075 sec. 


A. 1.04-2.75 Mev y Rays in the Ga®* Decay 


The angular correlation of the 1.04-2.75 Mev cascade 
is shown in Fig. 9. The sources used were surrounded 
by ~2 g/cm? brass to stop electrons. The decay scheme 
of Ga® as well as the coincidence curve of Fig. 4(B) 
indicate that there is <5% contribution to the counting 
rate in coincidence from other cascades. Corrections of 
about 6% for these other contributions including a 3% 
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Fic. 8. Nal scintillation spectrum of Cu® y rays. The dashed 
curve at 1.87 Mev corresponds to the intensity limit given in the 
decay scheme for a transition of this energy. 
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Fic. 9. Angular correlation between 1.04- and 2.75-Mev 
y rays in the decay of Ga®. 


random coincidence rate have been made to the data 
of Fig. 9. A least squares fit according to the method 
of Rose! yields the correlation 


N’(@) = (1.0340.01) — (0.14-++0.03) P2(cos6). 
A curve of this function is drawn in Fig. 9. The corre- 
lation is consistent with no P,(cos@) term. Correction 


of the correlation function for the finite solid angles of 
the detectors yield the correlation function 


W (8) =1— (0.15+0.03) P2(cosé). 


This correlation is consistent with that expected for a 
1—2—0 cascade with a mixing ratio of quadrupole to 


dipole intensities 0.01<8<0.1 (6 negative) in the 
1— 2 transition. These mixing ratios would give a 
small P,(cos@) term in the correlation which would, 
however, not have been detected. 


B. 0.83-1.04 Mev y-y Correlation in the 
Decay of Cu®® 


Only two nuclear y rays of 0.83 and 1.04 Mev are 
present in the decay of Cu®. However, the 5-minute 
half-life of the Cu® activity, the low intensities of the 
0.83-Mev y rays per decay, and the large intensity 
ratio of the two y rays create special problems for the 
y-y correlation measurement. 

In order to obtain a sufficient number of coincidences 
from each irradiated sample, the intensity of the source 
had to be extremely high at the beginning of each run. 
Sources of ~0.5 mC resulting in counting rates of 
~5X10* cps in the 1.04-Mev photopeak at the be- 
ginning of the measurement, yielded a coincidence rate 
of ~0.8 cps one quarter of which were accidentals. The 


18M. E. Rose, Phys. Rev. 91, 610 (1953). 
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Fic. 10. Pulse-height spectrum of y rays in coincidence with 
the 1.037-Mev y ray in the decay of Cu®*. The solid curve (A) is 
the observed spectrum and the dashed curve (B) is the inferred 
accidental coincidence contribution. The horizontal arrows refer 
to the edges of the channel used for the 0.83-Mev detector in the 
angular correlation experiment. 


high singles counting rate and rapid decay produces 
large gain shifts in the DuMont 6363 photomultiplier, 
so that it was necessary to use gain stabilizing circuits 
of the type described by DeWaard™® on each of the 
detectors. The stabilizers changed the effective photo- 


tube high voltage by about 100 volts (out of 1500 v) 
during the decay of a single source in order to maintain 
constant gain. Tests showed that the effect of this 
change in phototube voltage on the fast coincidence 
efficiency was negligible. 

The detector angle was changed every minute for 
about 4 half-lives of each source. Accidental coin- 
cidences had to be subtracted individually from each 
l-minute count. The starting angular position was 
changed for each separate source. Preliminary runs 
with 90% separated Cu® showed that a large contri- 
bution of 0.511-0.511 Mev coincidences at 180° due 
to the Cu®™ activity were piling up into the 0.83- and 
1.04-Mev channels giving an anomalously high value 
of the correlation at 180°. For this reason the highly 
separated Cu® (99.4%) targets were used for the final 
neutron bombardments. 

Figure 10 shows a spectrum of y rays in coincidence 
with the 1.04-Mev y ray. Beside the 0.83-Mev peak, 
some 1.04-Mev rays are detected which correspond 
to accidental coincidences. Contributing to the true 
coincidence rate are some inner and outer brems- 
strahlung-1.04 Mev coincidences and some pile-up 
effects of the annihilation radiation from the small 
Cu® activity. However, in the region of the 0.83-Mev 
channel used in the correlation experiment, indicated 
in Fig. 10, no significant contribution which might 
distort the correlation than coin- 


other accidental 


1 H. DeWaard, Nucleonics 13, No. 7, 36 (1955). 
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cidences are present in the coincidence spectrum. It 
should be noted that the efficiency for detecting 
annihilation coincidences at our 165° position is minute. 
The correlation measurements were performed with 
25 separate sources. Coincidence rates at each angle 
were normalized to the singles rate of the 1.04-Mev 
radiation which was detected in the movable counter, 
in order to correct for decay of the source and possible 
small geometric misalignment. The results of this 
measurement are shown in Fig. 11. This correlation 
was fit by the least squares procedure of Rose'® to the 
function 


N’ (0) = (0.976+0.019) + (0.236+-0.037) P2(cos@) 
+ (0.218+0.041) P4(cos@). 


After correction for the finite solid angle of the detectors 
the correlation function becomes 


W (6) = 1+ (0.26+0.05) P2(cos@) + (0.29+0.06) Ps(cosé). 


In view of the allowed log/ft for the 8 decay to the 
1.87-Mev level in the Cu® decay, the possible spins for 
this level are 0, 1, or 2. The observed correlation doesn’t 
fit any of the possible combinations of spin and multi- 
polarity mixture except 2—2—0 where the 2-2 
transition is a mixture of dipole and quadrupole 
radiations. The mixing ratio of the quadrupole to 
dipole intensities lies between the limits 2.4<8<9.0 
and the sign of 6 is positive. The parity of the 1.87-Mev 
level is obviously positive from the 8-decay data, 
therefore the 0.83-Mev transition is of mixed £2-M1 
character. 

IX. SUMMARY OF EXPERIMENTAL RESULTS 


The following is a summary of the experimental 
evidence leading to the decay scheme in Fig. 6. 





COINCIDENCE RATE 





Fic. 11. Angular correlation between the 1.04- and 0.83-Mev 
y rays in the Cu® decav. 





DECAY OF 


A. Level Structure 


The existence of the first two levels of Zn® at 1.037 
and 1.865 Mev is clearly implied by the decay of Cu®; 
the first level has been observed in Coulomb excitation 
studies by several workers. The 2.370-Mev level is 
simply inferred from the evidence that the 1.333-Mev 
transition is in coincidence with the 1.037-Mev gamma 
ray, and is also in coincidence with positrons of energy 
greater than 1 Mev, and at least half its intensity is in 
coincidence with annihilation radiation. The 2.183- 
Mev gamma ray is in coincidence with the 1.037-Mev 
transition and also with annihilation radiation, thus 
requiring a level at 3.22 Mev. The existence of the 
3.40-Mev level is implied by the large fraction of the 
3.4-Mev radiation not in coincidence with gamma rays. 
The precise energy determination of the 2.748-, 1.037-, 
0.828-, 1.915-, and 3.79-Mev gamma rays, as well as 
the observed coincidences between members of this 
group, assures the cascade relations between them and 
fixes the 3.785-Mev level. The upper states at 4.1, 
4.300, 4.45, and 4.83 Mev are attested to by the ground- 
state transitions from these levels. 


B. Intensity of Beta Groups 


The intensity of the ground-state beta transition 
relative to the 1.037-Mev gamma rays is determined 
from the observed intensity ratios of internal con- 


version of this gamma ray to the ground-state positron 


group and the assumed theoretical E2 conversion 
coefficient. The intensities of the other positron groups 
are deduced from the required feeding of the various 
levels to account for the gamma-ray intensities. These 
intensities are strongly corroborated by the shape of 
the measured positron spectrum as well as the ratio 
of total annihilation radiation to gamma-ray intensities 
and the y-511-511 coincidence experiments. All of the 
capture to positron ratios given in the decay scheme 
are theoretically deduced. 


C. Spins and Parities 


The zero spin of Ga® is known from magnetic 
moment measurements and the unit spin of Cu®-has 
been inferred from the electron branching to the first 
two states of Zn®*, The 2+ spin-parity of the 1.865- 
Mev level is determined from our angular correlation 
measurements together with the allowed character of 
the electron decay from Cu to this level. The unit 
spin of the 3.785-Mev state is deduced from angular 
correlation measurements. The even parity of this 
state is determined by the £2-M1 character of the 
conversion coefficient of the 2.748-Mev transition. The 
even parity of Ga® is thus assured since it decays via 
an allowed beta transition to the 3.785-Mev level. All 
of the other observed states of Zn®, except the one at 
2.370 Mev, must then have spin 1 and positive parity 
since they are fed by allowed positron or K-capture 
decay from Ga® and all decay directly to the 0+ 
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ground state of Zn®*. The spin and parity of the level 
at 2.370 Mev is not determined by this work. The 
log ft of 8.2 for the positron transition to this state as 
well as the apparent absence of any ground-state 
transition are consistent with either 0+ or 2— assign- 
ments-—the 2+ assignment that might be given in 
analogy to the similar state in Zn® is excluded by the 
log ft value of 8.2. 


D. Comparison with Other Investigations 


With the possible exception of a level at 2.75 Mev, 
the level structure presented in Fig. 5 is in accord with 
that given by Mann et al.,' as corrected by Horen and 
Meyerhof, though the relative intensities we obtained 
for the gamma rays as well as the beta-decay branching 
ratios differ from theirs. (The precise energy deter- 
minations of a number of the gamma rays definitely 
exclude some of the cascades they suggest.) Moreover, 
the positron spectrum observed by Mukerji and 
Preiswerk is probably not in disagreement with the 
decay scheme presented although their analysis of the 
spectrum differs from ours. The existence of a 2.75-Mev 
level suggested by Mukerji and Preiswerk® and seen in 
(pp’) reaction (at 2.87+0.05) by Beurtey et al., is not 
observed though, of course, it is not excluded by this 
work. The level is not populated by more than 1% of 
the Ga® decays,” corresponding to less than 3 that 
suggested by other workers. 


IX. CONCLUSIONS AND DISCUSSION 


1. The parity of Ga® is even and the Fermi type 
positron spectrum, above 2 Mev, contains less than 
1% of other beta groups. 

2. The internal conversion line of the 4.300-Mev 
gamma ray has been observed and may be useful for 
higher energy calibration of beta-ray spectrometers. 

3. With the possible exception of the 2.370 level, all 
states above 2 Mev are shown to have even parity and 
unit spin. 

4. The 2.370 level is, most probably, a 0+ or 2— 
state. 

5. The second excited state at 1.865 Mev does not 
appear to fit well into any present theory of vibrational 
or rotational excitations; though systematics of even- 
even nuclei strongly suggest that it is a collective state. 
A large effort was made to understand the nature of 
this level. The angular correlation measurements on 
the de-excitation gamma rays, together with the fact 
that the beta transition from Cu® to this level is 
allowed, fixes its spin parity as 2+. The crossover to 

*” This experimental limit is obtained as follows. The intensity 
of the 2.75 peak as observed in the y-511-511 coincidence spectrum 
allows us to set a limit <0.5% per Ga® decay on any transition 
in the region of 2.75 Mev which is fed completely by positrons. 
The limit of intensity of a 1.7-Mev transition is set by the 3- 
crystal pair spectrometer measurements as less than 0.5% per 
Ga* decay. Since y rays at 2.75 Mev and 1.7 Mev would be the 
major modes of de-excitation of a level at 2.75 Mev, the limit of 
the 8* intensity to this level is <1%. 
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stopover ratio is less than 1/100. This ratio is consistent 
with the predictions of the Scharff-Goldhaber and 
Weneser model of vibrational excitations of single 
phonon character. However, such a model predicts 
that the stopover transition must be pure electric 
quadrupole, in contradiction with the angular corre- 
lation measurements which require at least 10% M1 
intensity. Moreover, this level is not explained by the 
recent theory of asymmetric rotors elucidated by 
Davidov and Filippov. This theory does not allow for 
a second excited state having less than twice the energy 
of the first excited state; the energy ratio in this case 
is 1.8. Even if we assume that this ratio will be lowered 
by interactions, we are still faced with the anomalous 
behavior of this level as compared to the similar states 
in Zn™ and Zn*. These latter two levels at 1.79 and 
1.60 Mev have crossover to stopover ratios which are 
close to 1. These nuclei, Zn™-®*.®, have been studied 
by (p,p’) interactions by Beurtey et al.,° who examined 
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both the elastic and inelastic distributions. They find 
similar behavior for the ground state as well as the first 
two excited states. Thus, the puzzle remains as to why 
the crossover transition in Zn® should be so strongly 
suppressed. One can, of course, argue that only a small 
change in the wave function describing this state could 
cause such a suppression since even in Zn™ and Zn® 
the crossover transition is much less than would be 
expected on a single-particle model. 
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Accurate Method for Measuring Internal Conversion Coefficients* 


ae 


. Lu 


Institute for Atomic Research and Department of Physics, Iowa State University, Ames, Iowa 
(Received February 10, 1960) 


To reveal the effect on internal conversion due to the nuclear structure and extension, measurements 
are needed which have higher accuracy than is attainable from currently used methods. This article describes 
how, under certain conditions, the absolute value of the total internal conversion coefficient can be measured 
to +0.5% by the use of a large NaI(T1) detector with a thin well-type window. Complications encountered 
in the comparison between experimental and computed values are mentioned. 


HE influence on internal conversion coefficients 

(hereafter denoted by I. C. C.) due to the finite 
extension of the nucleus and its internal structure has 
led to many recent theoretical discussions'~* and to 
extensive revisions! of the calculated I. C. C. tables 
which were heavily relied upon in the past. It has been 
mentioned’ that although internal conversion is no 
longer the clean cut‘tool it was thought to be in determin- 
ing many nuclear properties, its dependence on the 
nuclear wave function may reveal additional informa- 
tion about nuclear structure, provided that it can be 
measured experimentally with sufficient accuracy. At 


* Work was performed in the Ames Laboratory of the U. S. 
Atomic Energy Commission 

1L. A. Sliv and I. M. Band, Leningrad Physico-Technical 
Institute Reports 1956 and 1958 (translation: Reports 57ICCK1 
and 58ICCLI1, by Physics Department, University of Illinois, 
Urbana, Illinois ]. 

2M. E. Rose, Internal Conversion Coefficients (North-Holland 
Publishing Company, Amsterdam, 1958) 

3. L. Church and J. Weneser, Phys. Rev. 104, 1382 (1956). 

‘T. A. Green and M. E. Rose, Phys. Rev. 110, 105 (1958). 

6 L. S. Kisslinger, Phys. Rev. 114, 292 (1959). 

6 J. Weneser, Bull. Am. Phys. Soc. 5, 52 (1960). 


the present, only a few I. C. C. measurements are as 
accurate as +5%. Even such measurements are not 
precise enough to reveal the nuclear effects which are 
generally small. It is the purpose of this paper to demon- 
strate a new method whereby the I. C. C. of many 
nuclear transitions can be measured with much im- 
proved accuracy. This method is a refinement based 
upon the same principle that the author described some 
years ago.’ However, since it is not well known, the 
method and its capability will be described in more 
detail here. 

As an illustration, let us consider Cd", whose decay 
scheme consists of a simple cascade of two transitions as 
shown in Fig. 1. Each 150-kev £3 transition is in co- 
incidence with a 247-kev £2 transition, and vice versa. 
To measure the I. C. C. of these transitions, the sample 
is placed at the center of a large NaI(TI) scintillator 
which has a small diameter well, as shown in Fig. 2. 
The well is lined with a plastic test tube of 50 mg/cm? 
wall thickness which is thick enough to cut off all the 


7D. C. Lu, W. H. Kelly, and M. L. Wiedenbeck, Phys. Rev. 
97, 139 (1955). 
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conversion electrons, but thin enough to let through the 
gamma rays with very little attenuation. The scintillator 
is coupled to a DuMont 6363 photomultiplier, and the 
pulses are fed into a 256-channel pulse-height analyzer 
of the ANL design. 

If the two gamma rays resulting from a disintegration 
are both detected by the scintillator, a pulse will result 
with a height corresponding to 247+ 150 kev, contribut- 
ing one count under the sum peak in Fig. 1 marked as 
N ,. If for some reason, such as internal conversion, the 
gamma ray from the 150-kev transition is not detected 
by the scintillator, the 247-kev gamma ray if detected 
will produce one count under the peak at 247 kev, and 
vice versa. Quantitatively, the number of counts under 
each of the peaks, denoted by Vi, Ne, and N, can be 
written as follows: let N be the total number of dis- 
integrations ; a1, a2 be the total I. C. C. of the 150- and 
247-kev transitions, respectively; and «1, €, be, respec- 
tively, the over-all detection efficiency for the 150- and 
247-kev gamma rays (taking into account scintillator 
size, counting geometry, absorption due to well lining 
and sample thickness, gamma ray energies, etc.). Then 
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the total number of 150-kev gamma rays detected, 
summed or not summed with the 247-kev gamma rays, 
will be; 

N (150) = Ne,(1+a;)—. 
Similarly, 

N (247) = Neo(1+ae)™. 
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TABLE I. Internal conversion coefficient of the 
150-kev £3 transition in Cd™™". 


Experimenta! a (total) 


Natural CdO 
Enriched Cd'O (a-first run) 
Enriched Cd"™O (b-second run) 


2.32 +0.025 
2.295+0.014 
2.280+0.011 
Computed* axkt+azt 

-+ dee (unscreened) 
For 150 kev 30 + 

+0.015 


= 


? 
For 149.6+0.3 kev ye 
2.3 


’ 
5 


For 149 kev 


4. Sliv and I. M 


* Values for ax and az from I 
(unscreened) from M. E. Rose 


Band. Values for aw 


The number of counts under the sum peak will be 
obviously, 
N,=Ne(1+a1)~"'e2(1+a2)™. 


And the number of counts under the peak at 150 kev 
will be, 
N,=N(150)—, 
Ne, (1+¢8;)7"(1+a2)—f o+ (1—e) ]. 
Similarly, 
N2=N(247)—N, 
Ne(1 +-}) ‘(1 | Me) Tay r (1—e,) ]. 
Taking the ratio V,/.V,, 


N, N, 


we obtain, 


(1/€2)[a@e+1— es ]. 
Similarly, 


Ne N, (1 €)Lai+1—e ]. 


Thus, to evaluate a, one needs only the value of « in 
addition to the measured numbers V2 and N,. And az is 
evaluated from NV, NV,, and es. If the size of the scintilla- 
tor is adequately large, and the sample is not unusually 
thick, the value of €; can easily be made to be 0.99+-. A 


LU 


rough estimate of the difference (1—e,) will suffice to 
make the measurement very accurate. However, it is 
obvious that the accuracy of this method depends upon 
the condition that a,;>1—«. This condition is not ful- 
filled by higher energy transitions with small I. C. C.’s. 

For the 150-kev transition in Cd!"'™, the 2? in. diam- 
eter X3-in. long scintillator used in this experiment is 
quite adequate. The results obtained in three separate 
trials are listed in Table I. The sample used has a thick- 
ness of 10 mg/cm?, and was produced by synchrotron 
activation of natural CdO or enriched Cd'’O via the 
photonuclear reaction Cd'?(y,n)Cd'"™, using the strong 
beam from the I. S. U. synchrotron. 

Comparison with the computed value is complicated 
by the following factors. (a) The computed I. C. C. for 
M-shell electrons does not account for screening. The 
factor of 4 used as a correction is somewhat arbitrary. 
(b) The energy of the transition has not been determined 
with sufficient accuracy. The best reported value of 
149.6+0.3 kev® is adopted for the present purpose, 
although the present measurement by the scintillation 
spectrometer seems to indicate a slightly higher value. 
Considering all such factors, the agreement between the 
experimental value and the computed value is quite 
good. 

No attempt was made to evaluate the I. C. C. of the 
247-kev transition accurately from the present data 
since the scintillator used is obviously not large enough. 
In principle, however, a collateral experiment can al- 
ways be made to measure € accurately, from which 
ay can be calculated. 
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Gamma Radiations of Na” and Ne*** 
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Na® and Ne” gamma rays were observed from the proton bombardment at various energies of thin 
evaporated Na and Nal targets and of a natural Ne gas target. Gamma rays involving Na®™ states up to 
4 Mev and Ne” states up to 5 Mev were observed and decay schemes and branching ratios obtained. The 
2.08- and 2.70-Mev states of Na* are probably 7/2* and 9/2*, respectively. Limitations on spin and parity 
values are given for other states. The results obtained for Na™ are consistent with the results of a strong- 
coupling collective calculation. The 4.97-Mev state of Ne” has an upper limit for the ground-state branch 
of 4%. An upper limit of 9% is placed on the ground-state branch of the 4.2-Mev state of Ne”. Gamma rays 
from the F*(d,ny)Ne™ reaction were observed with energies of 11.4, 10.67, 10.16, 9.37, 8.37, and 7.36 Mev. 





I. INTRODUCTION 


ECENT theoretical' and experimental studies? 
have suggested the systematic occurrence of large 
nuclear equilibrium deformations in the region of mass 
number between O'* and Si’*. Nuclei having such 
deformations are expected to exhibit a low-energy col- 
lective spectrum of rotational type.’ 

The odd-even nucleus Na™ was excited by proton 
bombardment of Na, using the Columbia Van de Graaff 
generator. The even-even nucleus Ne” was excited by 
the exoergic (p~,a) reaction from proton bombardment 
of Na (Q=+2.38 Mev), and by proton bombardment 
of a natural Ne target. The de-excitation gamma rays 
from these reactions have been studied, using scintil- 
lation spectrometry, to provide further information on 
the applicability of the collective model to light nuclei. 
In addition, the properties of low-lying Ne” states are 
of interest to the theories of stellar energy production 
and element formation.*® 

Gamma rays from the reaction F%+d were also 
observed. However, only those of high energy could 
be assigned unambiguously to Ne” transitions. 


Il. EXPERIMENTAL APPARATUS AND PROCEDURES 
1. Three-Crystal Pair Spectrometer 


Concurrent detection of high-energy gamma rays 
was performed with a three-crystal pair spectrometer, 
which has been described previously. Na or Nal 
targets were evaporated in vacuum on a backing disk 
of 0.005- or 0.010-inch Ta. This target was placed at 


* This work partially supported by the U. S. Atomic Energy 
Commission. 

t Present address: Department of Physics, Indiana University, 
Bloomington, Indiana. 

1G. Rakavy, Nuclear Phys. 4, 375 (1957). 

2 R. K. Sheline, Nuclear Phys. 2, 382 (1956); A. E. Litherland, 
H. McManus, E. B. Paul, D. A. Bromley, and H. E. Gove, Can. 
J. Phys. 36, 378 (1958). 

3A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 27, No. 16 (1953). 

4A. G. W. Cameron, Atomic Energy of Canada, Limited Report 
AECL-454, 1957 (unpublished). 

5 E. M. Burbidge, G. R. Burbidge, W. A. Fowler, and F. Hoyle, 
Revs. Modern Phys. 29, 547 (1957). 

®R. D. Bent and T. H. Kruse, Phys. Rev. 108, 802 (1957). 


the end of a thin wall Al cap, which slipped over the 
end of a tube at the end of the beam pipe using an ““O” 
ring vacuum seal in the wall of the cap [Fig. 1(a)]. The 
stainless steel tube was insulated from the beam pipe 
with Lucite, permitting integration of the beam current. 
Beams of a few tenths of a microampere or less were 
generally employed. Gamma spectra were analyzed by 
a 100- or 256-channel analyzer. 


2. Gamma-Gamma Coincidence Measurements 


Information concerning gamma-ray cascade sequences 
and angular correlations was obtained by detection of 
the gamma-ray spectrum in coincidence with a gamma 
ray of a specific energy. The detectors were NaI(T]) 
crystals, 3-in. diameter and 2-in. thick mounted on 
5-in. Dumont 6364 photomultipliers and a 3 in.X3 in. 
Nal(Tl) crystal mounted on a 3-in. Dumont 6363 
photomultiplier. For cascade determinations, the alu- 
minum end cap and the tantalum target backing used 
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Fic. 1. (a) Target chamber used for three-crystal pair spec- 
trometer and for gamma-gamma coincidence measurements. 
(b) Target chamber used for gamma-gamma angular correlation 
measurements. 
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with the three-crystal pair spectrometer were employed, 
with the two detectors at 90° to the beam and 180° to 
each other. For correlation measurements, the targets 
could be rotated inside a cylinder to equalize the 
amount of absorbing material for the two detectors. A 
diagram of this chamber is shown in Fig. 1(b). 

A fast-slow coincidence selection scheme was used, 


similar to that described previously in connection with 
the three-crystal pair spectrometer. Amplified pulses 
from the detectors were fed into a fast coincidence 
circuit. The amplified pulses from one detector were 
also fed into a single-channel pulse-height analyzer set 
to pass pulse amplitudes corresponding to the photo- 
peak of the gamma ray of interest. The output of the 
single-channel analyzer was required to be in slow 
coincidence (2usec) with the fast coincidence output. 
The slow coincidence output gated a multichannel 
analyzer which stored coincident pulses from the other 
detector. 

Two fast coincidence circuits were employed on dif- 
ferent occasions. One was that used with the three- 
crystal pair spectrometer, having a resolution of 
2r=0.2 usec. This was used for the cascade deter- 
minations. The other, which was used for the corre- 
lation measurements, was of the Garwin type’ with a 
resolution of 2r=30 myusec. When the Garwin circuit 
was used, pulses for analysis were taken from one of the 
phototube dynodes, as described below. 


3. Particle-Gamma Coincidence Measurements 


Heavy charged particles emitted were detected by a 
thin (approximately 0.015 in.) CsI(T1) crystal mounted 
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Fic. 2. Charged particle spectrum obtained with CsI(T1) crystal 
from the proton bombardment of Nal at 5.54 Mev. 
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on a 2-in. RCA 6342 photomultiplier. Gamma rays were 
detected by a Nal(TI) crystal 3 in. thick and 3 in. in 
diameter, mounted on a 3-in. Dumont 6363 photomul- 
tiplier. Coincidences between gamma rays and a 
selected group of particles produced a gating signal for 
the multichannel analyzer, using a fast-slow coincidence 
arrangement and a single-channel pulse-height analyzer 
as for gamma-gamma coincidences. 

The particle detector was prepared by permanently 
mounting a CsI(Tl) disk 1/8 in. thick and 7/8-in. 
diameter on a thin (5/16-in.) disk of clear Lucite, using 
a transparent commercial bonding agent.* The CsI was 
then reduced to the required thickness by rubbing on 
a piece of wet silk. Na targets for use with the particle 
detector were prepared by evaporation of NaI onto a 
thin Formvar film backed by a previous evaporation 
of gold. 

A resolution of 3 to 4% for 5-Mev protons was 
obtained with this detector. Magnetic shielding of the 
phototube was not employed. Examples of the charged 
particle spectra obtained from bombardment of Nal 
and natural Ne targets are shown in Figs. 2 and 3. 
Particle groups of different type (e.g., protons and 
alphas) were distinguished by their different pulse- 
height variation with bombarding energy. Charged 
particle groups from the various reactions were iden- 
tified with energy levels of the final nuclei by their 
pulse heights relative to each other and to the strong 
elastic group and by the coincident gamma spectrum. 
Alpha particles were found to produce a pulse height 
of about 0.45 that produced by a proton having the 
same energy. 

The target chamber employed was designed for 
efficient collection of data by allowing large detector 
solid angles. The chamber geometry is shown in Fig. 4. 
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Fic. 3. Charged particle spectrum obtained with CsI(T1) crystal 
from bombardment of natural Ne with 5.90-Mev protons. 
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Particles scattered from the chamber, probably from 
the collector cup, were found to reach the unshielded 
CsI crystal. Detector shields of tantalum with circular 
apertures of 3/4 in. or less eliminated these particles. 
Shields having 1/8-in. or 1/4-in. slits aligned perpen- 
dicular to the beam served also to reduce the loss of 
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resolution resulting from the dependence of the particle 
energy on the polar angle of scattering. The detector 
usually was employed with a 1/4-in. slit shield placed 
about an inch above the crystal. 

The incident beam was defined by tantalum col- 
limators with center holes 1/8 in. or 1/16 in. in diameter. 
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Fic. 5. Block diagram of the 
electronics used for charged par- 
ticle-gamma coincidence measure- 
ments. 
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These were placed immediately before the adaptor 
tube. Beams were thus reduced to a few hundredths of 
a microampere or less, in order to obtain an acceptable 
true to accidental coincidence rate. 

Tests using the annihilation quanta of a Na™ source 
showed that the detection efficiency of the Garwin fast 
coincidence circuit for the resolving time used was 
approximately constant only for pulses larger than 4 or 
5 volts from the phototube anode. Since the pulses of 
interest might be only a small fraction of the size of 
those corresponding to other spectral peaks, the re- 
sulting anode spectrum under this requirement was 
very nonlinear and unsuitable for pulse-height analysis. 
Therefore, pulses for analysis were taken from the 
eighth dynode of the phototube. 
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Fic. 6. Three-crystal pair spectrum of the gamma rays from 
bombardment of Nal with 4.68-Mev protons. 


-_ fscacer 


It was observed at high gain that photomultiplier 
pulses were reduced in size. This was attributed to a 
space charge effect in the latter stages. The increased 
voltage for the latter stages needed to overcome this 
effect was obtained by employing two independently 
variable supplies, one for the first eight stages of the 
photomultiplier and another for the remaining stages. 
The latter was a regulated supply, capable of furnishing 
the large currents required in the later stages at high 
gain and high counting rate. In addition, this arrange- 
ment permitted independent variation of the size of 
the pulses used for analysis and for fast coincidence. 

The ratio of chance to true coincidences was usually 
less than 1 in 20, as determined by addition of an arti- 
ficial delay in one input of the fast coincidence circuit. 
A block diagram of the detecting and analyzing elec- 
tronics used for the particle-gamma coincidence meas- 
urements is shown in Fig. 5. (A fast Rossi-type coin- 
cidence circuit employing EF P60 tubes was used for 
the Ne+ coincidence spectrum shown in Fig. 27. 
This circuit was abandoned because of difficulties in- 
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Fic. 7. Three-crystal 
pair spectrum of the 
gamma rays from bom- 
bardment of Nal with 
5.0-Mev protons. 
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volving singles feed through, and the Garwin circuit 
used thereafter.) 


4. Calibration Procedure 


The gamma rays from Na”, Co®, and Cs'%7 sources 
were used for energy calibration. Intense reaction 
gamma rays of well-known energy, such as the 1.64-Mev 
gamma from Na* and Ne*™ or the 440-kev gamma from 
Na®’, were also used. 


Ill. EXPERIMENTAL RESULTS 
1. Three-Crystal Pair Spectrometer 


Spectra were taken, with the three-crystal pair spec- 
trometer, of gamma rays resulting from proton bom- 
bardment of thin evaporated Na and Nal targets at 


TABLE I. Observed gamma rays and transition assignments for 
Na*® and Ne” transitions. 


Transition* 
(Mev) Method of observation” 


N 
0.44-0 S;y—-v1.63 yD’ 
2.70-2.08 $3 ¥— 0.443 Y-Y¥1.63 Y—-P’ 
2.08-0.44 S; Y—Y0.443 y—P’; 3-crystal 
2.39-0.44 5; ¥—vo.443 Y—P’; 3-crystal 
2.08-0 S$; y—?’; 3-crystal 
2.70-0.44 S$; ¥—70.445 Y—?’; 3-crystal 
2.39-0 $s; y—?’; 3-crystal 
2.98-0.44 1-70.03 YP’ 
2.64-0 S$; y—)’; 3-crystal 
2.98-0 S$; y—?’; 3-crystal 
3.68-0.44 y—p’; 3-crystal 
3.92-0 y—p’; 3-crystal 
Ne” 
S$; y—?'; y—a; 3-crystal 
$3 ¥—7¥1.65 Y—?’; y—a; 3-crystal 
Y—Y0.6; y—a@; 3-crystal 


® Energy level values from the magnetic spectrograph measurements of 
W. W. Buechner and A. Sperduto, Phys. Rev. 106, 1008 (1957). 

> s=single crystal; 3- crystal =three-crystal pair spectrometer; 7 —vEF 
=gammas coincident with gamma of energy E; y —p’ and y —a =gammas 
coincident with inelastically scattered protons and with alpha particles, 
respectively. 


bombarding energies of 4.68, 5.0, 6.0, and 6.31 Mev. The 
spectrometer was placed at an angle of 90° with respect 
to the beam. 

Figures 6 through 9 show the spectra obtained and 
the gamma-ray energies. A summary of the observed 
gamma rays and transition assignments is given in 
Table I. Average gamma-ray energies obtained in these 
four runs were 1.95+0.02, 2.09+0.02, 2.27+0.02, 
2.39+0.02, 2.99+0.02, 3.9340.03, and 4.42+0.04 Mev. 
Calibration was based on the singles peak position in 
the center crystal of the Na® 0.511- and 1.28-Mev 
gammas. The 4.42-Mev gamma may arise from the 
4.43 Mev to ground-state transition from either Na™ 
or from C” contamination. The C” assignment is more 
probable since other possible transitions from this state 
in Na™ are not observed, since in some spectra this 
gamma ray is very strong relative to those from more 
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Fic. 8. Three-crystal pair spectrum of the gamma rays from bom- 
bardment of Na with 6.0-Mev protons. 


easily populated lower lying Na* levels, and since 
resonances for production of the 4.43-Mev gamma ray 
from C” are known to occur at bombarding energies 
above 5 Mev. The gamma ray of about 2.64 Mev 
observed at all bombarding energies is believed to arise 
both from the Na*™ transition between the 2.64 Mev 
and the ground state and from the Ne” transition 
between the 4.25- and 1.64-Mev states. The average 
energy of all such gamma rays is 2.64+0.02. On the 
basis of a rough preliminary examination of the energy 
dependence of charged particle yields, the yield of 
alphas to the 4.25-Mev state of Ne” is expected to be 
small at the lowest bombarding energy, E,= 4.68. The 
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Fic. 9. Three-crystal pair spectrum of the gamma rays from bom- 
bardment of Na with 6.31-Mev protons. 
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Fic. 10. Level diagram and gamma-ray decay scheme 
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Fic. 11. Level diagram and gamma-ray decay scheme of Ne”. 
Note.—The notation at the top of the Figure ““Na®(p,p’)” should 
read “Ne(p,p’).” 


Na” transition between the 2.64 Mev and ground states 
has been observed from inelastic neutron scattering? 
and from proton capture by Ne”.!° 

The Ne” transition between the 4.25- and 1.64-Mev 
states is known to occur from the gamma-gamma and 
particle-gamma coincidence measurements described 
later. The gamma rays of about 3.23 Mev observed at 
E,=4.68 and 5.0 are attributed to the Na” transition 
between the states at 3.68 and 0.44 Mev. At E,=6.0 
and 6.31, the gamma ray of about 3.3 Mev is believed 
to represent mainly the Ne” transition between the 
states at 4.97 and 1.64 Mev. Such a transition was 
observed also in gamma-gamma and particle-gamma 
coincidence spectra; on the basis of the particle excita- 
tion behavior, the alpha group to the 4.97-Mev state 
of Ne” is not expected to appear at the lower energies. 
The strong gamma ray of 1.64 Mev appearing at all 
bombarding energies is attributed both to the Na” 
transition between the 2.08- and 0.44-Mev states and 
to the Ne” transition between the 1.64 and ground 
states. The apparent strong gamma ray of about 1.4 
Mev shown in Fig. 8 is believed to be merely an instru- 
mental effect. Figures 10 and 11 show the Na* and 

J. M. Freeman and J. H. 
(1958/59). 

J. J. Singh, V. W. Davis, and R. W. Krone, Phys. Rev. 115, 
170 (1959). 


Montagu, Nuclear Phys. 9, 181 
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Ne” level schemes, the observed low-energy gamma-ray 
transitions, and the calculated relative decay prob- 
abilities. 

High-energy gamma rays from the F'(d,ny)Ne” 
reaction were observed using the three-crystal pair 
spectrometer. Figure 12 shows the spectrum obtained 
from the bombardment of a BaF, target with 80 micro- 
coulombs of 3.35-Mev deuterons. Figure 13 is a similar 
spectrum showing only the high-energy gamma rays. 
These spectra were calibrated using the 6.14- and 7.01- 
Mev (6.91 and 7.12 unresolved) peaks from the 
F'*(p,ay)O"* reaction. The gamma-ray energies obtained 
from these results are listed and compared with other 
experiments in Table II. Similar spectra taken at a 
deuteron bombarding energy of 5.52 Mev showed no 
additional gamma rays. No gamma rays with energies 
greater than 11.5 Mev were observed from the F¥+d 
reaction. 
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Fic. 12. Three-crystal pair spectrum of the gamma rays from the 
bombardment of a BaF: target with 3.35-Mev deuterons. 
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Fic. 13. Three-crystal pair spectrum of the high-energy gamma 
rays from the bombardment of a BaF: target with 3.35-Mev 
deuterons. 
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14. Gamma-ray spectrum coincident with the 440-kev 
gamma ray of Na*. Nal+ , E,=5.15 Mev. 


TABLE II. Gamma rays from F"+d. 


Gamma-ray energies* (Mev) 
Present 
results 


11.4 +0.1 

10.67+0.05 
10.16+0.05 
9.37+0.05 
8.37+0.05 
7.36+0.05 
6.14+0.05 
5.14+0.07 
3.63+0.07 
3.02+0.05 
2.52+0.05 


Assignment 


Ne* 


Terrell et al.¢ 
11.56+0.19 11.5+0.4 
10.65+0.09 
10.01+0.09 

9.38+0.09 


Bent et al.» 





9.3+0.3 
8.1+0.4 
Ne” 
Ne”, F?, or O68 
Ne” or F” 
Ne”, F®, or O!7 
Ne”, F®, or O!” 
Ne”, F®, or O7 


* Uncorrected for possible Doppler shifts (see reference b). 

+R. D. Bent, T. W. Bonner, J. H. McCrary, W. A. Ranken, and R. F. 
5 Rev 
¢ J. Terrell and G. C. Phillips, Phys. Rev. 83, 703 (1951). 


Sippel, Phys 99, 710 (1955). 


The 11.4-, 10.67-, 10.16-, 9.37-, and 8.37-Mev 
gamma-ray energies agree with earlier experiments 
within the experimental errors. The lower energy gamma 
rays have not been previously reported. 

The four highest energy gamma rays are assigned to 
Ne” (see reference 6 of Table II). The 8.37- and 7.36- 
Mev gamma rays are also assigned to Ne” and may be 
due to ground-state transitions from states in Ne” 
at these energies, or to cascade transitions involving 
higher energy states. Definite assignments for the lower 
energy gamma rays cannot be made because bound 
final states following the (d,p), (d,na) and (d,a) reac- 
tions can give gamma rays in this energy range. 
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2. Gamma-Gamma Coincidence Measurements 


Spectra were obtained, from the proton bombard- 
ment of Na at various energies, of gamma rays in 
coincidence with the 440-kev gamma of Na”? and with 
the 1.6-Mev gamma rays arising both from the Na™ 
transition between the 2.08- and 0.44-Mev states and 
from the Ne” transition between the 1.64-Mev and 
ground states. Some of these spectra are shown in Figs. 
14 through 18. Table I summarizes the observed gamma 
rays and transition assignments. The 0.5-Mev gamma 
of Figs. 14 and 15 is attributed to the annihilation 
quanta of the positron activity following the Na*(p,2)- 
Mg” reaction (OQ=—4.84 Mev), since the tail of the 
511-kev annihilation quantum spectrum fell within the 
window set on the 440-kev gamma. The 3.45-Mev y¥ of 
Fig. 15 may represent a cascade through the 0.44-Mev 
state from either the 3.85- or 3.92-Mev states. The 
3.85 — 0.44-Mev cascade has been observed from the 
Ne”(p,y) reaction.” 
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Fic. 15. Gamma-ray spectrum coincident with the 440-kev 


gamma ray of Na*. Na+), E,=5.43 Mev. 
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16. Gamma-ray spectrum coincident with the 1.6-Mev 
gamma rays of Na* and Ne®. NaI+), E,=5.15 Mev. 
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17. Gamma-ray spectrum coincident with the 1.6-Mev 
gamma rays of Na™® and Ne”. NaI+ ), E,=4.55 Mev. 


The gamma spectrum in coincidence with 1.6-Mev 
gamma rays at E,=5.15 Mev (Fig. 16) shows a fairly 
strong gamma of 0.63 Mev, which might be assigned 
to a Na™ transition between the states at 2.70 and 2.08 
Mev. A definite strong 0.64-Mev gamma appears also 
in coincidence with the 1.6-Mev gamma at E,=4.55 
Mev (Fig. 17). It is unlikely that this peak could 
represent a Na” transition between the states of 2.64 
and 2.08 Mev. This gamma (0.63 Mev) does not appear 
strongly in coincidence with the 1.6-Mev gamma at 
bombarding energies of 5.00, 5.43, and 5.45 Mev. An 
unassigned gamma ray of 0.650 Mev has been observed 
from inelastic scattering of neutrons from Na™,"! 

Since the Na* 2.08-Mev state has a strong cascade 
branch through the 0.44-Mev state, any transition 
between the 2.70- and 2.08-Mev states should appear 
also in coincidence with 0.44-Mev gammas. The ex- 
pected 0.62-Mev peak is largely masked by the anni- 
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18. Gamma-ray spectrum coincident with the 1.6-Mev 
gamma rays of Na® and Ne™®. NaIl+), E,=5.43 Mev. 
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hilation quanta peak due to the choice of 180° for the 
relative detector location, although there is a weak 
0.62-Mev peak in Fig. 14. 

Spectra in coincidence with 1.6-Mev gammas at 
bombarding energies of 4.55, 5.00, 5.15, and 5.45 Mev 
exhibit peaks at about 2.6, 2.1, 1.6, and 0.44 Mev. The 
2.6- and 2.1-Mev peaks represent the full energy loss 
and one escape peak of the Ne” transition between the 
states at 4.25 and 1.64 Mev. The strong 1.6-Mev peaks 
represent the two escape peaks of the Ne” 2.6-Mev 
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Fic. 19. (a) Gamma-ray spectrum coincident with protons 
inelastically scattered to the 2.08-Mev state of Na®*. Nal+¢, 
E,=4.01 Mev. (b) Gamma-ray coincident with protons inelas- 
tically scattered to the 2.39-Mev state of Na®. Nal+ p, E,=4.24 
Mev. [The energy scale for Fig. 19(a) is incorrect. ] 
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Fic. 20. Gamma-ray spectrum coincident with protons inelas- 
tically scattered to the 2.64-Mev state of Na®. Nal+, E,=4.08 
Mev. 


gamma-ray transition and also coincidences between 
the Ne” 1.64-Mev gamma transition and that part 
of the 2.6-Mev gamma tail which falls within the 
single-channel analyzer window. In addition, the 
spectrum obtained with E,=5.43 Mev (Fig. 18) shows 
a weak but definite peak at about 3.3 Mev in coinci- 
dence with 1.6-Mev gammas, which is attributed to 
the transition between the Ne” states at 4.97 and 1.64 
Mev. 

An attempt was made to measure the correlation of 
the 2.6- and 1.6-Mev gammas in the cascade decay of 
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the Ne* 4.25-Mev state. The state was populated by 
the p,@ reaction from bombardment of a thick evapo- 
rated target of NaI. The bombarding energy chosen, 
5.08 Mev, was expected to yield very few 3.3-1.6 Mev 
gamma-ray coincidences from the Ne” cascade transi- 
tions among the states 4.97— 1.64-—+0 Mev. This 
expectation was confirmed by a preliminary coincidence 
spectrum taken in close geometry. 

The fixed 3 in.X2 in. NaI(Tl) detector output was 
channeled on the photopeak of the 1.6-Mev gamma, 
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Fic. 21. Gamma-ray spectrum coincident with protons inelas- 
tically scattered to the 2.70-Mev state of Na®*. NaI+ , E,=5.11 
Mev. 
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Fic. 22. Gamma-ray spectrum coincident with protons inelas- 
tically scattered to the 2.98-Mev state of Na®. NaIl+ 9, E,=4.68 
Mev. 


the 3 in.X3 in. NaI (Tl) detector was placed successively 
at 90° and at 180° relative to the fixed counter. The 
crystal faces were about 2? in. from the target. Coin- 
cidence counts were normalized by monitoring the fixed 
counter. 

It was hoped that an isotropic population of the 
4.2-Mev state would result from averaging over 
compound nuclear levels, because of the thickness of 
the target. To test this hypothesis, the correlation was 
was measured with the fixed counter oriented at 90° 
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Fic. 23. Gamma-ray spectrum coincident with protons inelas- 
tically scattered to the 3.68-Mev state of Na®. NaI+ /, E,=5.6 
Mev. 


and at 135° with respect to the incident beam. The 
anisotropy reversed its sense. With the fixed counter at 
90° the ratio of coincidence counts for 90° to those for 
180° relative angle was 1.22+0.06, whereas with the 
fixed counter at 135° this ratio was 0.85+0.07. Such 
a result is inconsistent with zero spin for the 4.2-Mev 
state. 


3. Particle-Gamma Coincidence Measurements 


After preliminary excitation curves were taken for 
identification of the particle groups, spectra were taken 
at appropriate energies of gamma rays in coincidence 
with various charged particle groups. These spectra are 
shown in Figs. 19 through 27. A summary of the 
observed gamma rays and transition assignments is 
given in Table I. 

The 0.60-, 1.64-, and 0.44-Mev gammas of Fig. 20 
probably represent the cascade transitions among the 





.6a | 


COUNTS PER CHANNEL 
e gs § § 


> 
ie] 


3.0 34 (39 

AAU AN } 
| Ke onl 
3 


4 5 


i 
i) 











7 E,- Mev 
Fic. 24. Gamma-ray spectrum coincident with protons inelas- 


wav scattered to the 3.92-Mev state of Na*. Nal+ , E,=5.83 
ev. 
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Fic. 25. Gamma-ray spectrum coincident with alpha particles to 
the 4.25-Mev state of Ne®. Nal+p, -,=5.47 Mev. 


Na® states 2.70 — 2.08 — 0.44— 0 Mev, arising from 
true coincidences with protons inelastically scattered to 
the 2.70-Mev state of Na*, which fell within the single- 
channel analyzer ‘“‘window.”’ At this bombarding energy 
the alpha group to the 4.25-Mev state of Ne” would 
lie close to the “‘window’’; this state is known from 
gamma-gamma coincidence measurements to decay 
mainly by cascade giving rise to 2.6- and 1.6-Mev 
gamma rays. It is expected, however, on the basis of 
the particle excitation runs, that the yield of this alpha 
group would be small at this bombarding energy. 

The peak near 2.7 Mev in Fig. 21 is attributed to the 
Na™ transition between the 2.64-Mev and ground 
states, arising from protons inelastically scattered to 
the 2.64-Mev state which fell within the single-channel 
analyzer “window.” The 2.3- and 0.44-Mev peaks are 
attributed to the cascade decay among the Na” states 
2.70 — 0.44 — 0 Mev, consistent with the three-crystal 
observation of a gamma ray of average energy 2.27 
Mev. The 0.6-, 1.6-, and 0.44-Mev peaks are attributed 
to the cascade decay among the Na* states 2.70 — 2.08 
—0.44—0 Mev. Population of the 2.08-Mev state 
by cascade should lead to a 2.08 Mev — ground-state 
transition; however, this is a weak branch and is not 
observed. The large difference in the ratio of the 
heights of the 2.7- and 0.6-Mev peaks between Figs. 
20 and 21 supports the assumption that they originate 
mainly from different states. The assignment made for 
the 2.7-Mev gamma is also consistent with the absence 
of any three-crystal pair spectrometer evidence for a 
ground-state transition from the 2.70-Mev state of 
Na™. Results from inelastic neutron scattering on 
Na*™° and from proton capture in Ne” agree with 
these assignments. 

The 2.6- and 1.6-Mev gammas of Fig. 23 are attrib- 
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uted to Ne*” cascade transitions among the states 
4.25— 1.64—0 Mev, arising from coincidences with 
the alpha group to the 4.25-Mev state of Ne” which 
fell within the single-channel analyzer “window.” There 
is no evidence for any Na* cascade among the states 
3.68 — 2.08 — 0.440 Mev. The corrected strength 
of the 2.6-Mev gamma-ray peak agrees well with that 
of the 1.6-Mev gammas, suggesting that both arise 
entirely from the Ne” cascade. Similarly, the corrected 
strength of the 3.2-Mev gamma peak agrees well with 
that of the 0.44-Mev peak, suggesting that the 3.68-Mev 
state feeds the 0.44-Mev state of Na” only by a direct 
3.2-Mev cascade gamma ray. 

Several of the peaks of Fig. 24 may represent coin- 
cidences with the alpha groups to the 4.2- and 4.9-Mev 
Ne” states, which fell close to the “window” at this 
bombarding energy. 

(The proton groups to the 3.92- and 3.85-Mev states 
of Na* could not be resolved. Therefore, the interpreta- 
tion of the spectrum of Fig. 24 as a ground-state transi- 
tion arising from the 3.92-Mev state rather than from 
the 3.85-Mev state, is based on the average energy of 
3.93+0.03 Mev obtained from the three-crystal pair 
spectrometer spectra. This interpretation is consistent 
with the results of Singh ef al.'°) 

The 0.44-Mev gamma ray of Fig. 25 is attributed to 
the Na* transition between the ground and first 
excited states, and is probably due to true coincidences 
with protons inelastically scattered to the 3.68-Mev 
state, which cascades through the 0.44-Mev state, with 
the 3.24-Mev cascade gamma spectrum being too 
dispersed to observe. 

The gamma spectrum coincident with the alpha 
group to the 4.9-Mev state of Ne (Fig. 26, E,=5.82 
Mev) shows gamma rays of 3.3 and 1.6 Mev, and a 
cutoff at about 5.0 Mev. The 3.3- and 1.6-Mev gammas 
are attributed to the Ne” cascade transition among the 
states 4.97 1.64—>0 Mev. Two small peaks are 
observed, at 4.9 and 4.6 Mev, which resemble the full 
energy loss and one escape peaks of a ground-state 
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Fic. 26. Gamma-ray spectrum coincident with alpha particles 
to the 4.97-Mev state of Ne®. NaIl+p, E,=5.82 Mev. 
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transition from the 4.97-Mev state. However, at least 
part of these counts represent simultaneous detection 
of the 1.6- and 3.3-Mev cascade gammas in the crystal. 

A spectrum was obtained in an early run, by proton 
bombardment of natural neon, of the gammas in coin- 
cidence with protons inelastically scattered to the 
4.25-Mev state of Ne” (Fig. 27). (A Rossi-type EF P60 
fast coincidence circuit was used for this spectrum 
only.) This spectrum shows gamma rays of 2.7 and 
1.6 Mev, attributed to the cascade transition among the 
Ne” states 4.25 — 1.64-—+0 Mev. No inelastic proton 
group corresponding to the 4.97-Mev state of Ne” was 
observed for bombarding energies up to 6.5 Mev. The 
2.4-Mev gamma ray and part of the 1.6-Mev gamma 
are attributed to the cascade decay among the N™ 
states 3.95 — 2.31—+90 Mev, and result from gamma 
coincidences with protons inelastically scattered to the 
3.95-Mev state. The presence of N™ in the target gas 
was undoubtedly due to air contamination during 
filling. The gamma peak at 1.3 Mev and part of the 
peak at 2.1 Mev are attributed to the Ne” cascade 
decay among the states 3.35— 1.28-—>0 Mev. (The 
low-energy gamma tail was biased out in the fast coin- 
cidence circuit in order to prevent singles feed through.) 
These gammas are believed to represent true coinci- 
dences with protons inelastically scattered to the 3.35- 
Mev state of Ne®. The presence of this proton group 
within the single-channel analyzer “window” set for 
the proton group to the 4.2-Mev state of Ne” is prob- 
ably due to an instability observed to occur in the 
amplifier at high counting rates. This instability con- 
sisted of a base line fluctuation of several volts which 
was caused by a very long negative undershoot following 
the positive output pulse. This fluctuation was sub- 
sequently eliminated by modification of the amplifier 
to perform only one differentiation with short time 
constant at the amplifier output where, previously, two 
differentiations had been performed, by a short time 
constant element at an intermediate point anda medium 
time constant output element. 


’ 
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Fic. 27. Gamma-ray spectrum coincident with protons inelas- 
tically scattered to the 4.25-Mev state of Ne®. Ne+p, E,=5.85 
Mev. 
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Fic. 28. Single-crystal gamma-ray spectrum from the bombard- 
ment of Nal with 5.20-Mev protons. 


4. Single-Crystal Gamma-Ray Spectra 


Many gamma spectra were obtained at various 
energies using a single large Nal crystal. A summary 
of the gamma rays so observed is shown in Fig. 10. 
Many of the gammas observed by other methods were 
seen also in the singles spectra. In particular, a gamma 
ray of about 0.6 Mev was readily observed at several 
bombarding energies. One such spectrum is shown in 
Fig. 28. A spectrum was taken at high gain at a bom- 
barding energy of 4.88 Mev to obtain an accurate 
energy determination for this gamma. The value ob- 
tained was 0.631+0.010 Mev, consistent with the 
assignment of this gamma ray to the Na” transition 
between the states of 2.70 and 2.08 Mev. 


IV. ANALYSIS OF EXPERIMENTAL DATA 
1. Branching Ratios from Three-Crystal Data 


The various gamma spectra obtained were analyzed 
to determine branching ratios. A summary of the 
results is shown in Figs. 10 and 11 and in Table ITI. 


The extraction of such information from three- 
crystal spectra is severely limited in this instance by 
the inability of this technique to detect gamma rays 
of energy less than the pair-production threshold, and 
by the frequent occurrence of transitions of approxi- 
mately equal energy in both Na* and Ne”. In a few 
cases, branching ratios could be calculated and in 
others upper limits could be estimated for unobserved 
transitions. 

These branching ratios were based on the area of 
the well-defined two escape “peak triangle” after sub- 
traction of the tails of higher energy gammas. A cor- 
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IIT. 


Observed gamma-ray branching ratios of excited 
states of Na™ and Ne”. 


TABLE 


Method of 
Observation 


Observed branching 
ratios 
Na” 

08 /1.64=0.11+0.03 


Level 
(Mev) 


2.08 é 

2.39 p’-7 

3-crystal 

p’— Y 

0.56>3 

0.62 =0.31+0.08 

0.62 <0.15 

2.98 /2.54=0.84+0.17 

3.68/3.24<0.10 

3.68/3.24<0.25 

No transitions observed 
3.48>2.5 
3.48 > 2.0 

Ne” 

2.61 <0.10 
2.61<0.11 
3.33 <0.04 
3.33 <0.08 


2.70 


2 
2 
2 
z. 
2.64 2. 
2 
2 
2 


2.98 


rection factor was applied for the high- and low-energy 
tails, based on the spectral shapes of several isolated 
gamma rays. The total number of spectral counts thus 
obtained for each peak was corrected for the iodine 
pair-production cross section and the branching ratio 
computed, neglecting possible angular distribution 
effects. 


2. Branching Ratios from Particle-Gamma Data 


For the particle-gamma spectra, the total number of 
counts in the spectrum of each observed gamma peak 
was obtained from the number in the full energy loss 
peak by using the curves of Heath.” Corrections to 
gamma-ray peaks for the tails of higher energy gamma 
rays were made from standard gamma-ray spectral 
shapes. A correction was made to the observed full 
energy loss peak counts for transmission through 
approximately 3/8 in. Al of the chamber cover plate 
and crystal light shield. Full energy loss peak counts 
were then determined by straight-line extrapolation of 
the sides of well-defined peaks to the base line or, for 
poorly defined peaks, by counting an appropriate 
energy width around the peak as determined from the 
standard spectral shapes. These standard shapes were 
taken from Heath’s catalog; in addition, a 4.43-Mev 
gamma spectrum obtained from C”+ bombardment 
was used. The total number of spectral counts thus 
obtained for each gamma ray was corrected for the 
detection efficiency of the 3 in.X3 in. crystal as given 
by Heath, and the observed branching ratios computed 
for the transition assignments previously given. Cor- 
rections were applied for the simultaneous detection of 
cascade gammas with resulting “sum peak” counts, 
assuming an isotropic angular correlation. 

2R. L. Heath, Atomic Energy Commission Research and 
Development Report IDO-16408, 1957 (unpublished). 
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Curve fitting to a corrected gamma-ray spectrum 
was rejected as being unwarranted by the over-all 
precision of the computed branching ratios. The uncer- 
tainties stated in Table ITI include the statistical uncer- 
tainties both in the peak being analyzed and in those 
contributing background “tail” corrections, and also 
an estimate of the uncertainty in the tail correction 
factor. 

Several of the gamma-particle coincidence spectra 
showed an appreciable excess of corrected 0.44-Mev 
Na*™ gamma counts over the number of corrected counts 
for other members of the cascade. Angular correlation 
effects might explain some of the discrepancies; how- 
ever, since the effect was sometimes quite large (a 
factor of two to four) and always in the same direction, 
it is believed that it is probably an instrumental effect. 
A possible explanation is that these represented true 
coincidences of gamma rays with particles which ordi- 
narily would give pulses too big to pass through the 
window but which happened, by chance, to occur at 
the proper time after one of the very strong group of 
elastic pulses to be depressed in pulse height by the 
negative undershoot which followed the positive output 
pulses of the amplifier. A rough calculation of the 
expected frequency of this effect is in agreement with 
its observed magnitude. 

The 0.44-Mev peak counts are therefore considered 
unreliable and have not been used in computing the 
branching ratios stated. The triple cascade among the 
Na* states 2.70 — 2.08 — 0.44-> 0 Mev supports this 
assumption; the corrected strengths of the 0.63- and 
the 1.6-Mev gammas agree well, but there is a sub- 
stantial excess of 440-kev gamma-ray counts above 
that expected from the strengths of the various feeding 
gammas. The corrected 440-kev counts are in good 
agreement with other cascade members for the transi- 
tions from the 2.08- and 3.68-Mev states, however. 

In the gamma spectrum in coincidence with the 
alpha group to the 4.97-Mev state of Ne” (Fig. 26), the 
total number of counts, corrected for chance coin- 
cidences, under the two small high-energy peaks is 
statistically significant although the shape of the peaks 
is not well defined. The chance correction was based 
on a coincidence spectrum taken under identical con- 
ditions as the spectrum of Fig. 26, but with a long 
piece of signal cable in one input of the fast coincidence 
circuit to mismatch the delays. The chance correction 
was a few percent. 

The calculated correction for the ‘‘sum peak” of the 
1.6- and 3.3-Mev gammas accounts for one-third to 
one-half of the total of approximately thirty counts 
under the full energy loss peak, assuming an angular 
correlation of the form (1+-cos’@). It is possible that the 
apparent residual effect represents statistical fluctua- 
tions in the sum peak and uncertainties of analysis. 
Therefore, a ground-state transition is not considered 
to be established and only an upper limit of 4% is set 
for it. 


‘ 
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TABLE IV. Theoretical gamma-ray transition widths for excited states of Na* and Ne”, 
calculated from single-particle and collective models. 


Observed 
branching ratio 
(crossover /cascade ) 


Collective model widths 
r(M1) (£2) 
(ev) (ev) 


Single-particle widths 
T(£1) l'.(M1) I’, (E2) 
(ev) (ev) (ev) 
Na® 
1.8 10°% 
0.19 
0.09 
0.28 
0.16 
0.39 
0.22 
0.24 
0.005 
0.55 
0.34 


Level E, 
(Mev) (Mev) 


Spin-parity 
assumption 





0.44 
2.08 


0.44 
2.08 
1.64 
2.39 
1.95 
2.64 
2.20 
2.26 
0.62 


1.310 
3.110 
9.51075 
6.2X10 
2.310 
1.0X10™ 
4.110 
4.7X10 
7.3X1077 
1.910 
8.4X 10 


5.9X 104 1.7X10~° 
1.7103 


7.8X 10 


0.11+0.03 7/2* 


4.5X10™% 


2.39 1.7 +0.3 


2.64 >4 


2.70 0.31+0.08 3.9X 10 


2.73104 4.110 


2.98 0.84-+0.17 


<0.10 7 1.0 
30. 0.7 
>2.5 53. 1.3 


3.68 


3.92 


0.88 


5.3X10 
2.8X 10 
7.3X10™ 
4.1X10 


Ne” 


0.09 


<0.09 : 1.6 


0.37 


<0.04 2.6 


0.77 


A chance coincidence spectrum was taken of the 
gamma rays in coincidence with the alpha group to the 
4.2-Mev state of Ne” from proton bombardment of 
Nal (Fig. 25). Some of the scattered counts in the 
region of 4.2 Mev in these spectra may be due to true 
coincidences with protons inelastically scattered from 
the 4.43-Mev state of C”. No peaks are observed; 
therefore, only an upper limit of 9% is placed on the 
ground-state branch from the 4.25-Mev state of Ne” 
from these data. A limit of 10% is set for this branch 
from the spectrum of gammas in coincidence with 
protons inelastically scattered to the 4.2-Mev state of 
Ne”, using a target of natural neon (Fig. 27). 


V. DISCUSSION OF RESULTS 
1. Spin and Parity Assignments 


The spin and parity of the Na™ ground and first 
excited states are 3/2*+ and 5/2*, respectively." Allowed 
beta decay has been observed from Ne* to the ground 
state and to the first two excited states of Na." 
Therefore, the ground-state spin of Ne* is 3/2* or 5/2+ 
and the spin of the 2.08-Mev state of Na™ must be 
3/2+, 5/2+, or 7/2*. Positive parity assignments have 
been made to the 2.08-Mev second excited state of 
Na”™ and also to the 2.70- and 3.85-Mev states from 
inelastic deuteron scattering.!® 
"18 J. E. Mack, Revs. Modern Phys. 22, 64 (1950); R. Beren- 
baum, J. H. Towle, and J. H. Matthews, Proc. Phys. Soc. 
(London) A69, 858 (1956); H. Hausman, J. E. Monahan, F. P. 
Mooring, and S. Raboy, Bull. Am. Phys. Soc. 1, 56 (1956); R. W. 
Krone and W. G. Read, Bull. Am. Phys. Soc. 1, 212 (1956); G. M. 
Temmer and N. P. Heydenburg, Phys. Rev. 104, 967 (1956). 

4 J. R. Penning and F. H. Schmidt, Phys. Rev. 105, 647 (1957). 

16 P. M. Endt and C. M. Braams, Revs. Modern Phys. 29, 687 
(1957). 


6.5X10 
8.910 
7.9X10 
19X10 
2.6X i0™ 


Table IV lists the observed branching ratios and the 
transition widths, calculated from the Weisskopf single- 
particle expression and from the strong coupling col- 
lective model for the indicated spin assumptions, using 
the Nilsson eigenfunctions for Q2=3/2, N=2. The ex- 
pressions given by Wilkinson!® were used in computing 
the single-particle widths; the expressions of Nilsson!” 
and the modified E2 expression due to McManus and 
Sharp,'* which includes the collective contributions, 
were used for the collective model calculations. 

If the 2.08-Mev Na® state is 3/2+ or 5/2", the single- 
particle branching prediction is consistent with the 
observed value; if the state is 7/2+ the observed 
branching ratio is consistent with that predicted if 
substantial collective enhancement of the £2 radiation 
is present. 

The small upper limit on the ground-state transition 
from the 2.70-Mev state precludes a 1/2+-3/2+ com- 
bination for the 2.70- and 2.08-Mev states. Neglecting 
statistical factors, if the 2.70-Mev state is 3/2+ or 5/2+ 
and the 2.08-Mev state is either 3/2* or 5/2+, then the 
M1 ground-state transition is inhibited by a factor of 
at least 550 relative to the 0.62-Mev M1 transition, 
based on the observed upper limit to the 2.70-Mev 
ground-state branch. This same inhibition holds if the 
2.70-Mev state is 5/2+ and 2.08-Mev state is 7/2t. 
Therefore, the spin of the 2.70-Mev state must be > 7/2. 


16D. H. Wilkinson, Proceedings of the Rehovoth Conference on 
Nuclear Structure, edited by H. J. Lipkin (North-Holland Pub- 
lishing Company, Amsterdam and Interscience Publishers, New 
York, 1958). 

7S. G. Nilsson, Kgl. Danske Videnskab. Selskab., Mat.-fys. 
Medd. 29, No. 16 (1955). 

1D. A. Bromley, H. E. Gove, and A. E. Litherland, Can. J. 
Phys. 35, 1057 (1957). 
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The upper limit on the ground-state branch from the 
2.70-Mev state is consistent with a 7/2+ assignment to 
this state in combination with a 5/2+ assignment to the 
2.08-Mev state; however, for this combination the 
2.26-Mev M1 crossover transition suffers an inhibition 
of 150 relative to the M1 0.62-Mev cascade transition. 
Such an inhibition is perhaps within the limits of 
straggling of “reduced M1 branching ratios” given by 
Wilkinson.'® If the 2.70-Mev state is 9/2+ and the 
2.08-Mev state is 7/2+, the £2 crossover transition is 
enhanced relative to the M1 cascade by a factor of 
about four, on the Weisskopf estimate. The observation 
of a transition to the 5/2* 0.44-Mev state limits the 
spin of the 2.70-Mev state to <9/2. It is concluded 
that the 2.70- and 2.08-Mev states are probably 9/2* 
and 7/2+, respectively, although 7/2+ and 5/2* are 
not completely precluded. A 7/2* assignment for the 
2.08-Mev state implies 5/2* for the Ne* ground state 
as expected both from the collective model and from 
the simple shell model. 

Observation of ground-state branches from the Na” 
states at 2.39-, 2.64-, 2.98-, and 3.92-Mev limit the 
spins of these states to <7/2, with 7/27 being excluded 
by the small rate for such an M2 transition compared 
with the competing £1 transition to the first excited 
state. Observation of cascade transitions to the 5/2* 
first excited state similarly precludes 1/27 for the 2.39-, 
2.70-, 2.98-, and 3.68-Mev states. The absence of any 
strong transitions involving the 3.85-Mev state of Na* 
suggests possible lack of population due to high spin. 
However, weak transitions to the ground or first 
excited state probably would be obscured by the 3.92- 
and 3.3-Mev gammas of Na™ and Ne”, respectively. 
(The 3.85 — 0.44 Mev cascade gamma has been ob- 
served.) Additional discussion of the spins of some of 
these states is given by Freeman and Montagu.’ 

The spin and parity of the Ne” ground and first 
excited states are 0+ and 2+, respectively.'® Observation 
of a gamma transition to the 4.97-Mev state from a 1* 
capturing state in the reaction F%+p— Ne*+y,” 
together with a triple angular correlation study, limits 
the spin and parity of the 4.97-Mev state to 1+, 2+, 3* 
The 8-y angular correlation in the allowed 8 decay of 
F?° to the 1.6-Mev state of Ne” is consistent only with 
2+ for the F* ground state.*' The F* 8 decay to the 
4.97-Mev state of Ne” is probably at least first for- 
bidden, having logff>7 from gamma-gamma coin- 
cidence measurements.” If this is so, the positive parity 
assignments are ruled out and the 4.97-Mev state of 
Ne® would be 1~ or 2-. An observable ground-state 
branch from this state would be consistent only with 


19 G. Weinreich, G. Tucker, and V. Hughes, Phys. Rev. 87, 
229 (A) (1952). 

” H. E. Gove, A. E. Litherland, and A. J. Ferguson, Bull. Am. 
Phys. Soc. 1, 36 (1958) 

21 F, Boehm, V. Soergel, and B. Stech, Phys. Rev. Letters 1, 77 
(1958). 

2R. W. Kavanagh, Bull. Am. Phys. Soc. 5, 316 (1958), and 
private communication. 
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the 1— assignment. The small upper limit set on such 
an F1 transition relative to a competing £1 cascade 
transition apparently favors the 2~ assignment. How- 
ever, a 1~ assignment cannot be excluded, as the 
dominance of the cascade over the ground-state transi- 
tion is within the limits given by Wilkinson.'® An M1 
ground-state transition from a 1* state at 13.5 Mev 
has been observed to be very strongly inhibited relative 
to the M1 cascade through the 1.6 Mev first excited 
state, suggesting a substantial dissimilarity in the 
configurations of the ground and first excited states. 

Recent studies of neutron angular distributions from 
the F(d,n) reaction tentatively demonstrate stripping 
like patterns for certain states with /=2 or 3 for the 
4.25 and /=1 for the 4.97-Mev states.*4 These results 
imply 7=1, 2, 3, or 4 and positive parity for the 
4.25-Mev state; J=0, 1 or 2 and negative parity for 
the 4.97-Mev state. 

The reversal of sense of the anisotropy in the corre- 
lation of the Ne”’ cascade gammas from the 4.2-Mev 
state renders a unique spin assignment impossible; 
however, the observed lack of isotropy rules out a zero 
spin for this state. 


2. Collective Model Interpretation of 
the Na®’ Levels 


The observation of a large positive electric quadrupole 
moment for Na” ** implies a substantial shape deviation 
from spherical symmetry toward a prolate configuration, 
and suggests that collective effects may be expected in 
the level spectrum, moments, and beta and gamma 
transition probabilities. The large cross section for 
Coulomb excitation of the first excited state by protons 
and alpha particles** also implies substantial distortion. 
A theoretical study by Rakavy' suggests the systematic 
occurrence of large nuclear deformations between the 
closed shells of O'* and Si**, and successful applications 
of the collective model have been made for this region 
of atomic number? The applicability of the strong 
coupling collective model to the results obtained has 
therefore been considered. 

It is expected from the prolate deformation ecigen- 
values of Nilsson’s single-particle orbit solutions for a 
spheroidal potential well with spin-orbit coupling'’ that 
Na*™ would have a ground state with a single unpaired 
proton having an angular momentum component 
Q=3/2 along the symmetry axis and positive parity, 
in agreement with the observed ground-state spin and 
parity, 3/2+. The prediction of the simple shell model, 
for short-range interparticle forces, is that the ground- 
state spin of an odd nucleus should be that of the 

23 A. B. Clegg, G. A. Jones and D. H. Wilkinson, Proc. Phys. 
Soc. (London) A68, 538 (1955). 

* R. E. Benenson and L. J. Lidofsky, Bull. Am. Phys. Soc. 5, 
1 (1960). 

25 P. L. Sagalyn, Phys. Rev. 94, 885 (1954); M. L. Perl, I. I. 
Rabi, and B. Senitzky, Phys. Rev. 98, 611 (1955). 

26 G. M. Temmer and N. P. Heydenburg, Phys. Rev. 104, 957 
(1956). 
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unpaired nucleon®’ which, in Na”, occupies a d5/2 orbit. 
Abnormal coupling of the (d5,2)* proton configuration 
to a resultant spin of 3/2 might possibly be obtained 
for a reasonable force range; however, such an expla- 
nation fails to explain similar instances of abnormal 
coupling in (f7/2)? and (gg/2)* configurations.”* 

Low-lying positive parity states of single-particle 
excitation having Q=1/2 and 5/2 are also predicted. 
The simple collective model then predicts three bands 
of low-lying collective excited states of a rotational 
nature, each having one of the above intrinsic particle 
structures and characterized by a projection of the 
total angular momentum on the nuclear symmetry 
axis of K=3/2, 1/2, and 5/2, respectively. In the 
absence of perturbation, each band is expected to 
exhibit a characteristic level spacing given by 


Ex.=Ex+ (#?/2F x) (I4+1)+6x,,(—1)4a(+}) J, 


where /’x is the effective moment of inertia and a the 
“decoupling parameter.” # 

For odd A nuclei this simple spectrum is expected 
to be substantially distorted by the coupling of the 
particle motion to the rotation of the potential well 
(rotation-particle coupling).*:* This “RPC” produces 
a mixing of the wave functions of the various bands 
among states having AJ=0, AK=+1. Another per- 
turbation, which may be appreciable for high spin 
states, is due to the coupling of the low-lying states to 
highly excited collective states of a vibrational nature 
(rotation-vibration coupling).* 

The RPC perturbation connects only states of the 
same parity for which AJ=0, AK= +1. For the case of 
Na™ there are thus three interacting bands expected, 
whose perturbed level positions for a given spin value 
are the roots of the cubic equation arising from the 
diagonalization of the appropriate 3X3 matrix, where 
the matrix elements for a specified nuclear deformation 
and spin-orbit coupling can be calculated from Nilsson’s 
eigenfunctions. 

The large number of adjustable parameters precludes 
a detailed fit to the model with available data. A 
plausible fit should be characterized by reasonable 
internal consistency of parameters and of the corre- 
sponding nuclear deformations, and by external con- 
sistency with the values of similar parameters for 
neighboring nuclei. A preliminary calculation of the 
level spectrum using the Nilsson eigenfunctions and 
making plausible assumptions has been made by Paul 
and Montagu,” who obtain a qualitative fit for levels 
up to 3 Mev using the same moment of inertia for all 
bands and a nuclear deformation derived from the 


27M. G. Mayer, Phys. Rev. 78, 22 (1950). 

28D. Kurath, Phys. Rev. 80, 98 (1950); A. R. Edmonds and 
B. H. Flowers, Proc. Roy. Soc. (London) 214, 515 (1952); I. 
Talmi, Helv. Phys. Acta 25, 185 (1952). 

2A. K. Kerman, Kgl. Danske Videnskab. Selskab., Mat.-fys. 
Medd. 30, No. 15 (1956). 

%* FE. B. Paul and J. H. Montagu, Nuclear Phys. 8, 61 (1958). 
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measured ground-state quadrupole moment and the 
Coulomb excitation cross section for the 0 > 0.44 Mev 
transition. These calculations predict that the first 
three states are 3/2+, 5/2+, and 7/2+ and that there is 
a low-lying 9/2+ state. The ground state and first 
excited state are known to be 3/2+ and 5/2+, respec- 
tively ; the predicted 7/2* and 9/2* states may perhaps 
be identified with the states at 2.08 and 2.70 Mev, to 
which probable spins and parities of 7/2+ and 9/2t, 
respectively have been assigned. In addition, the cal- 
culations of Paul and Montagu predict 1/2+, 3/2+, and 
5/2* states below about 3.3 Mev, which are not incon- 
sistent with our assignments of possible spins to the 
other states of this region. 

The ground-state magnetic moment can be calculated 
as a function of distortion and spin-orbit coupling 
strength from the Nilsson eigenfunctions. Assuming the 
validity of the model, a comparison with the experi- 
mental value n= 2.216 nm," together with a knowledge 
of the distortion will, in principle, permit a determina- 
tion of the spin-orbit coupling strength. The calculated 
magnetic moment for positive values of 7 is rather 
insensitive to the distortion, however, and since calcu- 
lated magnetic moments are unreliable to 1/4-1/2 
nuclear magneton due to uncertain mesonic contri- 
butions,” this procedure does not yield any useful 
information on spin-orbit coupling. Similarly, the calcu- 
lated ft value for the Mg” mirror beta decay does not 
yield any spin-orbit information due to experimental 
uncertainties and the insensitivity of the calculated 
value to positive deformations. Uncertainty in gr 
increases the uncertainty in these quantities. 

For pure rotational states, the M1 and £2 gamma-ray 
transition probabilities can be expressed in terms of 
the quadrupole moment and magnetic moment of the 
lowest member, with an assumption as to the value of 
gr, the gyromagnetic ratio of the rotational motion. 
The decay rates shown in Table IV were calculated for 
the indicated spin assumptions for a pure K =3/2 rota- 
tional band, assuming gr ~0.2. 

The gamma ray from the 0.44-Mev state to the 
ground state is predicted to be largely M1 by both 
single-particle and collective models. A limit of 0.05 
has been put on the £2 to M1 ratio for this transition 
by Berenbaum ef al."° The ground-state transition for 
the 2.08-Mev state (assumed 7/2*) is stronger than 
predicted by the Weisskopf model and may exhibit 
the £2 enhancement characteristic of collective transi- 
tions. Agreement with the Nilsson collective model 
predictions is good. For the 2.70-Mevy state (assumed 
9/2*), however, the collective model predicts that the 
E2 crossover transition should be much stronger (ap- 
proximately 10 times) than the M1 cascade, whereas 
agreement is fair between the observed branches and 


31 A Table of Nuclear Moment Data, edited by H. E. Walchli, 
Oak Ridge National Laboratory Report ORNL-1469, 1953 (un- 
published). 

®R. J. Blin-Stoyle, Revs. Modern Phys. 28, 75 (1956). 
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the single-particle predictions. This discrepancy with 
the predictions of the collective model might be due to 
reduction of matrix elements owing to the rotational 
band admixtures expected for these states. 


3. Significance of the Ne*’ Results 


The characteristics of the first few excited states of 
Ne* are of interest for possible nuclear model inter- 
pretation and for astrophysical calculations. The state 
at 4.97 Mev may correspond to a resonance in the 
capture reaction O'*+a— Ne™* — Ne”+7, provided 
that its parity is (—1)/. Following hydrogen exhaustion, 
such a reaction is postulated in a helium burning process 
within the helium rich core of red giant stars. A spin- 
parity assignment of 1~ or 2* to this state would imply 
that the capture reaction can occur and conversely for 
a 2- or 3+ assignment. According to calculations of 
Cameron,‘ for a 1~ assignment large amounts of Ne” 
can be formed in the latter stages of helium burning 
even for values of the alpha-particle reduced width as 
small as 0.01 of the Wigner limit. It has also been 
suggested that Ne* may play an important role in the 
production of neutrons for synthesis of intermediate 
and heavy elements, via the reactions Ne*®+p — Na” 
+7; Na — Ne™+6++7; Ne!+a— Mg*4+n.> Pro- 
duction of heavier alpha-particle nuclei via the reactions 
Ne*®+7— O'6+a; Ne*®+a— Mg*4++y has been sug- 
gested to occur at temperatures of about 10° °K. 

For the 0* Ne” ground state, no static quadrupole 
moment is expected. However, the short lifetime 
[(5.342.3)10-" sec] of the 2+ 1.63-Mev state* sug- 
gests an enhanced £2 transition rate and a correspond- 
ingly large nuclear deformation, as predicted by Rakavy.! 
An intrinsic quadrupole moment Qo~0.67 barn is 
implied by this lifetime. 

Paul has given a rotational interpretation of the level 
spectrum of F” on the collective model,®* obtaining 
results similar to those obtained from shell-model cal- 


8 FE. E. Salpeter, Phys. Rev. 107, 516 (1957). 

*S. Devons, G. Manning, and J. H. Towle, Proc. Phys. Soc. 
(London) A69, 173 (1956). 

% FE. B. Paul, Physica 22, 1140 (1956). 
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culations in terms of configuration mixing for inter- 
mediate coupling. A prolate configuration is required 
in this calculation in order to obtain agreement with 
the observed spectrum. Furthermore, a positive quad- 
rupole moment has recently been measured for Ne*!.** 
Thus Ne” might also be expected to have a prolate 
deformation, as predicted by Rakavy. 


VI. SUMMARY AND CONCLUSIONS 


Gamma-ray decay schemes and branching ratios have 
been obtained for excited states of Na* and Ne” using 
scintillation spectrometry, including a _ three-crystal 
pair detector, gamma-gamma and particle-gamma coin- 
cidence arrangements, and large single-crystal detectors. 

Probable spin and parity assignments for the Na” 
levels at 2.08 Mev and 2.70 Mev are 7/2+ and 9/2t, 
respectively, although a 5/2+—7/2* combination cannot 
be completely excluded. Spin limitations on other states 
of Na* are: 2.39-, 2.64-, 2.98-, and 3.92-Mev states, 
<7/2 with 7/2- excluded and 1/2- excluded for the 
2.39- and 2.98-Mev states; 1/2- is excluded for the 
2.70- and 3.68-Mev state. These spin-parity assign- 
ments, along with other data, are consistent with a 
collective interpretation in terms of the strong-coupling 
rotational model, with large perturbations among the 
low-lying bands. 

The upper limit of 4% for the ground-state branch 
of the 4.97-Mev state of Ne”’, together with other data, 
is suggestive of a 1~ or 2~ assignment, with 2~ the more 
likely. Other assignments are not definitely excluded. 
A 9% upper limit is placed on the ground-state branch 
of the Ne” 4.2-Mev state. Spin zero is excluded for this 
state. 
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The shape of the third forbidden 8 spectrum of Rb*’ has been analyzed. It has been found to be consistent 
with (i) a mixture of vector and axial vector interactions, (ii) the same value and sign of the ratio ga/gy as 
found for the neutron, and (iii) a shell model evaluation of the nuclear matrix elements. 





INTRODUCTION 


HE strong evidence that the nuclear 8-decay inter- 
action is a mixture in roughly equal proportions 
of vector and axial vector terms is based mostly on 
measurements in allowed transitions of various angular 
correlations and half-lives. There would seem to be some 
interest in checking that the spectral shapes of forbidden 
decays with distorted Kurie plots are consistent with the 
currently accepted interaction. Moreover, it is in 
principle possible from an analysis of a forbidden spec- 
trum to determine the coupling constant ratio gy/ga and 
it is of interest to see if there is any indication of this 
ratio changing with nuclide or with order of forbidden- 
ness. In order to accomplish this last objective it is 
necessary to have an estimate of the nuclear matrix 
elements involved. With our present knowledge of 
nuclear structure, such estimates cannot be very precise, 
but this uncertainty can be to some extent reduced by 
a suitable choice of nuclide. 

For these reasons the analysis of the decay of Rb* is 
of some interest. There is a third forbidden transition 
from the }— ground state of Rb*’ to the 9/2+ ground 
state of Sr*’. There are no other transitions to mask the 
low-energy part of the spectrum—as there are for so 
many forbidden spectra. Moreover Rb*’ contains 50 
neutrons and Sr*’ contains 38 protons, completing the 
(2p;, 1/s) subshell. Consequently one may hope that 
simple nuclear wave functions will be more reliable than 
usual. 

This transition with AJ=3 and parity change has an 
allowed Fermi-Kurie plot with considerable curvature 
which makes the analysis for gy/ga possible. The data 
used for the spectrum were obtained by Goodman.' In 
these experiments special steps were taken to minimize 
the effects of source thickness and of background count- 
ing rates. It is believed that these data are the most 
accurate available particularly at the low-energy end 
of the spectrum. We made our own reduction of the raw 
data to obtain a counting rate 2(Z). The results are very 
similar to those obtained by MacGregor and Wieden- 


+ This research was supported by the National Research Council 
of Canada and the Ontario Research Foundation. 

* Based in part on a thesis submitted by G. H. Keech for the 
M.Sc. degree at McMaster Unitersity. 

t Now at Western Reserve University, Cleveland, Ohio. 

1C. D. Goodman, Ph.D. thesis, University of Rochester, 1955 
(unpublished). 


beck.” The allowed Fermi-Kurie plot of Goodman’s data 
as analyzed by us is compared with that of MacGregor 
and Wiedenbeck in Fig. 1. Goodman’s data lead to an 
end point of 280+5 kev. We have used three end points, 
275, 280, and 285 kev, in order to examine the effect on 
the results of varying this parameter. 


ANALYSIS OF THE SPECTRUM 
The counting rate for a AJ =3, yes transition is 
n(E)dE= (29) *pE(W — EFC dE (1) 


where as usual, m=h=c=1, p, E and W are, respec- 
tively, the electron momentum, electron energy and end 
point, and F is the Fermi function. We assume that the 
8-decay interaction is a mixture of vector and axial 
vector interactions and normalize the coupling constants 
so that the vector interaction, for example, is 


Vy y iby yay u(gvt+ev'vs) ¢- 


Then if we assume gy’/gvy=ga'/ga1=r, we can write 


C3= (1+r){gv’* Q3(r) : ® [A 9" **M,—2C3,q**N, 


9 


+D3q*"L, \+ gv’ QO3(a@) +» A3,q" ga 


v=) 


+ 2gv? Im[Q3(@)Q3*(r)] & [Ang ?N,—Cag? Ly] 


v=0 


3 
+2 "tg QO3 (oX r) | . 2 [. { 3" M+ 2¢ ‘ag? NN, 


v=) 


+(Ds,— B3,/4)q>"L, J+ 2gagv ReLQs(@)Q3*(eXr) ] 


x > [A ag” N,+C ‘sg? L, | 


v=0 


—2gagv Im[Q;3(r)Q;*(eXr) ] 
3 
eB [. 1 ag? *M,+ ( Dy— B;,)q**L, | 


v=0 


+g.2/0,(@) |? Bug**L,}. (2) 


v4) 


In this equation the various symbols have the conven- 
2M. H. MacGregor and M. L. Wiedenbeck, Phys. Rev. 94, 138 
(1954). 
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Fic. 1. Allowed Fermi-Kurie 
plot of the Rb*? spectrum. The 
solid curves (a) and (b) are 
based respectively on the data 
of Goodman and of MacGregor 
and Wiedenbeck. The same 
end point, 275 kev, is used for 
both plots. The error markers 
on curve (a) represent typical 
limits of the 65% probability 
zone which we used in con- 
structing the conic bands. The 
dashed curve is that of Flynn 
and Glendenin (reference 18) 
obtained after our analysis was 
complete. The only noticeable 
difference from curve (a) is at 
the lowest energy point we 
used (60 kev), where the new 
value is slightly, but not signifi- 
cantly, outside the error limit 
we assigned. 
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tional meanings.’ The Q’s are nuclear matrix elements, 
L,, M., and N, are functions of the electron momentum, 
q is the neutrino momentum, and A;,, B3,, C3,, and D3, 
are numerical coefficients. The theorem of Longmire 
and Messiah* shows that the matrix element ratio 
Qijx(A)/Qijx(B) is independent of i, j, k and of the 
magnetic quantum numbers of the initial and final 
nuclear states. Consequently, although Q;(A)Q;*(B) 
stands for > ;.;,x Qije(A)Q;;.*(B), we can define the real 
quantities 


&v iss (r) 
1 — 


= (3a) 


£4 Vijx(oXr) 
Sv Vina) 


ga Vijx(oXr) 


O;4(@) - 
U3(@Xr) | * 
and write Eq. (3) as 


C3(p)/ +r )g4? Os(eXr) *=Axr+ By—2Dxy 
+2Gy+2Hx+F+ku?, (4) 


where A, B, D, F, G, H, and k are functions of p, whose 
definitions are obvious by comparison with Eq. (3). In 
order to avoid difficulties with the absolute value of the 
counting rate per atom, we have calculated the ratio of 
the correction factor at each electron momentum to that 


3 As summarized for example by M. Deutsch and O. Kofoed- 
Hansen, in Experimental Nuclear Physics, edited by E. Segré (John 
Wiley and Sons, Inc., New York, 1959), Vol. 3, pp. 517-525. We 
have written Q,(A) for Q,(A,r)/n!. 

4C. L. Longmire and A. M. L 
(1951). 
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at a fixed momentum fo(=0.8) and defining 
p(p)= C3(p) C3(po), 
we obtain for each momentum #f the equation 
A'x?+ B’y?—2D’xy+2G'y+2H'x+F'+k'wW=0 (6) 


where 
A'(p)=A(p)—p(p)A (po), ete. 


The quantity «? is of order of magnitude unity, but 
fortunately the coefficient k’<F’, so that the uncertainty 
in the value of «? is not important. Calculations have 
been made with #?=0 and 2 and there is no appreciable 
difference between them. 

Ignoring u, or fixing its value, Eq. (6) represents a set 
of conics in x and y, one for each value of p. In principle, 
an exact solution for x and y could be determined by 
obtaining the common point of intersection of a few 
conics of this set. However, experimental error, reflected 
in a statistical distribution of values for p, requires the 
replacement of each one of these conics by a band of 
finite width. For each momentum used we have obtained 
from the experimental data the two extreme values of p, 
symmetric about the mean value, such that there is a 
65% probability that the true value lies between them. 
The two conics corresponding to these two values 
define a band in the x-y plane. There is such a band for 
each momentum. There is a high probability that the 
region of the plane common to all the bands contains the 
true values (x,y). This conclusion is reinforced by the 
observation that the bands were made only slightly 
broader when we took them as 80% rather than 
65% zones. 

The coefficients A’, B’, etc., of the conics depend on 
the functions L,, M,, N, which in turn depend on the 
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Fic. 2. Conic bands defining 
allowed values of x and y for 
p=0.5, both corrected and un- 
corrected for finite nuclear size. 
The end point used was 275 kev 
and R=1.41A!X10-8 cm. 





Lt) 


UNCORRECTED GY 








end point of the spectrum, the effective radius R at 
which the lepton wave functions are evaluated and the 
electrostatic potential which determines the form of the 
electron wave function. The electron wave function 
should of course be that for a finite nucleus. However, 
the variation in the results due to changes in the 
effective 8-decay radius R is much greater than the 
variation due to the change from the point-charge wave 
function to the finite-nucleus wave function. The effect 
of the finite-size correction is shown in Fig. 2 which 
shows the conic bands, for a certain electron momentum, 
corrected for finite size and not so corrected. The finite- 
size correction factors for Z=38 were approximated 
from the graphs in the report by Rose and Holmes.° 
Because of fairly heavy cancellation arising in the 


calculation of the conics, it was decided to obtain L,, 
M,, and N, to five figures rather than the four which are 
tabulated. This was done by taking a further term in 
the series expansion. The three end-point energies 275, 
280, and 285 kev were considered, and the dependence 
upon the effective radial position R was investi- 
gated by considering the three radii 1.13, 1.41, and 
1.554!X 10-8 cm. 

In the cases studied, the conics, which serve as 
boundary curves for the bands of allowed x and y, are 
all hyperbola of a similar character. For each case, the 
conic-bands for different momenta differ by only small 
amounts. Their common area, when this exists, occurs 
all along one arm of the hyperbolas defining almost a 
linear relationship for x and y (e.g., Fig. 3). There is 





Fic. 3. Allowed regions of the 
parameters x and y. Any point in 
the narrow bands shown gives a 
fit to the observed spectrum shape, 
if one takes 275 kev for the end 
point and 1.414!X10-" cm as the 
effective radius. The line y=6x is 
shown. 
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Rose and D. K. Holmes, Oak Ridge National Laboratory Report 1022 (unpublished); and Phys. Rev. 83, 190 (1951). 
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very little dependence of this area upon the end point 
chosen (e.g., Fig. 4). The effect of the term containing 
uw’ is smaller yet, and it can be neglected. 

The influence of the effective radius R upon the 
system of conic bands is appreciable. This is illustrated 
by the systems for R= 1.13 and 1.414!X10-" cm (see 
Figs. 3 and 5). The structures of the common areas are 
similar, but their positions are shifted somewhat. It is 
clear that the variation of R has much greater effect 
than the finite nucleus correction and one may consider 


that any reasonable electron wave function would give 
results intermediate to these two figures. The case 
R=1.55A'X 10-8 cm does not give any allowed areas. 
This is not unexpected for such a radial position is well 


into the mass distribution tail of the nucleus. 
Although the variation of the common area with R, as 


out 


Fic. 4. The allowed regions are 
shown to change very little with 
end point. The curves are for 
R=1.41A!X10-™" cm and end 
points 275 kev and 280 kev. 








indicated by Figs. 3 and 5, produces small changes in 
the values of x and y obtained, the important results 
remain unchanged. 

The existence of the common regions makes it plain 
that the spectrum shape can be fitted with a V, A 
interaction. We now proceed to see what can be said 
about the values of gy and ga. 


MATRIX ELEMENT RATIOS 


The analysis of the spectrum indicates acceptable 
values of the two ratios x=i(gy/ga)QOs(r)/Qs(@Xr) and 
y= (gv/ga)Qs(a)/Q3(eXr). In order to use these results 
to obtain information about the coupling constants, it is 
necessary to evaluate the nuclear matrix element ratios. 
The ratio involved in x has the special property that in 
the simple shell model its value depends only on the 
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Fic. 5. The allowed regions for 
R=1.13A!X10-" cm. The line 
y= 6x is shown. The end point used 
is 280 kev. 
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angular momenta of the initial and final states and not 
at all on the radial wave functions, which are much less 
reliable. The other ratio which we choose to calculate 
Q3(a)/Q3(r) gives the ratio y/x which is independent cf 
the coupling constants; its value, however, depends on 
the radial wave functions. 

The energy level scheme of the extreme single- 
particle model® predicts our beta-decay process to be the 
transition of a 1g9/2 neutron into a 2, proton. This event 
leaves a hole in the 1g9/2 neutron level and fills up the 
2p; proton level of Sr*’. The measured ground-state 
spins of Rb*’ and Sr*’ are $ and 9/2, respectively. The 
measured magnetic moments of Rb* and Sr* lie fairly 
close to their respective Schmidt “j=/+}” limits, 
indicating good agreement with the parity assignments 
of the extreme single-particle model.’ 

We proceed, therefore, to use the simple shell model 
to calculate the matrix element ratios. We note, more- 
over, that configuration mixing is not likely to affect our 
results. In Rb*’, it is reasonable to assume that the 
50 neutron structure is common to all configurations in 
the ground state, that is, that admixed configurations 
differ from the shell model function only in the proton 
states. Similarly in Sr*’, we assume that all the con- 
figurations mixed to make up the ground state have the 
same filled proton shells, differing only in neutron states. 
If one now recalls that the 6-decay operators are single- 
particle operators, one sees that the only configurations 
which can contribute to the 8 decay are the simple shell 
model ones. If these are not 100% of the ground state 
the absolute value of a matrix element is reduced, but 
the ratio of two matrix elements is not affected. 

It is consequently reasonable to assume that for this 
particular decay, the principal uncertainty in the matrix 
element ratios lies in the radial wave functions assumed ; 
consequently, the value of x, which is independent of 
these functions, should be quite good. It is 


x= —gy/ga. (7) 


To evaluate y/x, we use the result of Longmire and 
Messiah,‘ and simply calculate 


; f drbs*(2p,)Ocae(@)Wi( 10/2) 
22z Qa 
aan Or : (8) 


QO 





Q.2:(F) 
J arb 2p)0calevs (Ag) 


The operator O,,.(r) is easily written in terms of the 
spherical harmonics Y ,;” used by Condon and Shortley.* 


Oves(t) = (4x°/7) 2 V3. 


6 J. P. Elliot and A. M. Lane, Handbuch der Physik, edited by 
S. Fliigge (Springer-Verlag, Berlin, 1957), Vol. 39. 

7R. J. Blin-Stoyle, Theories of Nuclear Moments (Oxford 
University Press, New York, 1957). 

8 E. U. Condon and G. H. Shortley, Theory of Atomic Spectra 
(Cambridge University Press, New York, 1935). 
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The procedure for the operator O,,.(@) is more 
involved. The odd Dirac operator a is replaced® by the 
even operator —P/M. P and M are the nucleon 
momentum and mass, respectively. One finds 


0 
O.22(a)= ~(= ) (aver. er—— Y 3. lyf. — Y ir). 
5M \21 or 


Here L, and L_ are the angular momentum ladder 
operators, Lz+iLy. 
The ratio reduces to 


(= 
- aaa R2,Rigr'dr 


f Re,Rigr*dr 
0 


For this type of calculation, the spherical harmonic 
oscillator radial wave functions should give a fair 
approximation. Using the results given by Mayer and 
Jensen," we find 

Qz22(a) =4i(y/M). (10) 


The constant y is fixed’ by computing the root mean 
square radius. 


(r®) n= (1/2y)[2(n—1) +/+]. 


Using Hofstadter’s value! 


f 


Qz22(@) i f 


Quee(t) M 





Q.22(r) 


(11) 


((r?) ay) §= (3/5)41.20(87)!X 10-3 cm 


= 1.06 10- relativitic unit. (12) 
Averaging (11) over the protons of Rb*’ 


(r?)ay= 1.84/y. 
Then we have” 


0, 


Oz22(@)/Qz22(4)-~6.01. (13) 

Yamada" has calculated this matrix ratio using the 
method of Ahrens and Feenberg." Adjusting his value 
to correspond to our choice of nuclear radius, we obtain 


Qrez(@)/Qe22(4)—~2.8i. (14) 


These results agree in sign, and the disagreement in 
absolute values is not unreasonable, since the value (14) 
is based on the semiempirical mass formula and is of 
general application, whereas the value (13) is obtained 
by a calculation more specific to one nucleus. The shell 


9M. E. ite and R. K. Osborn, Phys. Rev. 93, 1315 (1954). 

10 M. G. Mayer and J. H. D. Jensen, The E ‘lementary Theory of 
Shell Structure (John Wiley & Sons, New York, 1955). 

1 R. Hofstadter, Revs. Modern Phys. 28, 214 (1956). 

2 This result may also be obtained by using spherical, rather 
than Cartesian, tensors. In checking our calculation by this 
method, we detected a misprint in Eq. (19) of the paper by M. E. 
Rose and R. K. Osborn, Phys. Rev. 93, 1326 (1956), viz., the 
power of —1 in the phase should be /’+j—4 and not I’+-j’ nf, 

13M. Yamada, Progr. Theoret. Phys. (Kyoto) 9, 268 (1953). 

“T. Ahrens and E. Feenberg, Phys. Rev. 86, 64 (1952). 
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model value 6.0i may be more reliable in the special 
case of Rb*’. 


RESULTS 


Equation (13) gives y=6x. This line is plotted in 
Figs. 3 and 5 to show its intersection with the allowed 
areas of x and y values found in the conic analysis. In 
Fig. 3 with R= 1.41A!X10-" cm, the intersection gives 
for x the values between 0.53 and 0.58, while for 
R=1.13A!X10-" cm the corresponding values are 0.83 
and 0.93 (Fig. 5). Intermediate values of R will give 
intermediate ranges of x values. The quantity x is close 
to —gv/ga. The values of —gy/ga found directly are 


(i) from the decay of polarized neutrons: —gy/ga 
=0.80+0.03 ; 

(ii) from the lifetimes of O" and of the neutron!®: 
gv/ga| =0.84+0.03. 


The last value assumes that gy is the same for the 
neutron and for O". Recent theories’? suggest that gy 
should be independent of any renormalization due to 
strong interactions and hence should be the same for all 
nuclides. If the same were true for g4 we might use the 
above result to argue that the smaller effective radius 
R is the better one to use. The smaller value is also 
favored on other grounds. However, there is no reason 
to assume gx, is constant; we merely note that this 
assumption is consistent with our results, but so is some 
variation. 

Since our matrix element calculation assumed a 
specific nuclear model, we cannot insist on the value 6 
for y/x, although it should be recalled that the simplest 
forms of configuration mixing do not change this value. 
If y/x is increased, the allowed values of x become less 


165M. T. Burgy, V. E. Krohn, T. B. Novey, G. R. Ringo, and 
V. L. Telegdi, Phys. Rev. 110, 1214 (1958). 

16 A. N. Sosnovskij, P. E. Spivak, Yu. A. Prokofiev, I. E. 
Kutikov, and Yu. P. Dobrynin, Proceedings of the 1958 Inter- 
national Conference on High-Energy Physics at CERN, edited by 
B. Ferretti (CERN Scientific Information Service, Geneva, 1958), 
p. 237; J. B. Gerhart, Phys. Rev. 109, 897 (1958). 

17R. P. Feynman and M. Gell-Mann, Phys. Rev. 109, 193 
(1958). 
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but remain positive; if y/x is decreased, x increases, 
remaining positive, until y/x reaches about 2, when 
large negative x values appear. If with the restriction 
that y/x be not more than a factor of three or four 
different from the calculated value, we couple the 
further restriction that |x <1, we can definitely con- 
clude that x is positive and gy/g, negative (see Figs. 
3 and 5). 

As we have already remarked, the uncertainties in the 
nuclear matrix elements prevent one from using these 
results to test possible dependence of gy/g4 on nuclear 
size. It is, however, interesting to remark that if we 
take the average value for light nuclides, gy/g4= —0.82, 
we find that for R= 1.414!X 10-" cm, the point on the 
conic is y=3.8 and for R=1.13A'!X10-" cm, y=5.2. 
These values correspond to y/x=4.7 and 6.3, in good 
agreement with the ‘“‘theoretical” value 6.0. 

As a further check of the consistency of our assign- 
ments of values for coupling constants and matrix 
elements, we have calculated the half-life of the transi- 
tion. We have taken gy/g1=—0.82, y=6x=4.92 and 
gv=2.85X10-", the value appropriate to O. We have 
also used the 280-kev end point and a radius in the 
correction factor of 1.134!X10-" cm. With a half-life 
4.7X10" yr,'* one finds the “experimental” value 
Q3(r)=1.5X 10-7. On the other hand, we may use the 
oscillator wave functions to obtain a calculated value, 
just as we did for the ratio Q;(@)/Q3(r). This result is 
Q3(r)=5.5X10-". The shell model and experimental 
results differ, therefore, by a factor of about four, or 
more precisely the experimental value of the square of 
the matrix element is about 1/13 of the calculated shell 
model value. It will be recalled that we pointed out that 
although configuration mixing would not affect our 
ratios « and y, it would affect the absolute value of the 
matrix elements. For unfavored allowed transitions in 
the same region of the periodic table, the experimental 
matrix elements are 1/10 to 1/50 of the shell model 
values. Consequently we are satisfied that our inter- 
pretation of the data is self consistent. 


18K. F. Flynn and L. E. Glendenin, Phys. Rev. 116, 744 (1959). 
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The excitation function for Zn®™(mn,2n)Zn®™ has been measured for neutron energies from 12.2 to 18.1 Mev 
by an activation method. An absolute cross section has been obtained by using the previously measured 
value of 167+11 mb at 14.4 Mev. Above threshold, the cross section is found to increase rapidly with 
neutron energy reaching a value of 337 mb at 18.1 Mev. A cross-section curve computed on the basis of 


statistical theory is shown for comparison. 


INTRODUCTION 


LTHOUGH several measurements'~® of the Zn™ 
(n,2n)Zn®™ cross section have been made, only 
limited information has been obtained on the behavior 
of the excitation function near the 12.0 Mev’ reaction 
threshold. In the present work particular attention has 
been given to this energy region as well as to an exten- 
sion of the range of neutron energies employed by Cohen 
and White.’ The relative yields of Zn®, for neutrons in 
the energy range 12.2 to 18.1 Mev, were determined by 
counting the induced beta activity of 38 minute half- 
life. The cross-section measurement of 167+11 mb by 
Rayburn® at 14.4 Mev has been used in assigning an 
absolute scale for the present curve. 


EXPERIMENTAL PROCEDURE AND RESULTS 


Using a 2-Mev Van de Graaff accelerator, a 300 
ug/cm® tritium-zirconium target, 1 cm in diameter, 
was bombarded by deuterons yielding neutrons through 
the T(d,n)He* reaction. Variation of neutron energy 
was achieved by selection of the deuteron energy as well 
as by irradiation of samples placed at various angles 
about the target.’° The experimental arrangement was 
such that samples could be placed on a circular arc of 
2-in. radius at any angle from 0° to 160° with respect 
to the incident deuteron beam. A neutron long counter" 
was employed for monitoring purposes; however, the 
differential cross-section measurements of Bame and 
Perry” were used in order to correct for variation in 


1B. L. Cohen, Phys. Rev. 81, 184 (1951). 

2 E. B. Paul and R. L. Clarke, Can. J. Phys. 31, 267 (1953). 

3 A. V. Cohen and P. H. White, Nuclear Phys. 1, 73 (1956). 

*S. Yasumi, J. Phys. Soc. (Japan) 12, 443 (1957). 

5L. A. Rayburn (private communication) and Atomic Energy 
Commission Report WASH-1018, 1959 (unpublished). The error 
quoted by Dr. Rayburn included the uncertainty in the Cu®(n,2n) 
Cu® cross section on which his Zn®(,2n)Zn® measurement was 
based. The authors would like to thank Dr. Rayburn for this 
information. 

6D. R. Koehler and W. L. Alford, Bull. Am. Phys. Soc. 4, 405 
(1959). 

7V. J. Ashby and H. C. Catron, Atomic Energy Commission 
Report UCRL-5419, 1959 (unpublished). 

®D. Strominger, J. M. Hollander, and G. T. Seaborg, Revs. 
Modern Phys. 30, 636 (1958). 

* The tritium-zirconium target was obtained from the Isotopes 
Division of Oak Ridge National Laboratory. 

10 J. L. Fowler and John E. Brolley, Jr., Revs. Modern Phys. 
28, 103 (1956). 

4 A. O. Hanson and J. L. McKibben, Phys. Rev. 72, 673 (1947). 

2S. J. Bame and J. E. Perry, Phys. Rev. 107, 1616 (1957). 


neutron yield with angle. Target cooling was effected 
by directing a jet of nitrogen gas onto the 0.25 mm 
platinum backing of the tritium-zirconium layer. The 
walls of the target extension were made of 4¥-in. 
aluminum in order to minimize effects due to scattered 
neutrons. 

Relative cross sections were determined by simul- 
taneously irradiating four samples for a period of 75 
minutes and subsequently measuring the induced beta 
activities by means of four shielded end-window 
(1.5—2.0 mg/cm?) Geiger-Mueller counters. Measured 
activities were plotted as a function of time. An analysis 
of the decay curves showed the presence of activities 
of approximately 5 minute and 38 minute half-life after 
a subtraction of background counting rates. These 
activities were assumed to be due to the Zn®*(n,p)Cu® 
and Zn(n,2n)Zn®™ reactions, respectively. For each 
decay curve an extrapolation of the 38 minute activity 
to the time at which counting started gave the relative 
yields of Zn®, 
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Fic. 1. The experimental Zn*(n,2n)Zn® cross section as a 
function of incident neutron energy. Yasumi’s result at 14.1 Mev 
and Paul and Clarke’s value at 14.5 Mev are shown with the 
present data. The present data are indicated by the symbols, O, 
A, O, each symbol representing the averaged results for one 
particular choice of four neutron energies, and corresponding to 
deuteron energies of 2.0, 1.5, and 0.8 Mev, respectively. The point 
at 12.2 Mev represents an upper limit for the cross-section value. 
A theoretical curve (broken line) is also given. 
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Fic. 2. Comparison of the Zn®™(n,2n)Zn™ theoretical and 
experimental cross-section results near threshold. The solid curve 
represents the theoretical calculation of the relative excitation 
function. 





The samples were made of reagent grade (99.99%) 
zinc metal in the form of 3-in. X }5-in. rectangular sheets 
of thickness approximately equal to the range of the 
associated beta particle. Each sample consisted of two 
such sheets placed back to back when being irradiated 
and side by side when being counted. This procedure 
increased the number of betas counted while keeping 
the neutron energy spread relatively small. To reduce 
the errors arising from small differences in samples (less 


than 1% by weight) and in counter efficiencies (approx- 


imately 5% by calibration standard), the following 
technique was used. For a given choice of four sample 
positions, and the corresponding neutron energies, four 
runs were made. Each sample was assigned to a par- 
ticular counter and during the course of the experiment 
was counted only by this particular counter. Sample 
position, however, was permuted for each run. This pro- 
cedure resulted in each sample being exposed to the four 
neutron energies and subsequently each counter counting 
an activity induced by each of the four neutron energies. 

Measured cross sections are shown in Figs. 1 and 2. 
In these figures, the neutron energy spread is shown as 
a horizontal bar. The main source of this spread was 
due to sample size (angular spread) since the thickness 
of the zirconium layer corresponded to only small energy 
decrements from 36 to 49 kev for the incident deuterons. 
Estimates of standard deviations, which amount to 
approximately +9%, are indicated by vertical lines, 
except for the 12.2-Mev point which is an upper limit 
for the cross section. Sources of error considered in these 
estimates were: (1) uncertainty in geometry and sample 
size; (2) contribution due to scattered and absorbed 
neutrons; (3) uncertainty in counting efficiencies; (4) 
the statistical error in counting; and (5) the error in the 
angular distribution of neutrons from the T(d,n)He* 
reaction as measured by Bame and Perry.” The indi- 
cated standard deviations do not include the errors due 
to the conversion from relative to absolute cross section. 


AND 


W. L. ALFORD 

The energy interval from 12.2 to 18.1 Mev was 
spanned by three sets of data, each set consisting of 
four neutron energies. These three sets corresponded 
to deuteron energies of 2.0, 1.5, and 0.8 Mev. Smooth 
curves were drawn through the cross-section results of 
each set and each curve was subsequently assigned an 
absolute scale by using Rayburn’s value of 167 mb at 
14.4 Mev.® A composite of the data is presented in Fig. 
1. The cross sections as measured at 14.1 and 14.5 Mev 
by Yasumi‘ and Paul and Clarke,’ respectively, are also 
indicated. A theoretical excitation function has been 
calculated according to statistical theory and is 
presented as the dashed curve in Fig. 1. In the level 
density function w(E)=C exp(2a‘E') the value a= 2.0 
was used" and a value of 12 was employed for the ratio 
Of Coda odd tO Coven even-!® For these calculations, the 
cross sections for compound nucleus formation were 
taken from Blatt and Weisskopf,’ assuming ro= 
1.5X10-*% cm. Neutron and proton branching proba- 
bilities were calculated by numerical integration and 
other possible competing reactions were neglected. The 
theoretical curve is presented in Fig. 1 principally to 
show agreement in shape with the curve through the 
experimental points. The limitations'*® of the statistical 
theory should be recognized in attaching significance 
to this theoretical curve. 

Figure 2 shows the cross section data near the 12.0- 
Mev threshold for the Zn®(,2n)Zn®™ reaction. Also 
shown is the relative theoretical excitation curve. For an 
incident neutron energy of 12.0 Mev, Zn™, the inter- 
mediate nucleus in the (,2m) reaction, and Cu®, the 
residual nucleus in the (m,p) reaction, have excitation 
energies up to approximately 11.8 Mev and 11.0 Mev,’ 
respectively. Hence the level densities for both the even- 
even Zn™ and odd-odd Cu® should be sufficiently great 
to meet the requirement of the statistical theory that 
many levels are involved in the reactions. Figure 2 is 
presented to show the qualitative agreement between 
the calculated curve and the experimental points near 
threshold. This figure shows on an expanded scale those 
points in Fig. 1 corresponding to an incident deuteron 
energy of 0.8 Mev. 

The computations leading to the theoretical curve in- 
clude a nonnegligible contribution from the Zn®(n,p) 
Cu® decay channel. This results in a departure from the 
usual behavior of m,2n cross sections where neutron 
emission is predominant when energetically possible. 
In general, the qualitative results of this experiment 
agree well with those of Cohen and White.’ In the 
neutron energy range 13.0 to 17.5 Mev the relative cross 
sections found by these workers are consistent with the 
present results. 

13 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley & Sons, Inc., New York, 1952), p. 340 ff. 

4B. T. Feld, H. Feshbach, M. L. Goldberger, H. Goldstein, 
and V. F. Weisskopf, Atomic Energy Commission Report NYO- 
636, 1951 (unpublished). 

18 A. Poularikas and R. W. Fink, Phys. Rev. 115, 989 (1959). 

16 R. G. Moore, Jr., Revs. Modern Phys. 32, 101 (1960). 
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Proton-Proton Scattering at 68 Mev* 
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Differential cross sections have been measured for the scattering of 68.3-Mev protons by hydrogen gas 
at 26 laboratory angles from 5° to 50°. The angular resolution is +}° at small angles, and the estimated 
absolute probable errors are +0.9% except at the smallest angles. The interference minimum of 5.19 milli- 
barns occurs at 16.3° c.m. The cross section then rises to a maximum of 6.33 mb at 34° and falls to 6.16 mb 


at 90°. 


I. INTRODUCTION 


ORE and more complete experimental data seem 
to be required before a satisfactory understand- 
ing of the nucleon-nucleon interaction can be had. For 
the p-p interaction below 100 Mev, angular distributions 
can be measured with considerable accuracy, but polari- 
zation measurements become quite difficult. It is hoped 
that accurate angular distributions will lead to precise, 
though perhaps ambiguous, phase shift information; 
and that polarization and correlation data of attainable 
accuracy can resolve the remaining ambiguities in the 
phase shifts. 
The protons for this experiment have the highest 
energy obtainable from the Minnesota linear accelera- 
tor. The energy spectrum of the beam is shown in Fig. 1. 


II. APPARATUS 


Since the scattering chamber and most of the tech- 
niques used in this experiment are similar to those used 
for 40-Mev p-p scattering,' the reader is referred to the 
earlier report. The changes indicated below were re- 
quired by the increased background and scattering from 
metal walls and slits at this higher energy. The layout 
of the experiment is shown in Fig. 1, reference 1. The 
proton beam from the accelerator is bent through an 
angle of 20° and collimated by a three-eighths inch 
diameter hole. The beam then travels sixteen feet to the 
input collimator and entrance foil of the scattering 
chamber. The input collimator is rectangular, 1.65 cm 
high by 1.02 cm wide. 

The antiscattering baffle! used with the small-angle 
telescope was modified to move continuously in two 
dimensions. Precise setting of this baffle at each angular 
setting of the detector telescope resulted in a great re- 
duction of the proton illumination of the front slits and 
walls of the telescope. 

Because of the large neutron background arising from 
the stoppage of the 68-Mev beam in the collector cup, 
the cup was moved five feet downstream from the scat- 
tering chamber to allow two feet of shielding to be placed 
between the cup and the scintillation [NaI(T1) } de- 


* Supported in part by the U. S. Atomic Energy Commission. 

+ Now at Midwestern Universities Research Association, Madi- 
son, Wisconsin. 

1 L. H. Johnston and D. A. Swenson, Phys. Rev. 111, 212 (1958). 


tectors. The collector cup of Fig. 5, reference 1 was 
enlarged to insure complete collection of the enlarged 
beam. Minus 1000 volts was applied to the repeller ring 
ahead of the cup, to repel secondary electrons from the 
cup and from the exit foil. No magnetic fields were 
used in the collector system. 

In order to reach small scattering angles, the front 
section of the small-angle telescope was constructed 
with a flat side to allow clearance for the beam collector 
cup. (See Fig. 2, reference 1.) The illumination of this 
flat side by hydrogen-scattered protons at small angles 
results in rescattering from the wall into the detector, 
which amounted to a 2% spurious increase in counts at 
12°. It was found possible to accurately evaluate this 
wall scattering by installing a shutter in each telescope 
at such a position that the valid scattered protons might 
be completely stopped without disturbing the wall 
illumination. Figure 2 shows the installation of the 
shutter “‘S” in the small-angle telescope. Background 
runs taken with the shutter “in” gave a measurement 
of the wall-scattered protons, added to the other sources 
of background counts. Wall scattering was negligible in 
the large-angle telescope due to its adequate wall 
clearances. 

The target material was hydrogen gas at a pressure 
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Fic. 1. Energy spectrum of incident proton beam. Energy is 
reduced from 68.50 to 68.30 by absorption in entrance foil and 
hydrogen gas. 
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slightly above one atmosphere, obtained from a pal- 
ladium filter. Based on experience at 10 Mev? where 
scattering from contaminants is more serious, the gas 
was changed at intervals of 24 hours or less, with small- 
angle runs having preference after each filling. 


III. CORRECTIONS AND ERRORS 


The formulae and methods used for calculating the 
cross sections in the laboratory system are given in 
reference 2. The conversion of angles and cross sections 
to the center-of-mass coordinate system was done rela- 
tivistically, as in reference 1. 

The significant sources of error are listed in Table I 
along with estimates of their contribution to the abso- 
lute and relative probable error in the cross section. The 
nature of these errors is discussed in reference 1. The 


TABLE I. Summary of experimental errors. 


Relative 
error 


Absolute 


Source of error error 


Beam current errors 
Capacity 
Voltage 
Electrometer drift 
Collection of stray 
charges 


+0.1° +0.1% 
+0.1¢ +0.1% 
+0.1% +0.1% 


+0.1% 0 


Counting errors 

Nal inelastic nuclear 
reactions 

Slit scattering 

Counting statistics 

Counting losses 

Background and wall 
scattering 


Geometry errors 
Geometry calculation 
Angle calibration* 
Beam displacement 


+0.2% 
+0.2% 
+0.2% 


Target errors 
Target temperature 
Target pressure 
Gas impurities 


+0.1% 
+0.1% 
+0.1% 


Beam energy errors 
Mean energy 
Energy distribution 


+0.4° 
+-(),2' 


Potal error +0.9°; 


* This angle calibration error is exceeded at 5°, 6 


? L. H. Johnston and D. E. 


, and 7°, 


Young, Phys. Rev. 116, 989 (1959). 


largest correction to the data was that due to nuclear 
reactions in the sodium iodide detector, which amounts 
to 5.7%+0.4% at 68 Mev. This correction has been 
measured at several energies by Service.’ 

Slit-scattering corrections amounted to a maximum 
of 1.5%, the correction being experimentally determined 
as before.’ 

It is a feature of the scattering chamber that the 
small-angle telescope covering the angular range from 
4° to 20° overlaps the angular range (10° to 60°) of the 
large-angle telescope. After calculating the cross sections 
obtained with both telescopes, a discrepancy of about 
1% existed between them in the region of overlap. Beam 
pictures taken at the exit end of the scattering chamber 
showed that while the geometrical beam cylinder was 
well lined up with the chamber, the illumination of the 
beam was slightly heavier on the side of the chamber 
occupied by the small-angle telescope than on the other, 
in agreement with the sign of the discrepancy. Accord- 
ingly the discrepancy was resolved by assuming the 
center of the beam to be displaced 0.056 cm from the 
center of the chamber, and making this correction to the 
data of both telescopes at all angles. 


IV. RESULTS 


Table ITI lists the resulting cross sections, along with 
our estimate of their absolute and relative probable 
errors. These are based on 75 experimental runs taken 
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Fic. 3. Angular distribution of p-p cross sections at 68.30 Mev. 
The error bars indicate the relative probable error 


3D. Service, Minnesota Linear Accelerator Annual Progress 
Report, November, 1958, (unpublished), p. 35. 
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Fic. 4. Summary of p-p cross sections at the four energies 
shown. Each curve has a different scale of cross sections, as 
indicated. 


over a period of six months following establishment of 
the final operating and beam energy criteria. The results 
are plotted in Fig. 3. Figure 4 shows in one plot a 
comparison of proton-proton angular distributions taken 
at energies of 10 Mev,? 25 Mev,‘ 40 Mev,! and 68 Mev 
(present work). Analysis shows the 10-Mev curve to 
represent nearly pure S-wave scattering.® The increasing 
complexity of the curves at successively higher energies 
may be taken as graphic evidence for the increasing 
importance of higher order phase shifts. 

MacGregor has kindly supplied preliminary sets of 
phase shifts which fit the 68-Mev data, two of which 
are as follows: 


1S 3Po a 5P» 1D. 


30.6° —10.4° 68° 7° 


18.2° Y 
38.0° 0.13° 8.3° 1.06° 


—14.5° 
These are obtained in a phase shift search in which all 
phase shifts of order higher than D are fixed at values 
calculated by the one-pion exchange interaction.* The 
‘T. H. Jeong, L. H. Johnston, C. N. Waddell, and D. E. Young, 
Phys. Rev. 118, 1080 (1960). 
> M. H. MacGregor, Phys. Rev. 113, 1559 (1959). 


6 P. Cziffra, M. H. MacGregor, M. J. Moravesik, and H. P. 
Stapp, Phys. Rev. 114, 880 (1959). 


MEV 315 


TaBLeE II. Experimental cross sections for proton-proton 
scattering using 68.30-Mev protons. 


da/dQ 
(c.m.) 
Bem (mb/sr) 


10.18° 12.84 
jb es ig 7.05 
13.23° 6.14 
14.25° 
16.28° 
18.32° 
20.35° 
22.39° 
24.42° 
26.45° 
28.48° 
30.52° 
32.55” 
34.58° 
36.61° 
40.66° 
44.72° 
50.79° 
54.83° 
60.89° 
64.92° 
70.97° 
74.98° 
81.01° 
45° 91.02° 
50° 101.01° 


Absolute Relative 
probable _ probable 
error (+) error (+) 


1.8% 1.7% 
1.2% 0.9% 
1.1% 0.8% 
1.0% 0.6% 
0.9% 0.5% 
0.9% 0.5% 
0.9% 0.5% 
0.9° 0.5% 
0.9% 0.5% 
0.9% 0.5% 
0.9% 0.5% 
0.9% 0.5% 
0.9% 0.5% 
0.9% 0.5% 
0.9% 0.5% 
0.9% 0.5% 
0.9% 0. 
0.9% 0.5 
0.9% 0. 

0. 

0. 








€ 
€ 
c 
c 


) 


0.9% 
0.9% 
0.9% 
0.9% 
0.9% 
0.9% 
0.9% 


0.5% 
0.5% 
0.5% 
0.5% 
0.5% 


F waves from this pole calculation are as follows: 


3F,. 0.6°: 3F 3. ~a 3": 3F ,, 0.13°: oe = des a 


The phase shifts are the nuclear bar phase shifts and 
€2 is the coupling parameter between *P» and *F 2 waves, 
as defined by Stapp et al.’ 
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This work describes the results of 5.7-Bev proton bombardments of the target elements Be, C, N, O, F, 
Na, and Al. Production cross sections were obtained for many radioactive products with half-lives between 1.2 
minutes and 2.6 years. The (p,pm) cross sections for the targets C, N, O, F, and Na were found to be 29+3 
mb, 7.3+0.7 mb, 33+5 mb, 19+2 mb, and 31+5 mb, respectively. Much of the variation in these values 
is thought to be due to the difference in the number of neutrons available for (»,pm) reactions in the 
different target nuclei. The cross sections for other types of reactions studied do not change as much over 
the above range of target elements as do the (,pm) cross sections. Comparison of the cross sections measured 
in this work with those obtained at 0.98 to 3 Bev shows that in the 1- to 5.7-Sev energy range the excitation 


functions are nearly constant. 


I. INTRODUCTION 


HE understanding of the structure of the atomic 

nucleus over the past several years has proved 
so elusive that many different avenues of approach, 
both theoretical and experimental, have been developed. 
The theoretical approaches have led to the development 
of the statistical model, the optical model, the shell 
model, the collective model, etc.' The experimental 
approaches have included the study of the scattering 
of, and nuclear reactions initiated by, various particles 
incident on nuclei. Much work on nuclear reactions has 
been divided into the study of either the angular 
distribution of reaction products, or the total production 
cross section for different types of reactions. These 
studies are carried out with the types and energies of 
particles available on existing accelerators. As soon as 
an accelerator of higher maximum energy or different 
particle type is available, many of the experimental 
studies are repeated, where feasible, to see if a new 
type of reaction sets in or to investigate the energy 
dependence of the various processes studied. 

This study is an example of the latter type of experi- 
ment. It was decided to repeat various measurements 
of spallation cross sections done at lower incident- 
proton energies (3 Bev and lower) at the Bevatron 
using a proton energy of 5.7 Bev. The target nuclei 
chosen were Be, C, N, O, F, Na, and Al.? These elements 
were chosen because of the relative simplicity of 
analysis of the bombarded targets (no chemistry was 
necessary). Also, by measuring the spallation cross 
sections for several neighboring elements, the depend- 
ence of the various reaction cross sections on the atomic 
weight of the target can be investigated. A simple 
analysis of the cross sections of the “simple” nuclear 
reactions, as exemplified by the (,pm) reaction, will be 


* This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

t Submitted in partial satisfaction of the requirements for a 
Ph.D. degree at the University of California, Berkeley, California. 


¢ Present address: Department of Nuclear Science, Weizmann 
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1R. Peierls, Sci. American 200, 75 (1959). 

? The spallation reactions of some of these elements have been 
extensively studied. See for example references 13, 19, 20, and 32. 


presented here. In a succeeding paper a much more 
detailed treatment will be presented. 


Il. EXPERIMENTAL METHOD AND APPARATUS 
A. Mounting of Target Material 


The various targets were bombarded as foils or 
powders in the internal beam of the Bevatron. The 
foil stacks consisted of target foils, guard foils, and 
monitor foils all aligned and then taped together. 
Powders were bombarded in a Lucite powder holder, 
which is shown in Fig. 1. The hole in the back was 
used to attach this holder to the Bevatron pneumatic- 
plunger target holder. The 3-mil aluminum monitor 
and guard foils were cut to accurately fit the dimensions 
of the channel in the Lucite block and were taped in 
place. After the lid was taped on, the remaining space 
was filled with powder (which had been dried at 110°C 
and then kept in a desiccator), which was tamped to 
obtain as uniform a density as possible. The end of the 
holder was sealed with Scotch tape. Errors from such 
sources as nonuniform filling of the space with powder, 
etc., will be treated later. 

For each bombardment the target foils and powder 
were arranged in order of increasing atomic weight, 
with the proton beam entering the lowest-atomic- 
weight side of the target packet. This was done so 
that contamination from spallation products recoiling 
out of the target foil and secondary neutron and 
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Fic. 1. Powder- 
target holder. 
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NUCLEAR REACTIONS 


proton contributions to the beam could be held to a 
minimum. The majority of secondary products come 
out in the forward direction, and the amount of 
secondary neutrons and protons emitted per nuclear 
reaction increases with increasing atomic weight of 
the target nucleus.* Guard foils were used in front of 
and behind each type of experimental foil to keep 
recoiling spallation products of one target element from 
contaminating the adjacent target foil. The guard foils 
also served to protect the target foil from product- 
recoil loss, because as much product recoiled in from 
the guard foils as recoiled out of the target foil. Second- 
ary neutrons and protons are not stopped in this 
manner, however. The best way to minimize formation 
of spallation products by secondaries is to keep the 
target thickness as low as possible. It has been shown 
that the secondary-neutron contribution can be kept 
to less than 10% if the target thickness is held below 
2 to 3 g/cm?.* The maximum target thickness used in 
these experiments was about 800 mg/cm*. This included 
the thickness of the powder as well as the holder and 
other foils. 


B. Sample Mounting 


After bombardment, the target and monitor foils 
or powder were removed from the holder, weighed, 
mounted on aluminum cards and covered with Scotch 
tape. The sticky part of the tape over the powder was 
covered by another piece of tape. It was found that 
water pickup during weighing of the powders was 
negligible. 

When the activity levels of short-lived isotopes, such 
as 1.2-min O™, 2.0-min O"", and 10-min N", were to be 
measured, the targets were mounted without weighing, 
and counting was begun immediately. The minimum 
time delay between the end of bombardment and the 
first count was 5 to 6 min. This time delay was suffi- 
ciently short to see the 1.2- and 2.1-min activities. The 
resolution of these activities is described in more 
detail later. 


C. Counting Techniques 


The sample and monitor foils were gamma counted 
with a 1- by 13-inch sodium iodide (thallium-activated) 
crystal and phototube connected to a 50-channel 
pulse-height analyzer. Since most of the activities 
measured are positron emitters, the samples were 
covered on both sides with a sufficient thickness of 
steel to annihilate the positrons at the sample. Both the 
geometry correction (due to the point of origin of the 
0.51-Mev gamma rays in the steel instead of the 
sample), and gamma-ray absorption in the steel were 
found to be negligible. 

Decay curves were taken on the 0.51-Mev photopeak 


3G. Bernardini, E. T. Booth, and S. J. Lindenbaum, Phys. Rev. 
85, 826 (1952). 

4L. A. Currie, W. F. Libby, and R. L. Wolfgang, Phys. Rev. 
101, 1557 (1956). 
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with a sufficient point density and over a sufficient 
length of time to resolve the desired activities in the 
sample being counted. The minimum time interval 
between the midpoint of successive count-rate determin- 
ations was 1.8 minutes. Even though this is longer than 
the O"* half-life, it was possible to resolve O" activity 
from the decay curves in oxygen targets. The details of 
background subtraction, peak integration, dead-time 
correction and activity decay during counting are 
described elsewhere.°® 


D. Resolution of Product Activities 


1. Aluminum 


The target element with the most products which was 
bombarded in this work was aluminum. The decay 
curve of the 0.51-Mev peak contained contributions 
from Na”, Be’, Na** (pair production by the high- 
energy gammas external to the crystal and capture of 
one of the annihilation gammas in the crystal) F*, 
C", N, and (if the sample was counted soon enough 
after bombardment) O' and Ne*‘. Samples which were 
bombarded for only a few minutes in order to see O", 
N!8, or C'! did not have detectable amounts of Na” or 
Be’, so that the only “longlived” component was Na*‘. 
The 0.51-Mev decay curve was resolved by first 
subtracting out the Na’ and F'* contributions. For 
the separation of 20.4-min C™ and 10-min N",® the 
portion of the remaining decay curve taken more than 
20 minutes after the end of bombardment was analyzed 
by a method given by Biller.’ This method depends on 
the fact that at any time / after the end of bombard- 
ment, the total measured activity C is related to the 
two initial-component activities A» and Bo by 


Cert = A ot Boe», 


(1) 


Knowing C and /, we can plot Ce“! vs e—*, which 
gives a straight line of slope Bo and intercept Ao. By 
this method we obtain the initial N'* and C"! activities. 
Decay curves of these two activities were constructed 
and subtracted from the portion of the curve taken 
less than 20 minutes after bombardment. The remaining 
short half-life component (¢;=2 to 3 min) was taken to 
be a sum of 2.1-min O" and 3-min Ne**. The same 
method described above was used again to separate the 
two isotopes. The values obtained for O' and Ne*# 
were not very accurate, because of all the previous 
subtractions that had been made. Also, these isotopes 
had ,decayed considerably before the counting was 
begun. Consequently, the count rates obtained have a 
larger error associated with them than do the values for 
the other isotopes. 

The Na*‘ counting rate was determined by measuring 

5 Paul A. Benioff, thesis, University of California Radiation 
Laboratory Report, UCRL-8780, July, 1959 (unpublished). 

®D. Strominger, J. M. Hollander, and G. T. Seaborg, Revs. 
Modern Phys. 30, 585 (1958). 


TWilliam Biller, thesis, University of California Radiation 
Laboratory Report, UCRL-2067, January, 1953 (unpublished). 
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the decay of the 1.38-Mev photopeak and subtracting 
any 1.28-Mev contribution from Na” decay. The 
Na* and Be’ counting rates were found by measuring 
the activity levels in the 0.51-Mev and 1.28-Mev 
photopeaks. The contribution to the 0.51-Mev peak 
from Na”? was removed by use of the spectrum of a 
pure Na* standard. The remaining activity decayed 
with the correct half-life for Be’. 

Several runs were examined for Mg?’ (¢;=9.5 min)® 
by taking decay points of the activity level in a few 
channels centered about 0.85 Mev. The decay curve had 
a small component of approximately the right half-life. 
Because of the low count rate in this energy range, the 
values obtained for Mg?’ are uncertain and have a 
larger error associated with them than do the values 
for the other isotopes. 


2. Sodium 


Sodium was bombarded as anhydrous Na2CO; in 
the powder holder. The decay curve was analyzed in 
the same way as that for aluminum except that Na** 
and Mg?’ were absent. 


3. Fluorine 


A 30-mil Teflon foil was used as a fluorine target. 
The Teflon was analyzed spectrographically and found 
to contain less than 1 ppm of Na, Mg, A, Si, P, Ca, Fe, 
and Cu. It was assumed that these elements would be 


the major contaminants. The decay curve was analyzed 
in the same way as that for aluminum except that 
Mg??, Na*4, Ne**, and Na”’ were absent. 


4. Oxygen 


Anhydrous oxalic acid was used as an oxygen target. 
A spectrographic analysis for the same elements as 
those looked for in Teflon yielded the same results; 
each element was not detectable or present at less than 
1 ppm. For those runs in which the cross sections for 
short-lived activities were desired, the powder was 
placed on an aluminum card, covered with cellophane 
tape to prevent water pickup and sample loss, and 
immediately counted. The weighing of the powder was 
deferred until all the decay points needed were taken. 
The 1.2-min O" and 2.0-min O" activities were resolved 
from the 0.51-Mev gamma-decay curve by first sub- 
tracting out the C'™ and N" activities (the contributions 
from longer-lived components were quite negligible). 
The remaining four to seven points were resolved by the 
method already described for resolution of C'' and 
N"™ activities. 

5. Nitrogen 


Anhydrous 5-amino tetrazole was used for a nitrogen 
target. A spectrographic analysis for the same elements 
as were determined for fluorine yielded the same limits 
of detection. The compound was obtained as the 
monohydrate, dried in an oven at 110°C, and then 
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kept in a desiccator. The compound appeared to lose 
its water of hydration quite easily, because the crystals 
quickly changed to powder as heat was applied. This 
compound has one possible hazard ; some of the tetrazole 
derivatives are explosives. It melts with decomposition 
at 203°C.§ During and after bombardment in the 
Bevatron it seemed to behave perfectly and did not 
discolor. The compound has a high ratio of nitrogen to 
carbon and hydrogen. Its formula is CN;H;. Bombard- 
ment of this compound even for more than 1 hour 
produced no visible change. The decay-curve resolution 
was done in the same manner as for oxalic acid targets. 


6. Carbon 


Carbon was bombarded as foils of polyethylene. 
Thick foils (50 mg/cm?) were used for Be’ cross-section 
determinations and thin foils (6 mg/cm?) were used 
for C' cross-section determinations. Again a spectro- 
graphic analysis of both foils for the elements Na, Mg, 
Al, Si, P, Ca, Fe, and Cu gave less than 1 ppm for any 
one of them (i.e., they were not detected). The decay- 
curve analysis was simple, because only Be’, C'! and 
a minute amount of F'* were present. 


7. Beryllium 


A bombardment of a thick beryllium foil yielded two 
products, Be? and C'. Analysis of the decay curves 
was quite simple because only two components were 
present. 

E. Counting Efficiencies 

The values of the efficiency and geometry of the 
gamma counter as a function of sample-to-crystal 
distance were taken from Kalkstein and Hollander.’ 
Values of the geometry for different sample-to-crystal 
distances were redetermined by Barr.” His results 
agreed to within 2% of the values of the previous 
work.® 


F. Cross-Section Ratios 


The disintegrations per minute of the various product 
activities were used to obtain ratios of the product 
the the monitor 
reaction. For several of the activities, the experimentally 
determined ratio was a weighted average of the con- 
tributions from each element present in the target. 
Thus, in NazCO;, C" is produced from the sodium, 
carbon, and oxygen atoms present. The contribution 
from the carbon was corrected here by the use of the 
ratio determined from polyethylene targets. Similarly, 
the contribution from the oxygen was removed by the 
use of the ratio determined from oxalic acid targets. 

8 Frederic Benson, Chem. Revs. 41, 1 (1947) 

9M. Kalkstein and J. Hollander, University of 
Radiation Laboratory Report, UCRL-2764, 
(unpublished ). 

Donald Barr, thesis, University of California Radiation Labo 


ratory Report, UCRL-3793, May, 1957 (unpublished ), and private 
communication. 
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The polyethylene ratio was used similarly to correct for 
the carbon content of oxalic acid. 


III. RESULTS 


In the manner described in the previous paragraphs, 
a series of ratios of production cross sections to the 
monitor cross section were obtained for each bombard- 
ment. Almost all of the ratios were determined more 
than once, and a few were determined many times. 


A. Data Rejection 


On examining the results, it was found that in some 
cases the group of determinations of a given cross 
section would have a reasonable spread except for one 
datum which was quite different. If this particular 
determination could not be rejected because of some 
known experimental error, a_ statistical rejection 
criterion was applied to the group to see if the outlying 
datum could be rejected." The confidence level of the 
rejection is 90%. Out of all the cross-section ratios 
determined, only five had an outlying datum that 
could be rejected by this test. 


B. Monitor Reaction Cross Section 


For most spallation work, the cross section for the 
reaction Al’?(p,3pn)Na*™ has been used as a standard, 
and its excitation function is well-known. This reaction 
is chosen because of the convenient half-life (15-hr) and 
beta-decay characteristics. However, for this work, 
many of the irradiations were too short to use Na™. 
Also, it was desired to use a source of annihilation 
radiation for direct comparison with the many positron 
emitters of interest in this study. For these reasons, 
F's formed in the reaction Al?’(p,X)F"® was chosen as 
a monitor. Use of this reaction as a monitor removes 
the counting-efficiency correction for many determina- 
tions, because F'* is a positron emitter (97% of the 
F' decays are by positron and 3% by electron capture).® 
The counting-efficiency correction, however, must be 
made to determine the F'8/Na™ production-cross- 
section ratio, because of the high energy (1.38 Mev) of 
the Na* gamma counted. The inclusion of this correc- 
tion gave a value for the F'8/Na* production-cross- 
section ratio of 0.732+0.063 (this value is the average 
of fifteen measurements with the standard deviation 
associated with an individual measurement). The 
production cross section for the reaction Al?’(p,3pn)Na** 
for 5.7-Bev protons was taken to be 10.5 millibarns 
(mb).'° Recent accurate work gives the cross sections 
for the above reaction as 10.4+0.6 mb at E,=2.0 Bev 
and 10.0+0.6 mb at £,=3.0 Bev.” These results 
combined with lower-energy work are stated to be 


W. J. Blaedel, V. W. Meloche, and J. A. Ramsey, J. Chem. 
Educ. 28, 643 (1951); R. Dean and W. Dixon, Anal. Chem. 23, 
636 (1951). 

2 J. B. Cumming, G. Friedlander, and C. E. Swartz, Phys. Rev. 
111, 1386 (1958). 
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consistent with a constant cross section of 10.70.6 
mb for a proton energy range of 0.3 to 3 Bev. A cross 
section of 29.8+1.6 mb for the reaction C"(p,pn)C™ 
at 6.0 Bev has recently been determined.” In this 
work the ratio of the cross sections for the reactions, 
C"(p,pn)C"™ and AP?(p,X)F'8, oc"/ors was found to 
be 3.83. Combining this with the or*/on,™ ratio 
given above and the 10.5-mb production cross section 
for Na* from aluminum gives the cross section for the 
reaction C(p,pn)C" equal to 29.4+3.3 mb. This value 
agrees very well with the value of 29.8+1.6 mb. The 
error on the value of 10.5 mb will be taken to be 0.6 mb 
in agreement with the results at lower energies. 
The standard deviation, taken here to be one-half the 
error limit, is then 3(0.6 mb)=0.3 mb.“ The cross 
section for the monitor reaction Al’’?(p,X)F'® then 
turns out to be 7.68+0.17 mb. The value 0.17 mb is 
the standard error of the mean“ and does not include 
the 0.3 mb associated with the cross section for the 
reaction Al?"(p,3pn)Na*™. The error limits given below 
include this value of 0.3 mb and an estimate of 
systematic errors in this work. 


C. Production Cross Sections 


Table I contains the results of the 5.7-Bev proton 
bombardments. The two tritium determinations by 
Currie are included for the sake of completeness.'® 
The first column lists the target elements studied. The 
reaction type for each product is given in column 2. 
The “X” appearing in some entries refers to any 
group of emitted particles that conserves charge and 
nucleon number. Cross sections were determined for 
all the radioactive products given in column 3. The 
fourth column gives the number of bombardments 
made to determine the cross-section ratio for the listed 
product. The superscript “a” denotes sets from which 
an outlying datum was rejected. In these cases, m 
excludes the rejected datum. 

The fifth column lists the production cross sections 
for the reactions given. The cross sections are obtained 
from the experimental ratio and a cross section of 
7.68 mb for the monitor reaction Al?’(p,X)F'’. The 
values marked with a superscript “d” are based directly 
on the Na™ production cross section. 

The standard errors of the mean cross sections are 
given in column 6. For the results based on F'® as a 
monitor we have! 


S \{1 /0.17\°7 
GEC 
{a/ao)7 n 7.68 


and for the few results based on Na”, 


S,= (10.5/+/n)S. (3) 


8 N. Horwitz and J. Murray, University of California Radiation 
Laboratory Report, UCRL-8881, September, 1959 (unpublished). 
4 Robley Evans, The Atomic Nucleus (McGraw-Hill Book 
Company, Inc., New York, 1955), pp. 757-771. 
15 Lloyd A. Currie, Phys. Rev. il? 878 (1959). 
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TABLE I. Summary of experimental results. 


Number of 
determina 

tions, 
Product n 


Error 
limit, 


Standard 
error, 


Cross 
section, 
(mb) 


Reaction 
type 


Be (impurities) C" 
(p,p2n) Be’? 
Cc (secondary?) F'8 
(p,pm) 
(p,pna) Be? 
(p,X) H® 
(secondary?) F8 
(p,pn) Ns 
(p,2p2n) cu 
(p,X) Be? 
(secondary) F8 
(p,pn) a9 
(p,p2n) Ou 
(p,2p2n) N® 
cu 
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* An outlying datum has been rejected from this set. 

>» One of these determinations was done by M. Kalkstein. 

© These values are from the work of Currie (reference 15). 

4 These values were obtained from cross section ratios ¢/eo in which oo 
is the cross section for the reaction Al?’(p,3pn)Na™, rather than the reaction 
AP7(p,X)F'8, 


The average experimental cross-section ratio is given 
by (¢/oo), and S is the standard deviation of individual 
measurements of ¢/¢»."':'* The number S, gives the con- 
tribution of all the random errors in this work. This 
includes such sources as errors in aligning target foils, 
nonuniform packing of the powder in the powder holder, 
random errors in resolving decay curves, etc. The calcu- 
lation of standard errors for the cross section for a reac- 
tion product which can come from more than one source, 
e.g., the cross section for the reaction O'*(p,X)Be’ in 
oxalic acid targets, is slightly more involved. Details 
of this calculation are given elsewhere.® 

Column 7 gives the error limit, E,, associated with 
the given cross section. Besides the random errors, 
Si, this includes the error in the Al’(p,3pn)Na*! 
monitor-reaction and an estimate of 
systematic errors due to the possible experimental 
bias. This latter category includes such items as the 
small amount of water pickup in powder samples 
during weighing, the slight geometry effect of positron 
annihilation in the steel disks on top of the sample, 
systematic errors in the method used to obtain the 
integrated count rate under a gamma peak on the 
pulse-height analyzer, etc. Individually, each of these 


cross section 
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errors is less than 1% and they may work in opposite 
directions. Somewhat arbitrarily a fractional error 
limit of 6% has been taken to represent the contribution 
of these sources. Since the standard deviation is taken 
one half the error limit we get" 


E, = 2o[ (0.03)?+ (0.3/10.5)2+(S1/o)?], (4) 


as the error limit to be associated with a given cross 
section. For those cases which exclude an outlying 
datum, a 90% confidence limit is associated with S; 
and E,. 

IV. DISCUSSION 


A. Loss of Activity from Powder 

In order to check if gaseous activities such as N® 
were lost from the powder targets, a solid compressed 
organic target was bombarded. The target was made 
by subjecting a sample of semicarbazide (CN;OHs) to 
a pressure of 1100 kg/cm?. Two disks were cut from the 
resulting hard cylinder, mounted on an aluminum foil, 
and bombarded with 5.7-Bev protons. The average 
N® production cross section per 0.75 N-0.25 O atom 
was found to be 5.60 mb, and the average C" production 
cross section per 0.2C-0.6N-0.20 atom was 15.2 mb. 
Use of the N™ and C" production cross sections obtained 
from powder samples (Table I) gives values of 7.0 
and 16 mb, respectively, for the N and C"™ production 
cross sections per composite atom as given above. It 
is not known why the N® cross section from the 
compressed target was lower than that obtained from 
the powder targets. A loss of gaseous activity from the 
powder would result in a higher cross section obtained 
from the compressed target. At least one can say that 
within experimental errors there appears to be no loss 
of gaseous N® (and C") from powder targets. The 
same will be taken to hold for oxygen and fluorine 
activities. 

B. Secondary Reactions 


The cross section for the production of C"' from Be’® 
contains contributions from the secondary reaction 
Be*(a,2m)C" and the primary reactions, O'*(p,X)C" 
and C"(p,pn)C™. Published values for the oxygen and 
carbon content in beryllium metal (hot-pressed from 
beryllium powder) are 0.65% and 0.06%, respectively.’ 
Applying these values to the beryllium target used in 
this work and using the appropriate entries in Table I 
allows one to estimate a C" production cross section of 
0.093 mb from carbon and oxygen. This is more than 
the observed cross section of 0.044 mb, so one may 
conclude that the observed cross section probably 
consists mainly of contributions from impurities. 

The cross sections of 10+3 and 4+1.4 microbarns 
(ub) for F'* production from 5.7-Bev-proton bombard- 
ment of polyethylene and 5-amino tetrazole, respec- 
tively, cannot be explained as being due only to 


16D. White, Jr., and M. Burk, The Metal Beryllium (American 
Society for Metals, Cleveland, Ohio, 1955), p. 658. 
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impurities. If one assumes a 10-mb cross section for 
F'S production from the impurities, 500 ppm total 
impurities would be required. This is much more than 
was found. Crude estimates of cross sections for F'* 
production from carbon and nitrogen by the most 
probable secondary reactions are 0.04 ub and 0.1 ub, 
respectively. These numbers are also too small to 
account for the observed cross sections. 

The foil stacks from which these cross sections were 
determined contained thick Teflon foils (170 mg/cm?) 
which were separated from the polyethylene by a 5 
mg/cm? polyethylene guard foil and from the 5-amino 
tetrazole by a 5 mg/cm? (CHz), guard foil and one 
layer of cellophane tape. It is possible that some of the 
F'8 recoiled or migrated into the carbon or nitrogen tar- 
get. The lower cross section for the nitrogen target, 
which had thicker guard foils, supports this possibility. 

The oxygen target shows the first real evidence of 
F'8 production by nuclear reactions, because the 
contributions from F'® recoils and migration should be 
the same as for the carbon and nitrogen targets, whereas 
the observed cross section is 60+30 ub. The principal 
reactions leading to F'* production from oxygen targets 
would be O'*(a,d) F'8; O'8(H®,7) F'8; O'8(He’,p) F'8, and 
the primary reaction, O'8(p,2)F'*. The contribution 
from the O'*(p,n)F'* reaction can be shown to be small. 
At 400 Mev, the cross section for the reaction B"(p,2)C™ 
is 1.5 mb,!? and at a proton bombarding energy of 
420 Mev, the F'8-production cross section from oxygen 
targets is 0.083 mb.'® If the reaction O'8(p,2)F'® is 
taken to be the main source of F'8, then the observed 
cross section at 420 Mev corrected for the abundance of 
O'§ in oxygen,® becomes 40 mb. The difference between 
40 mb and the B"(p,n)C" reaction cross section at 
400 to 420 Mev seems too great to ascribe to differences 
in the target element. Consequently, the bulk of the 
60 ub probably comes from secondary reactions on O'* 
and, as a very rough guess, the O'*(p,m)F'8-reaction 
cross section will be taken to be 1.5 mb at 420 Mev. The 
same cross section will be assumed at 5.7-Bev bombard- 
ing energy. The value of 1.5 mb gives a contribution of 
3 ub from the O'8(p,2)F'* reaction in natural oxygen. 

Rough upper-limit estimates of the contribution to 
the F'8 production cross sections from the secondary 
reactions O!*(t,m)F'8; O'8(He*,p)F'8; and O'*(a,d)F'® 
give values of 4 ub, 7 wb, and 3 ub, respectively.® 
Because the oxalic acid was bombarded under the 
same conditions in the stack (with respect to guard 
foils and position) as the 5-amino tetrazole, the maxi- 
mum F'* contribution from possible recoil and migration 
will be taken to be 5 wb. The addition of all these 
contributions, which are thought to be upper limits, 
gives a total estimate of 22 ub. It is difficult to say 
whether this value is significantly lower than 60-+30 
ub as these values, including the error limit, almost 
overlap. 


WR, Koch and A. Turkevich, Bull. Am. Phys. Soc. 1, 95 (1956). 
18 Luis Marquez, Phys. Rev. 86, 405 (1952). 
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C. (p,pn) Reactions 


The most noticeable feature of the (p,pm)-reaction 
cross sections is their large variation for the different 
target elements. Bombardments by Burcham, Symonds, 
Warren, and Young with 980-Mev protons also show 
the same variation.’ In this 980-Mev work, it is 
suggested that the variation may be correlated with the 
level structure of the product nuclide and that the 
deposition energy in the product nuclide must be less 
than the excitation energy of the first particle-emitting 
level. The same fluctuation of the (p,pm) cross section 
for different target elements is shown by recent work 
with 0.3- to 3-Bev protons.” This work also suggests a 
correlation of the (p,pm) cross section with the separa- 
tion energies of the most loosely bound particles in the 
product nuclei and with nuclear shell structure. These 
suggestions can be used to explain much of the variation 
of the (p,pm)-reaction cross sections. At Bev bombarding 
energies most of the (p,pm) cross section comes from 
reactions in which the incident proton hits a neutron 
and the products of the (p-m) collision leave without 
interacting further. For the independent particle 
model, the excitation energy of the nucleus is equal to 
the hole-state excitation energy. One can then use the 
separation energy of the least-bound particle in the 
product to determine which of the uppermost neutron 
shells in the nucleus contribute to the (p,pm) reaction. 
Only those shells would be allowed that left the residual 
nucleus with insufficient energy to emit another 
nucleon. Consequently, it might be expected that, for 
a given energy and over a restricted atomic-weight 
range of targets, the total (p,pm) cross section divided 
by the number of “available” nucleons, where known, 
might be constant.”! For some of these light elements, 
the excitation energy of nucleon holes in the “buried” 
shells can be determined fairly unambiguously from 
data in the literature. 

A careful energy analysis of (f,2p) reactions on 
several low-Z elements with 185-Mev protons has 
demonstrated the scattering of protons from protons in 
the buried shells.” For C® the 1p;—1s, proton-shell 
spacing was shown to be 16 Mev. This is more than the 
separation energy (7.5 Mev) of the least-bound particle 
(alpha) in C".* The Coulomb energy is small in these 
low-Z elements, so the neutron-shell spacings should 
be similar to those of the proton shells. This means 
that the 1s, neutrons are unavailable, and only the 
four 1p; neutrons are available for the (p,pm) reaction. 


1” W. E. Burcham, J. L. Symonds, and J. D. Young, Proc. Phys. 
Soc. (London) A68, 1001 (1955); J. L. Symonds, J. Warren, and 
J. D. Young, Proc. Phys. Soc. (London) A70, 824 (1957). 

20S. S. Markowitz, F. S. Rowland, and G. Friedlander, Phys. 
Rev. 112, 1295 (1959). 

*! Considerations similar to these have been advanced con- 
currently by James Grover, Brookhaven National Laboratory 
(private communication). 

#H. Tyren, P. Hillman, and T. A. J. Maris, Nuclear Phys. 7, 
10 (1958). 

FF, Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955). 
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TABLE IT. (p,pm) cross sections per available 
neutron for low-Z elements. 


(p, pn) cross 
section per 
available 
neutron, o; 
(mb) 


Available 
neutrons 
cu 29+: 4 
N® , 7 1 
Oo 5 6 
Fis 
Na” 


Target Product 





7.2+0.8 
7.3+0.7 
5.5+0.8 
10+1 
8+1.0 


The case of N™ is unambiguous because only the 
ground state of N® is bound”; all the other levels 
have much larger particle-emission widths than gamma- 
emission widths. This means that only the 1p; neutron 
of N“ can contribute. For N", the 1s; and 1p; proton- 
hole states are more than 15 Mev and 6 Mev above the 
ground state. Because N™ and O" are mirror nuclei 
and the Coulomb energies are small, these excitation 
energies should be similar to those for the corresponding 
neutron-hole states in O''. This means that in O'* the 
1s; neutrons are unavailable, but the 1p; (and 1);) 
neutrons are available because the binding energy of 
the least-bound particle (proton) in O' is 7.3 Mev. 
The availability of the 1p; level is supported by other 
studies of the O" level structure.” 

Determinations of the available neutron levels in 
F"® from the excited-state configurations of F!8 and the 
binding energy of the least-bound particle (either an 
a particle, 4.41 Mev or a proton, 5.6 Mev)” is not as 
easy as in the previous cases because less is known about 
F's level structure. However, isotopic spin, parity, and 
spin requirements can be used (if we neglect collective 
effects) to help decide if the known excited states can be 
“buried-shell” hole states. For example, the parent 
1p, neutron-hole F'* states of the ground state of F” 
can have values of the isotopic spin, T, equal te 1 or 0, 
negative parity, and values of the spin, 7, equal to 
1 or 0. The probability of producing any one of these 
states with specific values of T and J is given by the 
appropriate fractional percentage coefficients. All the 
F'8 excited states below and including the 5.60-Mev 
state have T=0 except two, which have T= 1. However, 
these two, at 1.08 and 3.07 Mev, have positive parity.” 
Neither the isotopic spin nor the parity of the adjacent 
5.67-Mev level are known. If the isotopic-spin selection 
rules hold, it probably has T=0 because it is formed by 
He‘ bombardment of N™. The higher levels are known 
to be particle emitting. The above data on the F'® 
excited states indicate that all the negative-parity 


*F. B. Hagedorn, F. S. Mozer, T. S. Webb, W. A. Fowler, 
and C. C. Lauritsen, Phys. Rev. 105, 219 (1957); E. Warburton 
and J. McGruen, Phys. Rev. 105, 639 (1957). 

25 E. Bennett, Bull. Am. Phys. Soc. 3, 26 (1958); J. A. Kuehner, 
E. Almquist, and D. A. Bromley, Bull. Am. Phys. Soc. 3, 27 
(1958); F. El Bedewi and I. Hussein, Proc. Phys. Soc. (London) 


A70, 233 (1957). 
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parent 1; neutron-hole F'* states with T=1 are 
particle-emitting states. This means that the 1); 
neutrons are unavailable whenever a T7=1 F'® parent 
state is produced. It is not possible to decide at present 
from the F'® level scheme whether the parent states 
with T=0 are particle-emitting or not. Consequently, 
the two 1; neutrons in F"’ appear to be at least partially 
unavailable and may be completely unavailable. In 
order to have a number to work with, it will be assumed 
here that 1p; neutrons are completely unavailable. 
The 1p; and 1s; neutrons should also be unavailable, 
because the 1p; and 1s; hole states would have even 
higher excitation energies than the 1), hole state. 

Much less is known about Na” levels. All the excited 
states below 3.5 Mev should have T=0 by the isotopic 
spin selection rules, because they are directly populated 
by the Mg**(d,a) Na” reaction.?® No states have yet been 
found between 3.5 and 7.5 Mev (the proton binding 
energy in Na* is 6.74 Mev).2® The spin, parity, and 
emission width of the 7.5-Mev state are not given. In 
the absence of further information it will be assumed 
here that the 1p; neutrons are unavailable. 

The discussion in the previous paragraphs has shown 
that the number of available neutrons for (p,pn) 
reactions can be taken as four 1; neutrons for carbon, 
one 1; neutron for nitrogen, four 1p; and two 1p, 
neutrons for oxygen, two (1d;?) neutrons for F, and 
four 1d; neutrons for Na™. Table II has been prepared 
from these numbers of available neutrons. Columns 1 
and 2 list the target element and the product nuclide. 
The third and fourth columns list the (p,pm) reaction 
cross section in millibarns and the number of available 
neutrons. The tentative nature of the value given for 
the number of available neutrons for F" and sodium 
is indicated by the parentheses. The fifth column gives 
the (~,pm)-reaction cross section per available neutron 
o;. It is immediately seen that o; is more nearly constant 
than is gp,pn, indicating that there is indeed some 
correlation between the number of available neutrons 
and @»,pn. The variation remaining outside of the error 
limits indicates that, as would be expected, o; varies 
with the atomic weight of the target and with the shell 
quantum numbers of the available neutrons. This 
comparison between o; and ¢»y,», supports the idea 
that the (p,pm) reaction proceeds mainly by a p-n 
knock-on mechanism. 


D. (~,p2n) Reactions 


Cross sections for only two examples of this type of 
reaction where determined. For the reactions Be®(p,p2n)- 
Be’ and O'*(p,p2n)O" the cross sections are 15 mb and 
11+3 mb, respectively. This type of reaction is not so 
easy to interpret as the (p,pm) reaction, as one would 
expect two main contributing mechanisms. One of these 
would consist of the incident proton knocking out a 
neutron from a “buried shell,”’ which leaves the residual 


26 P, Endt and C. Braams, Revs. Modern Phys. 29, 683 (1957). 
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nucleus in a sufficiently excited state to emit another 
neutron (the 1s shell in C” is a possible example). The 
other mechanism consists of a proton knocking out a 
neutron available for the (p,pm) reaction, and then one 
of the collision products knocking out another neutron 
from shell. The residual nucleus must be left with insuffi- 
cient energy to emit another particle. It is difficult to 
estimate the relative contribution of these mechanisms 
to observed cross sections. 


E. (~,2~2n) Reactions 


Cross sections for two examples of this type of reac- 
tion were determined. The cross sections for the 
reactions N'*(p,262n)C" and O'%(p,2p2n)N® are 1324 
mb and 6+2 mb, respectively. The contributing 
mechanisms for this reaction are numerous. Besides 
one, two, or three successive collisions followed by 
emission of two, one, or no particles, respectively, from 
the excited nuclear state, deuterons can be emitted. 
The initial collision can be either with a neutron or a 
proton, etc. It appears from the above two cross 
sections that the fact that N™ has only one bound 
state, whereas C" has several, is influencing the cross 
section. This can also be seen from a general study of 
the data in Table I, i.e., from any given target element 
the N™-production cross sections are always less than 
those for C" or O}8. 


F. (p,pna) Reactions 


Cross sections for four examples of this type of 
reaction were determined. For the reactions Al?’ (p,pna)- 
Na”, Na™(p,pna)F'S, O'8(p,pna)C", and C?(p,pna)- 
Be’, cross sections of 17+3 mb, 10+1 mb, 12+3 mb, 
and 111.5 mb, respectively, were found. Unlike those 
for the (p,pm) reactions, these values are all fairly 
uniform. There does not appear to be any correlation 
with the number of bound levels in the products, 
i.e., Be? has two, C"™ has seven or eight, F!® has ten or 
eleven, and Na™ has more than eleven.”5.6 Division 
of the total cross sections by the same number of 
available neutrons as was taken for the (p,pm) reactions 
gives cross section contributions per available neutron 
of 2.8+0.5, 2.540.3, 2,040.5, and 2.8+0.4 mb/ 
neutron for aluminum, sodium, oxygen, and carbon 
targets, respectively. The six neutrons beyond the 
major shell closure in Al?’ were taken to be available.?’ 
It is seen that these values are almost constant within 
the error limits. The constancy of these numbers is of 
doubtful use, however, because there are even more 
mechanisms leading to the final product than in the 
previous case. The writing of this reaction as a (p,pna) 
reaction is not meant to imply that, after a proton- 
neutron collision, an alpha particle is emitted for all the 
reactions leading to the (p,pma) product. The alpha may 


27M. Mayer and J. Jensen, Elementary Theory of Nuclear Shell 
Structure (John Wiley & Sons, Inc., New York, 1955), p. 74. 
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be emitted as single nucleons by knock-on collisions or 
deexcitation, or deuterons, tritons, or He* may be 
emitted. Because of the large binding energy of the 
alpha-particle it is possible that the proton-neutron 
collision followed by excitation by the collision products 
of an alpha-emitting mode of the nucleus with or 
without any further nucleon-nucleon collisions is a 
likely mechanism. 

There are several other types of reactions, each 
represented in Table I by one or two examples. Again 
the large number of pathways from target to product 
as well as the small number of examples for each 
reaction type precludes any definite conclusion about 
the likelihood of the possible mechanisms. 


G. Comparison with Lower-Energy Data 


Comparison of the 5.7-Bev results obtained here with 
cross sections measured from 980-Mev to 3-Bev bom- 
barding energies reveal no striking changes.'?:13-19.20,28-# 
The (p,pm) excitation functions all show a very slight 
or no decrease over a 1- to 5-Bev energy range. There 
may be a very slight minimum in the excitation 
functions at 2 to 3 Bev; however, the minimum is 
within the error limits on the various measured cross 
sections. The excitation functions for most other types 
of reactions such as (p,2p2n); (p,pna); etc., decrease 
with increasing energy in the 1- to 5.7-Bev energy 
range. However, the excitation functions for the 
reactions A*’(p,X)N® and Al’’(p,X)C" increase slightly 
with increasing bombarding energy. N"™ and C"™ may 
be a sufficient number of mass units away from the 
target atomic mass that high-energy incident particles 
would be needed to cause the emission of the requisite 
number of nucleons either singly or in chunks.” 
Possibly the increase in the average number of mesons 
produced per nucleon-nucleon collision in the nucleus 
is important. 


V. SUMMARY 


In general the spallation cross sections for 5.7-Bev 
protons incident on low-Z elements are about equal to 
or slightly lower than those obtained on the same 
elements between 980 Mev and 3 Bev. A couple of the 
(p,pm) excitation functions may have a slight minimum 
in the 2- to 3-Bev energy range. Excitation functions 
for which the product is at least 14 atomic mass units 
away from the target show a rise with increasing energy 
in the Bev region. 


28 R. Wolfgang and G. Friedlander, Phys. Rev. 96, 190 (1954); 
Phys. Rev. 98, 1871 (1955). 

% G. A. Chackett, K. F. Chackett, P. Reasbeck, J. L. Symonds 
and J. Warren, Proc. Phys. Soc. (London) A69. 43 (1956). 

%” FE. Baker, G. Friedlander, and J. Hudis, Phys. Rev. 112, 1319 
(1959). 

31H. G. Hicks, P. C. Stevenson, and W. E. Nervik, Phys. Rev. 
102, 1390 (1956). 

®G. Friedlander, J. Hudis, and R. L. Wolfgang, Phys. Rev. 
99, 263 (1958). 
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Most reactions yield cross sections whose values are 
fairly independent of the mass of the target. However, 
the values of the (p,pm)-reaction cross sections vary 
quite a bit as the target mass is changed. Much of this 
variation appears to be due to differences in the number 
of available neutrons in the various target nuclei 
(Table II). In another paper an attempt will be made to 
describe the magnitude and variation of the (p,pn)- 


reaction cross sections. 
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Recently it has become increasingly evident that some assump- 
tions in the nuclear model used for the Monte Carlo calculations 
yield cross section values which are not in accord with experiment. 
In particular, calculations of (p,pm)-reaction cross sections in 
the Bev energy range give values which are low by factors of 
two to nine when compared to experimental values. The calculated 
cross sections also show a smooth variation with the target 
atomic weight whereas the experimental values show quite an 
erratic variation. Reasons which have been advanced to account 
for this lack of agreement are the lack of a nuclear surface and 
failure to account for shell effects in the nuclear model used. 

In this work a theory is developed to take account of surface 
and shell effects and thereby describe the observed magnitude 
and variation of the cross sections for simple nuclear reactions 
as exemplified by the (p,pm) reaction. At multi-Bev energies to 
which this treatment is restricted, the main contribution to the 
(p,pn)-reaction cross section from inelastic collisions 
between the incident protons and target neutrons, with all the 
p-n collision products escaping without further interaction. 
Approximations and assumptions used include the impulse 
approximation, 0° lab scattering angle for the inelastic p-n 
collision products, classical trajectories for the incident and 
scattered particles, and a quantum-mechanical treatment for 
the target nucleons. The multi-Bev, n-p, cloud-chamber data 
was used to determine the average total exit cross section for the 


comes 


I. INTRODUCTION 


N recent years a large number of cross sections 


for various types of spallation reactions has 


accumulated.’~7 The Monte Carlo method*® coupled 
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inelastically scattered particles. The only neutron shells in the 
target nucleus contributing to the (p,pm) reaction are those for 
which the instantaneous knocking out of a neutron creates a 
product-neutron hole state stable to particle emission. The 
combination of these assumptions gives integral expressions 
which, when evaluated on the IBM-701 computer for the ‘in- 
dependent particle harmonic-oscillator shell model, give the 
(p,pm) reaction cross sections as a function of the nuclear density 
distribution and the number of available shells. 

For the low Z nuclei where the available shells can be un- 
ambiguously determined, the results give a half-central-density 
radius parameter, ro, (ro=Ry/A!), of about 1.2 fermis compared 
to 1.03 fermis for the charge half radius from the electron- 
scattering work. Use of reasonable limits on the value of ro 
allows one to set the minimum number of shells available for 
some targets. For example, the Zn™, Cu, and Cu®™ (p,m) cross 
sections require that a large part or all the 1/72 neutrons be 
available, or, equivalently, that a 1f/7;2 neutron hole state (across 
a major shell) in the product nucleus have less than 8- to 9-Mev 
excitation energy. The results also show that the energy associated 
with nuclear rearrangement to particle-stable product states 
must be less than 8 to 9 Mev. In several cases, the upper limit 
can be lowered considerably (to 1.5 Mev and 0 Mev in the cases 
of O'* and N™, respectively). 


with a Fermi gas model of the nucleus has been used 
to interpret the experimental results. At medium and 
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high bombarding energies (hundreds of Mev and up) 
and for products whose mass is more than a very few 
atomic mass units less than that of the target, the 
existing calculations are in fair agreement with the 
experimental results.?* However, for (p,pm) and (p,2) 
reaction products whose mass is one unit less than 
that of the target, the calculated cross sections, when 
compared to experimental values, are low by a factor 
of two to nine.?*!° Also the calculations predict a 
smooth dependence of the cross section with the 
atomic mass of the target, whereas the experimental 
p,pn and ,2p cross sections show quite an erratic 
variation. It has been suggested that adding a diffuse 
nuclear boundary to the existing Monte-Carlo calcula- 
tions would correct this discrepancy.® Possible shell- 
structure effects have been advanced as an explanation 
for the apparent irregularity in the experimental 
values,!:#-4 

Because of the existing discrepancy it was thought 
worthwhile to try a method of calculating cross sections 
based on the optical and shell models with a diffuse 
nuclear surface. In this work simple nuclear reactions 
include the (p,pm); (p,2p); (p,m) [including (p,m) ]; 
(p,pmt), and (p,p’) reactions. This work will be re- 
stricted mainly to (p,pm) reactions because of the 
relative preponderance of (p,m) reaction cross section 
data in the literature. However, with minor changes 
the results apply just as well to the other reactions 
mentioned. 

The reaction mechanism that will be treated here in 
detail is that in which an incident nucleon makes a 
single collision with a target nucleon in a nucleus and 
all the fast collision particles leave the nucleus without 
further interaction. In order that this be the main 
mechanism contributing to the cross sections of the 
simple nuclear reactions, this work must be restricted 
to high incident energies (hundreds of Mev and up) 
so that nucleon evaporation by the nucleus will make 
a negligible contribution to the reaction cross sections. 
This reaction mechanism is applied to the reactions 
given above by requiring that the struck nucleon be 
in a shell whose distance below the topmost occupied 
level is less than the binding energy of the least bound 
particle in the product nucleus. 

In order to make actual calculations the incident 
and exit particles will be assumed to have classical 
trajectories throughout the nucleus. Also, the fast 
particles produced by the inelastic fraction of the 
nucleon-nucleon collisions will be assumed to be 
moving in the same direction as the incident nucleon 
(zero degree lab scattering angles). Since this latter 
assumption is definitely invalid for elastic nucleon- 
nucleon collisions, the theory will be restricted further 
to the multi-Bev bombarding energy region where the 
fraction of the total nucleon collision cross section 
which is elastic is small. The restriction to the multi-Bev 


#0 A. Caretto and G. Friedlander, Phys. Rev. 110, 1169 (1958). 
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energy region also improves the zero degree lab scatter- 
ing angle and ciassical trajectory approximations and 
the validity of the neglect of nuclear evaporation as a 
contributing reaction mechanism. 

For the same reaction mechanism as that given 
above, Maris et al." derived an expression for the 
differential (~,2p) reaction cross section based on the 
theory of direct interactions. They made a rough 
estimate of the effect of multiple collisions in the 
nucleus on the reduction of the differential p-p scatter- 
ing cross section. They showed that this effect reduced 
the cross sections by a large factor which increased 
with increasing target atomic weight and decreasing 
bombarding energy. Since they were considering 
proton energies within a small energy region and the 
reduction by multiple collisions is spread out over the 
whole energy region, the large reduction factors did 
not destroy the peaks in the proton energy spectra. 

In the present work, the multiple collision reduction 
factor would also be expected to be large due to the 
dominance of multiple pion production in nucleon- 
nucleon collisions. However, only total reaction cross 
sections are considered so that the integrated energy 
spectrum of the scattered particles. over the whole 
region is used. Consequently, the large reduction 
factors apply directly to the reaction cross sections and 
must be determined more accurately. 

In Secs. II A-D the various approximations on 
which this work is based are given. The impulse 
approximation and use of classical trajectories are 
discussed in Sec. A. In B the validity of the zero 
degree lab scattering angle approximation is investi- 
gated by looking at the angular intensity spectrum of 
inelastic and elastic Bev nucleon-nucleon collisions. It 
is shown that this approximation is pretty good for 
high-energy inelastic nucleon-nucleon collisions and is 
invalid for elastic collisions. 

In Sec. III the various ,pn reaction mechanisms 
are discussed. Again the multi-Bev n-p and p-p cloud 
chamber data is used to show that single p-n collisions 
followed by escape of the collision particles are the 
main contributors to that part of the ~,pm reaction 
cross section coming from inelastic -n collisions. 
Grazing inelastic p-n or p-p collisions followed by 
evaporation of a neutron contribute <5% of the con- 
tribution of the above mechanism. 

The equations giving the (p,pm) [and (p,2p)] 
reaction cross sections are derived in Secs. IV A-E and 
the results of machine integration of the final equations 
are given. Section A develops the theory for inelastic 
single collision processes. The final result, Eq. (10), is 
an expression for M,.;, the probability per target 
neutron in the m/j shell for single collision processes of 
the type already discussed. The harmonic oscillator 
nuclear model was put into Eq. (10) to give Eq. (13). 


1H. Tyrén, P. Hillman, and Th. A. J. Maris, Nuclear Phys. 7, 
ie 7, 10 (1958); Th. A. J. Maris, Nuclear Phys. 9, 577 
958). 
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Section B outlines the IBM-701 integration of Eq. (13). 
Section C describes contour plots of the r,z integrand 
of Eq. (13) obtained from the machine. It is shown 
there that most of the single collision processes tend to 
occur in the nuclear surface and on the downbeam 
side of the nucleus. The final results of the machine 
integration of Eq. (13) are described in Sec. D and 
plots of M,, for different values of n and /, the target 
atomic weight, and the spring constant are given. 
Useful relations, Eqs. (18a-c), for interpolating to 
values of M,, for different values of the three input 
parameters than those used are given. In Sec. E the 
contribution to the ~,pm reaction cross section for 
elastic p-n collisions is estimated in terms of a factor, 
F, which gives the probability of escape from the 
nucleus of the struck neutron. Eq. (21) is the final 
result of these calculations and gives the p,pm cross 
section in terms of the various parameters discussed 
above. 

Before Eq. (21) can be applied to nuclei, the various 
parameters appearing have to be evaluated and some 
general properties of the results discussed. This is 
done in Secs. V A-E. The evaluation of ¢ from 3.4-Bev 
n-p cloud chamber data is discussed in Sec. A. The 
Pauli Principle and meson absorption are included in 
the final value of ¢=168 mb. The elastic-collision 
neutron-escape factor, F, is roughly estimated in 
Sec. B to be 0.5. Upper and lower limits of 0.1<F<0.9 
corresponding to a perfectly black and transparent 
nucleus, respectively, are set. It is shown in the next 
section that the errors contributed to Eqs. (22) and 
(23) by requiring F to lie within the reasonable arbitrary 
limits, 0.25 and 0.75, are smaller in most cases than the 
experimental error limit on the (p,pm) reaction cross 
section. The remaining factors in Eq. (21) are given 
in Sec. C and combined into Eqs. (22) and (23) which 
are the final results of all the previous discussion and 
are to be applied to 5.7- and 3.0-Bev (p,pm) reaction 
cross-section data, respectively. Equation (22) is 


Tppn= (3442) > 


allowed 
shells 


NajiM ai, 


where @ppn equals the ppm reaction cross section in mb. 
The constant in the brackets represents the evaluation 
of the factors appearing before the summation sign in 
Eq. (21) and is roughly equal to the total p-n collision 
cross section. The summation is over the ,/,7 shells 
for which the sudden removal of a neutron leaves the 
product nucleus in an excited state stable to particle 
emission. The number of neutrons in the ,/,j shell is 
given by N,.;. The probability per neutron that the 
incident nucleon collides with an n,/ neutron and all 
the collision products escape without further inter- 
action is given by M,,. The 7 quantum number does 
not appear on M,, because of the 7 degeneracy of the 
wave functions for the independent-particle harmonic- 
oscillator model which was used in Eq. (13) ff. It 
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should be stressed though, that Eq. (10) is more 
general and holds for any potential well shape. Eqs. 
(16), (18a) and Figs. 3 and 4 are used with Eq. (22) 
to give op pn as a function of allowed shells and the 
nuclear half density radius parameter, ro. 

Section V D discusses the reasons why this theory 
satisfies the important requirement that opp. be 
independent of the bombarding energy in the Bev 
energy region. Section E cautions against taking Eqs. 
(21) to (23) too literally. They were derived on the 
basis of an independent particle model of the nucleus 
whereas real nuclei consist of interacting nucleons. 
Several errors introduced by neglect of nucleon-nucleon 
coupling are discussed. 

The results of comparison of theory with experiment 
are discussed in Secs. VI A-E. Equations (22) or (23), 
(16) and (18a) and Figs. 3 and 4 give op,p, as a function 
of the allowed shells and the half density radius 
parameter. In Sec. A the shell spacings are taken from 
the calculations of Ross, Mark, and Lawson” and 
combined with binding energies to determine the 
allowed shells. Values of ro are then computed from all 
the experimental values of op», available and are 
compared mainly with values of the half-charge 
density ro’s given by electron scattering. The agreement 
on the whole is quite satisfactory. The value of op,pn 
for C”, N™, and O" provide a more critical test of the 
theory as several approximations made, are exact for 
these nuclei. Both the allowed shells and ro are taken 
as unknowns in Sec. B and, using the experimental 
values of op,pn, %o is given as a function of the allowed 
shells. It is shown that for some cases a minimum 
number of available shells can be set using the require- 
ment that ro be within a reasonable range of values. 
When combined with neutron binding energies this 
allows one to set upper limits on the spacing of the 
upper shells. For example it is shown that for Cu® and 
Zn™ the 1f7/2-1fs2 neutron shell spacing must be less 
than 8 Mev. Section C discusses the large disagreement 
between the ro values given for the Ce! nucleus and 
the electron scattering ro’s. An interesting consequence 
of the initial approximations made (Sec. II) is discussed 
in Sec. D. It is shown that the rearrangement energy 
associated with the nuclear rearrangement coming from 
the snatching out of a target neutron must be less than 
8 Mev most of the time. The lowering of this upper 
limit to 0 Mev, 0.68 Mev and «<8 Mev for N™, O'8, 
and Zn, respectively, is discussed. In Sec. E other 
possible uses of the p,pm cross sections are discussed. 


Section VII discusses some possible error sources 
implicit in the approximations made which are difficult 
to evaluate at present. Section VIII concludes the 
main body of the work. 

The three appendices give mathematical derivations 


2A. A. Ross, H. Mark, and R. D. Lawson, Phys. Rev. 102, 
1613 (1956); the legends on Figs. 1 and 4 are interchanged in 
this reference. R. Lawson, Enrico Fermi Institute of Nuclear 
Studies, Chicago, Illinois (private communication). 
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the results of which were needed in the text at various 
points. Appendix I gives several equations describing 
relativistic p-m elastic scattering. Appendix II gives 
the derivation of Eq. (16) on the basis of the Thomas- 
Fermi model of the nucleus. The accuracy of Eq. (16) 
is found by comparing the values of ro obtained from 
the actual sum-over-squared wave functions to those 
obtained from Eq. (16). In Appendix III Eq. (10) is 
integrated analytically for the uniform density model, 
the one used in all the Monte Carlo calculations made 
to date. The values of ¢p,», calculated for Cu™ and 
Ce at 3 Bev are slightly lower than the actual Monte 
Carlo values obtained at 1.8 Bev but are within the 
error limits given on the Monte Carlo results. 


II. APPROXIMATIONS 
A. Impulse Approximation 


At high incident energies the impulse approximation 
should be valid"; i.e., the wavelength of the incident 
proton is sufficiently short that the proton may be 
considered to interact with only one nucleon at a time 
in the nucleus. The effect of the rest of the nucleons is 
to provide a potential well and a resultant momentum 
distribution for the particular target nucleon considered. 
Also the time it takes for the incident nucleon to enter 
the nucleus and collide with a target nucleon and for 
the elementary collision products to leave is so short 
that the nucleus would not have time to rearrange 
itself or affect the course of the elementary collision. 
The exclusion principle has a small effect on the 
elementary nucleon-nucleon collision, as the amount 
of momentum space forbidden is small compared to 
the volume available. The incident proton can then 
be considered to have “snatched” a nucleon from the 
nucleus so fast that the only effect is to leave the 
target nucleus in any one of several excited nucleon-hole 
states. If the products of the elementary collision get 
out of the nucleus without further interaction, and the 
particular resultant excited state of the nucleus is not 
a particle-emitting state, the product nucleus con- 
tributes to the (p,pm) or (~,2p) cross section. 


B. Zero-Degree Scattering-Angle Approximation 


Another approximation which greatly simplifies the 
calculations is that, for inelastic n-p and p-p collisions, 
the particles are scattered at zero degrees in the 
laboratory system. The validity of this approximation 
can be seen from an examination of the free n-p collision 
data. Cloud-chamber data taken for 1.72-Bev average- 
energy neutrons on hydrogen’ show that all the doubly 
produced mesons have a median laboratory scattering 
angle of 41 degrees (deg). The nucleons associated with 


13 Geoffrey Chew, Phys. Rev. 80, 196 (1950). 

14 W. Selove, Phys. Rev. 101, 231 (1956). 

15 W. B. Fowler, R. P. Shutt, A. M. Thorndike, and W. L. 
Whittemore, Phys. Rev. 95, 1026 (1954). 
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these mesons have a median laboratory scattering angle 
of 17 deg. Singly produced mesons and the associated 
nucleons have median laboratory scattering angles of 34 
deg and 20 deg, respectively. Inelastic events produced 
by 3.8-Bev average-energy neutrons on hydrogen'® show 
that one half the particles are emitted within 20 deg 
(lab) of the primary beam, and two thirds within 30 deg 
of the primary beam. Roughly one-half of the inelastic 
events emit all particles within 35 deg of the forward 
direction, and there are only a few events which emit 
two or more particles at an angle greater than 35 deg. 
Three-fourths of the charged particles produced by 5.3- 
Bev p-p collisions emerge within 20 deg of the incident 
beam.!? Other work indicates a median laboratory 
scattering angle of 32 deg for neutral pions produced 
by 6.2-Bev proton-nucleon collisions.'* Cosmic-ray 
work indicates that for higher incident energies, the 
median laboratory scattering angle is as small as, or 
smaller than, the values given above.” 

Contrary to the case for inelastic collisions, the 
approximation of a zero-degree scattering angle for the 
products is definitely invalid for n-p and p-p elastic 
collisions. The cos"@ angular dependence [taken to be 
the same in the forward center-of-mass (c.m.) hemi- 
sphere for p-n as for p-p collisions, (Appendix I) ]ensures 
that at high energies (w>>1) either one or the other of 
the nucleons has a very high probability of being 
scattered at large angles (close to 90 deg) and having a 
low energy in the laboratory system.” At 5.7 Bev, 
the energy and scattering angle of the target particle in 
the laboratory system corresponding to the angle in 
the c.m. system at which most nucleons are emitted 
(the maximum of cos"@ sin@ where n=36) is 39 Mev 
and 80 deg (Appendix I). The same cosine dependence 
of the scattering angle ensures that the other nucleon 
is scattered at almost zero degrees in the laboratory 
system. 

The invalidity of the zero-degree laboratory 
scattering-angle approximation for elastic p-n and p-p 
collisions is one of the reasons the ensuing treatment 
is restricted to multi-Bev bombarding energies where 
the elastic fraction of the total collision cross section is 
low. Because the contribution to the »,pm cross section 
from elastic p-n collisions can be only crudely estimated, 
restriction of the bombarding energy to the multi-Bev 
region minimizes the error in this estimation. 


16 Fred Holmquist, thesis, University of California Radiation 
Laboratory Report UCRL-8559, December, 1958 (unpublished). 
The author also wishes to thank Dr. Holmquist for providing 
unpublished data. 

7 Wilson Powell, Lawrence Radiation Laboratory (private 
communication). 

18D. King. Phys. Rev. 109, 1344 (1958). 

19 N. Duller and W. Walker, Phys. Rev. 93, 215 (1954). 

* G. Bernardini, E. T. Booth, and S. J. Lindenbaum, Phys. 
Rev. 85, 826 (1952). 

1B. Cork, W. A. Wenzel, and C. W. Causey, Phys. Rev. 107, 
859 (1957). 

“Lester Winsberg, Lawrence Radiation Laboratory (private 
communication). 
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C. Use of Classical Trajectories 


Another helpful approximation depends on the fact 
that at Bev energies the wavelength of the incident 
nucleon is small compared to nuclear dimensions 
(A is 0.03 fermi for a 6-Bev nucleon). Consequently, 
the incident nucleon may be considered to have a 
classical trajectory in the nucleus. The particles 
scattered in the inelastic p-n or p-p collision in the 
nucleus will also be assumed to have classical trajec- 
tories (A is 1.1 and 0.4 fermis for 100-Mev pions and 
nucleons, respectively).* On the other hand, all the 
target nucleons have insufficient momentum, especially 
in the surface region, to be treated classically and will 
be treated quantum mechanically. 


D. Other Approximations 


The use in this work of the high-energy cloud-chamber 
scatter-diagram data depends on the assumption that 
the energy and angular distributions of the scattered 
particles for free -p collisions can be “inverted” to 
describe p-n collisions and then lifted into the nucleus 
with, at most, small resultant changes. The inversion 
can be accomplished by exchanging the forward c.m. 
hemisphere for the backward c.m. hemisphere. The 
angular and energy distributions of the scattered 
particles in the nucleus will be affected by a number of 
factors such as the Pauli exclusion principle, motion of 
the target nucleon, etc. It will be shown later that 
most of the contributions to the (p,pm) reaction come 
from the nuclear surface where the effect of these factors 
is small. 


Ill. (~,pn) REACTION PATHS 


A consideration of (p,pm) reactions indicates that 
there are several possible paths by which a product 
containing one neutron less than the target nucleus 
can be produced. If the proton-neutron collision is 
inelastic, the p,pn product can be formed as follows: 


(a) All the collision products can escape without 
further interaction in the nucleus. The neutron must 
have been knocked out of a shell, which leaves the nucleus 
in an excited “hole” state stable to particle emission. 

(b) A neutron can be left behind with an energy 
increase (about 8 to 16 Mev) such that the primary 
collision is followed by nuclear emission of only one 
neutron. The 
emission for all but the low-Z elements. 


Coulomb barrier suppresses proton 


A p-p inelastic collision can also form the (p,pm) 
product by: 
(c) Leaving a proton behind with an energy increase 


(also about 8 to 16 Mev) such that the primary collision 
is followed by nuclear emission of a neutron. 


BENIOFF 


Elastic p-n and p-p collisions form the ($,p) product 
by the same pathways as for the inelastic p-m collisions. 
Similar pathways also hold for the p,2 reaction cross 
section. 

An estimate of the relative contribution of processes 
(a) and (b) can be made by reference to the experi- 
mental cloud-chamber data on p-n and p-p collisions. 
Out of 134 inelastic events caused by 1.72-Bev neutrons 
on hydrogen gas,'* 86 events produced neutrons by the 
reaction (wp— npwtn—). The rest of the events con- 
sisted of the reactions (np — ppm) and (np —> ppm”). 
Only two out of the 86 events, which are the only ones 
that can contribute to the (p,p) cross section by 
process (b) produced protons with an energy as low as 
40 Mev. The lowest energy neutron had a kinetic 
energy of 74 Mev. A study of inelastic events caused 
by 3.8+2.4 Bev neutrons on protons showed that 
there were 35 ppm events, 97 pnrtr events, 34 
pnxtx-x--- events (the dots refer to other possible 
neutral pions), and 35 events of other types that 
produce between two and five pions.'® The 131 purta- 
and purtxn--- events provided only one proton 
with a kinetic energy less than 20 Mev. 

These results can be used in the following manner. 
The 1.72-Bev results show that in 134 events there are 
no events which produce protons in the 8- to 16-Mev 
kinetic-energy range and are the correct type for 
process (b) after “inversion.” Similarly, out of 201 
n-p events at 3.8 Bev, one event, which would con- 
tribute to process (b) after “inversion,” produced a 
proton in the 8- to 16-Mev kinetic-energy range. 
(“Inversion” of n-p collision data to p-m data should 
exchange neutrons for protons in the purta-7° and 
pnatx- events only.) Rather than use statistical 
analysis for a rough determination of the relative 
contribution of process (b), we will determine an 
upper limit by assuming that if the next two events 
had been measured, they would contribute to process 
(b). Thus we have two out of 134 events and three out 
of 201 events which contribute to process (b). Since 
the rest of the events contribute to (a), the contribution 
of process (b) is <2% of that of process (a). 

The relative contribution of process (c) is more 
difficult to estimate, as there are no laboratory-system 
scatter diagrams for inelastic p- collisions in the 
literature. However, with an analysis similar to that 
used above coupled with the p-p collision data,*4 we 
can estimate the relative contribution of process (c) 
to be <3% of that at process (a).2® Consequently, the 
relative contribution of processes (b) and (c) is <5% 


of process (a) and can be neglected. 


23M. M. Block, E. M. Harth, V. T. Cocconi, E. Hart, W. B. 
Fowler, R. P. Shutt, A. M. Thorndike, and W. L. Whittemore, 
Phys. Rev. 103, 1484 (1955) 

*R. M. Kalbach, J. J. Lord, and C. H. Tsao, Phys. Rev. 113, 
325, 330 (1959). 

25 Paul A. Benioff, thesis, University of California Radiation 
Laboratory Report UCRL-8780, July, 1959 (unpublished). 
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IV. THEORY 
A. Development 


By the use of the previously discussed approxi- 
mations, the contribution to the p,pm cross section 
from inelastic p-n collisions [process (a) ] can be found. 
Consider a cylindrical coordinate system whose origin 
coincides with the center of a nucleus and in which a 
proton is coming in parallel to the z axis. Then, for a 
given p-n inelastic interaction which produces 2 
nucleons and ¢-2 mesons, the probability per unit path 
length, Px, that the incident proton gets to a point 
r,z,¢ Without interacting and collides with the kth 
nucleon, and all the collision products escape without 
further interaction is 


Py= exp| —e f o(R)ay| 


z 


t 2 
xexp| -¥ xf o(R)dy oaPa(rae) (1) 
i=1 = 
The first exponential factor gives the probability that 
the proton gets to r,z,g without colliding with any 
nucleons, and the second exponential gives the prob- 
ability that all the collision products escape (with 0° 
scattering angle) without further interaction. The 
increment of path length, dy, is along the path of the 
incident and emergent particles. Here o2P;(r,2,¢) is 
the probability per unit path length that the incident 
proton collides inelastically with the kth nucleon at 
r,z,¢. The inelastic p-nucleon interaction cross section 
is oo, and P,(r,z,¢) is the normalized probability per 
unit volume of finding the Ath nucleon at r,2,¢. The 
term p(R) (R?=r’+y*, where y is equivalent to z) gives 
the total nuclear density distribution in the target 
nucleus, p’(R) is the same as p(R) except that the kth 
nucleon has been removed from the total nucleon 
density distribution, because after the collision it is 
one of the collision products. The total interaction 
cross section for the incident proton with a target 
nucleon is o;. The o; are the nucleon-nucleon and 
pion-nucleon total collision cross sections, and the sum 
is over all ¢ particles produced in the particular type of 
p-nucleon interaction under consideration. The integrals 
in the exponents give the total number of nucleons per 
unit area along the path lengths of the incident and 
emergent particles. The two exponential terms are the 
equivalent of factors used in the optical model to give 
the damping of the incident and emergent particle 
waves.”® 

If the target nucleus is in a uniform beam of bom- 
barding protons, the cross-section contribution, 7%, to 


obtained by integrating Py along the path length, 


26S. Fernbach, R. Serber, and T. B. Taylor, Phys. Rev. 75, 
1352 (1949). 
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weighting the result by rdrdg and integrating over all 
rand ¢. This gives 


van f ae f rir f exp] os f p(R)dy 
0 0 —x 


z 


t 2 
—> o; f o(R)dy |rPa(rzede (2) 
i=l . 


The constant o2 can be moved outside the integrals. 
If one sets 7% equal to o2M 4, then o2 can be ignored at 
this stage. An average of Eq. (2) over the inelastic 
collision types (different values of ¢) and energy 
spectrum of the scattered particles (different vaiues of 
each o;) gives the result 


M.=Ma= f ae f rir f ex|—or f p(R)dy 
0 0 -—m 2 


-a f o (R)dy] (reeds, (3) 


— 


where & is an appropriate average of }°o;, and M;, 
may be regarded as the fractional availability of the 
kth nucleon in the nucleus for single-collision processes 
with subsequent escape of all collision products. 

The factor P; is given by 


P,= fvtbadr, (4) 


where W is the antisymmetric nuclear wave function. 
Because the integrand in Eq. (3) depends only on the 
space coordinates of the &th nucleon, the integration 
in Eq. (4) is over the spin coordinates of all the 
nucleons and the space coordinates of all nucleons except 
the kth. If the nucleus is regarded as an assembly of 
independent particles, Ya is equal to the normalized 
Slater determinant. Substitution of this determinant 
into Eq. (4) and performance of the integrations over 
the coordinates of all nucleons (kth excluded) gives 


1 
eh ~ ‘ Wo" (re) Wa( 7) da. (5) 


spin space 


The (7%) represents the single-particle spin-orbit- 
coupled wave functions of the kth nucleon, and gq 
stands for a set of quantum numbers needed to specify 
a nucleon completely. The sum is over all A sets of g, 
where A is the number of nucleons in the nucleus. 

The factor g in Eq. (5) stands for the single-nucleon 
quantum numbers 2,/,j,m;,m, and the sum is over all 
occupied single nucleon states. There are (V+P) nj 
terms in the g sum which differ only by m,; and m, 
(the isospin-projection quantum number), where 
(N+ P)n1; is the number of nucleons in the nJj shell 
(the subscript is the principal quantum number). 
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Because each nucleon in a given shell may assume any 
one of the m; values, an average over the m; values 
must be taken. The target nucleus is bombarded in an 
essentially field-free region as far as its alignment is 
concerned, so that each one of the m; states is equally 
probable. If we separate the space and spin parts of 
¥.(7%) by use of Clebsch-Gordan coefficients,” and 
average over the m; values using the operator 


we get 

1 
P,=— C*(Lsj ; mi, mj—my,) 
A 


nlj mjm, 


x T ni; | R, ) Y tmj* (04.0%) VY im, (0, Ck \. 6) 
The equal probability that m; assume any value 
between —j and j allows m, to assume all of its values 
between —/ and /. The m; sum can be done by use of 
standard procedures for manipulating Clebsch-Gordan 
coefficients.27 Use of the spherical-harmonic addition 
theorem to remove the Yim; factors gives*® 


1 
P,.=— iP (N+P) nijZ naj? (Re). 
4A ali 


(7) 
Substituting Eq. (7) into Eq. (3) and summing over 


all nucleons gives for the fractional availability, M, of 
all the nucleons in the nucleus for single collisions 


(RZ=r2+22) 
(N+P ay f ie f rir f 
xexp| -o1 f p(R)dy-a f #(Rody | 


T naj? (rie? +2.2)dz. 


a. 
M=—>> 
4rA 


k=1 nlj 


(8) 


It is shown elsewhere that Eqs. (7) and (8) hold also 
for j-j-coupled shell-model wave functions.*® The k sum 
may be done immediately, because each term is 
identical, which removes the 1/A. Likewise, the ¢ 
integration may be done, because the integrand is 
azimuthally symmetric. 

The part of M which contributes to the p,pn reaction 
by processes of type (a) is obtained by limiting (V+ P) ni; 
to neutrons only and limiting the sets n/j to those for 
which the sudden removal of a neutron with quantum 
numbers lj leaves the nucleus in an excited state 


27M. Rose, Elementary Theory of Angular Momentum (John 
Wiley & Sons, Inc., New York, 1957), Chap. III. 

28 E. Condon and G. Shortley, The Theory of Atomic Spectra 
(Cambridge University Press, London, 1957), Chaps. IIT. and IV, 
pp. 53, 178. 
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stable to particle emission. This gives, for M», pn, 
Mf o0n _ , 3 


allowed 
nlj values 


N ntjM aij. 


The fractional availability per neutron in the n/j shell 
for single-collision processes, M ,.;, is given by 


1 = 4) os) x 
May== f rir f exp|—os f p(R)dy 
2 0 —®D z 
= f 


—2 


o (Rody |Tai(-+ (10) 


The availability, M,.;, for target protons is also given 
by Eq. (10) if the correct value of ¢ and form of 
T nyi(r?+z2?) are inserted. 

Equation (10) holds for a variety of potential-well 
shapes, such as the square, harmonic-oscillator, 
exponential wells, etc. In this work the harmonic- 
oscillator well will be used for two reasons. First, it 
gives a finite gradient to the nuclear surface, something 
that has been postulated to explain the difference 
between the calculated and p,pn 
sections.’ Second, solutions to the Schrédinger 
equation can be obtained in an analytic form. 

An additional simplification is that for the harmonic- 
oscillator well, inclusion of a spin-orbit coupling term 
in the wave equation changes only the eigenvalues and 
not the wave functions. For this reason, the j subscript 
will be dropped from M and T in Eq. (10) ff. 

The normalized radial harmonic-oscillator 
functions for the first three radial shells are” 


B32! } 
-( -) Beer +s)y 


m(21+c)!! 
8? (r?+-2?) 
xexp(— - ). (11) 
2] 


where c and B, are a numerical constant and simple 
polynomial, respectively, both depending on n. Equa- 
tion (11) is normalized to give 2 upon integration over 
the r and z coordinates. This is necessary to remove 
the factor of 1/2 brought in from the removal of the 
spherical harmonics. The validity of this can be shown 
by removing the exponential factors from Eq. (10), 
substituting Eq. (11) into Eq. (10), and integrating 
over the r and z coordinates to get unity. 

The density term p(r’+-y’) is obtained from Eq. (11) 
by setting y=z and 


observed cross 


wave 


1 
e(r?+y")=— Dd (Nat Pada’. 


dr nl 


(12) 


The sum is over all occupied ,/, shells. For a given 
2M. Mayer and J. Jensen, Elementary Theory of Nuclear Shell 
Structure (John Wiley & Sons, Inc., New York, 1955), p. 236. 
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and 1, NartPri is the number of nucleons in the two 
shells obtained by setting j=/+}3 and j=/—}. The 
1/ (4) is the normalizing factor. Equation (12) neglects 
any effect of the Coulomb force on the total nuclear 
density distribution. The error due to this neglect 
should not be large unless the radial proton distribution 

markedly different from that given by Eq. (12). The 
factor p’(r’+y") is obtained from Eq. (12) by sub- 
tracting one from that value of Nx, whose subscripts 
are the same as those on My. 

For several reasons Eq. (12) was used for the nuclear- 
density distribution, rather than the simpler equation 


p(R)=p*{expl (R—d)/a]+1}“ 


obtained for most target nuclei from the electron- 
scattering results.* One reason is that a single model 
is used by which the complex dependence of Eqs. (10), 
(11), and (12) on 8 can be removed. Another is that 
there is only one adjustable parameter, 8, rather than 
three—8, d, and a. The use of Eq. (12) also ensures a 
consistent nucleus whose total density distribution is 
built up out of the distributions of the individual 
nucleons. 

The substitutions u=6r, »=8z, w= Sy, simplify the 
complex 8 dependence remarkably. Making these 
substitutions and putting Eqs. (12) and (11) into 


Eq. (10) gives 
iu f 


018? D 
— f p(w+w*)dw 


T ° 


-— “ff p (tat) | as, 


2'B,2 


Qi+1 


i= — 


| B,2(u?+1")! 
my, 21+c)!! 


Xexp| ——e 


where 


p(w +y)=>° (NV at P ea an 
nl (2l+c¢ yt 


Xexp(—w—w*), (14) 


(w+ w?)! 


and p’(u?+w*) bears the previously mentioned relation- 
ship to p(w?+w*). Values of B,? and c for the different 
values of m are given below: 


B? 





[u?+- (v? or w*) 


¢ 

1 

3 2{l+4- J}? 

5 2) (+8)d+4)-( (21-4+-5)[ 2+ (0° or w*)]+-[2+ (v? or w*) )F}?. 


The double factorial stands for the product of all the 
odd integers less than or equal to 2/+-c. 


% Robert Hofstadter, Annual Review of Nuclear Science (Annual 
Reviews, Inc., Palo Alto, California, 1957), Vol. 7, p. 231 
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For ease in interpreting the results, the harmonic- 
oscillator spring constant 8 in the exponents of Eq. (13) 
can be written as 


B= g/A}, (15) 


where g is given by 


g=0.847/r,", (16) 
and ro is the half central-density radius constant. 
Equations (15) and (16) are derived in Appendix II. 
As is discussed there, Eq. (16) is only approximately 
correct and gives vaiues of ro which are in error by 
from +3% for F® to —9% for Ce when compared 
to values of ro obtained in an exact manner. 


B. Integral Evaluation 


Equation (13) cannot be integrated analytically, so 
it was integrated by the use of Simpson’s rule and the 
IBM-701 electronic computer. The interval size used 
and the upper limits of integration were chosen such 
that the error made in the numerical integration of 
M x1 was less than or equal to 1%. 

The computer was also programmed to print out 
the values of the integrand of the u,v integration 
given in Eq. (13) and the corresponding values of u 
and v. This was done in order to find out by means of 
contour plots what part of the nucleus contributed 
most to M xu. 

The value of the total p-nucleon collision cross 
section, a1, was set equal to 30 mb.” The total exit 
collision cross section, ¢, was estimated from the 
3.8-Bev cloud chamber data to be 180 mb. The deriva- 
tion of the value of ¢ and corrections due to refinements 
in the values of o;, and & are discussed later. Reasonable 
values of g=0.50 and 1.00 were chosen for most 
calculations. 

The target isotopes chosen for the calculation of 
values of My; were C®, N*, O'8 F! Na’, A”, Nis, 
Cu™, As** Nb*®, ce. In™5 i, ce~, Os™, and U238, 
The neutron- and proton-shell occupation numbers for 
all these target isotopes except U** were taken from 
Mayer and Jensen.** The U** occupation numbers 
were obtained from a Nilsson diagram for a deformed 
nucleus.” From the above data, values of M,; for 
several shells for several values of g for different 
isotopes were determined, and contour plots obtained 
for some cases. For a few shells, values of M,,; for 
different values of & or 0; with g constant were obtained. 


C. Contour Plots 


Figures 1 and 2 are contour plots of the integrand of 
Eq. (13) for two cases—the Cu® 1f shell and the Ce 

3! Reference 29, pp. 74-81. 

® The author thanks Dr. Frank Stephens for supplying the 
occupation numbers of the upper shells of U**. 
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Fic. 1. Contour plot of the 1f shell of Cu®; ¢,=30 mb, ¢=180 
mb, g=0.50. The broken line circle gives the half-central-density 
radius. 
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20 
for various values of r=u/8 and z=v/8. The contour 
lines connect points 7,z which give equal values of 
Qni. The dashed circle is the locus of points for which 
the value of the total nuclear density, p(u?+ 2") from 
Eq. (14), is one half that at the center of the nucleus. 
The three-dimensional “picture” is obtained by rotating 
the contour maps about the z axis. 

It is immediately apparent from Figs. 1 and 2 that 
the main contribution to M,,; is strongly weighted 
towards the surface region of the nucleus. In fact 
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Fic. 2. Contour plot of the 2/ shell of Ce™; 
o,=30 mb, ¢=180 mb, ¢=1.00. 
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for the 2f Ce shell the main contribution is quite far 
out from the half-density circle. Because the p,pn 
reaction is limited to the topmost few shells, these 
contour plots clearly indicate that the p,pmn reaction 
is mainly a surface reaction. This is why the errors 
introduced by “lifting” the free m-p scattering data 
into the nucleus should be small. The secondary peak 
in Fig. 2 for the Ce' 2/ shell is not visible, as it is too 
far inside the nucleus and is suppressed by the exponent 
integrals in Eq. (17). The contours also show that 
most of the contribution to M,; comes from the 
downbeam side of the nucleus. This asymmetric 
distribution about the z=0 plane comes from the fact 
that ¢ is much bigger than o;; the distribution becomes 
symmetric about the z=0 plane as & approaches oi. 
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Fic. 3. The dependence of M,: on A, the target atomic weight, 
for different shells; 7, =30 mb, ¢=180 mb, and g=0.50 


D. M,, Results 


Figures 3 and 4 show the dependence of M,,; on the 
atomic weight A, of the target nucleus for two values 
of g, 0.50 and 1.00. These curves may be used for 
interpolating to target isotopes other than those for 
which M,; values were computed. The difference 
between the values of M,, due to different neutron 
and proton occupation numbers for isobaric target 
elements for any given shell would be expected to be 
small. This was shown by computing values of My; and 
M y, for Ga® and Nd!” (¢;= 30 mb, ¢= 180 mb, g= 1.00). 
The value of Mi, for Ga® (two less 1f5;2 neutrons and 
two more 23/2 protons than Cu®) was found to be 
less than My for Cu® by 0.3%. For Nd (no 2/7). 
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neutrons and two 2d5;2 protons), the value of My was 
higher than for Ce by 1.2%. The effect of changing 
the configuration of the top three nucleons of F"® from 
(1d5)2)? (2s1/2)! to (251/2)8 was found by computing Mo, 
for both forms.**4 The value of M2, for the (1d5,2)* 
(2s1/2)! configuration was lower than that for (2s1/2)* 
by 1.4% (o1=30 mb, ¢= 180 mb, g=0.50). 

The shell structure in Figs. 3 and 4 is quite evident 
in that for a given A there appears to be a close cor- 
relation between the values of M,, and the total 
energy of the w,/ shell in the potential well. The cor- 
relation is due to the fact that for a potential well 
with sloping sides, the mean square radius of a shell is 
larger the higher the shell is in the potential well. 
Here M,, would be expected to be larger for bigger 
values of the mean square radius, because the exponent 
integrals in Eq. (13) are smaller. In Figs. 3 and 4 the 
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3. 4. The dependence of M,,; on A, the target atomic weight 
for different shells; ¢; =30 mb, ¢=180 mb, and g=1.00. 


curves of M,,; as a function of target atomic weight 
were not extended beyond the point at which the shells 
are so far down in the well that their availability to 
the ~,pn cross sections is highly improbable. This is 
the reason why all the curves appear to have a cutoff 
at the low M,, end. 

A comparison of the M,,; values for the same target 
shells for the two values of g, the spring-constant 
parameter, shows that the g dependence of M,; can 
be approximated by 


gM ,.=constant. (18a) 


This equation was checked over an extended g range 
for several F'’, Cu®, and Ce™ shells. Figure 5 gives the 
Ce! results. The curves for F¥® and Cu®, which are 
similar to those for Ce™, are given elsewhere.*® The 
curves in Fig. 5 show that Eq. (18a) is a good approxi- 
mation if the amount of g extrapolation is not too 
great. Equation (18a) is very useful for interpolating 

%S. Unna and I. Talmi, Phys. Rev. 112, 452 (1958). 

4 G. Rakavy, Nuclear Phys. 4, 375 (1957). 
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Fic. 5. Plot of gM: as a function of g, the nuclear density 
distribution parameter, for Ce shells; o,:=30 mb, ¢=180 mb. 


the M,,; results given in Figs. 3 and 4 to other g values. 
If desired, Fig. 5 (or Figs. 3 and 4 for A<142) can be 
used to roughly correct Eq. (18a). 

Figure 6 gives curves of M,,; versus 6, the average 
total exit cross section, for the F 1d shell, the Cu® 1f 
shell, and the Ce™ 1h shell. It is seen that this de- 
pendence can be represented by 


(18b) 


(¢)41M ,.=constant. 


Similarly, for these three shells as well as a few others, 
M . was determined for several values of o1, the total 
p-n collision cross section. The results show that, 
similarly, we have 


(o;)'M »:= constant. (18c) 


It would be expected, from an examination of Eqs. 
(13) and (15) that the g dependence would be greater 
than the o, or & dependence because g occurs as a 
factor of both exponent integrals, whereas o; and @ 
each occur as a factor of only one of the integrals. 
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Fic. 6. Plot of M,.: as a function of @ the average total exit 
cross section. © refers to the F” 1d shell, 7, =30 mb, g=0.80; 


@refers to the Cu® 1f shell, c,=30 mb, g=0.50; A refers to the 
Ce! 1h shell, o:=30 mb, g=1.00. 
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Also the points of maximum contribution to M,, 
obtained from the contour plots are points at which 
the two exponent integrals, each with their associated 
factors, would appear to be similar in value. 


E. Elastic (p,pn) Collision Contribution 


The total (~,pm) reaction cross section is obtained 
by adding to Eq. (9) a term giving the contribution 
from the elastic p-» collisions. The total cross section 
is equal to 


Tp, pn— PS 


allowed 
shells 


(M aitiner +S nite) N nj, (19) 


where the second term on the right gives the contribu- 
tion from the elastic fraction of the p-n collision. A 
computation of S,; by the same methods as used for 
M ,1 represents a formidable undertaking. One difficulty 
is that the zero scattering angle approximation is 
invalid. A much better approximation for the elastic 
collisions is to take the scattering angle to be 90° lab. 
Also the Pauli principle would have to be taken into 
account specifically as the scattered nucleon has a 
high probability of gaining a relatively small amount 
of energy. For 5.7-Bev protons on free neutrons one-half 
the elastically scattered neutrons have kinetic energies 
of <60 Mev and lab scattering angles between 78° 
and 90°. To evaluate an expression like Eq. (13) but 
containing the exclusion principle and the 90° scattering 
angle approximation would be prohibitively long in 
terms of machine time as there would be five successive 
integrations and a more complex integrand. Con- 
sequently the following approximate method to 
determine S,,; will be used. 
One can approximate S,; by writing 


Snt~FM ai, 


where F, the amount by which M,,;’ should be reduced 
to account for the escape of the struck neutron, is 
independent of the shell quantum numbers and target 
atomic weight. The term M,,' is given by Eq. (13) 
with & set equal to a; and accounts for the entrance, 
elastic collision, and exit of the incident proton which 
suffers negligible energy loss and angular deviation. 
Use of Eq. (18b) gives the result 


M ni’ = (6/01)'M ni. (20) 


It can be seen from Fig. 6 that for ¢=30 mb this 
equation is correct to within 10% when summation 
over the allowed shells in Eq. (19) is allowed for. 
Combining the above three equations and recalling 
that o1=¢inei toe gives 


o\i 
com=or| 1+/( F(—) -1)] = NauyMnr, (21) 
-" _ 
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where f is the fraction of the total (p,7) cross section 
which is elastic. It should be recalled that the j sub- 
script is lacking on M,,; because of the 7 degeneracy in 
the harmonic oscillator model. 


V. APPLICATION TO NUCLEI 


Before Eq. (21) can be applied to experimental 
(p,pn) cross sections, the factors appearing before the 
summation sign have to be evaluated; in particular 
both ¢ and F must be determined. The 3.8-Bev n-p 
cloud chamber data will be used to obtain a value of 
é. The value of ¢ for 1.72-Bev n-p collisions will just 
be presented when needed even though it was obtained 
in the same manner. It should be recalled that M,, 
also depends on a; and é. 


A. Determination of & 


The average total exit cross section, ¢, was determined 
by first finding the distribution of rh values of So; 
from the experimental laboratory scatter diagrams of 
the high-energy m-p inelastic collisions in the following 
manner: The analysis of inelastic events caused by 
3.8+2.4-Bev neutrons on protons'® shows that 83% 
of the events consist of the reactions pn — ppx~ (18%), 
pn— pnata- (48%), and pn— pnrta-n®--- (17%). 
The rest of the events (17%) consist of small amounts 
of -several types of two-, three-, and four-meson 
producing events. Because there are so many different 
types of these events, the 17% will be neglected and 
the inelastic events will be assumed to consist only of 
the three main types given above (with their percentage 
occurrence increased by 100/83). The analysis further 
shows that in the c.m. system the intensity distribution 
of the emitted protons from the ppm reaction is 
strongly peaked forward and backward, and that of 
the pions is peaked forward. The neutron and negative- 
pion intensity is peaked forward for the pnmrta- 
reaction, while the intensity for the protons and 
positive pions is peaked in the backward direction. 
For the pnatx-7® reactions, the proton distribution is 
peaked in the forward direction, and the charged pion 
distributions are isotropic. 

These c.m. intensity distributions have to be 
“inverted” because they are for -p collisions, not p-n 
collisions. This inversion merely exchanges forward 
c.m. intensity peaks for backward c.m. peaks and 
vice versa. In the succeeding discussion this “inversion” 
is included. The momentum distribution in the labor- 
atory system for each of the various particles emitted 
for each type of inelastic event'® was divided into 
several sections, and the number and midpoint kinetic 
energy of the particles in each section was tabulated. 
From the published pion-nucleon and nucleon-nucleon 
excitation functions,®***® a cross section, o;, was 
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35S. Lindenbaum, 
Reviews, Inc., Palo Alto, California, 1957 Vol. 7, p. 317. 
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associated with the midpoint energy for the given 
type of particle passing through nuclear matter that 
was assumed to be half neutrons and half protons. 
From the fact that forward and backward c.m. distribu- 
tions correspond to low (inverted) and high (inverted) 
kinetic-energy laboratory distributions, respectively, 
“events” were reconstructed. For the (p,pm—) reaction, 
a proton and w~ out of the lowest energy range were 
combined with a proton in the highest energy range, 
the three values of o; were found, and the three particles 
were removed from the distribution. This process was 
repeated until all the particles were used up. Similarly 
for the purtm— events, a neutron and 2m each from 
their respective lowest kinetic-energy section were 
combined with a proton and +t each from their 
respective highest kinetic-energy section, and the four 
values of o; were found, etc. Scatter diagrams were 
not available for the neutrons and 7s from the 
puxta-m® reaction. Somewhat arbitrarily the r*’s and 
were considered to have the same backward 
peaking in the c.m. system, and the neutron and 2 
distributions were taken to be peaked in the forward 
c.m. direction. The 7° and neutron momentum distribu- 
tions were taken to be the same as those for positive 
pions and protons, respectively. A proton and a+ and 7° 
from their respective lowest kinetic-energy sections were 
then combined with a x and neutron in their respective 
highest kinetic-energy sections, and the five values of 
a; were found, etc. Finally the appropriate values of 
a; were then combined to give values of > ~1'0;, where 
t equals 3, 4, and 5 for the ppx-, puata-, and purta-7° 
events, respectively. 

These }°o; must still be weighted by the associated 
values of M,,;. This was done by computing values of 
M,,. for three representative shells (the shells are 
given in Table I) for possible values of ¢ ranging from 
30 mb to 275 to 400 mb. Plots of My, versus & were 
used to weight the }’o,; distribution accordingly. 
Finally the M,; weighted distribution was averaged 
over inelastic-event types to give a value of ¢ equal to 
180 mb. It was found that this value of ¢ was quite 
insensitive to changes in shell quantum numbers or 
target atomic weights. 

This value of é must still be corrected for exclusion- 
principle effects on the o; and meson absorption in the 
nucleus. The correction on o; due to the exclusion 
principle can be roughly estimated by determining the 
maximum target-nucleon kinetic energy, Tm, at the 
point R= (w+2)!/8 at which the contour plot of 
M,, shows a maximum. For this purpose, we can 
assume the nucleus to be a degenerate Fermi gas of 
depth T,,. Use of the kinetic energy and particle type 
associated with each cross section, o;, and T,, in the pub- 
lished equations**-*® gives the cross-section reduction 


; 
ws 


37 E. Clementel and C. Villi, Nuovo cimento 2, 176 (1955). 

38 T. Ivanter and L. Okum, J. Exptl. Theoret. Phys. (U.S.S.R.) 
32, 402 (1957) [translation: Soviet.-JETP 5, 340 (1957) ]. 

39 R. Sternheimer, Phys. Rev. 106, 1027 (1957). 
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TABLE I. The Fermi energy, 7,,, at the Mz 
contour plot maximum. 


1d shell of F® 1f shell of Cu® 1% sheil of Ce™ 


g 0.5 08 0.5 08 10 15 
Tm(Mev) 13 15 10 il 12 16 








factor. We can determine 7, from Eq. (B2) of 
Appendix II; 7» is the central kinetic energy of the 
highest occupied shell.“*! The substitution of Eqs. 
(15) and (B6) of Appendix II into Eq. (B2) and 
replacement of r by R,, gives T, as a function of g. 
Table I gives T,, for two values of g for three repre- 
sentative shells. The value of T,, was taken to be 12 
Mev. With this value, the o; were now corrected for 
the exclusion-principle effect. For o; associated with 
mesons, the meson absorption cross section was 
included.2 The correct o; values were then combined 
and weighted by the method just discussed to give a 
final average value of & equal to 168 mb. This final ¢ 
was found to be quite insensitive to changes in g and 
to be the same for each of the three shells for which it 
was derived. 


B. Determination of F 


The slow neutron escape factor, F, can be estimated 
by dividing the spectrum of the energy gain of the 
struck neutron into three parts. If the struck nucleon 
gains less than 8 Mev, it cannot escape from the 
nucleus, so that the collision does not contribute to 
the p,pn reaction. If the struck neutron gains between 
8 and 18 Mev, the collision will always contribute to 
the p,pn reaction because if it does not escape, 
[process (b)], the resultant excited nucleus will 
usually evaporate only one neutron. Finally, if the 
target neutron gains 18 Mev or more it must escape. 
This division into three parts with boundaries of 8 and 
18 Mev is not meant to be accurate. It does, however, 
allow F to be easily estimated. 

The fraction of elastic 5.7-Bev p-n collisions that 
gives the struck neutron a gain of 218 Mev [similar 
to process (a) for inelastic p-mn collisions } is calculated 
from Eq. (A4) (n=36)"!” to be 0.79. For this fraction, 
a reduction of M,,’ by roughly one half will be assumed. 
This is arrived at by assuming that, similar to the 
inelastic collisions, most of the contribution to Snr: 
comes from collisions in the nuclear-surface region. For 
an elastic surface collision, the struck nucleon has 
roughly a probability of one half to be going away 
from or towards a lot of nuclear matter. If it is moving 
towards most of the nucleus it will probably interact, 
because the interaction mean free path is small for 
nucleons with more than 20 Mev kinetic energy.” If 
it is moving away from most of the nucleus, it is likely 


 W. Frahn and R. Lemmer, Nuovo cimento 6, 1221 (1957). 
*! Reference 29, pp. 40, 41. 
“ L. Elton and C. Gomes, Phys. Rev. 105, 1027 (1957). 
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to escape without interaction. Various other effects 
such as the exclusion principle, reflection at the nuclear 
surface, production of the 218-Mev_ energy-gain 
neutron further inside the nucleus, etc., are ignored 
for this rough determination. Consequently, the 
contribution to F from this part of the elastic p-n 
collisicns is 4(0.79)=0.4. 

Elastic 5.7-Bev p-n collisions that give the struck 
neutron an energy gain between 8 and 18 Mev have a 
probability of occurrence of 0.1 [Eq. (A4), Appendix I]. 
Since all of these collisions contribute to the p,pn case, 
as far as the struck neutron is concerned, the contribu- 
tion to F is 0.1. There is a smaller contribution from a 
process similar to process (c) for the inelastic p-p case 
where a p-p collision occurs leaving a proton with a 
kinetic energy gain between 8 and 18 Mev. This contri- 
bution will be neglected, as the 0.1 given above which 
also holds for p-p collisions must be multiplied by factors 
that take account of the fact that the slower proton 
must not leave and the p-f collisions with resulting low 
nuclear excitation are less likely than are p-n collisions 
for all but the low-Z elements. Consequently, F is 
set equal to the sum of the first two contributions, 
which is 0.5. 

It is easy to set upper and lower limits on F if one 
neglects the contribution mentioned above from p-p 
elastic collisions. If one assumes that the nucleus is 
completely transparent to the struck neutron, then for 
E,=5.7 Bev, F=0.9. The fact that collisions in which 
the neutron energy gain is <8 Mev can never contribute 
to the p,pn reaction sets this upper limit for /. Similarly 
the lowest F can be is 0.1 since the region of energy 
gain between 8 and 18 Mev is always available to the 
p,pn reaction. This limit corresponds to a nucleus 
which is completely black to the struck neutron. Thus 
one has 0.1<F<0.9 and the chance of F=0.5 cor- 
responds to the nucleus being “half black” to the 
struck neutron when its energy gain is > 18 Mev. 

This method of determining F=0.5 is very rough 
and would appear to render meaningless any informa- 
tion obtained from an application of the results given 
in the previous sections. However, it will be shown in 
the next section that large errors in F contribute only 
small errors to the final results. 


C. (p,pn) Reaction Cross-Section Equations 


The fraction of 5.7-Bev p-n collisions that are elastic 
is not known, so f will be taken from the 6.2-Bev p-p 
scattering data as equal to 0.24+0.06." The factor, 
a1, will be set equal to the recent experimental value 
of 33.6+1.6 mb for 4.5 Bev neutrons on protons.” 
The value of M,,; can be corrected for this new value 
of a; by the use of Eq. (18c). The previously mentioned 
correction stemming from the fact that &¢ should be 
168 mb instead of 180 mb can now be included by use 


*V. Perez-Mendez, J. H. Atkinson, W. N. Hess, and R. W. 
Wallace, Bull. Am. Phys. Soc. 4, 253 (1959). 
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of Eq. (18b). The values of M,,; obtained from Figs. 
3 and 4, when multiplied by (30/33.6)!(180/168)!, 
can consequently be used in Eq. (21). Substitution of 
the values given above for f and F (¢=168 mb and 
o1=33.6 mb) gives the result (in mb) 


Op, pn= (3442) > 
allowed 
shells 


NatsM at. 


Use of other 6.2-Bev p-p scattering data to determine 
f and a; gives the same numerical constant in Eq. (22).*4 

Similarly for a bombarding energy of 3 Bev, the 
factors appearing in Eq. (21) can be evaluated. A 
determination of ¢ from the 1.72-Bev neutron-hydrogen 
collision work’ in the same manner as for the 3.8-Bev 
neutron data including the exclusion principle for 
Tm= 12 Mev gives ¢=160 mb. The values of o; will be 
taken to be 3842 mb. This value is a linear inter- 
polation between the 1.4 Bev*® and 4.5 Bev® n-p cross 
sections for a bombarding energy of 3.0 Bev. The 
fraction, f, of a; which is elastic is taken from the 
2.75-Bev p-p collision data to be 0.37+0.04.% As 
before, F is approximately 0.5. Substituting these 
values into Eq. (21) and correcting for the fact that 
M,,, is calculated for <= 180 mb and o,=30 mb gives 
for 3-Bev protons incident on nuclei 


Op, pn= (362) = NatjM ar. 


allowed 
shells 


The error limits with the numerical constants in 
Eqs. (22) and (23) are not meant to be absolute. They 
include the error limits of o1, f, and the 1% on M,,; and 
do not include any contribution for F. 

It can be seen now that the error contributed by the 
rough method of determining F is small. It seems 
reasonable to require that 0.25<F<0.75, ie., the 
nucleus can’t be either completely black or completely 
transparent to the struck target neutron. With these 
limits for F the corresponding limits for the numerical 
constant in Eq. (22) become 29 and 38 mb, respectively. 
Thus it is reasonable to expect that the value of the 
numerical constant is in error by less than 15%. This 
large reduction of the uncertainty in F comes from the 
factor, f, in Eq. (21). This is one of the main reasons 
for restricting this treatment to the multi Bev bom- 
barding energy region where f is small. 

It turns out that this error limit of 15% is smaller in 
most cases than the error in the experimental value of 
Op,pn. Furthermore the actual comparison of experi- 
mental p,pm cross section data through Eqs. (22) and 
(23) will be made through the radius parameter, fro, 
given in Eq. (16). Since ro enters in Eqs. (22) and (23) 
through Eq. (18a) as ro, the percentage error in fo 
stemming from the uncertainty in F will be further 
reduced to 7%. The error in ro for 3-Bev data will be 
slightly larger than 7% as f is larger. An error limit of 


7% is satisfactorily small in view of the errors in the 
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experimental values of gp,pn and the approximations 
made is this work. 


D. Energy Independence of ¢,,,, in the 
Bev Region 


Equations (22) and (23) show that the theory 
developed here satisfies the requirement that the 
(p,pm) cross sections be independent of the bombarding 
energy in the Bev region. The decrease with increasing 
energy shown in these equations is less than 10% and 
is within the experimental-error limits on the experi- 
mental (p,pm) cross sections. At first sight it seems 
surprising that the cross sections do not decrease with 
increasing energy, because the meson multiplicity, 
which affects ¢, is dependent on the bombarding 
energy. However, this dependence is not strong, as can 
be seen from the mean meson multiplicities of 1.8 and 
2.2 for neutrons of 1.7-Bev and 3.8-Bev average 
energy, respectively.'®® The effect of the extra 0.4 
meson at 3.8 Bev is reduced by the fact that, as has 
been discussed, all the }°o; terms, which make up 4, 
are weighted by M,:. This weighting tends to suppress 
reactions with high meson multiplicity whose abundance 
is quite sensitive to the bombarding energy. 

The (~,pm) cross section is also dependent on o;! as 
can be seen from Eqs. (18) and (21). ‘The square-root 
dependence and the relative constancy of o; in the Bev 
region help to give the independence of o¢p,pn from the 
bombarding energy. 


E. Inherent Uncertainties Due to 
Nuclear Model Chosen 


Before the theoretical results are compared with 
experimental data it is worthwhile to stress the fact 
that the nuclear model used in the foregoing calculations 
does not represent real nuclei. One fault of the model 
used in the calculations is that the harmonic-oscillator 
well was used instead of the more realistic inverse 
exponential well. It is difficult to estimate how much 
the values of M,,; would be changed if the inverse 
exponential well were used. Both the density- 
distribution terms and the radial wave functions in 
Eq. (11) ff would be affected. Furthermore, the 
degeneracy in the two values of M,,, for different 7 but 
same nl values would be removed. 

Another fault is that some effects of nucleon-nucleon 
interactions, e.g., j-7 coupling, have been neglected. 
Even though Eqs. (7) and (8) hold for j-7 coupling, 
the radial wave functions and the density terms 
would be altered in a complex manner. This would 
induce further changes in M,;. In addition to this 
effect, Eqs. (9), (19), and (21 to 23) would have to be 
altered under any nucleon-nucleon coupling scheme. 
This change arises because the sudden removal of a 
nucleon from a shell will leave the product nucleus 
in any one of several possible parent states. Any one 
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of these parent states, when coupled to the w/j nucleon, 
gives the ground state of the target nucleus. Since 
some of these parent states may be unstable to particle 
emission, a factor <1 should be included inside the 
nlj sum of Eq. (9) and the sum should be extended 
over all nlj shells of the nucleus. This factor is the sum 
of the squares of the appropriate fractional-percentage 
coefficients of all the parent states stable to particle 
emission. This factor tends to unity or zero as the 
nucleon-nucleon interaction becomes weaker and, in 
the limit of the independent-particle model, becomes 
equal to either 0 or 1, giving Eq. (9) ff. For closed-shell 
target nuclei, Eqs. (9), (19), and (21 to 23) are valid 
as written, because there is only one possible parent 
state even with nucleon-nucleon coupling. 

The difficulties mentioned above which are caused 
by differences between real nuclei and the model 
chosen here add an element of uncertainty to any 
comparison of theory with experiment. In spite of this, 
we shall proceed to see what can be learned from a 
simple independent-particle model while keeping the 
above discussion in mind. 


VI. RESULTS 


Two variables are now left in Eqs. (22) and (23)— 
which shells are available and the value of g [or ro by 
Eq. (16) ], the nuclear-density-distribution parameter. 
A correct calculation of which shells are available, i.e., 
which neutron-hole states of the product nucleus have 
small particle-emission widths compared to the gamma- 
emission widths, is quite beyond the scope of this work. 
However, one can use the eigenvalues of a reasonable 
independent particle model as a guide to determine 
which shells are available and then use the p,pn cross 
sections with Eqs. (18a) and (22) or (23) and Figs. 3 
or 4 to determine g or ro. These values of rp can be 
compared with values obtained by other experimental 
methods. Later another method of treating the data 
which considers both the shell availability and ro as 
unknowns will be discussed. 


A. Radius-Parameter Determinations 


The independent particle calculations of Ross, Mark, 
and Lawson,” which appear to be successful in predict- 
ing the experimentally observed shell filling, will be 
used here as a guide to determine thé excitation energy 
of neutron-hole states in various shells. The availability 
of a shell is determined by subtraction of the excitation 
energy of the neutron-shell hole state from the highest 
particle-stable excitation energy of the product. Only 
if the result is greater than zero is the shell available. 

The highest particle-stable excitation energy of the 
product nucleus is that excitation energy for which the 
total particle-emission width is roughly equal to the 
gamma-emission width. If a neutron is the least-bound 
particle, its binding energy is usually the highest 
particle-stable excitation energy. If a proton is the 
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TABLI 


(p,pn) 
cross 
section 
(mb ) 


Proton 
bombarding 

energy 

_(Bev ) 


3.0 


(p,pn) 
product Reference 
44 
45 
44 


29.8+1.6 
26.7+1 
29.8+1.6 


1p; 
(4) 
1p; 


(4) 


cu 
5.7 
4.0+2.4 
7.3+0.7 
3345 


(1) 


28+4 
19+2 
31+5 
45+7 
44+10 
37+6 
66+14 
46+7 
66+7 


71+6 
68+11 


Cu® 


Zn® 


Mo” 
Nb” | 
Ini 57+9 
63+10 
60+15 
46+11 
24+3 


p26 
Ce™! 


Lal” 4.2+0.6 


Ta! 47+12 ° é 
46+12 (8) 


® The nuclear density distribution parameters, g and ro, 
spacings given by Ross, Mark, and Lawson (reference 12) 
nuclear model than the one used by Ross, Mark, 
given here. The spring-constant parameter, 
ro, equals R A}, 

b (p,2p) product. 

© Includes (p,2) cross section. 


given in this table 


least-bound particle, an appropriate barrier correction 
must be added and the sum compared to the neutron 
binding energy. Except for a very few cases, alpha 
particles need not be considered. A possible method 
of computing the barrier correction and the highest 
particle-stable excitation energies for the p,pn products 
for which Bev are available is given 
elsewhere.”® 

Table IL gives the experimental (,pm)-reaction 
cross sections and the values of g and ro derived from 
the cross sections, the number of available shells, and 
values of M,;. Column one gives the (p,pm) product 
[(p,2p) product in the case of La and (p,pm) plus 
(p,2p) product in the case of Mo”®,Nb*]. Column two 
gives the proton bombarding energies in Bev at which 
the cross sections in column three were determined. 
The cross sections at both 3 to 4 Bev and 5.7 to 6.2 
Bev are given, if available, to indicate the spread in 


cross sections 


e 0.58+0.04 
2 0.55+0.04 


1p, o 


2 9/2 frss 1.06+0. 


are partly based on the number of av 
and the highest particle-stable excitation energies of the p,pn | 
and Lawson, would give different shell spacings and consequently 
g equals 8*/A$, where 8 is the harmonic-oscillator spring constant. 
where R is the nuclear radius at which the density is one-half the central value. 
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II. (p,pm) cross sections and nuclear-density-distribution parameters." 


Target nuc leus available shells g r 


.21+0.04 
.14+0.04 
.24+0.04 


0.65+0.04 


0.98+0.58 
0.50+0.06 
0.60+0.10 


.10+0.36 
.31+0.08 


0.35+0.06 
0.49+0.06 
0.50+0.09 
0.72- 


+0.13 .10+0.10 


0.75+0.20 1.07+0.14 


89+0.15 0.99+0.09 
0.56+0.12 
0.76+0.13 
0.62+0.07 
0.54+0.06 
0.54+0.10 


my 740.07 
260.07 
27+0.12 


0.99+0.18 0.94+0.09 


0.57+0.10 
0.49-+-0.09 
0.86-+0.22 
1.06+0.28 
0.86-+0.15 


23+0. 
3340 
02+0. 


1 
1 
1: 
1; 


0.924 0. 
1.00+0.08 
2.34+0.39 0.61+0.05 
26 
1.04+0.25 


0.92+0.11 


(10) 0.92+0.12 


ailable shells 
roducts (refe 

different values of g 
The half-central-density ra 


n the shell! 
A different 
than are 

us parameter, 


dete 


al 
li 


the experimental data. Equation (23) was used for the 
4-Bev data. The references'?+-*.-*" to the experi- 
mental cross-section values are given in column four. 
Column five gives a possible choice of available shells 
determined from the eigenvalue calculations of Ross, 
Mark, and Lawson” and the highest particle-stable 
excitation energies.2° The target-nucleus neutron- 
occupation numbers are given in parentheses im- 
mediately below each 
the cross sections by 


(23), and Figs. 


shell. Values of g, derived from 
(18a), (22), or 
3 or 4, are given in column six. The 


the use of Eqs. 


“ N. Horwitz and J. Murray, University of California Radiation 
Laboratory Report UCRL-8881, August, 1959 (unpublished). 
Cumming, G. Friedlander, and C. E. Swartz, Phys. 
Rev: 111, 1386 (1958). 
46 The author wishes to thank Dr. Lester Winsberg for allowing 
the use of his results before publication. 
47 James Grover, thesis, University 
Laboratory Report UCRL-3932, 


of California Radiation 
September, 1957 (unpublished). 
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value of ro, the half-central-density radius parameter, 
given in column seven for each cross section is the 
mean of the two values computed from the upper and 
lower limits of g by the use of Eq. (16). 

The appropriate values of M,; were used to compute 
the g and ro values for the (p~,2p) products. Because 
the effect of the coulomb force is completely neglected, 
the values of g and ro (Mo”, Nb®, and La!) are just 
rough guesses. 

The values of g determined for the target In"® must 
be corrected for the fact that the measured (p,pn) 
cross section refers only to the isomer In™™ (J=5-+) 
and does not include contributions from In" (J = 1+-).*° 
This correction can be estimated by adding vectorially 
the j value of the neutron hole in a given shell, j:, to 
the spin of the target nucleus 72 to get resultant J’s 
between ji+j2 and |j:—je|. The fraction of each J 
state which decays to either one or the other of the 
isomers is roughly determined by assuming the decay 
to the ground state to proceed by emission of a single 
gamma ray of the appropriate multipolarity. The 
lifetimes for such gamma decays are compared by 
means of published formulas.“ Under this simplifying 
assumption, it turns out that, except for the state 
with a J value midway between the spins of the two 
isomers, the states decay essentially entirely into one 
or the other of the isomers. For a given neutron shell, 
the number of neutrons effective in producing one of 
the isomers is. obtained by weighting each J state by 
the statistical weight, 2/+1, and the fraction decaying 
into the isomer, summing over all allowed J states, 
and dividing by >> 7(2/+1). This final fraction is 
multiplied by the total number of neutrons in the shell. 
For In'°(p,pn)In"™™, the effective number of neutrons 
for each available shell was found by taking the 
ground-state spin of In"® to be 9/2+ (due to a 1go/2 
proton hole). The effective number of neutrons so 
obtained for each shell are given in column five, Table 
II, to the right of the neutron occupation numbers. 
It is not possible to make such a correction for Ta!" 
because the spins of the two isomers are not available. 
Consequently, values of g and ro, computed as if the 
only product were Ta'®”, represent upper and lower 
limits respectively. 

Figure 7 is a plot of the half-central-density radius 
parameter, ro, given in Table II, as a function of the 
target atomic weignt. Points for 3- to 4-Bev and 5.7- 
to 6.2-Bev bombarding energies are denoted by 
triangles and circles, respectively. The error limits 
given on each point are the experimental error limits 
only. The dashed lines connect half-charge-density 
radius parameters as given by the electron-scattering 
results.® The solid lines connect a few radius parameters, 


48D. Strominger, J. M. Hollander, and G. T. Seaborg, Revs. 
Modern Phys. 30, 585 (1958). 

Stephen Moszkowski, Beta- and Gamma-Ray Spectroscopy, 
edited by K. Siegbahn (Interscience Publishers, Inc., New York, 
1955), Chap. XIII. 
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Fic. 7. The half-central-density radius parameter, ro, as a 
function of target atomic weight. The points are obtained from 
experimental 3.0-Bev (A) and 5.7-Bev (©) ~,pm-reaction cross 
sections [Eqs. (22) or (23)], and the static level spacings of 
Ross, Mark, and Lawson (reference 12). The broken line connects 
values (@) of ro obtained from the electron-scattering results 
(reference 30). The solid line connects values (V) of square- 
density radius parameters, calculated from the formulas in Ap- 
pendix III, necessary to give the observed »,pm cross sections. 
These values of ro are the ones that would have to be used in the 
existing Monte Carlo calculations to give agreement between 
experimental and calculated /,pn cross sections. 


ro, calculated to be necessary to give the observed 
p,pn cross sections for nuclei containing a degenerate 
Fermi gas with a uniform density distribution. This is 
the nuclear model used in the Monte Carlo calculations.’ 
The radius parameter, 7o, was calculated from the 
observed p,pm cross sections at 3 Bev by the use of the 
equations derived in Appendix III with o1=38 mb 
and ¢= 150 mb. 

A number of interesting points are revealed on 
examination of Fig. 7. The very large values of ro 
needed for the uniform-density model (roughly 1.8 
fermis) to reproduce the experimental ,pn cross 
sections, compared with the points for the harmonic- 
oscillator model and the electron-scattering results 
(and literature data obtained from total nuclear cross 
sections™) show that the p,pm reaction cross sections 
cannot be explained without the diffuse nuclear surface. 
This has already been suspected from the Monte Carlo 
calculations.‘ The values for the half-density radius 
parameters (0.9 to 1.3 fermis) determined from the 
harmonic-oscillator well lie fairly close to the half- 
density radius parameters (1.0 to 1.1 fermis) deter- 
mined from electron scattering work. Other determina- 
tions of nuclear radii give values for ro of 1.07 fermis 
(exponential-well half-density radius parameters)*™! 
and 1.25 fermis (square density distribution).” The 
agreement between these values of the half-density 


50 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley & Sons, Inc., New York, 1952), Chap. [X, pp. 482 
to 483, 488 to 492. 

5! Alfred E. Glassgold, Revs. Modern Phys. 30, 419 (1958). 

® Sidney Fernbach, Revs. Modern Phys. 30, 414 (1958). 
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radii and the values found in this work is quite satis- 
factory, especially in the light of the discussed un- 
certainties contributed by the use of the harmonic- 
oscillator model. It is, of course, not correct to compare 
half-density radii directly with square-density radii. 
However, the comparisons made above are rough 
enough so that errors from this source are relatively 
small. 

Unlike the other nuclei studied in this work, the 
half-density radius parameters obtained from the p,pn 
cross sections for C”, N', and O'* can be directly 
compared with those obtained from the results of the 
electron scattering from these three nuclei. One reason 
is that the electron-scattering results were analyzed 
in terms of a harmonic-oscillator well, as was used 
here. Another reason is that the available neutron shells 
are known.' Also, as has been discussed, Eqs. (22) and 
(23) are valid under j-7 coupling for C” and O"* because 
they are closed-shell nuclei. The same holds for N™ 
because the one neutron outside the closed shells is the 
only one available. Still another reason is that the 
effect of the coulomb force on the nucleon density 
distribution [Eq. (12)] is small. Finally, there is no 
numerical error made in using Eq. (16) for C® and 
O'*, This can be shown by substituting the values of 
1/8 for C” and O"* (given as dy in Table I of reference 
30) into Eqs. (15) and (16), solving for ro, and com- 
paring the values so obtained with those given in 
Table IV, column 8, of reference 30. No electron- 
scattering data is given for N™, so the value of ro for 
this nucleus is taken to be midway between that of 
C” and O**, 

1A direct comparison (see Fig. 7) between the values 
of ro obtained in this work and the electron-scattering 
work shows that, for C”, N“, and O'*, the nucleon 
half-density radius parameters are larger than the 
charge half-density radius parameter by 0.1 to 0.5 
fermi (exclusive of the 3-Bev N“ point because of its 
large error limit). This difference seems to be somewhat 
larger than the value of 0.1+0.1 fermi obtained by 
other means for the differences between the half- 
nucleon and charge-density radii (the factor of A! is 
included in this latter value).™ It is difficult to say 
whether this difference is real or is due to errors in the 
assumptions used here. Perhaps the zero-degree 
laboratory scattering-angle approximation or errors 
inherent in the method of computing ¢, as are discussed 
later, are the cause. It would seem that these error 
sources are not sufficient to explain this discrepancy. 


A reduction of ro from 1.2 to 1.0 fermis would require 


an offsetting reduction in ¢ from 168 to 80 mb which 
is quite drastic. The crude method used to estimate 
the contribution from elastic p-n collisions may also 
be contributing errors. If F 
(the 


were set equal to 0.9 


nucleus perfectly transparent to the struck 


8 L. Elton, Revs. Modern Phys. 30, 557 (1958). 
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neutron) then é would still have to be reduced to 125 
mb to give ro= 1.0 fermi. 

It is interesting to note that, on the basis of the 
available-shell assignments made, the (p,pm) radius 
parameters show a decrease with increasing A. Some 
of the decrease is probably due to the error associated 
with using Eq. (16). There also appear to be some 
irregularities associated with major shells; i.e., Fe™, 
Mn*, and Ni®* all have 28 or less protons and a smaller 
value of ro than do Cu®, Cu®, and Zn™ (Table II), 
which have more than 28 protons. Similarly, In", 
which has between 28 and 50 protons, has a larger 
value of ro than does I’, Ce”, or Ta!® with more 
than 50 protons. Molybdenum-100 causes some 
difficulty here, a difficulty which could be resolved by 
a study of more (p,pm) reactions around mass 100 
uncontaminated by (p,2p) reactions. The low-Z 
elements again show a value of ro similar to that of 
copper, zinc, and indium. Thus it appears as if nuclei 
with 20<Z<28 protons and Z>50 protons may have 
smaller half-density radius parameters than the other 
nuclei. Neutron major shells appear to have less effect, 
because Mn®5, Ni®8, Cu®, Cu®, and Zn® all have more 
than 28 neutrons, and In" and ['*’ have between 50 
and 82 neutrons. It must be realized that these ideas 
regarding shell effects on rp are of a most tentative 
nature as they depend on the nuclear model used to 
determine the values of M,; and which neutron shells 
are available. 


B. Available-Shell and Radius-Parameter 
Determinations 


It is perhaps more profitable to consider both the 
availability of the shells and the radius parameter as 
unknowns. Then the (,p) cross sections can be used 
to determine, for each target isotope, values of ro as a 
function of the shells selected to be available. Figure 8 
gives values of ro as a function of available shells 
[computed by the use of Eqs. (16), (18a), (22), and 
(23) and Figs. 3 and 4] for some of the cross sections 
given in Table II. The ordinate gives the half-density 
radius parameter, and the abscissa gives the neutron 
shells in the order in which they appear in the nuclear 
well.”4! The abscissa of each point is the lowest shell 
considered available: i.e., for that point all shells below 
are unavailable, and all shells up to and including the 
highest neutron-containing shell are available. The 
lines connect points for a given target in the order of 
the neutron (proton in the case of La") shell filling in 
the well.** The right-hand point of each series cor- 
responds to only the topmost neutron-containing shell 
being available. Each series extends to the left to the 
1s;/2 shell (all the neutrons available). However, the 
series were terminated at a point where the number of 
shells taken to be available was considered to be more 
than sufficient for any reasonable nuclear model. The 
abscissae for the Mo”, Nb® points refer to the lowest 
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Fic. 8. The half-central-density radius parameter as a function 
of shell availability. The points are obtained from experimental 
3.0-Bev (A) and 5.7-Bev (O) p,pm cross sections and Eqs. (22) 
or (23). The solid lines connect points belonging to the same 
product. The abscissa of each point gives the lowest shell con- 
sidered available, i.e., all shells lower down in the potential well 
are considered unavailable, all the shells higher in the potential 
well including the highest occupied neutron shell (represented 
by the right hand point of the series for each product} are con- 
sidered available. The solid vertical lines of the abscissa represent 
major neutron-shell closures. 


available Mo! neutron shell. The lowest available 
Mo™ proton shell for the first point on the left was 
taken as 1f7/2. The rest of the points were computed 
for a 23/2 proton shell as the lowest available. Several 
point series, similar to those given, were omitted to 
avoid clutter. The major neutron shell closures are 
indicated along the lower margin of Fig. 8. 

A point series is given in Fig. 8 for the reaction 
Ce!(p,2p)La™. This has been computed by using 
neutron wave functions, Eq. (11), for proton wave 
functions in Eq. (10) and computing values of ro as a 
function of shell availability. (For p-p collisions, a; is 
about equal to o; for p-n collisions, and the value of ¢ 
should not change much for p-p collisions.) 

Except for the points for C, N, and O, Fig. 8 should 
be considered as only approximately representing the 
correct situation. Under a coupling scheme any given 
shell could be partly available, because some of the 
product parent states with a hole in the given shell 
may be particle-unstable. Also, the position of the 
points might be somewhat different if the wave func- 
tions corresponding to an inverse exponential well 
were used. It is to be hoped, though, that the general 
characteristics of Fig. 8 would be preserved if the 
correct model were used; accordingly the discussion 
will be limited to general features. 

The series of points for each element all show the 
same characteristic of a decrease in ro as more shells 
are made available. The steepness of the initial portion 
on the right of each series is dependent on the number 
of nucleons in the topmost occupied shell. Iodine-127 
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and Ta!*! have many neutrons and protons in their 
topmost shells, whereas In" has only two neutrons. 
For several elements, the series of points makes it 
possible to put lower limits on the number of shells 
available. Thus for In" the large value of ro required, 
if only the 1g7/2 and 1/41/2 shells are available in In", 
make it quite likely that a large part or all of the 2d5,2 
neutron shell is also available. Similarly the unreason- 
able values of ro required for Ni*” and Cu® if the 1f7/2 
is unavailable show that much or all of the 1f7/2 neutron 
shell is allowed. This is noteworthy in that the 1f7/2-1fs/2 
spacing more than crosses a major shell closure. 
(Mn, Cu®, and Zn® give the same result.) 

If one takes the highest particle-stable excitation 
energy of the product nucleus into account, upper 
limits on the excitation energy of populated levels can 
be set. For example, in the case of In", the highest 
particle-stable excitation energy of 7.0 Mev (neutron 
binding energy)*>:* yields the result that most or all 
of the levels populated by removal of a 2d5/2 neutron 
from In" have less than 7.0-Mev excitation energy. 
Similarly, from the highest particle-stable excitation 
energy of 7.91 Mev (neutron binding energy”®-55) for 
Cu®™, one can show that most or all of the Cu® levels 
populated by removal of a 1f7/. neutron from Cu® 
have an excitation energy less than 7.9 Mev. Similar 
arguments can be given for Cu®, Zn®, Mn*™, and Ni®?, 
Under the independent particle model the above two 
cases show that the 1/1/2-1d5/2 and 1f5/2-1f7/2 neutron- 
shell spacings are less than 7.0 and 7.9 Mev, 
respectively. 

These arguments can be carried to other as yet 
unmeasured (p,pm) cross sections to estimate the 
energy spacing across other neutron shells. For example 
for the Nb® or Ru (,pm) cross section one can 
determine the availability of the 1go/2 neutron shell 
and estimate an upper limit for the 2d5/2-1g9/2 shell 
spacing across the V=50 major shell. 


C. The Problem of Ce!*? 


Ce’ is the only nucleus for which (p,pm) and (p,2p) 
cross sections are known in the Bev energy region. We 
see from Fig. 8 that the values of ro, obtained from the 
Ce™ production cross section, range from less than 
0.67 fermi to 1.5 fermis, which is a reasonable range. 
However, the maximum value of ro obtained from the 
La™ production cross section is 0.67+0.05 fermi 
which is an unreasonably small value. One possible 
explanation of this low value is that the Coulomb 
force (which was neglected) concentrates the protons 
strongly towards the center of the nucleus. This 
concentration is beyond that already given by the 
sum over squared harmonic-oscillator wave functions 


% A. Wapstra, Physica 21, 367 (1955). 

55K. Way, R. W. King, C. L. McGinnis, and R. van Lieshout, 
Nuclear Level Schemes A=40 to A=92, Atomic Energy Commis- 
sion Report TID-5360 (U. S. Government Printing Office, 
Washington, D. C., 1955), pp. 186, 187. 
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for N>Z (Eq. (12) ]. This seems unlikely, because the 
concentration required to fit the La! cross section is 
unreasonably large. Also other work shows that the 
radial neutron and proton density distributions are 
not too different from one another.®.° Another alter- 
native is that the Ce nucleus is quite small and has 
relatively little surface. This also seems unlikely in 
that a half-density radius parameter of 0.6 to 0.8 
fermi is an extreme reduction compared to that for 
other nuclei. A third alternative is that the order of 
proton-shell filling in the Ce™ well is wrong, and the 
highest filled proton shell is some shell other than the 
1g7/2 shell with just a few protons in it. However, this 
alternative is contradicted by the observed ground-state 
spins and parities of the odd-Z, odd-A nuclei from 
antimony through lanthanum.*!-*8 

Another possible explanation for the small value of 
ro obtained for La™ is that there is a strong coupling 
between the two 2f7;2 neutrons and the 1g7/2 proton 
hole in La’. Therefore many of the La™' parent states 
are unstable to particle emission. This would decrease 
the number of available neutrons and increase the 
value of ro. A similar strong coupling can also be 
allowed between the two 2/7,2 neutrons and 1hy1;, 
3s1/2, and 2d3;2 neutron-hole states of Ce! if one 
assumes that the three closely spaced 1/11/2, 3512, and 
2d3/2 neutron shells” are available. However, the effect 
of this coupling on La™' seems unreasonably large 
when compared to the effect on other nuclei represented 
in Fig. 8. It does not seem possible at present to decide 
between these or any other alternatives as to why the 
(p,2p) cross section (and ro) is so low. More Bev (,2p) 
cross sections for other elements are definitely needed. 
This difficulty with cerium will be more thoroughly 
discussed in a future publication. 


D. Nuclear Rearrangement 


The approximations used in deriving Eqs. (12) and 
(21) to (23) and their use with the experimental 
high-energy (~,pm) cross sections reveal an interesting 
result. In this work (p,pn) reactions have been assumed 
to occur when a multi-Bev incident proton enters a 
nucleus and strikes a neutron in a given shell, and the 
reaction products leave the nucleus in a time short com- 
pared te nuclear rearrangement time. This allows one 
to consider the nucleus as a container for nucleons 
whose momenta and shell distribution can be taken to 
be that of an unperturbed nucleus. After the collision 
products have escaped, the nucleus is left in any one of 
a number of excited parent states whose energy distri- 
bution is equal to the excitation energy of the neutron- 
hole state plus the distribution of the rearrangement 
energy.” In this context, the rearrangement energy con- 


56 Lawrence Wilets, Revs. Modern Phys. 30, 542 (1958). . 
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ing out this extra source of excitation energy and the fact that it 
must contribute less energy than the binding energy of, the 
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sists of all the energy released when the nucleus goes from 
the ground state of the target minus one neutron from a 
given shell to the corresponding neutron hole states of the 
product. This energy comes from such sources as the re- 
coupling of the nuclei in open shells when a neutron is re- 
moved, a slight radial shrinkage of the nuclear potential 
well, etc. The point here is that the nuclear rearrange- 
ment associated with the snatching of a neutron from an 
available shell must predominantly populate product 
states whose rearrangement energy is less than the 
highest particle-stable excitation energy of the product 
nucleus, or about 8 Mev. If the rearrangement were 
such that all populated product states were more than 
8. Mev above ground state, all ~,pn cross sections 
would be equal to zero.*” 

It is possible in several cases to set the upper limit 
on the rearrangement energy associated with the states 
predominantly populated by nuclear reorganization 
at less than the highest particle-stable excitation 
energy of the product nucleus. As has been discussed 
in another work,! the only particle-stable state of N™ 
is the ground state, because the proton binding energy 
(1.95 Mev) is less than the excitation energy for 
the first excited state (2.37 Mev).®® Further, the low 
value of the (p,pm) cross section for N" is explained 
satisfactorily by the low number of available neutrons 
(See Table II and Figs. 7 and 8). Consequently, the 
nuclear rearrangement associated with the snatching 
of a 1p1;2 neutron from N™ must predominantly 
populate the ground state of N. The energy associated 
with this rearrangement to the N™ ground state must 
be zero Mev. 

A similar situation exists for the product O!. From 
Table I and Figs. 7 and 8 it can be seen that the 
O'*(p,pn)O" cross section is satisfactorily explained by 
taking the 11/2 and 13/2 neutron shells to be available. 
If one assumes that, because of a large rearrangement 
energy, the 13,2 shell is not available, the half-density 
radius parameter, ro, from Eqs. (16), (18a), and (22) 
and Fig. 3 would have to be 2.1 fermis to give the 
(p,pm) cross section observed. The large discrepancy 
between this value and others (see Figs. 7 and 8 and 
ensuing discussion) supports strongly the availability 
of the 13/2 shell. The 13/2 neutron-hole state of O'* 
is at 6.14 Mev; there is one more level at 6.86 Mev 
before the first particle-emitting level at 7.61 Mev is 
reached. This part of the level scheme shows that 
the nuclear rearrangement occurring after a 13/2 
neutron has been snatched out must predominantly 
populate either the 6.14-Mev level or the 6.86-Mev 
level of O'%. The respective energies associated with 
rearrangement to these two levels are zero Mev and 
0.68 Mev. 

This same argument can be applied to heavier nuclei. 
It has already been shown how the buried 1/72 neutron 


58 F. Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
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shell in Cu®, Cu®, and Zn® is probably available, 
because its exclusion gives unreasonably large values 
of ro. Snatching a neutron from the 1f7/2 closed shell of 
zinc or copper would give a product hole state with 
appreciable excitation energy (roughly 5 Mev),” 
because it is across both a major and minor (the 23/2) 
shell. Since the highest particle-stable excitation energy 
for zinc and copper is 8 to 9 Mev,**** there must be 
no large population of states whose associated re- 
arrangement energy is greater than 3 to 4 Mev. This 
figure is quite approximate and is only a rough first 
guess. This same argument can be applied to other 
cases such as the 2d5,2 shell of In™® and possibly the 
Ihy1/2 shell of Ce. These relationships between 
simple nuclear reaction cross sections and nuclear 
rearrangement will be discussed in more detail in a 
later publication. 

Note added in proof.—The ideas expressed in this sec- 
tion regarding nuclear rearrangement and rearrange- 
ment energy appear to be consistent with the views 
expressed by K. Brueckner [Proceedings of the Inter- 
national Conference on the Nuclear Optical Model, The 
Florida State University, Tallahassee, Florida, March, 
1959, Pages 132-144]. 


E. Other Uses of (p,pn) Cross Sections 


We have shown how the #,pm cross section can be 
used to obtain information about rearrangement energy 
and shell availability. Here we wish to point out that 
for some nuclei the high and low angular momentum 
subgroups of the group of available neutron shells can 
be studied separately. To do this, one has to measure 
the (p,pm)-reaction cross sections to two isomeric 
product states of an even-N-even-Z target nucleus. 
Because the ground state of such a target has a value 
of J=0, the sudden removal of a neutron will leave the 
product nucleus in states whose J values are all equal 
to the 7 value of the removed neutron. The strong 
gamma ray lifetime dependence on the multipolarity 
of the transition strongly weights the populating of 
the high- and low-spin isomers by the high- and 
low-angular-momentum neutron shells, respectively. 
This division of the neutron shells is not nearly so 
clean-cut for the even-N-odd-Z targets with isomeric 
product states which are the only ones studied so 
far. This is because the neutron hole produced by the 
sudden removal of the neutron can couple with the J 
value of the target nucleus to give a whole range of spins. 

Another possible use of »,pm reaction cross sections 
can be seen from a closer examination of Eq. (21). 
Suppose the ~,pm reaction cross sections were known 
for a series of isotopic targets in which a large neutron 
shell was filling. Then Eq. (21) shows that a plot of 
Op, pn against the neutron number in the filling shell is 
an almost straight line (the A dependence of M,; over 
a restricted A range is small at large A) whose slope 
equals M,,; for the filling shell. In this manner it 
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some cases to determine M,,; 


appears possible in 
experimentally. 


VII. POSSIBLE ERROR SOURCES 


It has been shown how the results of the theory 
embodied in Eqs. (21) to (23) and Figs. 3 and 4 may 
help to understand nuclear structure more clearly by 
yielding information about nuclear radii, rearrangement 
energy, and hole-state excitation energies. These 
results have been derived from a theory based on 
several simplifying assumptions, such as the impulse 
approximation, single nucleon-nucleon collisions, classi- 
cal nucleon and pion trajectories inside the nucleus, 
and a very approximate treatment of elastic p-n 
collisions. Besides these assumptions and the difficulties 
inherent in using the independent-particle harmonic- 
oscillator model to represent real nuclei, there are 
other implicit approximations in the theoretical results. 
A discussion of these points will help to put this work 
in a better perspective. 

There are a few sources of possible error in the 
assumption made that the effective average exit cross 
section, ¢, is a sum of exclusion-principle-corrected 
cross sections for pion-nucleon and nucleon-nucleon 
collisions averaged over event types and particle 
energies. One source stems from the neglect of the 
wave properties of high-energy pions and nucleons. If 
a nucleon and a pion are scattered at an included 
angle of 20° and 300-Mev kinetic energy each—which 
are not unreasonable figures'®:'*“—then the nucleon and 
pion must travel 0.8 and 1.1 fermis respectively before 
their separation is greater than the pion reduced 
wavelength. This is an appreciable distance of travel 
compared to nuclear dimensions. For this part of their 
paths where the particles are closer than a wavelength 
apart, the cross section for interaction with nucleons 
would not be just a sum of individual nucleon-nucleon 
and pion-nucleon collision cross sections because there 
would be some sort of interference. 

Another source of error which also arises ffom the 
neglect of the wave properties of the colliding nucleons 
is that, depending on the angular distribution of the 
emitted nucleons and mesons, the momentum transfer 
to the target nucleon along the incident-particle 
direction can be very small for high incident energies. 
The uncertainty principle then shows that it can be 
impdéssible to localize the collision to within a nucleon 
dimension, or even nuclear dimensions as has been 
done in Eqs. (1) ff. This problem has been treated in 
the literature and conditions are given to determine if 
the collisions can be localized.» The meson energies 
in the “reconstructed events” used to determine 4, 
were used in the appropriate condition equation.™ It 
appears that on the whole the picture of a collision 
localized to within nuclear dimensions has approximate 


® EF. Feinberg, J. Exptl. Theoret. Phys. (U.S.S.R.) 28, 241 
(1955) (translation: Soviet Phys.-JETP 1, 176 (1955) ]. 
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validity. For about one-half of the ppx- events and 
most of the purta- and purtr-7® events at Ey=3.8 
+2.4 Bev, the collisions are localized to nucleon 
dimensions. 

An error source affecting ¢ may exist if the isobar 
model of pion production from high-energy nucleons 
is valid inside the nucleus.’*** Since the isobar states 
have small but finite lifetimes, the nucleon-nucleon 
collision products traverse the first part of the path as 
isobars which then each decay into pions and a nucleon. 
Consequently for the first part of the path, ¢ consists 
of cross sections for nucleon isobar-nucleon collisions. 
An error is introduced unless these cross sections are 
equal to the sum of the individual cross sections for 
collisions between isobar-decay products and nucleons. 

The assumption that the pion-nucleon collison cross 
sections used to determine ¢ are the same inside the 
nucleus as outside may be a further source of error. 
Recent theoretical work shows that various parameters 
describing pion interactions inside a nucleus vary 
strongly with energy.” However, the errors made in 
assuming the free pion-nucleon cross sections to hold 
inside the nucleus should be small, except possibly 
near the resonance.” The free ”-p scattering data do 
not show strong peaking in the produced meson 
intensity at the resonance energy. For this reason and 
possible similar hard-to-correct errors in “lifting” the 
free n-p scattering data into the nucleus, no correction 
was made for this error source. 

The magnitude of the error arising from these sources 
in the approximations used to develop the theory is 
very difficult to determine. It is hoped that it is small, 
possibly through cancellation effects of the individual 
errors. Perhaps in the future it will be possible to 
evaluate the uncertainties arising from these sources. 

There are several small errors arising from the 
experimental input p-7 collision data and the methods 
of handling the data. One uncertainty in the input 
data is that, for pn — pnrta-r and other less frequent 
events, the number of neutral pions produced is un- 
certain.'® For this work, the number of 7° particles in 
ach event type explicitly stated in the input data was 
used. There is some evidence that the average 7° 
multiplicity is somewhat larger than that given by 
the above data.'* Several errors arising from the method 
of treatment of the input data include neglecting the 
few high meson-multiplicity events in the input data 
(the five-prong and a few of the three-prong events 
were neglected) and letting A/2=N=Z for all target 
nuclei in the determination of ¢. These and 
errors arising from the method of event reconstruction 
and estimation of the teduction in ¢ due to the exclusion 


other 


principle should be small. 


® K. Watson and C. Zemach, Nuovo cimento 10, 452 (1958); 
K. Watson (private communication). 
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VIII. SUMMARY AND CONCLUSION 


The failure of the model used in the Monte Carlo 
calculations to predict either the right magnitude or 
dependence on target element of the p,m cross sections 
for Bev protons has been evident for some time. The 
lack of a nuclear surface and shell structure in the 
model have been suggested as the most likely reasons 
for lack of agreement between theory and experiment. 

In order to remedy this situation, a theoretical 
treatment of simple nuclear-reaction cross sections, as 
exemplified by that of the p,pm reaction, was developed. 
This allows the use of several different nuclear models. 
The theory is based on several simplifying approxi- 
mations which appear to be valid in the multi-Bev 
bombarding-energy range. These approximations in- 
clude the impulse and zero-degree scattering-angle 
approximations, use of classical trajectories for the 
incident and scattered particles, and quantum me- 
chanical treatment of the target particle. Equations 
(9) and (10) give the results of using the above simpli- 
fying approximations in the theoretical treatment. 

In order to obtain numerical results, the 
independent-particle harmonic-oscillator nuclear mode] 
with spin-orbit coupling was chosen because it gives a 
diffuse nuclear surface, shell structure, and analytic 
wave functions. In the interests of self-consistency, the 
same wave functions were used to give the total nuclear 
density as well as the probability of finding a nucleon 
with a given set of quantum labels at a given point. 
Equation (13) was integrated on the IBM-701 computer 
for several shells and target elements over the periodic 
table for a range of values of the spring constant. The 
cross sections o; and @ were set equal to 30 mb and 
180 mb, respectively ; ¢ was estimated from the 3.8-Bev 
cloud chamber data. Also M,,; was determined as a 
function of ¢ and a; for selected shells of F%, Cu®, 
and Ce™, 

The contribution to the ~,pn reaction cross section 
from elastic p-n collisions was roughly estimated by 
dividing the energy gain of the struck neutron into 3 
regions, 0 to 8 Mev, 8 to 18 Mev and 218 Mev. The 
first region never contributes, the second always 
contributes, and one half of the third region was 
assumed to contribute. It was shown that even with 
wide error limits on the contributing fraction of the 
third region, the error limits on 79 from this source is 
only 7% for 5.7-Bev bombarding energy. 

In order to apply the above results to nuclei, ¢ was 
carefully determined from the 1.7- and 4-Bev neutron 
cloud chamber data to be 160 mb and 168 mb, respec- 
tively. The values of o; were taken to be 33.641.6 mb 
and 38+2 mb at 5.7 and 3.0 Bev, respectively. These 
values of o; and & were included in Eqs. (22) and (23) 
by means of Eqs. (18b) and (18c). 

Experimental values of op, »n were used in Eqs. (22), 
(23), (18a), and (16) to give the nuclear half density 
radius parameters as a function of shell availability. 





NUCLEAR STRUCTURE AND 


The use of reasonable choices of shell availability gave 
values of ro which are in satisfactory agreement with 
those obtained by electron scattering and other types 
of measurement (Fig. 7). This is in contrast to the 
model used in the Monte Carlo calculations and 
confirms the requirement of a diffuse nuclear surface 
for the explanation of (p,pm) reaction cross sections. 

The low-Z elements, for which the available shells 
are known and the harmonic-oscillator model is valid, 
give values of the nuclear half-density radius parameter 
of 1.2+0.1 fermis (Fig. 7), which is larger than the 
value of 1.03 fermis for the electron-scattering charge 
distribution using the same nuclear model. It is difficult 
to say whether this difference is real or whether it is 
due to errors in the assumptions used in this work. 
The values of F and @ would have to be changed rather 
drastically to bring ro down to 1.0 fermi. 

The results (Fig. 8) show also how the idea of a 
reasonable value of the nuclear radius parameter may 
be used with some (f,pm) cross sections to determine 
the minimum number of available shells. Coupled with 
the highest particle-stable excitation energy of the 
product nucleus, this information can be used to help 
decide which nuclear models give more appropriate 
energy eigenvalues. For example, this argument shows 
that in Zn™, Cu®, and Cu® the 1f7/2-1f5/2 neutron-level 
spacing must be appreciably less than 8 Mev. 

The Ce and La data present somewhat of a 
problem in that the (p,pm) and (p,2p) cross sections 
are low. One possible explanation is that strong nucleon- 
nucleon coupling reduces the number of available 
nucleons for the (p,pm) and (p,2p) reactions. Another 
possible explanation is that the protons are well 
inside the neutrons—even farther than is indicated by 
the fact that N is greater than Z. 

A general consideration of the mechanism of (p,pm) 
reactions at high energies shows that the rearrangement 
energy associated with states predominantly populated 
by nuclear reorganization after a neutron has been 
snatched away must be less than the highest particle- 
stable excitation energy of the product nucleus 
(roughly 8 Mev). This upper limit on the rearrange- 
ment energy of largely populated states can be extended 
even lower for several target nuclei. In particular, for 
N"™ and O!* targets the energy associated with the 
rearrangement to the N™ ground state and the 6.14- 
and 6.82-Mev states of O'® must be zero Mev and less 
than 0.68 Mev, respectively. A similar conclusion holds 
for the targets Zn™, Cu®, and Cu® for which it is shown 
that the buried 1f;;2 neutron shell is very likely avail- 
able. The appreciable 17/2 hole-state excitation energy 
in these targets depresses the upper limit of the re- 
arrangement energy for populous product states well 
below the highest particle-stable excitation energy. 

The existence of isomeric states of the (p,pm) product 
allows the division of the available shells into high and 
low angular momentum groups and the separate study 
of each group. Even-even target nuclei are much more 
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suitable for this purpose than are even-odd nuclei. 
This is because there is only one spin and parity 
possible for a neutron hole in a given shell. For even-N, 
odd-Z targets, a wide range of spins is usually possible 
for a hole in a given neutron shell. 

The results of this work indicate that much informa- 
tion may be obtained from (,pm)-reaction cross 
sections in the multi-Bev region. Much more experi- 
mental data is certainly needed. Furthermore, all but 
a small part of this work covered (p,pm) cross sections, 
whereas (p,2p)-, (p,prt)-, and (p,px-) [or (p,m) } 
reaction cross sections can also be treated in the same 
manner as the (f,pm) cross sections. Equation (10) 
holds for (~,2p) as well as (~,pn) reactions and, with 
the inclusion of other factors, can also be used for 


(p,px*) and (p,pr—) reactions. 


Ix. ACKNOWLEDGMENTS 


I would like to express my gratitude to Professor 
I. Perlman under whose supervision this work was done. 
I want to thank Professor John Rasmussen and Pro- 
fessor Kenneth Watson, Dr. Lester Winsberg and 
Dr. Jack Uretsky, and especially Dr. Wladyslaw 
Swiatecki for many helpful and illuminating discussions. 
I am very grateful to Professor Ben Mottelson for 
reading this manuscript and offering many helpful 
suggestions. My thanks are extended to Alice Mc- 
Mullen for assistance with the computer programming. 
Ted Ross, Tom Dowd, and the computer-center group 
were very helpful with the IBM-701 computer 
operation. 


APPENDIX I 


Angular and energy distributions are easily obtained 
from elastic p-p collisions, because the angular de- 
pendence of the scattered products at high energies 


21 22 


in the c.m. system is known. In the absence of 
experimental data at Bev energies, the angular de- 
pendence of the p-m elastic cross section in the c.m. 
system is taken to be the same as that of the p-p elastic 
cross section in the forward c.m. hemisphere.™ 

For elastic nucleon-nucleon collisions, the recoil 
energy, T2, in the laboratory system of the target 
particle is given by Morrison,® Eqs. (7a) and (13): 


T2=me"[_(y—1)/2](1+cos6), (Al) 


61 The author is indebted to Professor Kenneth Watson for 
suggesting the following angular dependence, extrapolated from 
existing experimental data, for elastic collisions of Bev protons 
incident on neutrons. The proton differential-scattering cross 
section in the forward c.m. hemisphere can be taken to be the 
same as that from p-p elastic collision data. This is the forward 
diffraction peak. Superimposed on this is an isotropic differential- 
scattering cross section. For p-m collisions, this can be considered 
equal to the 90° c.m. differential-scattering cross section from 
elastic ~-p collisions. At multi-Bev energies, this differential- 
scattering cross section is very small (reference 21) and has been 
neglected by the author. 

® Philip Morrison, Experimental Nuclear Physics, edited by 
E. Segré (John Wiley & Sons, Inc., New York, 1953), Vol. 2, 
Part VI, pp. 3 to 11. 
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where @ is the scattering angle of the /arget nucleon in 
the c.m. system, and y—1 gives the laboratory kinetic 
energy in units of mc*. The laboratory scattering angle, 
42, of the target particle, as given by Eqs. (6) and (13) 
of reference 62 and a trigonometric identity, is 


(y—1)+(7+3) cosé 
i (y+3)+(y—-1) cosé 


(A2) 


The number of neutrons from elastic p-m collisions, 
(dN /d6)d6, scattered per unit scattering c.m. angle into 
the solid angle 27 sinéd@ and normalized to one incident 
proton, is given by 


dN /d@= (n+-1) cos" siné. (A3) 


This result is obtained from the cos"? dependence of 
the p-p differential scattering cross section in the 
forward c.m. hemispheres.”! 

The fraction of collisions, f7, which scatter target 
neutrons with a laboratory recoil kinetic energy of T 
or less is obtained by integrating Eq. (A3) between 
the limits # and @y. The value of @ is obtained from 
Eq. (A1) with T, set equal to T. These operations give 


Fr={1—[1—2T/me(y—1) }*}. (A4) 


APPENDIX II 


Equations (15) and (16) can be derived by consider- 
ing the nucleus as a degenerate Fermi gas. Then the 
nucleon density, p, is given by™ 


p=[16r(2m)!/3/*]T!, (B1) 
where 7 is the Fermi kinetic energy of the nucleons, 
and m is the nucleon mass. 


For a harmonic-oscillator nuclear well, T is given by 
(B2) 
where 7» is the Fermi energy at the center of the 
nucleus and w is the oscillator frequency. If Ro is the 
classical turning point of a nucleon with the Fermi 
energy [obtained from Eq. (B2) by setting T equal to 


T=T —4mo"?’, 


TABLE III. Comparison of half-density radius parameters. 


Half-density radius parameter, 
ro(fermis) 


g from Eq. (14) and 
Element (fermis)? from Eq. (B9) Mayer and Jensen* 


Fe — 0.60 1.16 
1.00 


0.80 

0.50 1.37 

0.80 1.06 
1,12 


0.80 
0.90 1.06 


1.19 
1.03 
1.30 
1.03 
1.03 
0.97 





Cu® 


Ce'® 


* See reference 31. 

® Wladyslaw Swiatecki, Proc. Phys. Soc. (London) A68, 285 
(1955). The author is indebted to Dr. Swiatecki for a valuable 
discussion about the points covered in Appendix II. 
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zero |, then from Eqs. (B1) and (B2) we have 


p/po= (1—r?/R)}, (B3) 


where po is the central nuclear density. Normalization 
of Eq. (B3) to require that A nucleons are contained 
in a sphere of radius Rp gives 


po= 8A, rR. (B4) 


Because Eq. (B1) also gives a relation between po and 
To, use of Eqs. (B4) and (B2) (at T=0) and Eq. (B1) 
gives 
w= (3)5(2Ai/mRe). (BS) 
Since we have” 
B= (mw/h)}, (B6) 
we obtain 


B2= (3)1(243/Re). (B7) 


For use here it is preferable to give §* in terms of the 
half-density radius, R, rather than the turning-point 
radius. From Eq. (B3) it can be seen that R°=R/[1 
— (3)#]. Writing R=r,4! and evaluating the numerical 
constants we finally get 


where g is given by 


g=0.847/r?. (B9) 


In spite of the approximations involved in using 
Eq. (B1),® Eqs. (B7) and (B8) give fairly accurate 
values of the half-density radius parameter, ro. This 
was checked by plotting the actual nuclear density 
distribution as a function of the radius for a few values 
of g by using Eq. (14) and the shell occupation numbers 
of Mayer and Jensen* for three nuclei, F, Cu®, and 
Ce”. Table III gives the results. A comparison of the 
results in Columns 3 and 4 shows that ro obtained from 
Eq. (B8) varies from being 3% too large for F® to 
9% too small for Ce when compared to the correct 
values of rp obtained from Eq. (14). 


APPENDIX III 


The (p,p) cross sections as a function of ro for the 
model of the nucleus used in the Monte Carlo calcula- 
tions’ can be computed easily under the assumptions 
made in this work, since all the necessary integrations 
can be performed analytically. The nuclear model 
used for the Monte Carlo calculations was that of a 
degenerate Fermi gas with a uniform radial density 
distribution out to Ro=roA!. For R greater than Ro, 
the density was set equal to zero. 

These characteristics can be easily put into Eq. (10) 
of the main part of this work. Since the radial distribu- 
tion is independent of the position and momentum of 
the nucleons, the ,,7,; subscript can be removed from 
Tn1j(P?+27), and we can write for the normalized 
single-nucleon distribution 


T?=3/reA, (C1) 





NUCLEAR STRUCTURE AND 
where the factor of 3 is outside the integrals in Eq. (10). 
In this model, the two density factors, p(R) and p’(R) 
will be set equal to one another because the one nucleon 
less in p’(R) will have even a smaller effect than for 
the harmonic-oscillator model. Normalization of p(R) 
to contain A nucleons in a sphere of radius Ro=roA! 
gives 


p(R)=3/4ar.. (C2) 


Substitution of Eqs. (C1) and (C2) into Eq. (10) and 
changing the infinite limits to limits on the surface of 
the sphere gives 


3 Ro (Ro®—+r?) 4 
M=—— f rir [ : 
2rrA 0 —(Ro?—r?)? 
3o1 (Ro®—1?)} 36 . 
Xexp] — f dy— dy }dz. 
4rr,? J, 4aro? J —(r92—12)4 


Evaluation of the integrals gives 
8x*ro6 fi- (1+2a:) exp(— 2a) 


M = 
9A (¢—0,)L or 





1—(1+24a) exp(—2a) 
——| (C3) 


a2 


o 
where 

@\= 30;A!/4ar,’, 
and 

a=36A!/4ar?. 


For A>>1, the sum over the allowed shells in Eqs. (22) 
and (23) can be replaced by an integral over the Fermi- 
gas density distribution from the Fermi energy Ty to 
a depth , down from the top of the Fermi sea. Here 
E, is the highest particle-stable excitation energy.?*™ 
Because M given by Eq.‘ (C3) is independent of the 
integration variable in Eqs. (22) and (23), it can be 
moved outside the integration. Then one has 


Tr dn 
n= f (— Jar, 
rr—-E, \dT 


where 7, is the number of allowed neutrons. 


(C4) 
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The neutron density per unit energy, du/dT, for a 
Fermi gas, which is determined from Eq. (B1) of 
Appendix IT,® is 


—= (CS) 
dT ; h 


dn’ (=) 


3 


where the last factor on the right converts dp/dT into 
dn/dT. The fermi energy is obtained from Eq. (C5) by 
the requirement that 


Tr 
f (dn/dT)dT=N, 
0 


where JN is the total number of neutrons in the nucleus. 
Substitution of Eq. (C5) into Eq. (C4) along with the 
normalization condition for Ty gives, after rearrange- 


ment, 
32mre°E, fwA \ 
EM 
2 18N 


Equations (22) and (23) give 


Cp,pr=onM, 


(C7) 


where o=36 mb for 3-Bev protons and 34 mb for 
5.7-Bev protons. The substitution of Eqs. (C6), (C3), 
and (C4) into Eq. (C7) allows one to find what values 
of ro are necessary to give the observed (p,pm) cross 
sections for different target elements. As before, o; for 
3- and 5.7-Bev protons is 384-2 mb and 33.6+1.6 mb, 
respectively. The value of ¢ was determined in the 
same manner as before except for Try=20 Mev and 
was found to be 150 mb for 4-Bev neutrons on hydrogen. 
If ro is set equal to 1.3 fermis, as was done in the 
Monte Carlo calculations,® op,p, from Eq. (C7) for 
3-Bev protons on Cu® and Ce™ turns out to be 5.3 mb 
and 5.7 mb, respectively. These values are in satis- 
factory agreement with the actual Monte Carlo 
calculations which give values of opp» for 1.8-Bev 
protons on Cu and Ce" of 743 mb and 10+5 mb, 
respectively.‘ 
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A measurement was made of the number of neutron-proton 
coincidences observed when 320-Mev bremsstrahlung bombarded 
D, Li, Be, C, 
for the number of neutron-proton pairs in a nucleus (i.e., by 


O, Al, Ti, Cu, Sn, and Pb. If one normalizes the data 


dividing by NZ/A) it is found that the observed coincidences 
decrease as A increases. 

It is possible to quantitatively account for this A dependence by 
correcting for the probability that two nucleons will escape from 
inside a nucleus without either having a collision. The probability 
of escape is a function of the nuclear radius, RX, and the mean free 
path, A, in nuclear matter. For medium weight elements the ob- 
served neutron-proton pairs are produced with a cross section 


given by 
oz, a(coincidences)=3.0(NZ/A)opP(2R/d), 


where gp is the cross section for the photodisintegration of the 

deuteron and where P(2R/d) is the probability-of-escape factor. 

For two nucleons emitted at 180°, the form of P(x) is 
P(x) = (3/23) [2 —e-* (22+-224+2)] 

The formula for the cross sections is shown to be what one would 
expect if the fundamental mechanism in complex nuclei is the 
same as that suggested by Wilson for the photodisintegration of 
the deuteron. The constant, 3.0, depends on the cube of a neutron- 
proton pair interaction distance. A less naive treatment also 
involves a nucleon pair correlation function. 





INTRODUCTION 


HEN nuclei are bombarded by high-energy 
X rays, neutrons and protons are observed to be 
emitted in coincidence,'~ which is in qualitative agree- 
ment with the quasi-deuteron model proposed by 
Levinger.® The model is one in which high-energy x rays 
interact with a pair of nucleons in a complex nucleus 
rather than with the entire nucleus. 
The measurements described in this paper are part of 
a series. The other experiments previously reported?:*:® 
by us, and similar work reported by Barton and Smith‘ 
have shown that the mechanisms responsible for the 
simultaneous photoejection of a neutron and proton are 
the same mechanisms which result in the photodis- 
integration of the deuteron. Also, it has been found that 
the angular correlation of the neutron and proton are 
those kinematically required for the deuteron modified 
by the initial motion of the two nucleons in the nucleus. 
This paper deals with the dependence of the number of 
neutron-proton coincidences on the atomic weight, A, 
(or charge Z) of the nucleus. 


Apparatus 


The equipment used in studying the Z dependence 
was identical with that previously reported? and is 

* This work has been supported in part by the Office of Naval 
Research and the U. S. Atomic Energy Commission under contract. 
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outlined in Fig. 1. The proton counter was set at an 
angle of 76° relative to the x-ray beam and detected 
protons with energies 130+10 Mev, corresponding to 
photons with a mean energy of 262 Mev for the photo- 
disintegration of the deuteron; the MIT synchrotron 
was operating at 320 Mev. The “large neutron detector”’ 
and the associated electronic circuitry are discussed in 
detail in an article by Christie ef al.? The neutron 
detector subtended a solid angle of 0.357 steradian in 
order to include the entire angular spread which arises 
from the internal momentum of the nucleons.* 

In the case of Li, Cu, and Sn, a series of different 
target thicknesses were run in order to determine a 
correction for target thickness. The targets of all the 
other elements were about 3 g/cm? thick except for Ti 
which was 5.7 g/cm? thick. 


Results 


The results of the measurements, corrected for target 
thickness, are given in Table I. The deuterium data 


X-RAY BEAM ; 





NEUTRON COUNTER 








Go 


Fic. 1. Experimental arrangement. The angles are 76° in the 
laboratory. The maximum energy in the beam is 320 Mev. For 


details on the detectors, see reference 7. 


7E. R. Christie, B. T. Feld, A. C. Odian, P. C. Stein, and A. 
Wattenberg, Rev. Sci. Instr. 27, 127 (1956). 
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was obtained froma D.O-H.O subtraction. The neutron- 
proton coincidence counting rates which are listed in the 
second column of the table, are expressed in counts per 
x-ray monitor unit per (g/cm?) of target. 

The next column of the table lists the coincidence 
results in the form of relative cross sections. They are 
expressed as a ratio of the cross section for the element 
relative to the cross section for deuterium. Such a ratio 
is directly obtained from the experimental data and does 
not require a knowledge of the absolute photon flux or 
the efficiencies and solid angles of the counters. The 
last column of the table gives the relative cross sections 
normalized for the number of neutron-proton pairs in 
each nucleus, namely, the values of the previous column 
are divided by NZ/A. The dependence of NZ/A is 
expected also on Levinger’s' model. 

The values of the last column of the table are plotted 
in Fig. 2. The decrease in the cross section (per neutron- 
proton pair) with increasing A is readily understood 


Taste I. Neutron-proton coincidences. 





Coincidences ( a/oo ) 


Element a/op* NZ/A 


monitor-g/cm? 








1.000 
2.8+0.3 
2.3+0.3 
2.2+0.3 
3.1+0.4 
4.4+0.6 
5.6+0.8 
6.8+1.3 
8.6+1.4 
13.44+2.1 


1D? 0.121 +0.012 
i 0.095 +0.006 
0.063 +0.006 

0.045 +0.003 

0.047 +0.003 

0.039 +0.004 

0.028 +0.003 

0.026 +0.004 
0.0174+0.0021 
0.0157+0.0022 


1.63+0.20 
1.06+0.15 
0.74+0.08 
0.78+0.11 
0.65+0.08 
0.47+0.06 
0.43+0.08 
0.30+0.06 
0.27+0.04 





* Cross section per atom relative to the cross section for deuterium. To 
convert these to absolute values, multiply the values in this third column 
by 63 microbarns which is the value for ¢p at this energy. See J. C. Keck and 
A. V. Tollestrup, Phys. Rev. 101, 360 (1956); E. A. Whalin, B. D. Schriever, 
and A. O. Hanson, Phys. Rev. 101, 377 (1956). 


for deuterium. 


with the aid of Serber’s* semiclassical model of high- 
energy reactions. Namely, some of the particles scatter 
before they escape from the nucleus; the probability 
that both nucleons escape without interacting decreases 
as the size of the nucleus increases. 


Probability of Escape Factor 


Keck® and Weil and McDaniel” in analyzing their 
data on photoprotons from carbon went to some effort 
to estimate the effect of the scatterings inside the 
nucleus. Barton and Smith‘ also estimated the proba- 
bility of escape of a single nucleon in order to analyze 
their neutron-proton data from lithium. Although it is 
difficult to calculate the effect of the scattering on the 
emission of a single particle, it is possible to obtain 
readily an analytic expression for the probability of 


8 R. Serber, Phys. Rev. 72, 1144 (1947). 
9 J. C. Keck, Cornell University thesis, 1951 (unpublished). 
0 J. W. Weil and B. D. McDaniel, Phys. Rev. 92, 391 (1953). 
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Fic. 2. Relative cross sections per neutron-proton pair in the 
nucleus versus atomic number. The cross section of the element 
of interest is divided by the cross section for deuterium and by the 
factor NZ/A. 


escape of two nucleons (back to back) from a nucleus. 
An outline of the derivation is given in the Appendix. It 
is assumed that the mean free path inside nuclear 
matter is the same for both neutrons and protons; it is 
also assumed that the density of nuclear matter is 
uniform. At the energies employed in our measurements 
it is considered that the two nucleons being emitted 
back to back is sufficiently close to the real physical 
situation. 

With these assumptions the probability that both 
nucleons escape without either one undergoing an 
interaction is 


P(x) = (3/23) [2—e-*(22+2x+ 2) ], (1) 


where x= 2R/\, the ratio of the nuclear diameter to the 
mean free path. For the case where R=r,A}, we get 
x= (2ro/X)A}. Various values of 2ro/X were tried in order 
to study which values provided the best correction 
for the data. 

Figure 3 shows the data of Fig. 2 corrected for the 
probability of escape. The value of P(x) and the values 
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Fic. 3. The relative cross sections per neutron-proton pair 
corrected for the probability of escape is plotted against atomic 
number. The probability of escape factor is calculated using 
ro=1.30X10"8 cm and A\=3.6X10-" cm. The probability of 
escape factor is given in expression (1). The data shown are those 
of Fig. 2 divided by P(2R/d). 
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TABLE II. Relative cross sections and the probability of escape 


7/tpD 

NZ “)/ 
Li 3 4.5+0.6 
Be 33 3.2+0.5 
e k 2.5+0.3 
2.9+0.4 
3.0+0.4 
2.9+0.4 
3.2+0.6 
3.3+0.7 
4.3+0.7 


Element 


Pb 0.061 


* Probability of escape factor calculated with R =1.30 X10-%A"8 cm and 
with A =3.6 X1074 cm. 

» Relative cross sections per nucleon pair in the nucleus (last column of 
Table I) divided by the probability of escape factor. 


of (¢/ap)/LP(x)NZ/A ] are tabulated in Table II for 
the case where 2r)/A=0.58; if one takes rp>= 1.3 10-% 
cm, A is then 3.6 10-" cm, which is slightly longer than 
used in interpreting other experiments.'' However, one 
should note that for our geometry not all neutron events 
which are scattered will miss the neutron counter as it 
subtends a solid angle of 0.352 steradian. This increases 
the “effective” mean free path inside the nucleus. The 
fact that some scattering will be recorded and that with 
increasing nuclear size, multiple scattering will become 
more important are believed to be the reason why in 
Fig. 3 the points for the heavy elements lie above those 
for the medium weight elements. 

From Fig. 3 we get (¢/ap)/{P(x)(NZ/A) ]=3.0"; 
therefore 


o=3.0(NZ/A)P(2R/d)op. (2) 


In medium weight elements the cross section for 
producing correlated neutron-proton pairs is just a 
constant times the number of neutron-proton pairs 
multiplied by the cross section for the photodisintegra- 
tion of the deuteron. 

In Fig. 3 it should be noted that the value for Li lies 
above the straight line. This is not too surprising for a 
residual nucleus of five nucleons. One can interpret the 
larger value of Li as due to the breakdown of the proba- 
bility of escape calculation for such a small nucleus or 
as lithium being a special nucleus requiring a higher 
value for the constant. Using escape probabilities 
estimated in an entirely different way, Barton and 
Smith‘ obtained from their data on lithium a value of 
the constant which is in agreement with the value we 
would obtain from our Li data. 
4A. Wattenberg, in Encyclopedia of Physics, edited by S. 
Fliigge/Marburg (Springer-Verlag, Berlin, 1957), Vol. XL. 

2 J. H. Smith (private communication) has pointed out that 
this constant is affected by corrections of the order of 10°, which 
tend to compensate each other. For example, the binding energy 
of the neutron-proton pair in the complex nucleus leads to the 
effective energy being higher in complex nuclei than in deuterium. 
The bremsstrahlung has decreased ; however, the cross section has 
increased. If more precise measurements and interpretations are 
made such corrections should be included. 
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Discussion 


Experiments*® reported previously showed that the 
interactions involved in the high-energy photoeffect in 
deuterium and in complex nuclei were predominantly 
the same. The fact that the data agrees with the above 
formula, (2), is further confirmation of this. 

It is interesting to note that if one employs Wilson’s™ 
model for the photodi:integration of the deuteron and 
applies it to complex nuclei one obtains our empirical 
formula (2) but with a different value for the constant. 

Wilson assumes that in the energy region 200 to 
300 Mev the photodisintegration of the deuteron is a 
process mainly associated with meson production. If 
the meson production occurs when two nucleons are 
within a meson Compton wavelength of each other, then 
instead of the meson escaping, phase space favors two 
nucleons carrying off the momentum and energy. On 
this picture one can readily calculate the ratio 


ere *) density of 
x 
o protons neutrons 


3)a’ 


X (4a 


TD - 
J WH (r)\*rdr 


The numerator comes from asking for the probability 
of finding a neutron within a sphere of one meson comp- 
ton wavelength a= (#/uc) radius (for every proton). 
This numerator assumes completely uncorrelated nu- 
cleons. The denominator is just the integral over the 
density given by the Hulthen wave function and has the 
numerical value } for a= 1.41 10-" cm. The numerator 
is readily evaluated for the simple picture of a spherical 
nucleus with uniform density. The number of protons is 
Z, the density of neutrons is 


N/(4nR3)=N 


(4xr,°A), 
substituting these values in (3) gives 
oC op=4(NZ A)(a To). (4) 


Obviously the value of the constant in expression (2) 
depends on the choice of (a@/ro)*; a value of ro>=1.30 
X 10—-* cm leads to 


=4.9(NZ/A)op. (5) 


If one includes in expression (5) a probability of escape 
factor, then we have obtained a similar form to the 
expression (2) which fits the experimental data. The 
disagreement of the numerical constants is of interest. 
There are really two parameters (7o/A) and (a/ro). The 
value of the numerical constant is comparatively insen- 
sitive to (ro/A) ; specifically, for (ro/A) 20% different than 
the value used, the constant factor changes by about 
35%. For shorter mean free paths the formula no longer 
fits the data. However, the constant varies as the cube 


13R. R. Wilson, Phys. Rev. 85, 125 (1952); 104, 218 (1956). 
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power of (a/ro) so that a change of 25% in this ratio 
changes the numerical constant by almost a factor of 
two. In other words one could obtain numerical agree- 
ment between (2) and (5) by making “‘a’”’ 18% smaller 
than the Compton wavelength of a pion. The parameter 
“a” can be considered an interaction distance parame- 
ter. This is close to the value Austern" used in fitting his 
theory of the photodisintegration of the deuteron. 

It is reassuring to find that with the aid of naive 
models one can semiquantitatively understand many of 
the aspects of the high-energy photoeffect in complex 
nuclei. 

A much more sophisticated treatment of the high- 
energy photoeffect has recently been given by Gott- 
fried.'® He points out that the type of data obtained in 
this experiment bears on the dynamics while our earlier 
experiments'* dealt more with the kinematical effects. 
One of the main points in Gottfried’s analysis is in the 
possibility of obtaining information on the nucleon pair 
correlation function. One finds a dependence on the 
cube power of a pair correlation parameter. The experi- 
mental data therefore sets comparatively narrow limits 
on such a parameter.’® 
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APPENDIX. PROBABILITY OF ESCAPE FUNCTION 


We are considering the situation where there are two 
detectors (effectively on opposite sides of a target) 
which determine an axis in space, and we are interested 
only in those nucleons which are produced (back to 
back) along this axis. We wish to know what is their 

4 N. Austern, Phys. Rev. 100, 1522 (1955). 

15K. Gottfried, Nuclear Phys. 5, 557 (1958). 

16 K. Gottfried (private communication) points out that one can 
see the effect ofthe correlation function in the naive theory by 
putting a correlation factor in the numerator of Eq. (3). If one 
assumes the interaction distance is a meson Compton wavelength, 
then the correlation factor is less than unity. A correlation factor 
less than unity would arise from a hard core, in which case the 
denominator has to be reevaluated. Such considerations are 
treated in Gottfried’s article. 
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Fic. 4. Convenient 
coordinate system for 
calculating the proba- 
bility of escape factor. 
The dot on the lower 
chord through the sphere 
indicates the point at 
which the neutron and 
proton were created by 
the x ray. 








Sut Sp © 2(R2-r2)'2 


probability of escaping from a spherical nucleus without 
suffering a collision. Cylindrical coordinates are most 
convenient. It can be seen from Fig. 4 that, for a sphere 
of radius R, the length of a cylinder at a distance r from 
the central axis is 2(R*—r’)!; the differential volume 
(between r and r+dr) is 4ar(R?—?°) 4dr. 

If the path length of the neutron inside the nucleus is 
S, and that of the protonis S,, then S,+S,=2(R?—?r*)!. 
The probability that both of these particles escape 
without either having an interaction is the product 
e—Snldng—Spldp. 

We assume both particles have the same mean free 
path in nuclear matter namely \,=A,=A. Then the 
probability of escape becomes 


e~(Snt8p)/k= exp[ —2(R?—1”)!/d]. 
The mean probability of escape is the integral of the 


production times the escape probability divided by the 
total production or 


R 


f exp[ — 2(R?—r*)!/\ ]4ar(R?—?’)!dr 
0 


R 
f 4ar(R?—r*)'dr 
0 


The integration is readily performed and yields 


2R\ 3a? 2R\? 2R 
A 8R° A r 


P(x) = (3/x3){2—e-*[2?+2x+2]}. 
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Depolarization and Time Reversal in p-p Scattering at 142 Mev* 
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The depolarization in proton-proton scattering at 142 Mev was measured at angles from 6° to 40° in the 


laboratory system. 


The measurements were made by scattering a 67% polarized proton beam first off a liquid hydrogen 
target, then off a carbon (or lithium) analyzer. ‘The scattered protons were detected by plastic scintillation 
counters, and the asymmetries from the last scattering were measured at each hydrogen scattering angle. 
The angular dependence of depolarization determined in this work was similar to that measured at 315 Mev 
by other workers. The data disagree with other measurements at 143 Mev. 

By measuring on both sides of the beam, the polarization in scattering is determined and compared with 
asymmetry in scattering from a polarized beam. Their equality confirms time reversal invariance in the 


proton-proton interaction. 


INTRODUCTION 


HE discovery of the polarization effect associated 
with the nucleonic spins! greatly increased the 
number of observable quantities in the nucleon-nucleon 
interaction. The measurements of these observable 
quantities make it possible to determine the necessary 
parameters used to describe the nucleon-nucleon 
interaction in terms of phase shifts of the partial waves 
that enter into the interaction. The definitive data of 
Chamberlain ef al.** and the associated phase-shift 
analysis by. Stapp et a/.‘ demonstrated the usefulness of 
this method. 

In the absence of a complete set of experimental data 
for the nucleon-nucleon interaction at many energies, 
many workers, including Gammel and Thaler,’ and 
Signell and Marshak,® have made calculations utilizing 
the available measurements to predict the nucleon- 
nucleon interaction at different energies. The Gammel- 
Thaler potential gives a good fit to available two- 
nucleon data up to 315 Mev. The Signell-Marshak 
potential gives a good fit to experimental data up to 
150 Mev, but the fit becomes worse at 315. Mev. To 
determine the behavior of the phase shifts as functions 
of the energy of interaction, it is necessary to make 
measurements at many energies. For precisely _ this 
reason the proton-proton scattering program _was 
initiated at the Harvard synchrocyclotron. 

The first part of the Harvard proton-proton scatter- 


* seeped by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

¢ Corning Glass Works Foundation Predoctoral Fellow, now at 
University of Minnesota, Minneapolis, Minnesota. 

t Now at Australian National University, Canberra, Australia. 

§ National Science Foundation Predoctoral Fellow. 

'C. L. Oxley, W. F. Cartwright, J. Rouvina, E. Baskir, D. 
Klein, J. Ring and W. Skillman, Phys. Rev. 91, 419 (1954); C. L. 
Oxley, W. F. Cartwright, and J. Rouvina, Phys. Rev. 93, 806 
(1954). 

20. Chamberlain, E. Segré, R. D. Tripp, C. Wiegand, and T. 
Ypsilantis, Phys. Rev. 105, 288 (1957). 

3 James E. Simmons, Phys. Rev. 104, 416 (1956). 

4H. P. Stapp, T. J. Ypsilantis, and N. Metropolis, Phys. Rev. 
105, 302 (1957). 

5 J. L. Gammel and R. M. Thaler, Phys. Rev. 107, 291 (1957). 

6 P. S. Signell and R. E. Marshak, Phys. Rev. 109, 1229 (1958). 


ing program was the measurement by Palmieri ef al.’ 
of the differential cross section and polarization at 
various energies from 147 Mev down to 46 Mev. The 
present work concerns the measurement of the depolari- 
zation (hereinafter referred to as D) at 142 Mev at 
laboratory angles between 6° and 40°. A sequel to this 
work is the measurement of D at 98 Mev described in a 
companion paper.® 

In this work, a polarized proton beam is directed 
onto a hydrogen'target, and the polarization of the 
scattered beam is measured. The spin of the scattered 
proton is given by 


1 
o) ;=—————_{[ P+ D(e);-nz]n2 


1+P,P2 coss 
+[A(o);- K.+ Rie ° (noX K,) |S. 
+[A’(e);-K,+R'(o);- (m2X Ke) |Ke’}. (1) 


Our notation differs from that of Wolfenstein’ in that 
we distinguish P2, the asymmetry produced at the 
hydrogen scattering by a completely polarized beam, 
from P,’, the polarization produced at the hydrogen 
scattering by an unpolarized beam. If the p-p inter- 
action is invariant under time reversal, then P2=P2’. 

When the plane of the polarizing scattering m, and 
the plane of the hydrogen scattering mz are coplanar, 


Ny -N2=cosd2= +1, (2) 
(o);-m2= +P, (3) 


(o)4-m:= (DP: P2’)/ (1 PP»). (4) 


General Description of the Experiment 


A schematic diagram of the scattering arrangement 
in the measurement of D is given in Fig. 1. The com- 


7 J. N. Palmieri, A. M. Cormack, N. F. Ramsey, and Richard 
Wilson, Ann. Phys. 5, 229 (1958). 

8 E. H. Thorndike and T. R. Ophel, following paper [ Phys. Rev. 
119, 362 (1960). 

9L. Wolfenstein, Annual Review of Nuclear Science (Annual 
Reviews, Inc., Palo Alto, California, 1956), Vol. 6, p. 43. 
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DEPOLARIZATION 


Fic. 1. Schematic diagram of the 
experimental arrangement for large 
angles (@2.=20° to 40°), showing: 
(2) hydrogen target, (3) analyzing 
scatterer, (A-F) scintillation coun- 
ters, (G) main slits, (J) anti- 
scattering slits, (K) copper ab- 
sorbers, (L) iron shielding, (7) ion 
chamber, and (N) Faraday cup. 


ponents of this figure are referred to in the text by 
either numbers or letters in parentheses. The 146-Mev 
polarized proton beam" of the Harvard synchro- 
cyclotron [polarized by a (first) internal scattering ], 
was defined by slits (G) 1 in. wide by 3 in. high, and 
struck a target of liquid hydrogen (2), contained in a 
4-in. diameter by 5}-in. high cylindrical vessel made 
of 0.002-in. beryllium copper. Particles (doubly) 
scattered through an angle 62 in the horizontal plane, 
defined by counter B and the intersection of the beam 
with the hydrogen target, then struck the analyzing 
scatterer (3). Particles (triply) scattered through an 
angle 6; in the horizontal plane were detected by the 
counter telescopes CD or EF, placed on opposite sides 
of the twice scattered beam. Copper absorbers, placed 
in these telescopes enable one to reduce the number of 
inelastically scattered protons from the third scatterer 
that are accepted. The angle 6; of these counter tele- 
scopes could be reversed in sign. We denote the two 
senses as S and N, for scattering in the same or opposite 
sense, respectively, as the first scattering, occurring 
within the cyclotron, which gives the incident beam 
its polarization. Let I(62x,9:m) be the corrected rate 
of fourfold coincidences (ABCD or ABEF) for scatter- 
ing through angles 62 in the Kth sense and then through 
6; in the Mth sense, where K, M are either S or NV. Then 
we define 


I (02x ,93s)—I (O2x,8sn) 
1 (60x,03s) +] (Oox,0sn) 





(5) 


€3n(Oox) = 


If P; is the analyzing power of the third scattering, 


1 G. Calame, P. F. Cooper, Jr., S. Engelsberg, G. L. Gerstein, 
A. M. Koehler, A. Kuckes, J. W. Meadows, K. Strauch, and R. 
Wilson, Nuclear Instr. 1, 169 (1956). 


IN p-p SCATTERING AT 


142 MEV 





then 
€3n= Pm: (o) 7, (6) 
and hence 
D (62) = [esn (02s) (1+PiP2) 
+e3n(O2n)(1—PiP2) ]/2P1Ps, (7) 
and 
P 2! (02) = [ean (02s) (1+P1P2) 
—€3n (O2n) (1—PP2) ]/2P3. (8) 


In the course of doing a triple scattering experiment, 
one also does a conventional double scattering experi- 
ment. If we define 


I (00x) =I (00x,03s) +] (O2x,0sn), (9) 
and 
e2= [J (02s) —I(O2n) |/L1 (62s) +2 (@2n) ], (10) 


(11) 


The beam was monitored by an ionization chamber 
(M) placed before the hydrogen target, and a Faraday 
cup (L) placed after the hydrogen target. 

Pulses from" all six counters were fed to modified 
Garwin-type coincidence circuits" with resolving times 
of 30 nanosec and dead times of 150 nanosec. 


then 
e2>= PP». 


ALIGNMENT 


This experiment determines the asymmetry of the 
third scattering. It is therefore important to obtain the 
average direction of the twice scattered beam as a zero 
for the measurement of the third scattering angle 63. 
The profile of the twice scattered beam was determined 
by sweeping the counter telescopes C, D and E, F 


4 R. L..Garwin, Rev, Sci. Instr, 24, 618 (1953). 
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Fic. 2. Profiles of the twice-scattered beam, used to find the 
zero of the third scattering angle 03. 


through the beam in turn. This was the procedure 
adopted by Chamberlain e¢ al.? 

Figure 2 shows a pair of such alignment profiles 
taken at the angle @.=6°. It is seen that, as expected, 
the profile is symmetrical. On most occasions, therefore, 
only three points on the profile were measured, two 
on one side of the twice scattered beam and one on the 
other side. From these points the position of 6;=0 
could be deduced to an accuracy of 0.025°. The counters 
were not again moved if the alignment was within 0.05°. 
The alignment was measured twice at each angle, once 
before the data collecting run and once afterwards. The 
average of the residual misalignments was used to 
correct the data. Thus the final data have a statistical 
error for a 0.025° misalignment which has been folded 
with the other errors. 

An alternative procedure for alignment has also been 
used. The polarized beam was located by an x-ray film; 
the hydrogen target was located centrally on the 
midpoint of the beam and the pivot of the scattering 
table located immediately below the center of the target. 
The counters were accurately located on the arm. For 
a precision of 0.02° in 63, an accuracy of 0.01 inch is 
necessary in all the adjustments. This precision must be 
maintained in the presence of small movements of the 
beam, of motions of the liquid hydrogen target due to 
filling and of buckling of the scattering table while 
changing angles. The procedure is indirect and cannot 
be checked. Therefore, alihough no major discrepancy 
has appeared in the course of this work, the first method 
of alignment is preferred. Taylor” utilized only the 

2 A. E. Taylor and B. Wood, 1958 Annual International Con- 
ference on High-Energy Physics at CERN, edited by B. Feretti 
(CERN, Geneva, 1958), p. 56; A. E. Taylor (private com- 
munication). 
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second method of alignment and it is possible that this 
led to his different results. 

The alignment for the zero of the scattering angle 6. 
was much less important. It was performed by sweeping 
counter B through the beam. 


BACKGROUNDS 


One type of background contribution came from the 
scattering of protons of the polarized proton beam by 
the antiscattering slits, the hydrogen can, the Mylar 
window, and the air in the proton path. By the proper 
choice of target construction and shielding, this contri- 
bution of background was restricted to be 3% of the 
hydrogen scattering at 62 greater than or equal to 20° 
in the laboratory (hereinafter, all angles referred to 
in this work are laboratory angles unless specified 
otherwise), increasing to 15% and 25% at 62 equal to 
10° and 6°, respectively. This background contribution 
was measured and the data corrected. The background 
scattered protons were of lower energy during a data 
run than during a background run, because of the slow- 
ing down in the liquid hydrogen. Extra absorbers were 
placed in the telescope between counters C and D 
(also E and F) to compensate. There was, however, 
still a small correction because the cross sections and 
polarizations for the 2nd and 3rd scatterings are a 
function of energy.'*:* This correction was made only 
at 6° and 10° where the background was appreciable. 

Random coincidences in the ABCD and ABEF 
coincidence were also a source of background. They 
were determined by delaying pulses from the ap- 
propriate counters by 90 nanoseconds. This was 
exactly twice the period of the cyclotron fine structure 
and well outside the resolving time of the circuit. The 
random coincidence rate was calculated from the delayed 
coincidence rate by a knowledge of the true double and 
triple ceincidence rates. The random counts between 
a genuine AB double coincidence and a genuine CD or 
EF double coincidence were found to be most serious, 
and varied from 1 to 3% of the total counting rate. 
They were nearly symmetrical so that systematic errors 
in their determination were not important. Random 
coincidences between a genuine BCD or BEF coin- 
cidence and counter A, or a genuine ABC or ABE 
coincidence and counter D or F were less than 0.1% 
and were neglected. 

A third type of background contribution came from 
the scattering of the twice scattered proton beam by 
counter B and by air in the vicinity of the third 
scatterer. Since these background producing materials 
served in effect as additional third scatterers and since 
the product of polarizing power and analyzing power 
P,P; was empirically determined, this particular 
background contribution had no effect on the measure- 
ment of D. e3, was experimentally checked at #:= 20° 


8 J. M. Dickson and D. C. Salter, Nuovo cimento 6, 235 (1957). 
4R. Alphonce, A. Johansson, and G. Tibell, Nuclear Phys. 
4, 672 (1957). 
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Experimental 


component Harvard apparatus 


IN p-p SCATTERING 


AT 142 MEV 


TABLE I. The experimental dimensions of the Harvard and Harwell D-apparatus. 


Harwell apparatus 





Polarized 


proton beam 67+2% polarization 146+2 Mev 


Hydrogen target 


X¢4 in. high portion of this target. 


Counter A 


Counter B 


Third scatterer 


1 in. wide X3 in high at the defining slits. 


4-in. diameter X 5} in. high, (0.7 g/cm? or 8 Mev 
thick) made of 2-mil beryllium copper. The 
polarized proton beam illuminated a 1} in. wide 


2 in. wide X6 in. high X #; in. thick located 31 
in. from the center of the hydrogen target. 


} in. wide X6 in. high, located within } in. of 





1 cm wide X3 cm high at the defining slits. 
47% polarization 149+1.5 Mev 


15-cm diameter (6 in) 1.05 g/cm? or 12 Mev 
thick, made also of beryllium copper, no 
details available. 


No equivalent of this counter in the Harwell 
apparatus. 


1 in. wide X5 in. high X 34 in. thick located 46 2 cm wide X3 cm high X1 mm thick located 40 
in. from the center of the hydrogen target. 


cm from the center of the hydrogen target. 


Information unknown. 


Counter B. Thickness of 1 g/cm? for @2 of 35° 
and 40°; 13 g/cm? for 62 of 20°, 25°, and 30°; 


and 2 g/cm? for 62 of 6°, 10°, and 15°. 


Counter C 


Counter D 


2 in. wide X6 in. high X? in. thick, located 18 
in. from the center of the third scatterer. 


3 in. wide X8 in. high X 3? in. thick, located 21 


3 cm wide X4 cm high X1 mm thick located 40 
cm from the center of the third scatterer. 


Information unknown. 


in. from the center of the third scatterer. 


Counter E 
center of the third scatterer. 


Counter F 
center of the third scatterer. 


and 35°, by showing that the asymmetries were un- 
altered, when the third scatterer was removed.!® 


SPURIOUS ASYMMETRIES 


There were several possible sources of spurious 
asymmetries which were considered in detail. They can 
be divided into two classes; those which affect e3, in 
the same direction whatever the sign of 62 and those 
which affect e:, in a way depending upon the sign of 42. 
The former affect the value of D, the latter the value 
of P2’. 

The energy of the polarized beam has a systematic 
variation totaling 5 Mev across the defining slit. This 
change gives a correlation of energy with angle in the 
second scattered beam. The alignment procedure takes 
no account of energy, but the cross section at the third 
scatterer varies with energy. A correction has been 
deduced from published cross-section data’ and 
amounts to a reduction of D by 0.01 at most angles. 
This is always less than 3 of the error. 

A change in energy in the second scattering process 
alters é3n in opposite directions as 62 is changed. Thus 
only P,’ is affected. The effect has been calculated and 
is negligible. The largest effect on the asymmetry is 
0.0021 for 6.=40°. A change in second scattering cross 
section would cause the alignment profile to be asym- 
metric and would be corrected by our alignment 
procedure. 

Spurious asymmetries would result due to excessive 


6 C.F, Hwang, thesis, Harvard University, 1959 (unpublished). 


Same size as Counter C, iocated 27 in. from the 


Same size as counter D, located 30 in. from the 


No equivalent. 


No equivalent. 


absorbers in the telescope coupled with energy variation 
across the third scatterer. The absorbers used in this 
work were so chosen and checked" to assure us that no 
such error is present. 

The variation of polarization of the beam across the 
defining slit appears only in the expression DP,P3; 
since D are shown to be small, small errors and varia- 
tions in P; are of no consequence. Residual magnetic 
fields in the experimental area were a maximum of 10 
gauss. These could cause an error in finding @; by optical 
sighting of 0.025° at 6.=40°. This effect vanishes for 
the counter sweeping procedure. 

It is possible that the polarized beam has components 
of polarization in the first scattering plane as well as 
perpendicular to it. If the centers of all the counters are 
on the same level, any effect due to this vanishes.'5 


THE EXPERIMENTAL APPARATUS 


The experimental dimensions chosen for this work 
were similar to those adopted by Chamberlain ef al.? 
They are given in Table I and some typical angular 
resolutions of this apparatus are given in Table II. 

Carbon was chosen in all but one instance to be the 
third scatterer. Lithium of a comparable thickness (pé) 
to the carbon scatterer was used in measuring D at 
6.=40°. This was because lithium was found to have 
20% higher analyzing power than carbon at the 
appropriate energy. If counting statistics alone is the 
criterion for choice of the third scattering angle 63, then 
P?(do/dQ); must be maximized. If the criterion is to 
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Fic. 3. Schematic diagram of the experimental arrangement for small angles (@2=6° to 15°) showing: (2) hydrogen target, (3) analyz- 
ing scatterer, (A-F) scintillation counters, (G) main slits, (J) antiscattering slits, (K) copper absorbers, (Z) iron shielding, (M) ion 


chamber, and (P) helium bag. 


minimize the effect of misalignment, P3(do/dQ);/ 
(d/d0)(do/dQ)3; must be maximized. 15° was chosen for 
all but one value of #2, and is close to the optimum for 
both criteria. 

In order to accommodate all the mechanical motions 
of the counters necessary in the D measurement, a 
scattering table was constructed as shown in Fig. 1. 
It was pivoted at the front to provide the #2 motion and 
was mounted with three-point support so that it can be 
leveled without buckling even on the sloping floor. 
Fastened to this table were Counter A, the 43 pivot, 
counter B, the third scatterer, and various shieldings. 

Riding on the 63 pivot, one on top of the other, were 
two telescope arms. Counters C, D were attached to the 
end of the upper arm, whereas counters FE, F were 
located at a similar position on the lower arm. Each 
arm had its own leveling-screw arrangement located 
near the counters whereby each telescope could be 
brought to a level position whenever necessary. The 
arm and counters were so constructed that each one 


TABLE II. Typical angular resolutions.* 


The second scattering 


Horizontal angular 


Vertical angular 
resolution i 


resolution 





ky 3.8° 
2" 6.9° 
a?" 6.9° 


The third scattering (@;=15°) 
Horizontal angular 
resolution 


Vertical angular 
resolution 


6.6° ——-20.7° 
4.4° 13.8° 


Counter 


ABCD 
ABEF 


* All angular resolutions given are full width at half maximum. 


could be moved back and forth across the twice 
scattered proton beam without interfering with the 
other. Spirit levels were attached permanently at 
appropriate positions on the scattering table. Either 
telescope could be set at equal angles N and S of a 
nominal zero position by means of a sine bar.'® 

To check the 62 pivot as a true mechanical pivot, a 
plumb line was placed directly over the pivot and the 
scattering table was leveled. An optical transit was 
mounted on the scattering table and sighted on this 
plumb line. The scattering table was then moved to 45° 
from this initial position on both sides, and the table 
was releveled. The line of sight of the optical transit 
was found to deviate no more than 0.02 cm from the 
plumb line at all times. 

For small-angle measurements it was necessary to 
reduce background scattering. Modifications are shown 
in Fig. 3. The beryllium copper target cup was replaced 
by a 3-mil Mylar cylinder using the techniques de- 
veloped at IIlinois.'"* A bag made of zero-perm Mylar 
sandwiched aluminum foil was placed after the exit 
window and extended to Counter A. This bag was 
filled with helium to reduce scattering in the ratio 
(3) (4/14)? as compared to air. 

At these small angles it was also necessary to keep 
all parts of the scattering table away from the polar- 
ized proton beam to avoid producing excessive neutron 
flux at the back counters and to prevent blocking the 
polarized proton beam to the Faraday cup. For this 
reason and also to prevent slit scattering, the entire 
third scattering arrangement (including counter B, 
the third scatterer, the back counters with their pivots, 
etc., and all the shielding) was translated as a unit 
36 in. away from the hydrogen target. This translation 


16 VY, O. Nicolai, Rev. Sci. Instr. 26, 1203 (1956). 
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also improved the angular resolution of the second 
scattering. Counter B in this new configuration was 
82 in. from the center of the hydrogen target, and 
Counter A was placed 30 in. in front of counter B. A 2 
g/cm? carbon third scatterer was used for all small angle 
measurements. With these modifications, the quadruple 
coincidences for the small angles had a counting rate 
that was about one half of the corresponding large 
angle counting rate. 


For the 6° point the Faraday cup was partially . 


obscured and all monitoring was done with the ioni- 
zation chamber. For this reason the results from the 
telescopes ABCD and ABEF were directly averaged 
and the higher statistical uncertainty used so that any 
monitor errors would directly cancel. 


THE COLLECTION OF THE HYDROGEN DATA 


€3n Was measured twice for each absolute value of 62, 
once with the protons scattered to the N of the polarized 
proton beam and once to the S. At a given 62, the back 
counters were aligned and e3;, measured. The back 
counters were reversed frequently so as to eliminate 
errors due to systematic beam monitor drifts. The 
third scatterer was reversed by rotating it 180° about 
its vertical axis after one half of the hydrogen data were 
collected. By so doing, any spurious asymmetries 
caused by non-uniformity of the third scatterer would 
be cancelled out automatically in the final data. The 
és, and PP; results obtained at these two orientations 
of the third scatterer never differed outside statistics. 
Random coincidences were also measured at the half 
way point. 

After the completion of the e;, measurements, the 
alignments of the back counters were checked, and the 
measurement proceeded to another value of 62. This 
process was continued until the hydrogen data for all 
the desired @. values were completed. The remaining 
hydrogen was removed and the target was evacuated. 
The backgrounds were then measured for each 42, 
using the corresponding back counter alignment 
positions as determined in the es, measurements at that 
value of 42, and increasing the telescope absorbers as 
discussed below. The magnitude of backgrounds in the 
large-angle measurements were sufficiently small (about 
3% of the e3, counting rates) so that the error caused 
by measuring backgrounds at a later time wou!d be 
negligible in comparison with statistical errors of the 
€z3n Measurements. For the small-angle measurements, 
where the background is large, the background measure- 
ment immediately followed an e;, measurement before 
the scattering table was moved. 

To compensate for the difference in energy in the 
background measurements caused by the absence of the 
liquid hydrogen, extra absorbers equivalent to the range 
loss in the liquid hydrogen were added to the operating 
absorbers in the telescopes. It was not feasible to place 
these extra absorbers anywhere else without disturbing 
the energy and intensity distribution of the twice 
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scattered proton beam and risking a change in the 63 
alignments. 

THE ANALYZING POWER P,P; 

All values of PP; were empirically determined. The 
measurements of P,P; were made with the scattering 
table set at 62=0 position using reduced beam intensity, 
and the AB double coincidence counts as the beam 
monitor. 

The matching of the mean third scattering energy 
for a given 42 simulation was achieved by shimming ihe 
beam energy to the desired value at the main slit. The 
details of this shimming process are given in reference 
15. These shims also served the purpose of smearing the 
polarized proton beam so that the third scatterer was 
uniformly illuminated in the P;P3; measurements. 

After the shims were determined, the back counters 
were aligned by the same method as in e3, measurements 
and P,P; asymmetries were measured with the back 
counters reversed every thirty minutes. Measurements 
were continued until about ten thousand quadruple 
coincidence counts were accumulated. The apparatus 
was then reshimmed for another 62, and the process 
repeated until all the necessary P;:P3 asymmetries were 
measured. 

There was no need to measure random coincidences 
because the neutron intensity was reduced with the 
polarized proton beam intensity by a factor 1000. (No 
background measurement was necessary for the reason 
already given.) 

BEAM POLARIZATION 


The beam polarization P; of this experiment was 
measured by performing double scattering experiments 
with the triple scattering apparatus. The number of 
protons scattered at 15° to the S and to the N were 
measured as well as the associated random coincidences 
and backgrounds. The asymmetry P,P,’ was calculated 
from the relationship 


PiPY=(1(S)—I(N)V/U(S)+7(N)], (12) 


where P;’ is the polarization of protons scattered by 
carbon at 145 Mev and 15°, and 7(S) and J(N) are the 
normalized counts produced by protons scattered to 
the S and to the N, respectively, corrected for random 


coincidences and background. The _ proton-carbon 
polarization measurements of Dickson and Salter" and 
Alphonce ef al." were plotted versus 6\/E, and P;’ was 
interpolated linearly in energy at constant #/E. By 
dividing out this interpolated P,’ from the measured 
asymmetry, one arrived at the value of 0.67-0.02 for 
P,. Palmieri et al.’ employed the same procedure to 
obtain P; at 147.5 Mev. They found the value of P; to 
be 0.71+0.02 because they used that portion of the 
polarized proton beam which had higher polarization. 


CARBON D CHECK 


It would be helpful to check the reliability of the 
experimental apparatus and procedures for the determi- 





358 HWANG, OPHEL, 


TABLE III Results of carbon D check. P» is the proton-carbon 
polarization measured by double scattering. P2’ is the proton 
carbon polarization measured by triple scattering (see ‘“Calcu 
lation of Results and Errors”). 


D=1.032+0.064 
P:=0.458+0.027 
P,' =0.426+0.043 
P,=0.51+0.02* 
P2=0.518+0.025" 


* Proton-carbon polarization measured by Dickson and Salter (reference 


13) at 135 Mev and 10°. 
> Proton-carbon polarization measured by Alphonce et al. (reference 14) 
at 155 Mev and 10°. 


nation of D by performing a measurement on a spin 
zero nucleus whose value of D is known to be unity. 
One must bear in mind, however, that such a check 
does not absolutely guarantee the validity of the 
hydrogen measurements. These checks cannot possibly 
duplicate all the conditions pertaining to the hydrogen 
scatterings since the energy and intensity distributions 
of the twice scattered proton beam illuminating the 
third scatterer would be different from those coming 
from proton-proton scattering. 

D of carbon was measured at 62=10° following the 
procedures described in the section on ““The Collection 
of the Hydrogen Data.” 10° was chosen because the 
differential cross section of proton-carbon scattering 
at 142 Mev is relatively flat at this angle, hence the 
intensity distribution of the twice scattered proton 
beam across the third scatterer was minimized. The 
results of the carbon D check are given in Table ITI. 

BEAM ENERGY 

For the determination of the mean energy of the 
polarized proton beam, the range curves from hydrogen 
scattering at various values of #2 were used. Assuming 
a loss of about 5 Mev in the last crystal of the telescope 
(equivalent to approximately } Mev of beam energy), 
the mean energy of the polarized proton beam -was 
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calculated from the empirically determined mean 
energy in the copper absorbers, for each hydrogen 
scattering angle. The copper range energy relationship 
of Rich and Madey" were used with ranges lowered by 
1% to give agreement between their polyethylene and 
copper range at 140 Mev. The averaged value of the 
mean energy of the polarized proton beam was found to 
be 146 Mev, and the uncertainty in the calculation due 
to the uncertainty in the ranges was about 1 Mev. 
The energy dispersion of the polarized proton beam 
is 5+1 Mev/inch"” found from the position of a beam 
scattered after a 2nd traversal through the first target. 
This agrees with the direct measurement of 4 Mev/inch 
by Cormack e/ a/.,!* for a beam size similar to that used 
in this work. 


CALCULATION OF THE RESULTS AND ERRORS 


Four sets of raw counts J’ (62x,9;4) of the hydrogen 
data were obtained at a given #2. These raw counts are 
corrected for randoms R(@2x,034) and backgrounds 
BG (62x,931) in the usual way to obtain the true counts 
I (62x,03m). For 02=6° and 10°, besides performing the 
direct background subtraction, the measured back- 
grounds and background randoms were multiplied by 
the correction factors mentioned in the section “Back- 
grounds” before they were subtracted from the raw 
counts. 

From the corrected counts, é3n(O2s), €3n(@2V), and 
€2 were calculated [see Eqs. (5), (9), (10) ]. The error in 
asymmetries due to the misalignment of 63; was calcu- 
lated and the correction applied to the value of é3n. The 
spurious asymmetries due to the energy and angular 
effects were also calculated and corrected. Table IV 
shows a calculation sheet of the e;,, determination at an 
angle where the corrections were the largest. 

The calculation of P;P?; was much like the calculation 
of ¢3,. Since randoms and backgrounds were neglected, 
raw counts were used for the computation of the 


TABLE IV. Typical eé3, calculations. A is the correction due to misalignment of 6; as given by counter sweeping; B is the correction 
due to spurious asymmetry from energy variation across the polarized proton beam; C is the correction due to spurious asymmetry from 


energy variation in the scattering process. 


02=6°N 


Measured BG 


Measurement 
0.44240.011 


be (02,8 ) 


Corrected BG 


42=6°S 
Corrected BG 


Measured BG 


R(@2,S) 
BG (62,8 ) 
Raa (62,8) 
I (62,58 ) 


0.011+0.005 
0.091+0.007 
0.007 +0.005 
0.347+0.015 
0.541+0.012 
0.006+0.004 
0.075+0.006 
0.008+0.006 
0.468+0.015 


0.442+0.011 
0.011+0.005 
0.111+0.011 
0.009+0.006 
0.329+0.017 
0.541+0.012 
0.006+0.004 
0.089-+0.009 
0.010+0.008 
0.456+0.017 


0.678+0.014 
0 +0.005 
0.199+0.010 
0.009+0.005 
0.488+0.019 
0.587+0.013 
0.015+0.009 
0.080+0.007 
0.003=-0.003 
0.495+0.018 


0.678+0.014 
0 +0.005 
0.221+0.016 
0.010+0.006 
0.467 +0.023 
0.587+0.013 
0.015+0.009 
0.103+0.012 
0.004+0.004 
0.473+0.020 


—0.148+0.026 
0.009+0.001 
—0,003+0.001 
0 
Can’ —0.161+0.026 


—0.164+0.031 
—0.009+0.001 
—0.003+0.001 


—0.176+0.031 


—0.007+0.026 —0.006+0.032 

0.002+0.001 0.002+0.001 

—0.003+0.001 —0.003+0.001 
0 0 


—0.008=+-0.026 —0.007+0.032 


7M. Rich and R. Madey, University of California Radiation Laboratory eee UCRL-2301, 1954 (unpublished). 


18 A. M. Cormack, J. N. Palmieri, N. F. Ramsey, and R. Wilson, Phys. Rev. 11 


, 485 (1959). 
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TABLE V. Depolarization and polarization in p-p scattering at 142 Mev. (M) refers to measured background; (C) refers to corrected 
background. &, is the mean energy of third scattering as given by the shims in Mev. 


62(lab) 63 


E, 


Harvard 





D 


Harwell 


Harvard 





6°(M) 

6°(C) 
10°(M) 
10°(C) 


15° 
i 
i 
13° 
12° 
15° 
i 
13” 
hg 


125 
125 
121 


—0.234+0.049 
—0.262+0.063 
0.040+0.033 
—0.008+0.038 
0.137+0.033 
0.156+0.031 
0.178+0.033 
0.076+0.031 
0.147+0.070 


0.215+0.078 
0.006+0.055 


—0.195+0.061 
—0.188+0.076 
—0.396+0.154 


0.147+0.026 
0.144+0.029 
0.185+0.012 
0.169+0.015 
0.217+0.011 
0.244+0.010 
0.231+0.010 
0.184+0.006 
0.114+0.010 


P2 


Harwell 


0.268+0.038 
0.280+0.028 
0.211+0.027 
0.236+0.030 
0.66 +0.027* 


P,! 





0.143+-0.034 
0.159+0.045 
0.1830.022 
0.183+0.026 
0.174+0.023 
0.221+0.021 
0.168+0.022 
0.193+0.021 
0.116+0.047 


0.440+0.024 
0.440+0.024 
0.434+0.027 
0.434+0,.027 
0.325+0.012 
0.368+0.008 
0.310+0.012 
0.238+0.009 
0.143+0.008 


0.286+0.099 


* It is possible that this value was intended to be 0.066 +0.027. 


asymmetries. Corrections for misalignment of 6; were 
made as for é3n. 

For each value of 62, D and P»’ were calculated from 
Eqs. (7), (8), and (11). Calculating D by use of Eq. (7) 
has an additional advantage besides making D less 
sensitive to the values of P; and P2’. If there exist some 
systematic asymmetries in the measurements which 
increase €3n(S) and decrease e3,(N), or vice versa, such 
spurious asymmetries would not cause any first order 
error in D by this method of analysis. Similarly, 
systematic errors which increase or decrease both 
asymmetries do not cause first order errors in P2’. 

At @.=6°, because of the finite vertical angular 
resolution and the small nominal scattering angle, the 
tilting of the second scattering plane is more severe 
than at other hydrogen scattering angles. The values of 
D and P,' have not been corrected for this effect. The 
correction is estimated to be not more than 6%. 

The final errors quoted for the D results included 
the uncertainty due to misalignment, monitor drift, 
energy variation in the twice scattered proton beam, 
and counting statistics, with the counting statistics 
being the dominant factor. 

THE FINAL RESULTS 

Table V gives the final results of D, Po, P:’ and P; 
of this work and the D and P2 measured by Taylor and 
Wood” at 143 Mev. Figure 4 gives the graphic repre- 
sentation of D together with the results of Taylor and 
Wood" as well as the theoretical predictions of D at 
140 Mev by Gammel and Thaler” and Signell and 
Marshak.” Figures 5 and 6 give the graphic represen- 
tation of P2 and P2’ as compared with the proton-proton 
polarization results of Palmieri ef al.,’ interpolated to 
142 Mev. Figure 7 gives the graphic representation of 
P; as compared with the proton-carbon polarization 
at 15° by Dickson and Salter'* and Alphonce et al." 

CONSISTENCY OF MEASUREMENTS 

Of all the results in this work, measured at eight 

angles between 6° and 40° plus a repeat measurement at 


19 J. L. Gammel and R. M. Thaler, Phys. Rev. 108, 163 (1957). 
*” P. S. Signell and R. E. Marshak, Phys. Rev. Letters 1, 416 
(1958). 


—0.009+0.066 


0.074+0.007 


0.088+0.011 


30°, the two independent measurements obtained from 
ABCD and ABEF quadruple coincidences agreed 
within one standard deviation seven out of nine times 
for D, five out of nine for P»’, and six out of nine times 
for P.. At no time was the disagreement greater than 
two standard deviations. 

Another internal check was to compare the counts 
obtained by counters ABCD with those of ABEF at 
identical values of 42 and @;. The dependence of the ratio 
ABCD/ABEF on the geometry of the third scattering 
arrangement was calculated to be 2.25 on the basis of 
solid angles alone. Because counters CD and EF 
accepted protons scattered at different angular ranges 
and because scattering cross section varied with angle, 
this ratio should actually be somewhat smaller than 
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Fic. 4. D vs center-of-mass scattering angle, as measured by 
Taylor and Wood (reference 12) at Harwell and by the authors at 
Harvard, and as predicted by Gammel and Thaler (reference 19) 
and Signell and Marshak (reference 20). 





HWANG, OPHEL, 














art 


Fic. 5. P2 vs center-of-mass scattering angle. The dotted curve 
represents the P: measurements of Palmieri ef al. (reference 7), 
interpolated to 142 Mev. 


this calculated value. It was measured to be 2.10 on the 
average with the points scattered about the average in 
a manner expected from statistics. 

The P: and P,’ measurements were compared with 
the hydrogen polarization measurements of Palmieri 
et al.,’ interpolated to 142 Mev. The agreements are 
good, although the P, from this work seem to show a 
tendency of being slightly higher than the results of 
Palmieri (see Fig. 5). The P; measurements were 
compared with proton-carbon polarization measure- 
ments of Dickson and Salter’ and Alphonce ef al." at 
15°. The agreement is good at mean energies of third 
scattering lower than 110 Mev, but the P; measure- 
ments of this work seem to be lower than those measured 
by other workers at mean energies of third scattering 
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Soa, 
Fic. 6. P2’ vs center-of-mass scattering angle. The dotted curve 
represents the P; measurements of Palmieri et al. (reference 7) 
interpolated to 142 Mev. 
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higher than 120 Mev. This discrepancy can be at- 
tributed to two reasons. First, the measured P3 included 
polarizations from the first two levels of proton-carbon 
inelastic scatterings which are lower than the polari- 
zation of the proton-carbon elastic scatterings.’ 
Also, at energies in the neighborhood of 135 Mev, the 
reduction of the mean third scattering angle due to the 
cross-section change and poor angular resolution is of 
the order of 3°, thus the mean polarization corresponds 
to protons scattered at 143° when the nominal 6; is 15°. 
This lower effective P; did not affect the results of this 
experiment for the reason that the values of P:P; were 
empirically determined. 

As explained in the section on “Alignment,” the 
apparatus was aligned optically and small corrections 
made by the counter sweeping method. It is also 
possible to calculate all the values for D and P2’ using 
the best optical alignment. The results of this are shown 
in Table VI. The small differences are all attributed to 
residual errors in the optical alignment procedure. 
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Fic. 7. Analyzing power P; vs energy £3, of analyzing scattering. 
The 15° proton-carbon polarization values of Dickson and Salter 
(reference 13), and of Alphonce ef al. (reference 14) are given for 
comparison. 


COMPARISON WITH RESULTS OF 
OTHER LABORATORIES 

The only other measurement of D in the energy 
range of this work was that by Taylor and Wood” 
at 143 Mev, performed at AERE, Harwell, England. 
Their results are given in Table V and Fig. 4. A brief 
glance at Fig. 4 is sufficient to tell that there is a major 
discrepancy between the two sets of data. Since the 
Harwell data were already reported just as this experi- 
ment was getting underway, the experimenters of this 
work were well aware of the discrepancy even in the 
very early stages of this experiment. Therefore, extreme 
care was taken throughout this work to search for all 
possible systematic errors introduced into the measure- 
ment either by the apparatus or through erroneous 
experimental procedures, and to correct them as they 
were discovered. No major error was ever found in spite 
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of rather intensive effort and at no time in this experi- 
ment was D negative at large hydrogen scattering 
angles. 

Since the Harwell experiment is not yet published 
and full details of their experiment are not available, 
it is difficult to make critical comparisons between the 
two experiments. However, based on the information 
provided by Taylor,” a comparison of some features 
of the two D measurements are given here. 

Table I gives the comparison of the experimental 
dimensions. In general, the Harwell apparatus is 
smaller by a factor of 2.5. The Harvard experiment had 
three small causes of systematic errors not known to be 
present at Harwell via the energy and polarization 
change across the polarized beam, and a larger fringing 
field of the cyclotron. They are all discussed earlier. 

The Harwell experiment has three separate possible 
causes of error not existing at Harvard. Firstly, the 
hydrogen target subtended a larger angle at the defining 
counter, making any resolution dependent correction 
quite large. There was no analog of the Harvard 
counter A, so that the Harwell experiment is sensitive 
to sources of background not present at Harvard. 
Thirdly, the Harwell experiment used an alignment 
procedure which is inferior and not capable of frequent 
repetition. In spite of these differences it is not possible 
to find, in detail, any source of error which is large 
enough to explain the discrepancy. 

D has also been measured at 635 Mev by Kumekin 
et al.,* at 315 Mev by Chamberlain ef al.,? and at 98 
Mev by two of us.® The results at 315 Mev and 98 Mev 
show similar angular dependence to that given by this 
work. 

TIME REVERSAL 


The measurements of P2 and P»’ constitute measure- 


ments of the time reversal invariance in the proton- 
proton interaction as suggested by Phillips.” In fact, 
the measurements of this work have the added ad- 
vantage over other similar measurements*.* in that P»2 


TABLE VI. Effect of alignment method on D and P22’. 


D P?' 


Optical 
alignment 


Counter 
sweeping 


Counter 
62 sweeping 
0.129 +0.031 
0.184 +0.031 
0.097 +0.044 
0.071 +0.042 
0,081 +0.069 
0.413 40.099 


Optical 
alignment 





0. 156-40. 031 
25° 0.178 +0.031 
30° 0.067 +0.044 
30° 0.086+0.042 
35° 0.147 +0.069 
40° 0.286 +0.099 


0.221+0.021 
0.168 +0.022 
0.190 +0.031 
0.196 +0.028 
0.116 +0.047 0.067 +0.047 
—0.009 +0,.065 —0.054 +0.065 


0.193 +0.021 
0.123 +0.022 
0.193 +0.031 
0.188 +0.028 


® Measurement from a preliminary run. 


21 Tu. P. Kumekin, M. G. Mercheriakov, S. B. Nurushev, and 
G. D. Stoletov, J. Exptl. Theoret. Phys. U.S.S.R. 35, 1398 (1958) 
(translation: Soviet Phys.-JETP 35(8), 977 (1959) ]. 1959 Annual 
International Conference’ on High-Energy Physics at Kiev 
(unpublished), reported by T. Smorsdinsky. 

2 R. J. N. Phillips, Nuovo cimento 8, 265 (1958). 

2A, Abashian and E. M. Hafner, Phys. Rev. Letters 1, 255 
(1958). 

* P. Hillman, A. Johansson, and G. Tibell, Phys. Rev. 110, 1218 
(1958). 
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TABLE VII. Results of time-reversal invariance check. (M) 
refers to measured backgrounds; (C). refers to corrected back- 
grounds; c.m. refers to angle measured in the center-of-mass 
coordinate system. 


P2'—P2 


—0.004+0.043 
0.015+0.054 
—0.002+0.025 
0.014+0.030 
—0.043+0.025 
—0.023+0.023 
—0.063+0.024 
0.010+0.023 
0.002+0.048 
—0.083+0.066 


—0.029+0.018 
0.007 +0.023 
0.011+0.022 


62 P2 


6°(M) 0.143+0.034 0.147+0.026 
6°(C) 0.159=-0.045 0.144+0.029 
10°(M) 0.183+0.022 0.185+0.012 
10°(C) 0.183+0.026  0.169+0.015 
is 0.174+0.023 0.217+0.010 
20° 0.221+0.021 0.244+-0.010 
25° 0.168+0.022 0.231+0.010 
30° 0.193+0.022 0.183+0.006 
35° 0.166+0.047 0.114+0.010 
40° —0.009+0.066  0.074+0.007 


0.308+0.005 
0.257+0.018 
0.265+0.018 








30° c.m.* 
30.9° c.m. 
50.0° c.m. 


0.279+0.017 
0.264+0.014 
0.276+0.013 





* Results according to Abashian and Hafner (reference 23). 
> Results according to Hillman et al. (reference 24). 


and P2' are automatically measured at identical 
energies ; hence direct comparisons are possible. Table 
VII gives the results of (P:’—P»2) from this work and 
compares them to the results of references 23 and 24. 
(Note that due to a difference in notations, P.’ and P2 
are equivalent to P and A, respectively, as given in 
references 23 and 24.) 


COMPARISON WITH THEORETICAL PREDICTIONS 


Theoretical predictions of the depolarization in 
proton-proton scattering at energies near 150 Mev have 
been calculated by Gammel and Thaler" and by Signell 
and Marshak.” The results of both calculations are also 
given in Fig. 4. It is apparent that the results of Taylor 
agree closely with the predictions of Signell and 
Marshak, whereas the results of this work tend to 
substantiate the calculations of Gammel and Thaler. 

The angular dependence of D is dictated by the 
range of the spin-orbit force through the *P» phase 
shift. Thus it is possible to adjust the calculations of 
Signell and Marshak to fit both the 315-Mev results 
of the Berkeley group and the results of this experi- 
ment.?> Furthermore, Gammel and Thaler?® feel that in 
order to fit the D results of Taylor and Wood simul- 
taneously with the 315-Mev results, a term of higher 
order in momentum than the linear L-S term must be 
included in the potential. 
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Proton-Proton Depolarization at 98 Mev* 
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The triple scattering depolarization parameter D for proton-proton scattering has been measured at 


98 Mev, as follows: 10 
+0.16. 


INTRODUCTION 


E report a measurement of the proton-proton 

depolarization parameter D at 98 Mev by a 
triple scattering experiment. Previous measurements 
have been made at 140 Mev,!? at 315 Mev, and at 
635 Mev.‘ 

The apparatus and experimental techniques used in 
this measurement, except where described differently, 
are the same as those used in the 140-Mev D measure- 
ment -of Hwang e al.,' reported in the preceding paper. 
The experimental arrangement for the large angle 
measurements (@2.= 20°, 25°, and 30°) differs from Fig. 
1 of the preceding paper only by the addition of the 
beam energy degrader; that for the small angle meas- 
urements (@2.=10° and 15°) is shown in Fig. 1 of this 
article. The components of these figures are referred to 
in the text by either numbers or letters in parenthesis. 


EXPERIMENTAL DETAILS 
The Beam 


The beam used for this experiment was the polarized 
proton beam of the Harvard synchrocyclotron.’ A 
1-in. wide by 3-in. high portion of the beam was defined 
by slits (G, preceding paper) and was lowered in energy 
from 147 Mev to 103 Mev by a polyethylene block (H), 
6.7 g/cm? thick.* The multiple scattering caused by 
this energy degrader had a rms projected angle of 13°, 
half-width. The divergence of the beam before degrading 
was small compared to 13°. The mean energy of the 

* Supported by the joint program of the Office of Naval Re 
search and the U. S. Atomic Energy Commission. 

t National Science Foundation Predoctoral Fellow. 

tNow at the Australian National University, 
Australia. 

1C. F. Hwang, T. R. Ophel, E. H. Thorndike, and R. Wilson, 
preceding paper [ Phys. Rev. 119, 352 (1960)}. 

2A. E. Taylor and B. Wood, 1958 Annual International Confer- 
ence on High-Energy Physics at CERN, edited by B. Ferretti 
(CERN, Geneva, 1958), p. 56. 

30. Chamberlain, E. Segré, R. D. Tripp, C. Wiegand, and T. 
Ypsilantis, Phys. Rev. 105, 288 (1957). 

‘Iu. P. Kumekin, M. G. Mescheriakov, S. B. Nurushev, and 
G. D. Stoletov, J. Exptl. Theoret. Phys. U.S.S.R. 35, 1398 (1958 
[translation: Soviet Phys.—JETP 35(8), 977 (1959) ]. 

5G. Calame ef al., Nuclear Instr. 1, 169 (1956). 

6 All energy measurements are based on the polyethylene range 
curves of M. Rich and R. Madey, University of California 
Radiation Laboratory Report UCRL-2301, 1954 (unpublished), 
and the copper range curves of W. A. Aron, B. G. Hofiman, and 
F. C. Williams, Atomic Energy Commission Report AECU-663, 
1949 (unpublished), with ranges lowered by 1% to give agreement 
with the polyethylene curve, based on a comparison at 140 Mev. 


Canberra, 


(lab), 0.00-40.08; 15°, 0.00-+0.07; 20°, 0.00-+0.08; 25°, 


—0.12+0.10; 30°, —0.11 


beam at the center of the full hydrogen target was 
98+1 Mev. The energy spread, full width at half 
maximum, was 7 Mev. The polarization was 0.67+0.02. 
There was a linear energy variation across the width 
of the beam of 52 Mev; the S side having the higher 
energy. A small correction to D is required because of 
this energy variation. 


The Target Chamber 


The liquid hydrogen target (2), 4 in. in diameter by 
4§ in. high, was made of 0.003-in. thick Mylar. That 
portion of the circumference through which the incident 
beam did not pass was surrounded by an aluminum 
heat shield, 0.003 in. thick. For that portion of the 
circumference through which the incident beam did pass, 
the heat shield was 0.00025 in. thick. For the small 
angle measurements, a 1-in. by 3-in. opening was cut 
in the heat shield, allowing approximately 60% of the 
beam to pass through. 

The exit window of the target vacuum chamber was, 
in the case of the large angle measurements, made from 
0.007-in. thick Mylar which wrinkled when the target 
chamber was evacuated such that its effective thickness 
was increased by 25%. The intersection of the beam 
with this exit window could be “seen” by the AB 
telescope, and hence contributed background counts. 
In the case of the small-angle measurements, this 
intersection could not be “‘seen’”’ by the AB telescope, 
and hence did not contribute to the background. 

Adjustable antiscattering slits (J) prevented particles 
scattered by the energy degrader from striking counters 
A or B, and prevented particles scattered by the 
entrance window to the target vacuum chamber from 
striking counter B. The slit on the side to which the 
scattered beam was to be observed was positioned, 
experimentally, to give minimum background without 
reducing the intensity of the incident beam appreciably. 
The slit on the opposite side was moved away from the 
beam as far as possible. For the small angle measure- 
ments, the extending wing on this slit was removed, as 
shown in Fig. 1, to enable the slit te be moved farther 
from the beam. 


The Scattering Table 


The dimensions of the counters A-—F are given in 
Table I. The scintillators were Pilot B plastic connected 
by short light pipes to 6810 A phototubes. Counter B 
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Fic. 1. Scale drawing of the 
experimental arrangement for small 
angle (10° and 15°) measurements, 
showing: (2) hydrogen target, (3) 
analyzing scatterer, (A—F) scintil- 
lation counters, (1) polyethylene 
beam degrader, (J) antiscattering 
slits, (K) copper absorbers, and 
(L) iron shielding. 


was the defining counter for all particles scattered from 
the hydrogen target. Counter A served to ensure that 
the particle did in fact come from the general area of 
the target. Counters C, E were the defining counters 
for all particles scattered from the analyzing scatterer. 
Counters D, F were present so that discrimination 
against low-energy particles could be obtained by 
placing copper absorbers (K) between C and D and 
between & and F. A range curve was taken with 6; 
equal to zero, and the absorber used for the e;, measure- 
ment chosen to be less than the value at the knee of the 
range curve by an amount slightly more than the loss in 
range due to scattering at the value of @; used for the 
€sn Measurement, namely 15°. The shielding (L) 
reduced the number of air-scattered protons that struck 
the counters. The analyzing scatterer (3) was a piece 
of carbon, larger in cross-sectional area than counter B, 
and having a thickness of } in. for #.= 10° and 15°, 2 in. 
for 20°, 4 in. for 25°, and } in. for 30°. Counter B also 
acted as an analyzing scatterer. 


Alignment of Apparatus 


The only critical alignment was that of ensuring that 
9:7 =63s. Both telescopes CD and EF were set, to high 
accuracy, at equal angles V and S of a nominal zero 
angle, by means of a fixed bar. The zero angle was 
determined by requiring that the counting rate ABCD 
be equal at @;=3}° N and 33°S, and that the counting 
rate ABEF be equal at 6;=2}° N and 23°S. At these 
angles, the counters detected particles not scattered by 
the analyzing scatterer; the inside edge of the defining 
counter (C or £) was about } in. away from the zero 
line. A profile taken by sweeping 43; through small 
angles had shown the doubly scattered beam to be 
symmetric about its zero position.’ It was thus felt 
that by the above method, the difference @;v—43s 
could be measured to an accuracy better than 0.05°. 

At each value of 62, V and S, before an e3, measure- 
ment, both sets of counters were aligned so that 

6;v—63s| was less than 0.1°; after the e;, measure- 
ment, alignment was checked. The e3, values were 
corrected for measured 6; misalignments, using an 
experimentally determined change in counting rate 
with angle. These corrections rarely exceeded half the 
error of e3, due to counting statistics. 

The change in doubly scattered proton energy with 
#, and hence across counter B, would produce a 


98 MEV 


o == - ma * oo 


misalignment if the copper telescope absorber was too 
thick.* This misalignment would be odd in @2 and thus 
affect P.’, but not D. At each angle the alignment 
was checked with sufficient extra absorber added to the 
telescope to assure that this effect would cause no 
trouble. 

Since the 43 alignment was done operationally, using 
the counters, rather than by optical sighting, the 
position of the #2 pivot and of the hydrogen target was 
not particularly critical. These and other alignments, 
such as the levelness of the beam and the heights of 
the counters, could readily be made to such accuracy 
that they introduced negligible error into the results. 


Monitoring 


The beam was monitored with a Faraday cup (N, 
preceding paper). Because the two sets of counters 
(ABCD and ABEF) required 63 scatterings of opposite 
senses, a monitoring error would tend to cancel out. 
The values of e3, for ABCD and ABEF would be in 
error by equal amounts, but in opposite senses. For the 
purpose of optimizing the beam intensity, an ion 
chamber (M, preceding paper) was used. 


Backgrounds 


Background from random coincidence events was 
investigated by delaying the signal from various of the 
counters by an amount large compared to the resolving 
time of the coincidence circuit. The only events with 
counting rates high enough to be important were A in 
random coincidence with BCD or BEF, and AB in 
random coincidence with CD or EF. In the former 
case, since BCD exceeded ABCD by only from 3% to 
14%, and similarly for BEF and ABEF, the measured 
random rate was reduced to these percentages of itself 
before being used to correct the data. This type of 
random event was important only at 6.=10°, where it 
amounted to 0.9% of the total counting rate. At 15°, 


TABLE I. Dimensions of the scintillation counters. 








Height (in.) Width (in.) Thickness (in.) 


Counter 
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TABLE II. Depolarization and polarization for p-p scattering at 98 Mev, and analyzing power and energy of analyzing scattering. 
rhe p-p polarization values of Palmieri e¢ a/.* at 95 Mev are listed for comparison. 


6 (lab) D P,’ P, 


P: 





0.06+0.05 
9.11-<0.05 
0.02+0.06 
0.12+0.07 
0.00+0.10 


10° 0.00+0.08 
15° 0.00+0.07 
20 0.00+0.08 
25° —0.12+0.10 
30° —0.11+0.16 


* See reference 8. 


it was 0.2% of the total, and at larger angles it was 
expected to be still smaller. Since the CD and EF 
rates, due largely to neutron background, were from 
10 to 30 times larger than the quadruples rate, there 
was no need to reduce the measured random rate of 
the latter-mentioned case. It amounted to 1% to 2% 
of the total counting rate. 

Background from protons scattered by nuclei other 
than protons was measured by evacuating the hydrogen 
target and increasing the copper absorbers in the CD 
and EF telescopes to compensate for the change in 
energy due to the absence of hydrogen. The magnitude 
of the measured background was 12% of the total 
counting rate at 10°, 5% at 15° and 20°, 23% at 25°, 
and 14% at 30°. Since the energy conditions at the 
second and third scatterings with target empty were 
not the same as with the target full, the measured 
background required a small correction. 


P,P; Measurement 

For the measurement of PiP;, the hydrogen target 
was evacuated, and 6, was set at zero degrees. The 
energy of the beam was lowered, by lead absorbers and 
copper shims placed just after the polyethylene block 
(H), to within 4 Mev of the energy it would have upon 
leaving the full hydrogen target after scattering through 
the angle @. for which e;, had been measured. The 
beam intensity was reduced until the AB rate could be 
conveniently scaled. With the scattering table at zero 
degrees, and with the beam intensity reduced, the 
Faraday cup could no longer be used as a beam monitor. 
The AB rate was used instead. Scaler dead time losses 
made this form of monitoring less reliable than the 
Faraday cup; consequently the asymmetries measured 
from ABCD and ABEF were weighted equally to give 
the final value (see section on Monitoring). 

The energy of the beam striking the third scatterer 
was the same as for the es, measurement; the polar- 
ization of the beam was P;. Hence the asymmetry 
obtained by reversing the sense of 43, as for the ésn 
measurement, was P,P;. As in the e3, measurement, 
the counters were aligned before each P,P; measure- 
ment, the alignment checked after the measurement, 
and the value of P,P; corrected for the measured 
misalignment. 

Scattering from material other than the carbon 
analyzing scatterer is not background, in that it was 


0.116+0.008 
0.095+0.008 
0.093+0.008 


(Palmieri) P; E; (Mev) 


0.092+0.010 0.119+0.010 73 
0.130+0.007 0.094+0.010 68 
0.120+0.007 0.097 +0.009 64 
0.112+0.007 0.081+0.010 59 
0.095+0.007 0.054+0.013 54 


present during both e;, and P,P; measurements. 
Random background events were not important. Since 
CD and EF counts were due to protons scattered at the 
analyzing scatterer, rather than neutrons as in the é3n 
case, they had roughly the same asymmetry as the 
fourfold coincidences, and consequently, so would the 
random events. 


RESULTS 


The values of D obtained in this experiment are 
plotted against center-of-mass scattering angle in Fig. 
2. The theoretical prediction of Gammel and Thaler’ 
at 100 Mev is also shown. The values of D, plus those 
of P2', P2, P3, and the energies of the analyzing scat- 
tering Es, are listed in Table II. The values of P2 
obtained by Palmieri ef a/.* at 95 Mev are listed for 
comparison. 

The values of Ps were obtained by weighting the 
results for ABCD and ABEF equally. All other values 
were obtained by weighting the two sets of data by 
the square of the reciprocal of their errors. Agreement 
between the two sets of e;, measurements was generally 
satisfactory, though at #.=15°N, they differed by 
three standard deviations. 

The change in antiscattering slit configuration be- 
tween 6.=10°, 15°N and 10°, 15°S resulted in a 
change in the efficiency of the monitoring. Conse- 
quently, values of P: could not be obtained at these 
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Fic. 2. D for p-p scattering at 98 Mev vs center-of-mass 
scattering angle. The curve shows the values predicted at 100 
Mev by Gammel and Thaler (reference 8). 

7 J. L. Gammel and R. M. Thaler, Phys. Rev. 108, 163 (1957). 

8J. N. Palmieri, A. M. Cormack, N. F. Ramsey, and R. 
Wilson, Ann. Phys. 5, 229 (1958). 
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angles. In the formulas (7, 8 of the preceding paper) 
for D and P,’, Palmieri’s values of P2 were used for 
these angles while those of this experiment were used 
at 20°, 25°, and 30°. The uncertainty in D and P,’ 
arising from the choice of P: is negligible compared to 
the error from counting statistics. 

The angular resolution of the second scattering is 3° 
rms full width at 62=10° and 15°, and 4° at @.=20° 
25°, and 30°. The multiple scattering in the energy 
degrader contributed the bulk of this, namely 3°. 

The errors quoted include errors in e3, and PP; due 
to counting statistics and misalignment. The only 
significant error is counting statistics of the e3, meas- 
urement. The largest correction to D for misalignment 
is 0.04, at 6.=30°. The largest change in D from 
adjustment of background for correct energy conditions 
(see section on Backgrounds) is 0.02, at @.=10°. The 
correction to D from the energy variation across the 
incident beam (see section on The Beam) is between 
8% and 14% of the quoted error. 

The values of D reported here lie below those meas- 
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ured at 140 Mev! by an amount consistent with the 
Gammel and Thaler potential,’ which potential cor- 
rectly predicts values of D at 140 Mev and 315 Mev.? 

The values of P.’ agree with the P2: measurements 
of Palmieri et aj.,8 as they should if p-p scattering is 
invariant under time reversal. The values of P2 also 
agree, within statistics, with the measurements of 
Palmieri e¢ al.* 

The values of P3;, when plotted as a function of 
scattering energy, fall on the smooth curve suggested 
by the polarization measurements of Dickson and 
Salter? and of Hwang ef al. 
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Decay of u»- Mesons Bound in the K Shell of Light Nuclei 


H. Useraw 
Carnegie Institute of Technology, Pittsburgh, Pennsylvania 


(Received February 15, 1960) 


For »~ mesons bound in the K shell of light nuclei of atomic number Z, we calculate the decay electron 
spectrum accurately up to the first power in Z, both for point and extended nuclei. The decay rate is evalu- 
ated accurately up to the second power for point nuclei. Our results for the spectrum show the Doppler 
smearing of its upper end as obtained previously, and demonstrate the small effect of the nuclear extension. 
The decay rate is obtained as a monotonically decreasing function of Z, and we cannot explain recent ex- 
periments which show a maximum of the decay rate around Z~26. We also find that the decay rate in 
second order decreases much more slowly with Z than what would be obtained from a phase space con- 


sideration alone. 


I. INTRODUCTION 


T has been known for a considerable time that the 
decay characteristics of a u~ meson should be dif- 

ferent from those of a w+ meson. This is due to the fact 
that uw mesons brought to rest in matter end up in a 
bound state of a mesonic atom, believed to be the ground 
state,! and decay from there. Decay electron spectra 
have been obtained theoretically,?~> essentially for the 
case of muons bound by light point nuclei only, and 
show predominantly a Doppler smearing of the upper 
end of a free muon decay spectrum caused by the 
~1E. H. S. Burhop, The Auger Effect and Other Radiationless 
Transitions (Cambridge University Press, New York, 1952), 
Chap. VII. 

2. E. Porter and H. Primakoff, Phys. Rev. 83, 849 (1951). 

’T. Muto, M. Tanifuji, K. Inoué, and T. Inoué, Prog. Theoret. 
Phys. (Kyoto) 8, 13 (1952). 

4L. Tenaglia, Nuovo cimento 13, 284 (1959). 

5H. Uberall, Nuovo cimento 15, 163 (1960). 


orbital motion of the muon (‘‘Primakoff effect’’). Re- 
cent experiments,*" however, have until now meas- 
ured only the decay rate \_ of bound y~ mesons. Their 
results show significant deviations from the free pt 
decay rate \,, such that A_>A, for Z~26, A_<A, for 
Z230. A simple phase space argument® gives \_/Ay, 
as a monotonically decreasing function of Z (the 


6 J. C. Sens, R. A. Lundy, R. A. Swanson, V. L. Telegdi, and 
D. D. Yovanovitch, Bull, Am. Phys. Soc. Ser. IT, 3, 198 (1958). 

7R. A. Lundy, J. C. Sens, R. A. Swanson, V. L. Telegdi, and 
D. D. Yovanovitch, Phys. Rev. Letters 1, 102 (1958). 

8D. D. Yovanovitch, R. A. Lundy, R. A. Swanson, and V. L. 
Telegdi, post-deadline paper, 1959 Washington meeting of the 
American Physical Society (unpublished); D. D. Yovanovitch, 
Phys. Rev. 117, 1580 (1960). 

*W. A. Barrett, F. E. Holmstrom, and J. W. Keuffel, Phys. 
Rev. 113, 661 (1959). 

” A. Astbury, M. Hussain, M. A. R. Kemp, N. H. Lipman, 
H. Muirhead, R. G. P. Voss, and A. Kirk, Proc. Phys. Soc. 
(London) 73, 314 (1959). 

uF, E. Holmstrom and J. W. Keuffel (to be published). 
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atomic number of the stopping material), and one is 
tempted to attribute the rise of A_ beyond A, at low Z 
to the attractive Coulomb interaction between the 
nucleus and the decay electron’; one might for ex- 
ample speculate that A_/A, have an expansion of the 
form 1+aZ+5Z?, where a>0 comes from the Coulomb 
effect on the electron wave function and 6<0 from the 
phase space reduction and from Doppler smearing and 
relativistic time dilatation effects on the muon wave 
function, with the third term outweighing the second 
for Z=30. It will be shown in Sec. IV that this is not 
so, i.e., that a=0 in the customary theory of muon 
decay, at least if the muon is assumed to decay from the 
lowest Bohr orbit of a mesonic atom. This is true 
whether the binding nucleus has a point charge or an 
extended one. Moreover, 6 differs considerably from its 
value given by the simple phase space argument. We 
have to conclude, therefore, that the experimental re- 
sults for Z<30 cannot be explained at present within 
the assumptions underlying this paper. 

In the following sections, we shall set up the calcula- 
tion as follows: Sec. II states the wave functions for a 
point nucleus in a form suitable for an expansion of the 
matrix element in powers of Z; Sec. III gives expres- 
sions for the muon decay probability, and in Sec. IV, 
the decay electron spectrum for a point nucleus is ob- 
tained, accurate up to the first power in Z. In Sec. V, 
the same is done for an extended nucleus, and in Sec. 
VI, the decay rate for a point nucleus up to the second 
power of Z is worked out; the results are discussed in 
Sec. VII. Three appendices deal with the evaluation of 
Born approximation integrals and the derivation of the 
ground-state wave function of a muon bound by an 
extended nucleus. 


Il. ELECTRON AND MUON WAVE FUNCTIONS IN 
THE FIELD OF A POINT NUCLEUS 


We shall measure lengths in units of the electron 
Compton wavelength, and energies and momenta (the 
latter ones considered to be multiplied by c) in units 
of the electron rest mass. The ground-state Dirac wave 
function of a w~ meson bound by a point nucleus can 


be written as 
’ (1/r) f(r) 
v( 2 /) ee 
(1/ir)g(r)o-? 


(1/r) f(r) =e-*7", 


Yul r) (1a) 
with 


(1b) 
(1c) 


with @ being the Pauli spin vector ,¢, the corresponding 
Pauli spinor, *=1/r, and y= Ze*/hc= Z/137. This wave 
function is accurate in the seroth and first power of Z, 
or y; (we shall show later that this is sufficient for ob- 
taining the muon decay rate up to second order in Z— 
the spectrum only up to first order, though), and there- 
fore, the usual factor r to the power [(1—~")!—1] was 


(1/r)g(r) = —3ye""""," 


N?=7'13/z, 
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left out.” For the same reason, we can in (1) take for z 
not the muon rest energy uo, but the total energy of a 
muon in the ground state, accurate up to second order 
in y: 

b=po(1—y"/2). (2) 


The electron wave function cannot be taken as a 
plane wave,‘ as has been done frequently and incor- 
rectly?*; but since it is needed accurately only up to 
the second power in Z, it may be obtained by an 
iteration of the Dirac equation 


Lia-V+p—V(r) W.(r)=0, --( ). (3) 
og 0 


We use a Yukawa potential 
V (r)=—(1/r)yee~*, (4) 


which will later be made to coincide with the Coulomb 
potential which binds the muon, by letting 8 — 0; the 
introduction of 8 is useful to circumvent certain well- 
known divergences':!® which would occur in individual 
second-order terms if a pure Coulomb potential were 
used, but which cancel out when all these terms are 
combined, as it must be physically. Again y.=Z/137; 
the index e serves just for identifying the origin of the 
terms later. Note that the approximation p>>1 has been 
made in (3), which is permissible as the electrons from 
muon decay appear predominantly with extreme rela- 
tivistic momenta p. The solution satisfying (3) up to 
second order in y, is 


1 1 
v.(r) =—{e'? t+ (ia V— p) LIT D+a(])( .) Pe, 
v2 op 


ds e's: (r—r") 
u(r)= f —————_-V (r')eiv-¥’ dy’, 
(2m)? s°$— p?-+in 


e's: (t—8") 


d's 
x= f - ——V(r’)(ia- ¥’— p) 
(2r)’ "— p’+in 


XII (r’)d*r’ (5b) 


= ia: A(r)— p2(r); 


here n — +0 ensures (5) to represent incoming scattered 
waves appropriate for the use of ¥,(r) as a final state,!* 
although we will find that outgoing waves might just 
as well have been used. (This is a property of transition 
probabilities integrated over angles.'”) Again, ¢, is a 
Pauli spinor, and p= p/p. 

2 A. Sommerfeld, Atombau und Spektrallinien II (F. Vieweg 
und Sohn, Braunschweig, 1939), p. 482. 

13 See, e. g., H. Olsen, Kgl. Norske Videnskab. Selskabs, Forh. 
31, No. 11 (1958). 

4 R. H. Dalitz, Proc. Roy. Soc. (London) A206, 509 (1951), 
case of Mott scattering. 

18M. Gavrila, Phys. Rev. 113, 514 (1959), case of photoeffect. 

16H. A. Bethe, L. Maximon, and F. Low, Phys. Rev. 91, 417 
(1953); G. Breit and H. A. Bethe, Phys. Rev. 93, 888 (1954). 

17H. Olsen, Phys. Rev. 99, 1335 (1955). 
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III. DERIVATION OF THE TRANSITION PROBABILITY 


The interaction Hamiltonian responsible for the 
muon decay is taken as 


H= > fil¥Ow,)(v0w,), (6) 
=V,A 


Ov=YsV¥n, Os=tys¥s¥u, With left-handed two-compo- 
nent plane-wave neutrinos. For the decay probability, 
we then obtain (neglecting all radiative corrections, 
which are of order 1/137): 


w= (2n)-* f [am |25(u—p— pi— pad pa pu, (7) 


containing the matrix element—or rather, for the sake 
of convenience, its conjugate complex—, 


M*=>> fi*(u2tOwn)Mi, (7a) 


Ma= f e®*(y,l0u.)e, (7b) 
k=q—p=pit po. 


Here, we introduced the vector q=p+pi+p2 which 
represents the momentum of the muon in the Bohr 
orbit. The u, are the neutrino spinors, and py, pe the 
neutrino momenta. Assuming unpolarized muons and 
thus averaging over muon spins and also summing over 
electron spins, we get 


im2=3E fifi*Zae CL MAM, (8) 
i,k 


fe, 8 
with the neutrino trace 
Zi =TrP23(1+75)0;'P 1013 (1 +75), (9) 
using neutrino positive energy projection operators 
Pn=PnaVaVs/2pns, @=1---4, Pns=ipn. 
The muon-electron matrix element can be decomposed 


according to the number of interactions of the final 


e- v e e v 


al al a 
(a) (b) (c) 
Fic. 1, Feynman diagrams for the decay of bound muons. The 


double line indicates a bound state, V the final electron-nucleus 
interaction. 
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electron with the nucleus: 


M;=2°N (¢,'(T:+Ui4+Vilee); (10) 


here, 7;, U;, and V,; correspond to the three Feynman 
diagrams (a), (b), and (c) of Fig. 1, respectively, and 
are thus of relative order 1, y, and y*. They read as 


follows: 
1 
T= (Po 96)0,( .). 
o:p 


containing the integrals 


(11) 


1 4r f°” 
F@)= f-soperrar=— f f(r) singrdr, (11a) 
r gq “o 


1 
v-9G()=i f -g(r)o-re'erar 
r 


4r 7” singr 
--0-¢-f xin)( = —cosgr Jar. (11b) 
0 


y qr 
Furthermore, 


U;={(1,0)0,[—a- (kI+iyuK)+ pT] : 
—LinK- (0,0)0,(—a-k+-p)}( a (12) 
a: p 


containing the integrals 


27. O 
I(k,a) = — [1 mermerar— ———II(k,a), (12a) 


wT Oa 


217. 

K(ka)=— f (rfc err -—“ey 11k), (12b) 
rg 

and 





d’s 1 
1(ka)= f , (12c) 
°— p+in (s—p)?+8 (s+k)’+a? 


with a=yy. In obtaining (12), a partial integration was 
performed, and terms of order higher than 7? were dis- 
carded. Finally, 
1 
V = (1,0)0;(—a-k+ p) (ie: R—p0)( Q (13) 
o-p 
containing the integrals 


xe 9 
— —III(k,a), 


Tr da 


O(k,a)=— focmer-ear— (13a) 


ved 
— —III(k,a), 


T® da 


1 
R(k,a) = — fa@ewar= (13b) 


. and 


d's 1 dt 
111(ka)= f aE tl f 
2S —pP+in (stk)+e4 P—p+in 


1 1 


(t—p)+6" (t—s)*+6" 
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d's 1 dt 
I(k«)= f- —_—_— - - f ES 
2S — pP+in (s+k)*+a4 P—p+in 


t 1 
(13d) 


(t—p)?+8? (t-s)*+ 


To obtain this, we used the integral representation of 


the potential, 
Vi=—v.f e~trdé. 


p 
The matrix element (8) now becomes 


lom|2=4N? ¥ fifi*Zen 
i,k 


XCTr7 fT. +Tr(T SU. +UFT:) 
+TrUSUe+Tr(ViTit+TiVi)]; (14) 


inserting into (7) gives after laborious evaluation of 
the traces: 


w_= N2(2e)-*(| fy |2+| fal?) 


xehp f Paap, 5(u— p— pi-— po) 


x (FP+@)(1— (p+ p2)-p/2) 
+FG[ pi: bp2- 9+ ps: bps 9— (bit b2)- 9] 
+2Fp-ReJ—F(p,+ p.)-ReJ+ fi: «hs: ReP 
+ fo: xpi-ReP—p- «(i+ f2)-ReP 
+ | 1 *Le?(1+ (pi + pe) -6/2)— b- «(pit pe): x] 
+F[—2x«-Re(pQO—iR)+ (614+ p:) 
-(xp ReQ— p Rei(x- R)— ReiR(h-q) 
+q Rei(A-R))]}}, (15) 

with the notation 

J=xI—iyuK, P=—liyFK+G14, 

x= 2p—4q, i= Di/ Pi. 


Next, we shall perform the phase space integration over 
d*p,.'8 The 6 function eliminates the dp; integration, 
expressing p; as a function of the polar angle, which we 
choose to be measured with respect to k as the polar 
axis. At this point, we shall also introduce a dimension- 
less notation for the momenta: 


(15a) 


(16) 


Then, we us enew expressions for the quantities (11)- 
(13). First, since the only vectors left are p and q, we 


p=4ux, g=4uy, w=cos(p,a). 


18 See the Appendix by R. R. Rau in J. Tiomno and J. A. 
Wheeler, Revs. Modern Phys. 21, 144 (1949). 
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can express the vector quantities as follows: 


—4y Re(iK)=S,q+ Sop, =: 
ah (17) 
— Re(iR)=Hiq+Ayp. 


For getting rid of some inconvenient factors, we now 
replace the integrals F,G,1,Sw,Q,Hi2 by the new 
quantities (all functions of x, y, and w): 


{®; T} =} (27) (N2xy*){ F; G}, 
O= 3 (2x) (N?ry*) Gul, 
(Vio; 2; Aro} = 3 (20) (N*ry')! 
X (34)*{Si2; ReQ; Hi}. 


(18a) 
(18b) 


(18c) 


Thus, we finally end up with the expression for the 
decay probability : 


w.=w +8(3— 22) f yaya 


XK { (+1?) Wo— 24TW +26 REOW +49, Ws, 
+46Y.W,,’—41 ReOW2,””+4| O/?We,. 


—46(5+A.)W2,.-—4AW2..’}, (19) 


with the following notation: 
W4 = (wo®/3.27*) (| fv |2+ | fal?)(3—2x)a%dx (19a) 


is the decay probability of the free muon; e=1—vy,?/2 
is the ratio of bound and free muon total energy [see 
Eq. (2)], and ¢* represents the “phase space factor,” 
expressing a reduction of decay rate, as the bound muon 
has less final states available. For identification pur- 
poses, we again used y, instead of y. Further: 
W op=3—2x— (1—x) yw—y*/4, 
W = (1—2x)w+ (1+ 2w”")y, 
W = 2u(3—2x) — (3—227) yw, 
Wee= (6—5x+227) yw, 
Wo. = (6—5x+ 227) x, 
W2.-’= (1—2x)aw, 
Weee= Woee= (3—22)22, 
W 200 = (3—2x) xyw. 


(19b) 


The indices of the W’s are chosen to indicate the order 
of magnitude of the various terms; index i means the 
term will furnish a contribution of order y‘ to w_— 
unless there is a cancellation—plus possible higher order 
contributions. It should be pointed out that we have 
dropped from the W’s some terms containing higher 
powers of y: it will be shown later that all the quan- 
tities , I’, O, etc., are rapidly decreasing functions of y, 
which are large only within a region ySy. Therefore, 
each power of y means a corresponding power of y in 
the result, and we can discard the higher powers. The 
further subscripts e and ee of the W’s indicate the origin 
of the term: e means cross-term between diagrams (a) 
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and (b) of Fig. 1, ee is the square-term (b) (first Born 
approximation of the electron wave function), and W is 
the cross-term (a) and (c) (second Born approximation). 

The limits of integration in (19) have to be found 
from the conservation laws: 


u=pt+pitpr, 
In our dimensionless notation, they are found as follows: 
(1) for OS w<1: 
(a) O<y<2|1-<], 
(b) 2|1-2x|<y<2 
(2) for 1S x2: 
(a) O<y<2|1—-z|, 


1 


(b) 2|1-2x|]<y<2, 


q= p+ pit Pe. (20) 


—1<wKi, 
bans (20a) 


no contribution, 


201 
Wo < w < i. ( >) 


where 


(20c) 


Note that the electron spectrum for bound muons 
reaches in principle up to x= 2, whereas for free muons, 
the conservation laws permit only x< 1. 

Thus, the integral in (19) has to be understood to 
mean 


2 (1—z) 1 
fade =o aa f sey f dw 
+f vay f de (21) 
2} 1—2| wo 


with the step function #(z)=1(zs>0), 0(¢<0). 

We also observe that (19) contains only real parts 
and one squared imaginary part of the integrals II, 
III, and III. This means that the result is independent 
of the sign of n, and thus the same whether we used in- 
or outgoing scattered waves, as has been stated before. 


IV. ELECTRON SPECTRUM: CASE OF 
POINT NUCLEUS 


We wish to calculate the spectrum accurately up to 
the first power in y. For this, only the terms with Wo, 
W,, and W,, of (19) are needed. We can then use the 
muon wave functions (1), and obtain from (11a), 


(11b), and (19a): 
(= #24? (7) = 
P= = —, T= —_ ———, 
De ADS 
Y=y"+4,’. (22b) 


Note, however, that according to the accuracy stated, 
we need only use 


P4+PSoP??= 


(22a) 


with 


2°y5/xY'4; (22c) 
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this is connected with the fact that the normalization 
factor NV was obtained with sufficient accuracy from 


4 N? f Cpr) +e(0) drs f pare 
0 0 


alone, and the consequent normalization of the trans- 
forms (11a), (11b) is 


fvofe o(@+1")=1; 


only (22c) satisfies this condition together with the 
normalization factor (1c). 

For obtaining ReQ, the integral II has to be evalu- 
ated. This is done in Appendix I, with the result: 


27\ re 
ReQ= (-) 
T xY 
. w 4 w 
x|- 442 tan- 2 ) 
=~ 
222) om 


Z=y'+4y. (22f) 


In obtaining (22d) from (A5a) via (12a) and (18b), 
we have again expanded and kept terms of lowest and 
next lowest order in y only, treating y as being of order 
y [see the remarks after Eq. (19b) ]. This can now be 
justified as follows: The coefficients of the W’s in (19), 
as far as calculated, all contain 1/Y to at least third 
power, times a smooth function of y. Therefore, at 
y~y=Z/137<K1, they are by roughly a factor y~® 
larger than at y~1. Therefore, y can safely be taken as 
~y. This argument will be seen to apply to all the 
terms in (19). It is also valid if the ®, I, etc. are ob- 
tained for an extended nucleus, as in the next section. 
The spectrum to accuracy y is thus obtained from: 


(3—2x)" 


2(1—z) 1 2 1 
x[va-» f stdy f d+ f sedy f io] 
0 x 2|1—2| wo 


XC (2+?) W — 26TW +26 ReOW, |. 


(22d) 


with 


ww =w, €5( 


(23) 


The property of the integrand containing at least a 
factor Y~* that makes it negligible at y~1, (and which 
will hold even for an extended nucleus), permits us 
already to read off several interesting facts. Let us 
designate the region where x lies within an interval of 
range y around 1, by (y), ie., |1—x| =O(y), and the 
remaining region by (1). We then find: 


(1) In (1), 
ww. =w,+0(7’). 
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Proof: The second integral in (23) is then negligible, 
its lower limit not reaching down to the region where 
the integrand is large. In the first integral, the w 
integration cancels out all the terms which would be 
~O(y), as they are all odd in w: this is partly caused 
by the W factors, in the third term by the oddness of 
the large part of Re© (first bracket) itself. The term 
~O(1) comes from W» and gives just w, for x<1 (zero 
for x>1), as we can use the normalization (22d), and 
the factors (3—2x) cancel out. Therefore, a significant 
deviation of the bound from the free spectrum can only 
occur in the region (y) (this disagrees with assertions 
of Tenaglia‘). 


(2) In (7), 


w_ =4w,+[ terms ~O(1) which are 
odd around x= 1 ]+O(y7). 


Proof: For the terms of order 1, it is sufficient to con- 
sider #°+I only. The first w integration gives a factor 
2, the second one a factor 1—2(1—x)/xy, which is en- 
tirely of order 1. The two y integrals can then be com- 
bined (making use of the y parity) to give us a leading 
term for «$1: 


. 21-—x 
(3-20) yaye+19)(1- _ =); 
2(2—1) y x 


now the 1 in the bracket provides the }w,, using (22d) 


again, and the second term in the bracket is odd in 

1—x, as claimed. The next higher terms are ~O(y). 
(3) This allows us to draw the significant conclusion 

about the decay rate Ax (integral of w, over dx): 


A-=A,+0(7’). (24) 


Proof: It is obvious for the contribution from (1); and 
from (y), the }w, to both sides af x=1 just adds up to 
make A_ completely equal te \.., whereas the odd terms 
~O(1) cancel out, and the correction terms ~O(y), by 
integration over a regio dx~(y) only, are degraded to 
order yy’. We see that actually the linear term in Z in 
\_/A, is absent, as stated in the introduction. 

Performing the integration in (23) and writing the 
result accurately in order 1, y, we obtain®: 


i-—x 


é€ 1 
w OYw,—{ tan-'-+tan"! 


W y ¥ 


2-—x 27 
+y— | a—n(1+- -) 
X sz 


i—x 27° 
oe Fe 
X KP 


9 


i—<x 2 ¥ P 
+ (10 - ) )I} (25) 
¥ p Le 4 
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with X= (1—x)?+-7*. This is plotted as a broken curve 
in Fig. 2 for Z=25 and Z=40 (although we cannot 
expect it to represent the spectrum accurately for Z=40 
any more). We see the smearing-out of the free-muon 
spectrum in the region (y). For x2 1.1, the spectrum is 
slightly negative in this order. We plotted against xo 
= ex, so that this scale be proportional to the absolute 
(Mev) energy scale. 

Integration over dx of (25) and of the terms ~O(y’) 
in (1), which come from (23) but have not been in- 
cluded in (25), and also expanding e°, gives the result 


A =A,[1—$y,2—37"+ (10/3) 77]. 


For a calculation of the complete decay rate, the re- 
maining terms in (19), all of order y?, should be inte- 
grated. This will be done in Sec. VI. We can, however, 
prove here our assertion of Sec. II that the muon wave 
function need to be known accurately to order y only. 
It enters in ® and I, and y” terms of the wave function 
could give 7” terms of w_ or \_ only through the zero 
order term #+TI” in (19). This term, however, gives 
rise in region (1) to w, exactly [statement (1) ] without 


(26) 


correction terms, only due to the fact that the wave 
function, whatever it is, is normalized and thus obeys 
(22d) ; in region (y), there are correction terms of order 
1 to 3w,, though [statement (2) ], and these could be 
changed in second order if the wave function is. But if 
we consider the rate only, this region contributes in 
higher order only, as dx~O(y). Thus, the decay rate can 
be obtained in second order from a muon wave function 
accurate in first order. 


V. ELECTRON SPECTRUM: CASE OF 
EXTENDED NUCLEUS 


The lowest Bohr orbit of the mesic atom has a radius 
not much larger than the nuclear radius, especially for 
heavy atoms. It seems necessary, therefore, to take the 
nuclear extension into account in the present calcula- 
tion. We shall do this only concerning the first order 
terms, and it will turn out that the ensuing change in 
the spectrum is rather small. To evaluate the muon 
wave function, we shall assume a uniform nuclear 











Fic. 2. Decay electron spectrum of bound muons for Z=25 
and Z=40. Broken line: point nucleus; solid line: extended 
nucleus; xo = ex. 
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charge distribution of radius R, which gives rise to a 
potential 
V(r) = — (y-/R) (3—39°/R’), 
es (Ye, r), 


r<R, 


- 
r>R. (27) 


The corresponding ground-state muon wave function 
is worked out to seme approximation in Appendix II 
by a power series expansion of the Dirac equation. 
Using these wave functions (49) with o=0, new ex- 
pressions for ® and I have been obtained: 


1 A Byjilk) A 2Byjs(k) 
b=N{3(-++— ~~ —2(=+ a 
ss v4 5 OF k 


8B js(k) sinkfi—1 28 
+— "44448 —— ( o ) 
63 k P+R (&+%) 


1 26 
+ cost + )| ; 
P+R (&+k)? 


af 1t448 
r=HyA}. sae 


fae 


5(3—8) 26° ) 
P+R (&+8)2 


3 
+ cost JI} (28) 
e+e (e+e) 


with 7,(k) the spherical Bessel functions, k= (y1«/2y)y, 
and a new e=1—{7* appropriate to an extended nu- 
cleus. Numerical inspection of (28) shows these func- 
tions to have a similar steeply decreasing behavior 
with y as the point nucleus functions, (22a). 

Using Eq. (23) for the spectrum again, also Re@ has 
to be worked out for the extended nucleus. It is now 
difficult to do this analytically with the uniform nuclear 
charge distribution used for calculating the muon wave 
function; it is possible however if we assume that the 
electron sees a somewhat different charge distribution, 
which is of the form r" exp(—6r); in this ease then, a 
method which was devised by Budini and Furlan” will 
work. Using the expression on the extreme right of Eq. 
(12a), the new integral II becomes for the extended 
nucleus (we may set 6=0 if we consider the real part 
only) : 


Rell (k,a) 














(29) 


ds F(\s—p)|) 1 
on | 
%—pP+in (s—p)? (st+tk)*+e 


where 


F(q)= = foire ‘qty (29a) 


9 P, Budini and G. Furlan, Nuovo cimento 13, 790 (1959), 
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is the Fourier transform (form factor) of the nu- 
clear charge distribution. Performing a Laplace 


transformation 
aD 
w= f o(t)e-"*dt, 
0 


we find the form factor relation 


(30) 


2 


F(q)= —4n f t*9(t)F .(q)dt, 


(31) 


where F,(g) is the Fourier transform of a Yukawa 


charge distribution 


pi(r) = — (P/4r)e—"*/r (32) 


(normalized to unity), and accordingly obtain 


4) 


Rell (k,a) = —4n f t*¢(t) Rell,(k,a)dt, (33) 


0 
with 


Rell, (ka) = ReIpoint (ka; 8=0) 


— RelIpoint(k,a; B=), (33a) 


using the point nucleus functions of Eq. (12c) on the 
right-hand side, with special values of 8 as indicated. 
If we take now a charge distribution of the afore- 
mentioned form (normalized to unity) : 


bry n 
p(r)= -—__—_e», (34) 
4r(n+2)! 


the Laplace transform is simply a derivative of the 
delta function, 


brs ont 


—— —é(t—5), 
4r(n+2)! 01" 


g(t)= (34a) 


and we obtain 
Rell (k,a) = ReTIpoint(k,a; B=0) 


bts ont 1 
+(—1)»—_ —— — RelToint( kai8=6)| (35) 
(n+2)! 0b" LB 


The question is now how well (34) can describe the 
actual charge distribution (which is, e.g., given by 
Hahn ef a/.”). A comparison shows that the physically 
significant quantity r’p(r) seems to be approximated 
fairly well by (34), especially for larger n= 2, although 
its peak lies at smaller r than that of the actual charge 
distribution. For the uniform charge distribution, by 
contrast, the peak lies at larger r and is too high. For 
these estimates, we determined R and 6 from the re- 
quirement that each model charge distribution should 
have the same mean square radius as the actual one. 


* B. Hahn, 
101, 1131 


D. G. Ravenhall, 
(1956). 


and R. Hofstadter, Phys. Rev. 
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That gives: 
R=1.3X10-"8A# cm,2! 
b-1=0.225 10-4! cm, 
—1=0.184 10-4! cm. 


n=1, 


(36) 
n= 2, 


The second integral ReII,oint in (35) has been partly 
evaluated along the lines of Appendix I, but with 8 
set equal to 5; in view of the values (36), it has then 
been found to give a contribution of at least one order 
of y smaller than the first term of (35), and can thus be 
dropped. Therefore, the expression (22e) can be used 
for Re©® even for the extended nucleus. This and (28) 
have been inserted in (23), and the electron spectrum 
was calculated with the aid of an IBM-650 electronic 
computer. The results are shown as a solid curve in 
Fig. 2 for Z=25 and Z=40. We see that the influence 
of the nuclear extension is rather small, and increases 
with larger Z. The main differences as compared to the 
point charge results, namely those occurring in the 
region x9> 1.1, are probably physically not significant, 
as terms of order 7” are not negligible here.® 


VI. DECAY RATE: CASE OF POINT NUCLEUS 


To obtain the muon decay rate, all the second power 
terms of (19) have to be evaluated and integrated over 
dx and the result added to (26). Note that everything 
is already of order y’; therefore only the first integra- 
tion in (21) needs to be taken--the second one gives 
results ~O(y") only in the region (y), therefore dx 
~O(y), and the contribution to the rate is ~O(+’*) 
which is negligible. The functions Vj. were worked out 
from (12b), (17) and (18c), using the first Appendix, 
with the result (to lowest order) : 


2y\' 2y*v 
¥,=-{ — } —— tan” 
cs sY¥* 


2y\' 2y*ve 

Vang — 5 -——. 

rf #YZ 
If, so far, we collect all terms ~O(y?) in (19) which con- 
tain no divergence and no second Born approximation, 


w.) =w,(3— 2x)" f ydydwl4O¥,W2,+4b¥W2,' 


—4P ReOW?2,”"+4(ReOPWe..], (38) 


then we obtain after performing the integrations: 


AM=A,[(5 3)VVet (x? 12)y27]. (38a) 


For obtaining the remaining terms, the second Born 
approximation integrals III(k) and III(k,), Eq. 
(13c), (13d), have to be worked out. The evaluation of 
such seemingly complicated integrals has recently been 


1 —D. G. Ravenhall, Revs. Modern Phys. 30, 430 (1958). 
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facilitated by the work of Kacser,” and we have made 
use of the methods developed by him. The integrals are 
obtained in Appendix III. The remaining terms ~O(-’) 
are just 


w= wy 8(3— 2x) f ydydul a ImO)*Woe. 


—46(5+A;)W2,.-—4A,W>,.’], (39) 


and the last parts of the integrand still needed are, 
from (A5b): 


2y\ 3 2y*y.7 Ax Y 
ImQ0Q= =) ‘(miz441-—), (40) 
T xY? r 2Z 


with \=6/p— 0, and from (A17), (A20) and (A22): 
2y\!2y77f Ax ms yw? 
z=(= — In? -Zi+— = tan 1 ) 
7 ey? Y 6 2y 
Ax Y yw yw 
Zi-— tan-!— 
Y ZH 2y 


+2 


(41) 


A;=0. 


(42) 
Inserting all this in (39), we see that all the terms con- 


taining the logarithmic divergence as \ — 0 cancel out, 
as it must be. Performing the integrations, we obtain 
(43) 


and our final result for the total rate \-=A_+A_© 
+A_® is from (26), (38a), and (43), accurate to the 
second order in y: 


W=A(1— G7 -3¥ +5 7%); 
or if we now disregard the origin of the terms: 


A-=A,(1—4Y’), 


A_@= —ry (3? 12)y7.?, 


(44a) 


(44b) 


the decay rate of a muon bound by a point nucleus. 


VII. DISCUSSION 


The experimental results for the decay rate, given by 
the various authors,*" are shown in Fig. 3, and (44b) 
is entered also. We may then make three main remarks 
concerning our results: 

(1) As already predicted in (24), there is no term 
linear in y in the theoretical rate. Indeed, it would be 
hard to fit all the lowest points of Fig. 3, up to Z=26, 
by a straight line. In particular, such a line fitting Fe 
would already give an excess of \_ of 3% for carbon 
(Z=6).% However, A_(C) may be shown to equal A; 
more accurately. The total muon disappearance rate 


2(C. Kacser, Nuovo cimento 13, 303 (1959); Proc. Roy. Soc. 
(London) A253, 103 (1959). 

3 At such a small Z, \_ should still deviate very little from A, 
and some results of the measurements, e.g., of references 6, 7, 
and 10, were actually obtained by comparing with carbon under 
the assumption A_(C)=A,. 
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Fic. 3. Experimental points and 
theoretical curve of muon decay 
rate as a function of stopping ma- 
terial. The points were obtained by 
Yovanovitch ef al. (reference 8), 
Holmstrom and Keuffel, (reference 
11). L. Lederman and M. Weinrich 
[ Proceedings of the CERN Sym- 
posium on High-Energy Accelera- 
tors and Pion Physics, Geneva, 1956 
(CERN, Geneva, 1956), Vol. 2, p. 
427], Lundy et al. (reference 7), 
Sens ef al. (reference 6), and 
Astbury et al. (reference 10). Note. 
Yovanovich should read “‘ Yovano- 
vitch.”” 
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Atot=A-+Acap contains also the nuclear capture rate, 
and we have 
a tot; Ay 


=— : (45) 
Ay 1 + (Asan /d_) 


The ratio Ator/Ay is measured™ for carbon as 1.10+0.02, 
and the ratio Xeap/A~ is 0.10+0.01 from a propane 
bubble chamber measurement,”° which gives A_/Ay 
= 1.00+0.02;. 

(2) Our results do not fit the points around Z~ 26. 
The experiments are therefore not understood in this 
region within the assumptions of this paper, if one 
believes that an expansion in powers of Z should still 
be valid here. This assumes also that nuclear extension 
should cause no drastic change in the second order terms, 
just as it did not in the first order terms in the spec- 
trum, Sec. V. The experimental points around Fe seem 
however to indicate a certain singularity, and thus an 
expansion in powers of Z is perhaps not permissible, 
or slowly convergent. 

(3) Equation (44b) is a monotonically decreasing 
function of Z, and a result of this kind has also recently 
and independently been obtained by Mathews.*® For 
305Z<48, the experiments are fitted rather incon- 
clusively by our formula, which cannot pretend to be 
very accurate for these large Z. More important, how- 
ever, is that (44b) represents a quite flat curve, very 
different from the expression 

Ay (1—Sy?/2) 
(in second order), which the phase space alone would 
give,® or from the expression 
Ay (1—5.15 7’) 
% J. C. Sens, Phys. Rev. 113, 679 (1959). 
2° T. H. Fields, R. L. McIlwain, and J. G. Fetkovich, Bull. Am. 


Phys. Soc. Ser. II, 4, 81 (1959). 
26 J. Mathews, Bull. Am. Phys. Soc. Ser. II, 4, 446 (1959). 


30 40 50 60 70 80 


obtained by Khuri?’ (presumably without electron- 
nucleus interaction). The nuclear extension would 
cause (44b) to become even flatter due to a reduction of 
y (the muon, moving partly within the nucleus for 
larger Z, sees less of its charge). It is therefore indicated 
that the drop of experimental points for large values of 
Z, which was thought to be well understood from the 
phase space argument, becomes much less so after all 
the terms of order y? were obtained. 
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APPENDIX I. EVALUATION OF II(k,a)**. 
The integral 


d’s 1 1 


II(k,a) = —- 
2° — pP+in (s— p+ (s+k)*+a* 


(Al) 


is first transformed by combining the last two de- 
nominators, using the Feynman identity 


(aby'= f dsfas+0(1—2)}+. 


0 


(A2) 


At the same time, the angular integrations may be 
27 N. D. Khuri and A. S. Wightman, often quoted’ as “private 
communication.” 

28 Dr. Haakon Olsen contributed helpful suggestions concerning 
this calculation. 

9 See the work of Dalitz, reference 14. 
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performed. This gives 


lds 7 sds 1 
u=*f —{ —_ _ ——, 
09 Ad_.~8—P+in 2—2sA+B2+ P+ 


with A=qz—p, B=k?—p*?+a?—*. The second inte- 
grand has two poles in the lower and two in the upper 
half plane, and if we close the contour (to either side), 
Cauchy’s theorem gives 


1 dz 1 
u=" f — ' 
0 & B2+°+21AC 


with C=[¢s(1—2)+a*%s+6?(1—:) }!; positive root is 
understood. This can now be decomposed into a real 
and an imaginary part, and the remaining integrals 
can be found in tables. The result is: 


(A3) 


(A4) 


T° P— p+ 
Rell (k,a) =— - tan7!— 
p(g?+a*) 2 pa 


r BL (R?— p?+07)?+4 pa? |}! 
ImII(k,a) =— In— - ——; (A5b) 
p(g?+a’) 


’ 


2p\ g?+a’) 


in both expressions, 6 has been set equal to zero wher- 
ever possible. We see that ImII diverges for 8— 0. 
Also, the fact that k=q—p has been used from the 
beginning. 


APPENDIX II. GROUND-STATE WAVE FUNCTION OF 
THE MUON IN THE FIELD OF AN EXTENDED 
NUCLEUS WITH UNIFORM CHARGE 
DISTRIBUTION 


We shall use the potential (27). Taking the expression 
(la) for the wave function as an ansatz, the Dirac 
equation splits up in a well known way into two coupled 
equations for f(r), g(r): 


d 1 
(-- )f=(wtu-Ve, 
dr r 


e § 
(—+ )e- (uo—ut+V)f, 
dr r 


with wo the muon rest mass, » the muon total energy; 
they are already written down for a 'S; state. The bind- 
ing energy is diminished as compared to the point 
nucleus case, and we write instead of (2): 


w=po(1—fy7’). (A7a) 


Here, ¢ is a function of Z which was calculated by 
Fitch and Rainwater,” essentially by fitting calculated 
wave functions at the nuclear boundary, and checked 
against experiments involving mesonic x rays. Their 
values can be fitted by an expression of the form 


¢=0.5—1.659y?+-1.685y'. (A7b) 


* V. L. Fitch and J. Rainwater, Phys. Rev. 92, 782 (1953); see 
also E. M. Henley, Revs. Modern Phys. 30, 438 (1958), 
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For z=r/R<1, (A6) will be solved by an expansion 


D 


® 
f= + a,2"* ¥ 1 g= +S b,.2"* +2 


k=0 


(A8a) 


For > 1, the asymptotic behavior of the wave function 
for large r is determined by the binding energy : neglect- 
ing 1/r in (A6), we find that f,g have to go like 
- des , arti — 
exp[ —yuo(2¢)'r], and accordingly we try a 
convergent series 


aD 
fae*Das*, g=e 
k=0 


semi- 


oo 


>" d,2°-*, (A8b) 
with 

6=71(25)', vi= (woR)vy, (A8c) 
and s to be determined from the characteristic equa- 
tion of the system (A6). We obtain recurrence relations 
for the coefficients a,---d,, and according to our ac- 
curacy requirements, we discard those containing y* or 
higher powers. We have to note, however, that the 
parameter 7; is of order 1 rather than order y, and has 
to be kept throughout. The results are: 


f=2+AF+B2', 


g=— 272", 


, ao 1+o ; 
=Cz2'te4 1-— = te, 
S ( 2% 3 ) 


z>1 (A9b) 


with 
A=—}y, B= (1/20)y1(1+ Py»), 
2 vt (A9c) 
A=1-—35N1, o=(25)-?-1; 
actually, in the interior g, two terms have been dropped 
which are found to be numerically small (below 5% 
for Z=50, and less for smaller Z). The C is determined 
from matching the large components f at the boundary, 
z=1, to be 
1+A+B 

é weaned 5 ° 

1—0.50(1+<¢)/6 


(A9d) 


Now, in principle, matching of the small components 
would determine the eigenvalues of the binding energy ; 
we prefer however to adopt the values (A7a), (A7b) 
which are experimentally confirmed, and find that then 
the small components g match at z=1 with an accuracy 
of 6% of their value, or less than 1% of the value of 
the large components at Z=50, and even better for 
smaller Z. The normalization factor is found to be 

1 2A A*+2B 2AB B C 
N= | (4rR)| + Se 4+ +—+—e* 

, @ 7 9 11 46° 

x (14+ 25+ 28+ 2o[ 1 —e* Ei(—28)] 


—oL1+26+4e" Ei(—26))]| » (A9e) 
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D 


Ei(—2z)= -{ teat. 


2 


Everything is accurate in powers of 1 and y. The wave 
functions are plotted in Fig. 4 for Z=50, together with 
the nonrelativistic, point nucleus muon wave function 
Nwr exp(—~yur), Nwr= (uo*y*/r)!. For the purposes of 
our calculation, we will still set e=0 in comparison 
with the other terms, because when using the empirical 
relation (A7b), o can be thought of being of order 
only. 


APPENDIX III. EVALUATION OF III (k,q), III (k,a)” 


In the integral 


d*s 1 
LIT ( ka) = 


— p+ in (s+k)?+02 


dt 1 1 
+6 (t—s)?+6" 


(A10) 





—p’+in (t—p 
the third and fourth denominator are combined by 
the Feynman identity (A2) to give 


(A11) 


with a= px, A?=p(1—x)*—6?—in(1—-x), and by an- 
other application of (A2) to this and the fifth de- 





N 
Nur 


= | 
LS 2.0 2.5 3.0 


' 
7T9d 











Fic. 4. Large and small components of the ground state wave 
function of a muon bound by a nucleus with uniform extended 
charge distribution, for Z=50. 
ground-state wave function with point nucleus. 
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nominator, we obtain for the d*t integral: 


fu Safe 
0 OAz 


with F=s(1—s)B’—2A 2+ (1—2)6?, B=a—s. The dT 
integral now gives 7°/F!, where we define all square 
roots to have positive real parts. Performing further 
the dz integration, we have for (A12): 


. 01 A,—-#-B 
int f dx—— — In - 
0 0A? B A,—i8+B 


1 dx 1 
—_— = (A, —is)?— B 


where all the logarithms will be understood to be 
principal value, i.e., The first two de- 
nominators of (A10) are combined to 


l re] 1 
0 0A,? (s—b)?—A,? 


with b= —ky, 


(A12) 
(P?+F)? 


(A13) 


—a<arg<r. 


1 =k (1—y)?+ (p—F) (1—y) —a*y—in(1—9), 


and finally combining (A13) and (A14) and using steps 
similar to those leading from (A12) to the right-hand 
side of (A13), we obtain 


dx dy 1 
III (k,a)= -f‘ =f at Fe a 
4. A, D?—(A-+A,—i8)” 


0 


, (A15) 
with D= pr+ky. The integral 


III (k,«) = 


d*t t f d’ 
P—p 2+ in (t— p)? +83 2 —p+in 
1 1 


ba 
(s+-k)? 24g? (s—t)? 46 
is treated in a similar manner to give the result 
IIT (ka) 


= pIII(k,e)+1V(k,a), (A17) 


Vik ( 1(1—x)dx f' dy 1 
(ka) = 2° rf ——_ f nn 
0 As 0 A, DP—(A,+A,—#) 


dy x A,z+A,—i#B—D 
nf Sees 
2D A,+A,—i8—D 
(for a definition of @, see (A19) below). Separate regions 


of integration will now be introduced, and Az, Ay 
evaluated in each region (A, to lowest order in 8 only) 
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and a transformation of variables made: 
(1) O<x< 1-2, A,= pL (1—x)*—)?]}, 
1—x=A coshu, 
A,=—ip[N’— (1—-x)?]}, 
1—x=\ sinu, 
(1) O< yg1—ypt+y, Ay=k[(1—y+r)?—-£}}, 
1—y+v=é coshz, 
(2) 1—w+v<y<1, A,=—ikle—(1—yto)"}, 
1—y+v=é sinv 


(2’) 1—-A< x1, 


(the transition 7 > +0 has been made after evaluation 
of the A’s), with 
P—kh+ 1 
y=—,, §=—[ (P’ — Fk? +02)? + 402k? |}. 
oe” ay? sili 
(A18a) 
The vector D can then be written 
D=o— p(1—x)—k(1—y+»), 
o= p+ok, 


w=1+». (A19) 


Using an obvious notation, the part of III coming from 
the regions (2), (2’) is 


rT /2 w/2 dt 
My =— f auf as. 
pk 0 1(/¢) D?— (A, +A,—18)? 


Sin 


(A20) 


2\1 2° /r yw 
={ - - ( —ta—); 
pl 26YNX2 2y 


here we were able to set A=0 immediately, and we 
introduced our notation (16) and kept the lowest order 
in y only. In the other three parts of III, we encounter 
integrals of the form 


i. 1q/r) du 
0 a+b coshu-+c sinhu 


24 os 
= (a?—}?+¢?) (in —In- -) (A21) 
a+b a+b 
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(or also with upper limit cosh~'(w/£); principal value 
logarithm as usual). Here, 


gz=atb+[ct (a—b?+<?)} if. 


(A21a) 
T= tanh($ cosh~'1/)). , 


Invariably, g_ will vanish in lowest order, and expan- 
sions in powers of \ or order y have to be made. In 
region (1), higher powers of A must be kept due to the 
vanishing of the quantity p’?+#°—29-k¢é coshv at the 
upper limit »=cosh—(w/é). Eventually, we obtain in 
lowest order in y: 


N44 Case yu 
RellI2= -(-) es (<-san- : ) 
u/ xYL2\2 2 


2\4 2 Sx 
RelllI,,;= — ( -) —, 
u/ x*Y 16 


2 4 
Reltia=—(~) 43 
wl x 


For the last integral, we were obliged to use 


dx b—a 
f — In(«—b)=3 In*(x—a)+ Lof - ), 
t—G t—E 


with the Euler dilogarithm 


£.(0)=— f f"'In(1—d)dt, Re&2(—1)= —2°/48. 


0 


If we evaluate IV(k,a) by the same method, we observe 
that the result turns out to be by one power of y smaller 
than III(k,@), and is therefore not needed for our 
purposes. 
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Corrections to the Impulse Approximation for Photon-Deuteron Scattering 


R. L. Scuutt* AND R. H. Cappsf 
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The validity of the impulse approximation for the scattering of 50-120 Mev photons from deuterons 
is investigated by the use of forward scattering dispersion relations. The only significant deviation from 
the impulse approximation found is in the spin-independent amplitude. Most of this deviation is shown 
to be the result of the exchange part of the neutron-proton potential. The exchange force is known to 
increase the electric dipole photodisintegration cross section; it is shown that the exchange force also 
increases the electric dipole elastic scattering cross section by about 10-20%. 





Institute of Technology! on photon scattering 
from deuterons has indicated that the total differential 
cross section at 90° is from 30% to 70% larger than is 
given by the impulse approximation? for energies in the 
range 50-120 Mev. Since photodisintegration occurs at 
these energies some ‘“‘cooperation”’ between the neutron 
and proton in absorbing the photon must be taking 
place and might be expected to lead to corrections to 
the impulse approximation for Compton scattering. 
This paper represents an attempt to estimate these 
effects and as such is an extension of Sec. III. B of an 
earlier paper by one of the authors.’ 

The amplitude for the elastic forward scattering of 
a photon from a system of spin 1 may be written in the 
form 


Ta(ki) =A,(kie-e’+Ba(k)iJ-eXe’ 
+Cu(kie-e’(3J2—2)+Dalki) 
x {J-eJ-e’+J-e’J-e+e-e’(J2—2)}, (1) 


where e and e’ are the polarization vectors of the 
incident, and outgoing photons, J is the spin operator 
of the scatterer, and A, B, C, and D are functions only 
of photon lab energy #k,c. The differential elastic cross 
section in the forward direction for an unpolarized beam 
is given by’ do/dQ=}(3| A |?+2|B|?+6|C|*?+4|D]?). 

In the impulse approximation, A, B, C, and D are 
assumed to be given by the superposition of the ampli- 
tudes for scattering from each of the particles making 
up the system. For the deuteron, the impulse approxi- 
mation leads to the result C= D=0, and Ag=A pt+An, 
Ba=B,+B,, where the subscripts d, p, and n refer to 
the deuteron, proton, and neutron, respectively, and the 
scattering amplitude for a particle of spin } has been 
written in the form 


T (ki) =A (kie-e’+ B(kiio-eXe’. 


* National Science Foundation Predoctoral Fellow. 

+ Supported by the joint program of the Office of Naval 
Research and the U. §. Atomic Energy Commission. 

1L. G. Hyman, R. Ely, D. H. Frisch, and M. A. Wahlig, Phys. 
Rev. Letters 3, 93 (1959); L. G. Hyman, Massachusetts Institute 
of Technology, Ph.D. thesis, 1959 (unpublished). 

2 R. H. Capps, Phys. Rev. 106, 1031 (1957); 108, 1032 (1957). 


I. THE SPIN-INDEPENDENT AMPLITUDE 


The spin-independent amplitude may be written in 
the form Ag=A,+A,+A, so that A is the correction 
to the impulse approximation. Each of the amplitudes 
Aa, Ap, and A, satisfies the dispersion relation 


. 2k? pe” Im A(k/’)dk;’ 
Re A(k)-A(0)=— ff x ’ 
0 i’ (ki? —k?) 


T 


and the unitarity condition 
Im A (R:) om (Ri/ 4) otota (Ri). (4) 


The total cross section for unpolarized incident photons, 
Srotal(ki), is predominately the pion photoproduction 
cross section o, and, in the case of the deuteron, the 
photodisintegration cross section oais. We will consider 
only the lowest order terms in e*/ftc so that the photon 
scattering cross section itself can be neglected in deter- 
mining Im A from Eq. (4). The constant A (0) which 
appears in Eq. (3) is the Thomson amplitude and 
depends only on the mass and charge of the particle. 
Thus, if M and e are the mass and charge of the proton, 
we have 
A,(0)=—é/2Me, A,(0)=—e/Me, A,(0)=0. (5) 
Combining Eqs. (3), (4), and (5), we get for the coi- 
rection to the impulse approximation, 


Re A= - —_—dk,', (6) 


2Mc? 2x? ki?—k? 
Im A= (k; ‘Ar) (Taist+Ord—Orp—Trn)- (7) 


9 9 
e k? f Odie t+ Ord—Orp—Trn 
0 


The quantity ¢,a—o,,—¢@rn is, of course, zero below 
the meson threshold but is not known for higher ener- 
gies because o,, is not known. For x*+ photoproduction 
the deuteron to proton experimental ratio is given 
roughly by o,+a~0.9¢,+,.? Hence we take the total pion 
production cross section from deuterons to be given 
by the relation, ¢,4~0.9(¢,,+0,n). We further assume 
Orn™Orp. Then, using the experimental cross sections 


3K. M. Crowe, R. M. Friedman, and D. C. Hagerman, Phys. 
Rev. 100, 1799 (A) (1956). 
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Fic. 1. Total (elastic plus inelastic) differential cross section in 
the lab system for forward scattering as given by the impulse 
approximation with (curve 6) and withoug (curve a) the correction 
A to the spin-independent parts. 


for gais* and o,,»,° we obtain the results of Table I. 
(Note that with our assumption about the meson 
cross sections the photodisintegration contribution has 
the same sign as the meson contribution only because 
we are evaluating Re A at energies between the peaks 
in these two cross sections. Above the meson production 
peak the two effects would tend to cancel under this 
assumption.) The effect of the correction A on the 
total forward scattering is plotted in Fig. 1; the dipole 
model of reference 2 is used to evaluate the impulse 
approximation amplitudes. 

Unfortunately, experiments cannot be done for 
forward scattering, so that some further information 
about the angular dependence of A is necessary in order 
to extend the 0° predictions to finite angles. In the 
impulse approximation, the electric dipole is the largest 
amplitude. Furthermore, there is no _ interference 
between electric and magnetic amplitudes at 90° where 
the experiment of Hyman ¢/ al/.' was done, so that large 
effects at 90° are expected to be the result of the cor- 
rections to the electric dipole amplitude. Gauge in- 
variance allows us to write the electric dipole amplitude 
(in the long wavelength limit) in terms of the wave 
function of the neutron-proton system.® This property 
allows us to estimate the effects of the neutron-proton 
potential. As shown in reference 6, if the vector poten- 
tial A can be written as the gradient of a scalar, i.e., 
A=VG, then the Hamiltonian, to second order in e, 
may be written as 


H=Ho+ (ie/he)[G,Ho]—(e/2he)|G,[G,Ho]],. (8) 


*C. A. Barnes, J. H. Carver, G. H. Stafford, and D. H. Wilkin- 
son, Phys. Rev. 86, 359 (1952); Lew Allen, Jr., Phys. Rev. 98, 
705 (1955); J. C. Keck and A. V. Tollestrup, Phys. Rev. 101, 360 
(1956); E. A. Whalin, B. D. Schriever, and A. O. Hanson, Phys. 
Rev. 101, 377 (1956); G. R. Bishop, C. H. Collie, H. Halban, A. 
Hedgran, K. Siegbahn, S. Du Toit, and R. Wilson, Phys. Rev. 80, 
211 (1950); J. A. Phillips, J. S. Lawson, and P. G. Kruger, Phys. 
Rev. 80, 326 (1950). 

5K. M. Watson, J. C. Keck, A. V. Tollestrup, and R. L. Walker, 
Phys. Rev. 101, 1159 (1956). 

®R. G. Sachs and N. Austern, Phys. Rev. 81, 705 (1951). 
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TABLE I. Real and imaginary parts of the correction A to the 
spin-independent forward scattering amplitude in units of e/(Mc). 
The bottom line gives the amount of the correction that is due 
to the estimated difference between the meson photoproduction 
cross sections. 


hkic (Mev) 0 30 60 90 120 

0.19 
—0,.205 
—0.057 


0.182 
—0.055 
—0.015 


Im A 0 0.253 
ReA 0.50 —0.025 
Meson partofReA 0 — 0.004 


0.19 
—0.10 
— 0.030 


where Hp is the zero order Hamiltonian. In the long 
wavelength approximation A=e, so that G=e-r,, 
where r, is the position of the proton. The zero order 
Hamiltonian is written in terms of the position of the 
center of mass R=}(r,+r,,) and the distance between 
the proton and neutron r=r,—Tf,, i.€., 


Ho=- (WY 2 4M) -— (7V ?/M)+ ( 1— x) Vitx«V20, (9) 


where & is the exchange operator (Pr,=1r,; Prn=Fp) 
and the potential has been divided into its exchange 
part xV and its nonexchange part (1—.)V;. The non- 
exchange part may contain central, spin-orbit, and 
tensor forces. 

We now use the above Hamiltonian [ Eqs. (8) and 
(9) ] to calculate the electric dipole scattering amplitude. 
Since the initial energy E is the sum of the photon 
energy #k:c and the deuteron binding energy (—£az), 
we get 


T= (e, hc?) wa! [e- Ip, [e’- Ip, Hy }] Wa) 


1 
5 (Wwite-en malvar— 
™ E—En 


2c 
X Wm | Le- tp, Ho]! pa) +Wa| Le- tp, Ho]| bm)" 
1 


(Wm|[Le’- rp, Ho] v). (10) 
E—(En+2hkic) 


If we consider only the spin-independent part of Ta’ 
only the component of e’ along e will contribute to the 
sum over m. Then the second term can be rewritten in 
terms of the electric dipole photodisintegration cross 
section, which is given by 


ww)? e 


_ (2 ' . dm 
Cais” > = —— —|(a|Le-rp, Ho]|vm)|?—. 


(11) 
ky We dE 


Using Eqs. (9) and (11), Eq. (10) becomes 
Ti’ =e: e’ (e/ Mec*)+ (e, h*c*) 
X (Wal aVo(re-re’- ry.) 
= Cais Pky *dk,’ 


—k? 





IMPULSE 


If use is made of the electric dipole sum rule,’ 


1 e 
> Fe 

pigs Oais Pdk; a 

2r°? 0 


2Mc; 


2 
——. ._ | «V2(e-r)? | va), (13) 
he 


Eq. (12) may also be written in a form very similar 
to the forward scattering dispersion relation, Eq. (3), 


i.€., 
e k? rr) Cais dk)’ 
Ti=e-e(— + f=). (14) 
2M 2nd, ky? —k? 


This equation, however, is not restricted to the forward 
direction. Furthermore, the photodisintegration cross 
section up to 150 Mev is almost all electric dipole ** 
so that A is also mainly electric dipole. 

In evaluating T,’ for energies in the range 50-120 
Mey, it is convenient to use Eq. (12), since the factor 
k,'?/(k,2—k/?) in the integrand is small wherever the 
cross section is large so that the value of the integral 
is quite small. The exchange force term may be esti- 
mated by using a Hulthén potential for V2(r) and taking 
x, the fraction of the potential which has exchange 
character, to be 3. The result is about —0.09 e/(Mc*). 
This term is not included in the impulse approximation 
and leads to an increase of about 20% over the impulse 
approximation result for the electric dipole scattering 
cross section at all angles. For energies below 50 Mev 
the integral in Eq. (12) will not be small but provides 
the transition to the zero energy value, which, as seen 
from Eq. (14), is the Thomson cross section. 

Corrections to the long wavelength approximation 
used above are not determined by gauge invariance but 
depend on the details of the electromagnetic interactions 
of the deuteron. These corrections are not expected to 
be large in this energy region because an extra factor 
of (Rkyr)* occurs in the matrix elements and, although 
kiR (where R is the “radius of the deuteron’”’) is of 
order unity, this factor of (k)* usually occurs multi- 
plied by the potential V2, which has a shorter range 
than the deuteron. Furthermore, those terms which do 
not involve the potential [e.g., (Wa| (e-r)?(Ki- r)?| Pa) ] 
are generally terms included in the impulse approxi- 
mation so that the long wavelength approximation is 
expected to be fairly good for estimating corrections to 
the impulse approximation. For the same reason, the 
inelastic cross section is apparently not much changed 
by the cooperative effects. In the impulse approxi- 
mation, the inelastic cross section at 90° is only about 
20% of the total cross section for 60-Mev photons and 
about 40% at 120 Mev, so that only a large change in 
the inelastic scattering could be seen in the total cross 
section. In the experiment of Hyman e al.’ only the 
outgoing photon was observed, so that the incident 


7 J. S. Levinger and H. A. Bethe, Phys: Rev. 78, 115 (1950). 

8 J. J. DeSwart and R. E. Marshak, Phys. Rev. 111, 272 (1958). 

®W. Zernik, M. L. Rustgi, and G. Breit, Phys. Rev. 114, 1358 
(1959). 
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photon energy is higher for inelastic events than for 
elastic events with the same outgoing photon energy. 
This complicates the determination of cross sections 
from the data. 


II. THE SPIN-DEPENDENT TERMS 


The major contributions to the spin-dependent scat- 
tering amplitude are magnetic and thus not specified 
by gauge invariance. For the forward direction we can 
write dispersion relations for the functions B(k;), C(R,), 
and D(k,) of Eq. (1); e.g., 


dB 2ki* 
Re B(ki)—kr-—(0)=— 


ky T 


* Im B(ky’)dk;’ 
0 hi?(ki?—k?) 
The dispersion relations for C and D are similar to that 


for A, Eq. (3). If only dipoles interact, the unitarity 
conditions are 


Im B= (k,/42) (202—301;— $0), 
Im C= (k;/4x)[(1/20)o2—fo1+300], 
Im D= (ki/4)[(3/20)02—$01+-$o0], 


(16) 


where oy is the total cross section for states of total 
angular momentum J from unpolarized incident 
photons. Spin-independent cross sections will not con- 
tribute to Eqs. (16). 

Since the integral in Eq. (15) emphasizes the low- 
energy values of Im B, the major contribution is from 
the magnetic dipole photodisintegration to the singlet 
S state. However, this is large only at the very lowest 
energies, and for scattering at energies above 30 Mev 
the integral combines with the zero energy term to 
give approximately the impulse approximation result. 
This can be seen from a perturbation calculation with 
the same interaction as is used to calculate the low- 
energy magnetic dipole photodisintegration,” i.e., 


H! = 05°VXA+pnon VXA 
= (uptun)}(Opteon)-VXA 


+ (up—un)}(0,—0,):V XA, (17) 


where » and @ are the magnetic moment and spin 
operator for the proton (subscript p) and neutron 
(subscript ). If the D-wave part of the deuteron wave 
function is neglected, the angular momentum J of the 
deuteron is equal to 3(e,+¢,). Then, in the long 
wavelength approximation, the first term in Eq. (17) 
leads to scattering only through deuteron intermediate 
states. On the other hand, the second term leads to 
transitions through the singlet S states, Ys, and can be 
related [in the same way as in Eqs. (10), (11) and (12) ] 
to the magnetic dipole photodisintegration cross section 


0 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley & Sons, New York, 1952), p. 608. 
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_ Taste II. The electric dipole photodisintegration cross sections 
in microbarns for total angular momentum 2, 1, and 0 as calcu- 
lated from the matrix elements given by DeSwart and Marshak.* 





hkic (Mev) 53.5 80 


oo(ub) 1 16 
oi (ub) 82 216 
o2(ub) 64 238 


i(¢2—01— 2a») —7.5 








* See reference 8. 
gais™? which is given by 
(2x)? 


(utp—n)* 


1 
vat =— F 


6 spins, l 
pol. 


(18) 


dm 
x Ws! 3 (@p—@n) -k, Xe! ve) ry 
ah 


The quantity dm/dE denotes the density of final states. 
Then, if n is a unit vector in the k;Xe direction, the 
spin-dependent scattering amplitude is 


ky 3k? - Cais dk,’ 
Tal = (= Girt un + f ~~) 
nc 40? Jy hy (ky? —k?) 


xiJ-n’Xn. (19) 


Since ouis™? is large only near the resonance in the 
singlet state, we can put k,*—k? equal to —k? when- 
ever the photon energy is much above the resonance 
energy. The resulting integral can be evaluated by 
using the following sum rule, derived from Eq. (18), 


f (aais®?/ ky’ )dky’ = $2" (up—bn)*/hie. (20) 


We then get for the scattering amplitude 
Ta’ =[— (up tutn)*(hi/hic) 
— (tp—un)*(ki/hc) iJ-n’Xn (21) 
= 2 (up? +un®) (ki/hichid-nXn’, 


which is the impulse approximation result for the 
magnetic dipole contribution to B. 

Thus the largest part of the photodisintegration cross 
section contribution to Eq. (15) gives the impulse ap- 
proximation result. However, in the 10-150 Mev region, 
although the cross section is much smaller than at 
lower energies, the spin dependence is more com- 
plicated*:* and the simple theory of Eqs. (17)-(21) 
above is incomplete. To use Eqs. (15) and (16) we 
need the values of o2, o:, and o¢, which are not 
simply related to any experimental quantities. DeSwart 
and Marshak* have been able to explain the isotropic 
and sin’@ parts of the disintegration cross section at 3 
energies in this region using spin-orbit forces and the 
electric dipole approximation. We can calculate the 
electric dipole cross sections ¢2"", o;™°, and oo”? using 
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the matrix elements given in Table I of their paper.® 
The particular combination 3¢2.”°— 3o,"2— $a)", which 
appears in Eq. (16), does not vary greatly with energy 
as shown in Table II. The total magnetic dipole disin- 
tegration cross section as calculated by Zernik ef al. 
with forces similar to those used by DeSwart and 
Marshak is about 6-10 microbarns in this region. No 


' matter how this cross section is distributed among ao, 


a1, and og we can say that (&,/4r)(—10ub) will be a 
fair estimate for the total photodisintegration contri- 
bution to Im B for energies in the range 10-150 Mev. 
Using Eq. (15), and assuming the low-energy part of 
the integral to be given by Eq. (21), the forward am- 
plitude should then be increased over the impulse 
approximation by about 


150 Mev 


k?dk/’ 


ki 
—(10ub) (22) 


Qr 10 Mev (k2—ky)ky’ 


For a photon energy of 60 Mev, this increase amounts 
to about 0.019 e/(Mc*) compared with the impulse 
approximation spin-dependent amplitude of 0.309 
e*/(Mc*). This crude estimation thus indicates that the 
corrections to the impulse approximation for the 
forward spin-dependent amplitude B are small. Similar 
results hold for C and D. Hence it is probable that the 
corrections to the spin-dependent amplitudes at other 
angles are not very large. 


Ill. SUMMARY 


From these considerations we conclude that part of 
the discrepancy between the experimental results of 
Hyman ef al.' and the predictions of the impulse ap- 
proximation is due to the exchange forces between the 
neutron and proton. The exchange force increases the 
electric dipole spin-independent elastic scattering cross 
section by approximately 10-20% over the impulse 
approximation for energies between 30 and 120 Mev. 
From an approximate evaluation of forward scattering 
dispersion relations, we find no evidence for any major 
modifications of the spin-dependent scattering. Thus 
our results indicate that the difference between the 
impulse approximation and the actual cross section 
should have approximately the angular dependence 
}(1+-cos*0)F?(}q), where g is the momentum transfered 
to the deuteron and F?(}q) is the “sticking factor” of 
the deuteron (see reference 2) given by F(k)= fe*®'* 
X |Wa|2d*r. In the energy region of 100-150 Mev, the 
spin-independent amplitude is smaller because of the 
destructive interference between the Thomson ampli- 
tude and meson effects. Hence, we expect the effect on 
the total cross section of the spin-independent cor- 
rection term estimated here also to be smaller. The 
results of Hyman é¢ al.' show qualitative agreement 
with this energy dependence. 
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This paper presents the results of measurements of the scattering cross sections of protons by protons in 
the angular range 5°-20° (center of mass). An ionization chamber was used to measure the direct beam and 
the scattered protons were detected by means of photographic plates. The results are substantially in agree- 
ment with other work in this range of energy and angle although there is some indication of a slight minimum 


in the curve at the edge of the Coulomb region. 


I. EXPERIMENTAL ARRANGEMENT 


HE 435-Mev unpolarized proton beam from the 

Carnegie Institute of Technology synchrocyclo- 
tron was used for the experiment. The experimental 
setup is shown in Fig. 1. Two sections of collimator 
were used. The first, 20 in. long, was placed in the 
shield wall around the cyclotron room and defined the 
beam by means of three sets of slits to a size of 1 in. x} 
in. The second section, 40 in. long, was constructed 
with three sets of defining slits and an adjustable 
angular spread. The slit locations in both collimators 
and the spread of the outer section were adjusted to 
optimize the beam collimation. For the optimum 
collimator geometry, see Fig. 1, the full beam spread 
at half maximum was }° (laboratory) at the location 
of the photographic plates. 

The target box was made of styrofoam and consisted 
of an outer and an inner chamber. The inner box, 
which had a 0.003-in. Al lining and contained liquid 
hydrogen, was 20 in. long and was cooled by the outer 
styrofoam container holding vapor from a pan of liquid 
nitrogen. 

The beam was monitored by an ion chamber con- 
taining argon placed between the end of the collimator 
and the target box. The monitor was calibrated by 
measuring the charge built-up across a standard con- 
densor. The windows of the ion chamber were made of 
brass 0.002 in. thick. 

In order to reduce scattering, the region between the 
hydrogen target and the photographic plate holder was 
filled by helium at atmospheric pressure contained in 
a plastic balloon. Just beyond the helium balloon and 
in front of the photographic plates on one side of the 
beam (see Fig. 1) a copper absorber 23 in. thick was 
placed. The absorber was thick enough to remove from 
the beam z mesons, deuterons, and slow protons from 
the p+p—a+d and p+p— 2+ p+ reactions. It 
did, of course, also scatter and partially absorb the 
elastically scattered protons under investigation. No 
absorber was used on the opposite side of the beam. 

The photographic plate detectors were Ilford G5 
emulsions 200 microns thick. They were mounted in 
a plate holder which inclined them at 40° to the beam. 
In addition to the plates at small angles, two small plate 


* Research Supported by U. S. Atomic Energy Commission. 


holders were mounted at 20° and 42° in the laboratory 
(44° and 90° in the center of mass). These plates per- 
mitted a check to be made of the cross sections at large 
angles. No correction was necessary at these angles for 
deuterons and the contribution due to + mesons and 
protons was not over 1%. No copper absorber was used. 

The determination of the cross section required an 
evaluation of the effective absorption factor for the 
copper placed in front of the plates at small angles. 
This factor was measured in the direct beam using the 
technique shown in Fig. 2. The beam impinged on a 
plate partially obscured by a 2}-in. copper absorber 
in position A. After a short exposure the absorber was 
moved to position B and another exposure made on a 
new plate. The two plates were scanned in the A and 
B regions. Using the plateau values A, B, on the first 
exposure and A», Bz on the second, the copper absorp- 
tion factor was taken to be (A,B.2/A2B;). The use of 
two exposures eliminated possible error arising from a 
small spatial variation of the beam. 

Scanning the photographic plates was complicated 
by multiple scattering of the protons in the copper 
absorber. This scattering made necessary the inclusion 
of a range of incident angles for protons in the emulsions. 
This range was chosen to be +5.7° with respect to the 
mean projected direction of the tracks. An added 
complication in determining the acceptable angular 
limits on a particular plate was the distortion of the 
emulsion during processing and drying. Because this 
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distortion was not negligible, amounting to several 
degrees, and because it varied from plate to plate, a 
rough calibration of the mean direction was necessary 
for each plate position. 

Many background particles in the plates were re- 
jected on the basis of grain density. The grain density 
discrimination was done visually without grain count 
for most of the points, but before this procedure was 


adopted a careful grain count-angle study was carried 
out on one point. This work showed that the grain 
density distribution was sufficiently peaked to permit a 


qualitative distinction between the elastically scattered 
protons and other particles. 


II. RESULTS 


The scattering cross séction was measured using one 
effect plus background measurement preceded by a 
background run with the target box filled with warm 
helium and followed by another where the box contained 
cold hydrogen gas but no liquid hydrogen. The details 
of the background measurements are described in 
Appendix I. The set of three runs was done several 
times, but the data presented are from the last set. 
Figure 3 and Table I show the cross section obtained 
from this last set of plates. The values were corrected 
for absorption of the beam in the liquid hydrogen target 
and for other minor effects. corrections are 
discussed in Appendixes IT and III. The errors indicated 


These 


represent the standard deviations for the points as 
determined by the counting statistics. The horizontal 
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lines below the points indicate the angular resolution. 
The solid curve plotted is the sum of the Mller’ 
formula, corrected for the resolution, and a smooth 
curve drawn through the points beyond the Coulomb 
region and extrapolated to smaller angles as a straight 
line. Also shown in Fig. 3 are the results of another 
experiment? in the same region of energy and angle. 
The agreement between them is fairly good although 
the present experiment indicates a slight minimum at 
about 9° in the center-of-mass system. The three points 
defining this minimum were taken from the same plate. 
Considering the difficulty in scanning and the large 
background at small angles, the minimum is not re- 
garded as definitely established. A slight minimum 
appears in the cross section of Fischer and Goldhaber* 
at 330 Mev, but not in the curve of Holt, Kluyver, and 
Moore‘ at 380 Mev. 

The present results, like those of Fischer and Gold- 
haber® and Holt, Kluyver, and Moore‘ indicate that 
there destructive the 
nuclear scattering and Coulomb scattering amplitudes, 


is some interference between 


but it is relatively weak at this energy. 
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TABLE I. Center-of-mass cross sections 
Ratio of net 
effect to 
background 


Center-of-mass 
scattering cross section 
(millibarns/steradian ) 


Center-of-mass 
scattering angle 
(deg) 





16.6 +1.9 
7.0 +1. 
+0. 
+0. 


0.20 
0.16 
0.28 
0.35 
0.48 
0.61 
0.99 
1.34 
63 
79 
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Dr. Arnold Clark for help during the initial stages of 
the experiment. 
APPENDIX I. BACKGROUND SUBTRACTION 

the main body of the report indicates that two back- 
ground measurements were made, the first for a target 
box containing helium at room temperature and the 
second with cold hydrogen gas. Experimentally these 
two backgrounds were found to differ by less than 10%. 

The contribution of the gas in the empty target box 
io the scattered background can be estimated using 
the usual scattering cross section, 


ze 1—B? sin?(6/2) |(1—-8* 
4m?v* sin*(6/2) 


At 6° c.m. neither the warm helium nor the cold 
hydrogen, assumed to be in equilibrium with liquid 
hydrogen at the boiling point 20.4°K, produced more 
than 2% of the observed background. 


APPENDIX II. NUCLEAR INTERACTION AND 


MULTIPLE SCATTERING IN THE 
LIQUID HYDROGEN 


Assuming a total nuclear scattering cross section,’ 
elastic and inelastic, of 27 mb for hydrogen, a calcu- 


5 Wilmot N. Hess, Revs. Modern Phys. 30, 368 (1958). 


lation was made showing the proton beam to be 
attenuated by 6% in passing through the liquid 
hydrogen in the target. For small angle scattering up 
to 22° c.m. (or 11° lab) the scattered beam for almost 
all scattering locations in the target traverses the entire 
length of the hydrogen. Therefore, for all points in this 
region the background plus effect count was increased 
by 1.06. 

For the points at 44° and 90° c.m. the average path 
length in the hydrogen was less than 20 inches. How- 
ever, the total cross section was larger for the scattered 
beam because of its lower energy. Calculations were 
carried out on the mean corrections in the background 
plus effect value and they showed the correction to lie 
between 1.05 and 1.07. 

Scattering in air and helium was evaluated for the 
large and smaller angle scattering. The reductions in 
intensity were found to be (0.74+0.1)% for air and 
0.1% for helium. Multiple scattering in the liquid 
hydrogen influenced the differential cross section in 
this experiment in the Coulomb region in the usual 
way, namely to produce a broadening of the forward 
peak. The root mean square scattering angle was 
calculated to be 0.19°. There was another source of 
broadening in the experiment, namely the sizable 
volume of hydrogen from which the beam scattered, 





384 KAO, 
a volume of dimensions about 1 in. X34 in. X20 in. The 
mean angular spread from this source combined with 
the original beam spread is shown by the resolution 
lines in Fig. 3. 


APPENDIX III 


Several minor effects in the experiment were esti- 
mated and found to be small. Nuclear absorption in 
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the helium reduced the beam by only 0.1%, but for 
the large scattering angles (44° and 90° c.m.) where 
the protons traversed air rather than He the value was 
0.7% to 0.9%. The root mean square scattering angle 
for the He in the bag was 0.02°, for air in the case of 
the larger angles 0.1°, for the 0.006 in. of aluminum in 
the container 0.043° and for styrofoam 0.024° for a 
1-cm thick layer. 
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\n approximate method is developed for treating a generalized hydrogen-molecule ion in which two 
heavy particles have positive unit charges and one light particle has a negative unit charge. The expansion 
parameter of this approximation is the ratio of the light to the heavy mass. In first order, the method re 
quires finding a solution to a pair of ordinary, second-order differential equations, which are coupled unless 
the masses of the heavy particles are equal. Explicit expressions for the coefficients in these equations are 
derived. The asymptotic forms of these coefficients for large nuclear separations give to first order the 
reduced-mas corrections to the binding energy of the light particle on either of the two heavy particles. 
he usual scattering theory is extended to obtain formulas for the various possible cross sections associated 
with this system. An iterative, variational technique for obtaining eigenvalues and eigenfunctions for bound 


states of the system is presented. 


I. INTRODUCTION 


HE experimental observation of « -meson-induced 
fusion in a hydrogen bubble chamber' has led to 
an increased interest in the three-body system con- 
sisting of a light negatively charged particle in the 
presence of two heavier positively charged nuclei. This 
system, the generalized hydrogen molecular ion, has 
been treated in the past by the approximation of Born 
and Oppenheimer.’ In this approximation the expansion 
parameter is the fourth root of the ratio of the mass of 
the light particle to that of the heavier particles. For 
electronic molecules this quantity is small (~1/7) and 
the approximation is sufficiently accurate to be useful 
in many calculations. For u-mesonic molecules, how- 
ever, the corresponding value is nearly one (~?), and 
the approximation is open to question. 

In this paper we develop a method based on a vari- 
ational approximation to the wave function of this 
three-body system. Although this method has the same 
starting point as the Born-Oppenheimer approximation 
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namely, the solution for the motion of the light 
particle with the heavy ones held fixed——it leads to an 
expansion parameter that is the ratio of the masses 
themselves. In the present approximate treatment 
first-order terms in this parameter have been included, 
while second-order ones are ignored. When the masses 
of the two nuclei are not equal, it is essential that the 
first-order terms be included, because they lead to the 
distinctive features of the unequal-mass case. Thus, 
for example, the difference in binding energy of the 
light particle on one or the other of the two nuclei is 
contained in these terms; clearly, if the positions of the 
nuclei are fixed, their mass differences can play no role. 
In this unequal-mass case, it will be shown that the 
wave function of the system is obtained from the 
solution of a pair of coupled, ordinary, second-order 
differential equations in which the coupling terms come 
from the first-order corrections. On the other hand, if 
the masses of the two nuclei are equal, the pair of 
equations is uncoupled and the first-order terms serve 
only to improve the accuracy of the calculation. The 
development of the equations for the wave functions 
is given in Sec. II. 

In Sec. III, the scattering states for these systems 
are treated. By use of the asymptotic behavior of the 
system of equations, explicit expressions for the elastic 
and exchange cross sections are derived. For unequal! 
nuclear masses one obtains different expressions de- 
pending on whether the total energy is less than o1 
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greater than the binding energy of the light particle on 
the lighter nucleus. Finally, in Sec. IV a variational 
procedure for the determination of the eigenvalues and 
eigenfunctions of the bound states of the system is 
given. This method involves an iteration scheme that 
converges rapidly to the desired eigensolutions. 

In a subsequent paper,’ the techniques that have 
been developed in this paper will be applied to the 
problem of muon-catalyzed fusion. It will be seen that 
agreement with the experimental 
obtained. 


close results is 


Il. THREE-BODY WAVE FUNCTION 
A. General Equations 


In this section we treat the Schrédinger equation for 
the generalized hydrogen molecular ion consisting of 
two positively charged nuclei and a light negatively 
charged particle referred to as a meson. All particles 
are assumed to have unit electronic charge. 

In the development which follows, a convenient 
choice for a coordinate system is one in which the 
center-of-mass motion, the relative motion of the two 
nuclei, and the motion of the meson relative to the 
center of mass of the two nuclei are separated. If rm, ro, 
and r, are the position vectors of nucleus 1, nucleus 2, 
and the meson, respectively, and mm, m2, and m, their 
masses, then the position of the center of mass, r., the 
internuclear separation, r,, and the position of the 
meson relative to the center of mass of the two nuclei, 
R,, are 

r.=pitit poet pty, 
r,=—Y"\-—fo, 
and 
R= ry fit —_ fete, 


where 


pi=m;/M.=m, (for i=1, 2, 4), 


(m+ mo+m,) 
and 


fi=mi/(my+me2) (for 


i=1, 2). 


The wave function, ¥, for the three-body system 
satisfies the Schrédinger equation, 


wey 1 1 
|-=(—ve+ + ve)+v hy Wy, 
2\mM, M, M, 


where W is the energy and M,, and M, are the appro- 
priate reduced masses, i.e., 


M,.=mymo/(m,+m2) and M,=m,(m,+me)/M:. 


The subscripts on the Laplacians refer to derivatives 
with respect to the appropriate coordinates. 
If all particles have unit charge, e, the potential 1’ can 
be written as 
3S. Cohen, D. L. Judd, and R. J. Riddell, Phys. Rev. 117, 384 
1960) 
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V (r1,¥o,¥,) 


e 


R, “a So, R,+ fir, 
where r,; and r,2 are the distances between the meson 
and nuclei 1 and 2 respectively; 7, is the magnitude of 
Fn. 

The dependence of the wave function on the center- 
of-mass motion is removed by the usual substitution 


W (ri,82,1,) =exp(?P.-r./A#)y(R,,rn), 


where ?. is the momentum associated with the motion 
of the center of mass. The resultant wave function 
¥(R,,r,) can then be expanded in terms of a complete 
set of functions, ¥;, which are functions of the variable 
R, and may contain the variable r, as an independent 
parameter. Thus we may write 


V(R,,9,.) =>: ¥i(R, 1.) Xi(t,). 


Here the functions X,(r,,) are to be determined and are 
dependent on the choice for the y,(R,,r,). 

It is convenient to choose for the y; the complete 
set of solutions for the wave functions of the meson in 
the Coulomb potential of the fixed nuclei of unit charge.‘ 
With such a choice the adiabatic effects of the presence 
of the meson on the motion of the two nuclei can be 
replaced by an effective potential. In this case the 
X(r,) represent to lowest order the wave functions 
describing the motion of the two nuclei. 

The y; are therefore the solutions to the equations 

KW(R,,tn) = Wr, 0i(R,,r,), 
where 


h* So 
X,= —-—V,2— 
2M, Fux ton 


, 


and W’,(r,,) is the energy associated with this system 
as a function of the parameter r,. 

If we insert the expansion for ¥(R,,r,) into the 
Schrédinger equation, multiply by y;, and integrate 
over all values of R,, we obtain a set of equations 


i 


. fukn > X;(r,)¥.(R,,r,)d*R, 
2M. 


h (r,)=WX;(fa), 


where W is now the energy of the three-body system 
in its center of mass. When the indicated differentiations 


‘ The ground state and some of the excited states for this system 
have been studied, e.g., by E. A. Hylleraas, Z. Physik 71, 739 
1931); Edward Teller, Z. Physik 61, 458 (1930); and Bates, 
Ledsham, and Stewart, Phil. Trans. Roy. Soc. (London) A246, 
215 (1953-4). 
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are carried out, the 


first term in this equation may be 
rewritten as 


d*R 


Ev fvRor viv 
+ fy Ror 


Here the last term can be 


R,,r,,)d°R, 


Vw A(R, 


made more symmetric by an 
integration by parts: 


fevoner, v fur 


. 


For convenience, we introdu the dimensionless 
parameters 


x=fFr 


where a, is the Bohr radius for the mesonic atom having 
(M,e*) |, and W, 
a Pm eM, 
(2h*) |. All distances are measured in units of 
units of W,. The 
Schrédinger equations are then 


a reduced mesonic mass M,, [a,=77 
is the corresponding mesonic Rydberg, 
a, and 


all energies in dimensionless 


VM 
(V.°X;(F; +>. [ 2f 
WU 


WX;(4, 
where the detinitions of the symbols have been altered 


to refer to the dimensionless variables. We may write 
these equations as 


DD, 


AND RIDDEL! 
where 
Oj: = 26);-V nt (Va f—g 


4 


In the lowest Born-Oppenheimer approximation to 
the solution to these equations the dynamic correction 
terms ©;; are assumed to be zero and only the X; corre- 
sponding to the lowest W’; is retained. Furthermore, the 
effective potential W;(r,)+2/r, is expanded about its 
minimum value in a power series in the displacement ot 
r, from its value at this minimum. While such approxi- 
mations are reasonable for the treatment of the elec- 
tronic molecular ions, the larger mass of the meson 
present in the molecular makes 
approximations less reliable. 

An alternative approach developed here includes 
the lowest-order dynamic corrections and makes ust 


mesonic ions these 


of exact solutions to a simplified set of Schrédinger 
equations. In this treatment it is necessary to separate 
the cases for identical and distinguishable nuclei. If 
the nuclei are identical, the wave functions must be 


either symmetric, +, or antisymmetric, with 


respect to an interchange of the two nuclei, and the 


two types are not coupled in the set of equations; i.e. 
f;; and gi; are zero if ¢ and ; correspond to states of 
opposite symmetries. If the nuclei are not identical 
these terms do not vanish, and furthermore, since there 
is a degeneracy between the unperturbed symmetric 
and antisymmetric energies for large nuclear separation 
(corresponding to the equality of binding energy of the 
meson on either of the two fixed charge centers), it is 
necessary to include states of both symmetries in the 
wave function. 

In our treatment we 
only the states corresponding 


restrict ourselves to treating 
values of 
Wi(r,), designated by a zero subscript, for either of 
the two possible symmetries. Therefore for distin- 
nuclei our wave function is 


to the lowest 


guishable (unequal-mass) 
of the form 


/ ? 
y=¥ 


y 
while for the equal-mass case it 


either Y= Wor X symmetric cas 


or vy Wo X 


(antisymmetric cast 

The errors introduced by the omission of the higher 
excited mesonic states cannot be accurately determined. 
We may, however, estimate these errors to some extent 
by use of a simple perturbation expansion. If we 
consider the states of lowest W; to be the dominant ones 
and treat M,/M,=e as an expansion parameter, then 
for the equal-mass case we may writ¢ 


where Xo is the state corresponding to the lowest W;, 
Inserting these expressions in the coupled equations 
and considering only those terms of the lowest power 
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in €, we obtain 
X,%= (W—W —2r,) 0 0X0 ; 
hence, to lowest order in e¢, 
X;= (W—W j—2rn)€O0 ioXo. 


If we consider the effects of the ith excited state on 
the equation for Xo, we note that they enter the equa- 
tion only in second order in e. Thus the omission of the 
excited states introduces errors of order é& in the 
calculation of the energy of bound states. Similarly, 
for free states at energies such that mesonic excitations 
are energetically impossible even for large nuclear 
separations, only Xo is necessary to determine cross 
sections. The errors in these cross sections are also of 
order e. In addition, for the treatment of bound states 
and scattering states of low energy, the denominator 
in the above expression is in general large due to the 
large separation of the excited states of the meson in 
the molecular ions which we shall treat. 

In the unequal-mass case, a small perturbation can 
cause large changes in the wave function. It is therefore 
necessary to treat the two states of lowest W; corre- 
sponding to opposite symmetries, xo* and xo~, together. 
The effects of the remaining higher states will, as be- 
fore, introduce second-order corrections to the binding 
energies and cross sections. 


B. Solution for u; 


Although it is possible in principle to obtain exact 
numerical solutions to the mesonic problem with two 
fixed centers,* the ultimate accuracy of our approxi- 
mations has been shown to be limited. We therefore 
felt justified in using approximate variational solutions 
for this part of the problem. 

For the symmetric solution yo*, we assumed a vari- 
ational solution of the form® 


Yor 


A, is the normalization constant and p, and 
g, are variational parameters which minimize the 
expectation value of i, for a given value of r,. The 
variables £ and » are the usual confocal elliptic coordi- 
nates &= (ryittrye)/rn and 4= (fyi —Ty2)/Tn- 

A similar function was chosen for the antisymmetric 
solutions, i.€., 


Yo = A_{€} sinh (g_ran/2)e-?-"** 2, 


Here the {£} indicates that a factor of was included 
in the expression if this led to a lower expectation value. 
Specifically, for values of r, less than r.(r-~1.70) this 
factor was included; for values of r, larger than this it 
was omitted. For small values of r, this additional 


A, cosh (girnn/2)e~?+7*/?, 


where 


5 E. A. Hylleraas, reference 4. 

° This form was used in treating the hydrogen molecular ion 
by V. Guillemin, Jr., and C. Zener, Proc. Natl. Acad. Sci. U. S. 
15, 314 (1929). 


i 
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factor is essential in order for the solution to approach 
the hydrogenlike 2 function as r, approaches zero. In 
the neighborhood of r, the two sets of solutions were 
smoothly joined. , 

The desired expectation values can be expressed as 
the sum of two terms, 


W;= J viscav.at, - (T, +¢ Vy), 
where 
(T,)= fvrwa, ” fra VwWidt,, 


and 


1 1 
11 finan le 
Tui Ty2 


For confocal elliptic coordinates the volume element is 


dt, = 37,3 (#—n")dédndg, 
where the limits on the variables are 


1<§<m, —1<n<1, and O0<¢<2r. 


The integrands in the above expressions may also be 
expressed in these coordinates, i.e., 


8 & 
a e, 
m7 


and 


4 dy;\? dy;\? 
vai vni=—| (e-1)(—) +a-9)(—) | 
re dé dy 


The integrals that occur in these and other expressions 
in this paper can be conveniently expressed in terms of 
the definite integrals 


E,=E,(P)= f e-Ptindé, 
1 


1 


Con=Con(Q)= n°” cosh?(Qn/2)dn, 


—1 


1 
Con’=Crn'(Q)= f n?*"sinh*(Qn/2)dn, 
= 


and 
1 


Cony = Coun'= f n’” sinh(Qn/2) cosh(Qn/2)dn, 
1 


where P= pr, and Q=qr,. 
For the symmetric solution the explicit results are 
(V4 = —2ar,2As2E Co, 
(T+ = 44 nA y7[P4?(E2— Eo)Cot+Q4?(Co’—C2') Eo]. 


The normalization constant A, is determined by the 
relationship 


1wA4 78 EeCo— EC:]= i. 
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FG. 1. Static molecular-ion potentials for the lowest symmetric 
(W .) and antisymmetric (W_) mesonic states. Here ™ indicates 
values obtained by Teller,‘ and @ the exact values of Hylleraas.* 


Similar expressions can be obtained for the anti- 
symmetric solutions. 

The minimization of the expectation values of 3, 
for values of r, between 0 and 20 in intervals of 0.05 
was carried out with the aid of an IBM 650 digital 
computer. The expression for W; was minimized to an 
accuracy of eight figures; however, because of the 
extremal properties of W ;, errors due to rounding made 
the determination of P and (Q less accurate. The results 
of these calculations are given graphically in Figs. 1 
and 2. For comparison the results of some previous 
calculations of the values of W; are included in Fig. 1. 
For the symmetric case with our approximate solutions 
we obtain W ;= — 1.20489 for a value of r,, of 2.00. This 
is to be compared to the exact value of —1.20527 
obtained by Hylleraas.* Similar agreement is found for 
the other values calculated by him. In view of the other 








Mesonic wave-function parameters 
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Fic. 2. Mesonic wave-function parameters, p,(r)=P.(r)/r and 
q.(r)=Q.(r)/r, which minimize the static Hamiltonian. For the 
antisymmetric states, different curves are presented for r<r., 
r>r,. (see text). 
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approximations made in these calculations we felt that 
this close agreement indicated a satisfactory solution 
for the mesonic part of the wave function. 

By making use of the analytic forms for the mesonic 
wave function it was possible to analytically evaluate 
the first-order dynamic correction terms, f;; and g;;, 
discussed in the preceding section. The specific analytic 
forms for these terms are given in the Appendix. 

For the equal-mass case only “diagonal’’ correction 
terms occur, because the states of different symmetries 
are not coupled. As a consequence of the relationship 
f;;= —f;,; it follows that f;,=0. Thus the only first-order 
correction for the equal-mass case can be considered 
as a correction to the potential. This term is of the form 


gum f vats VW dl,, 
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Fic. 3. First-order dynamic corrections to the molecular-ion 
potentials for the equal-mass case 


where 4 denotes either + or —. This correction has been 
computed numerically by using the parameters obtained 
from the variational calculation. The results for both 
the symmetric and antisymmetric states in the equal- 
mass case are shown in Fig. 3. There has been a certain 
amount of controversy concerning these corrections; 
our results for the symmetric case are in general agree- 
ment with those of Dalgarno and McCarroll.’ 

For the unequal-mass case in which the ratio of the 
two masses is 1:2, similar diagonal correction terms 
were computed. In addition, the off-diagonal terms were 
obtained for this case. The results for these calculations 
are shown in Figs. 4 and 5. 


7A. Dalgarno and R. McCarroll, Proc. Roy. Soc. (London 
A237, 383 (1956). The results of T. Y. Wu, J. Chem. Phys. 24, 
444 (1956), and T. Y. Wu and A. B. Bhatia, J. Chem. Phys. 24 
48 (1956) are in disagreement with ours 
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C. Behavior for Small r,, 


The study of the behavior of the mesonic solutions 
for small values of r, is of considerable interest, both 
for the general understanding of the three-body problem 
and for the development of solutions to the differentia! 
equations for X;(r,). 

The behavior of the parameters p and q in this limit 
can be obtained by expressing the energy W;; in powers 
of the parameters 7,, P, and Q. For the symmetric case 
to lowest order in P, and Q, we have 

















ln /Oy, 

Fic. 4. First-order dynamic correction terms to the molecular 
ion potentials for the unequal-mass case (m,/m2=2). 
parameters P, and Q,, we find for the limit as r,, — 0, 

P, = wx, 


O, — (4/V3)rn, 


p+ — 2, 
q+ — 4/N3, 


and 


W,— —4. 


These results are consistent with the hydrogenlike 1s 
solution which would be expected in this limiting case. 
We note that the energy is relatively insensitive to the 
parameter g, in this region, occurring in terms of order 
Fa’ 

In a similar manner we may obtain limiting values 
for the parameters p_ and g_ for the antisymmetric 
solution. In this case we have 


} gt 2 gh! By 
—W_r,2=(—P_?+2r,P (4 - -)-—— 
2100 2520 
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Coupling terms 
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Fic. 5. First-order dynamic coupling terms between the lowest 
symmetric and antisymmetric molecular-ion states for the un- 
equal-mass case (m,/m2=2). 


from which it follows, for the limit as r, — 0, 


P_- fn, 


p> 1, 
% —+/t, 


V —> (WV E)tn, g 
and 


W_— —1, 


which indicates that our solution y_ approaches a 
hydrogenlike 2p solution with m,=0, where the z axis 
is aligned in: the direction of rp. 

The asymptotic forms for g,, and g__ can be readily 
obtained from the complete expressions given in the 
Appendix. It is found that while g,; 4 tends to zero in 
the limit of vanishing r,, g-— is divergent, having a 
leading term of the form 2/r,”?. This asymptotic be- 
havior is in fact necessary for a consistent set of 
solutions to the three-body system for a state in which 
the total angular momentum is zero. We have already 
seen that y_ approaches a # state as 7, tends to zero, 
hence for the total angular momentum of the system 
to be preserved the two nucleons must be in a relative 
p state. This angular dependence must be carried 
entirely by X_(r,), because ¥_ (or ¥,) is a function only 
of the parameters r,, 7,, and r,-r, and hence is invariant 
with respect to rotations of the entire system. For s 
states the radial wave functions, X_, associated with p_ 
satisfy an equation which in the limit of small r, is of 
the form 


1d dX\ 2 1 
—{ 7,°— +—x_+terms of order—=0, 
rr ary, dr, Tae Tn 


where the singularity in g 


provides the term necessary 
to correct the form for the X_ equation to agree with 
that of the usual p-state equation. 
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For the case in which the total angular momentum 
of the system is one, the situation is somewhat less clear. 
In this case, if the meson is in a p state it is necessary 
only that the nuclei be in relative s or d states. With our 
choice of approximate wave functions we have in fact 
chosen a linear combination of these states such that 
the potential for small r, is 4/r,2. A similar situation 
arises for states of higher total angular momentum, 
so that for small values of r, the wave functions for 
antisymmetric meson states are not accurately de- 
scribed. For symmetric states no such ambiguities 
appear. This difficulty for small values of r, is asso- 
ciated with the degeneracy of the various 2 states that 
occur for r,,=0, and is therefore unimportant for larger 
values of r,. To treat the inner region correctly would 
require the introduction of the two other 2p states and 
their associated X,’s. We expect that such a treatment 
would, however, make small corrections to the wave 
functions at large distances and would be significant 
only for small values of r,. For the scattering states the 
energies of interest to us are such that the contributions 
for other than s states are negligible. For the bound 
states, only the unequal-mass cases involve ¥_, and the 
effect of this term is small except for large values of rq. 
We have therefore felt justified in omitting these 
additional complications in our treatment. 

The asymptotic behavior of f,_ and g,~ in this limit 
is also of interest. From the expressions in the Ap- 
pendix we obtain 


p+4 


lim f, 4dr A... 


“0 


1_( fo— fi) 


16v2 
(fo— fi ern, 
81 
and 
~~ 2K, 


Try 


lim g, 
where /;=m;/(m,+mz2), and er, is a unit vector in the 
direction of r, and /, _=f,_-er,. The term g,~ is there- 
fore seen to be divergent in this limit. As we shall show, 
the particular form of this divergence is crucial for the 
satisfactory solution of the differential equations. 

The radial equations for a state of total angular 
momentum / can be obtained from Eqs. (1) by the 
usual substitution of ¢,/r, for X;. These equations are 


a 
+-[W—V,(rn) ]b, 
dr, € 
do. df, 
oth. PE, 
dry, 


dry, 
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where 


Vi(rn) =W44+2r,14+ eg4t+d(l+ Dr, 
and 


V_(r,) =W_+2r,'+eg__+ed(/+1)r 


In order to obtain the behavior of the 
these equations for small values of r, it is convenient 
to express the solutions in a power series in r, 
assume 


solutions to 


: Le, we 


and 


In addition it is necessary to expand the various other 
functions which appear in the equations in power series, 
thus 


—-> 


=() 


ret, 


t 


= 


> 


V_=e{l(I+1) +2), 


Inserting these expressions into Eqs. (2a) and (2b) and 
equating terms with equal powers of 7,, we obtain the 
recursion relationships 


[(t+K)(t+K—1)—1+1) Ja, 


1 t-1 W 
Pe 


ha Ver—18¢—¢°—-11 
€ t’'=0 € 


t—1 
=D [ge i— (242K —l—2) Fy Jove, 
t’=0 


and 
[(t+K)(t+K—1)—2—1(1+1) ]b, 
1 1 W 
D Bebe a t+—h 


€ t’=( 


t~1 
=> [get (2i+2K—1'—2)Fy Jb, 


t t i 
t’=0 


From these equations we obtain the pair of indicial 


equations 


[K(K—1)—J(/+1) Jao=0, 


and 


[K (K—1)—2—1(/+1) }oo=0. 
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Thus if ap is not zero K is either —/ or /+1, while if } 
is not zero K is equal to 34+[9/4+/(/+-1) }!. In both 
these cases the solutions with the minus sign do not 
satisfy the conditions of integrability and may be 
discarded. For /#0, these two cases constitute the two 
possible solutions to the equations. For /=0, on the 
other hand, these two values for K differ by an integer, 
and therefore further investigation is necessary to 
determine whether or not two regular and independent 
solutions to the equations exist. It is clear that two such 
solutions must exist, since we must be able to describe 
states in which the meson is associated with either of 
the two nuclei for large separations of the nuclei. If we 
examine the recursion equation which determines the 
values of 6; in the case where K =1, i.e., for ay¥0, we 
find 


[(1+K)K—/(/+1)—2]b,= (g-1+ 260) a», 


0-b;= (g 1+ 2b 9)ao; 


this would lead to an inconsistency unless the multiplier 
of ap were zero.® This is, in fact, the condition which we 
have shown to be true from the asymptotic behavior 
of the functions f,_ and g,_. This being true, the value 
of 6; is undetermined. Thus the constant 8;, which is 
arbitrary in the solution with K=1, represents the fact 
that one can add an arbitrary amount of the solution 
with A= 2 to the solution and still retain a valid power- 
series expansion for small values of rp. 


D. Unitarity Current 


It is of interest that one can obtain an invariant 
relationship between the various solutions for the 
system of equations describing the motion of the nuclei. 
[f we consider two sets of solutions X,“ and xX, to 
these equations, with eigenvalues W' and W?, respec- 
tively, then the following equation can be constructed : 


r 1 
J pron (tence ot] 
: 1 
+X_ | (ve V-)X9-40-.%40| 
€ 


1 * 
V2- -V)X.40,.x9| 


€ 


* 
v,’— v.)x0+0x,0| bar, 


€ 


1 
| i tf 2% OVdr, 
€ 


=? f (x,0x,0+x 0x6 dral. 


SIf such a conflict exists, the second solution will be of a 
logarithmic type. 
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If W' is equal to W® then the right-hand side of the 
equation is zero and we find 


J vinde.=0, 


jr2= [XO*V XO —X, OVX, OFX_OFY, XC 
—X_YY,X_OF42 f,_ (XO *xX_O— X_@*X, W) 7], 


where 


We shall call jx2 the “unitarity current.” (For X=x® 
this reduces to the usual expression for the probability 
current.) If xX“ and X® have the same angular de- 
pendence, then we may write 


dx.“ 
* 


Tr ji2°e n=Pn Ji2=X4 " 


dr, 


dx 
— x_ *_ 
dr, 


ae 


—X 
dr, 


+2 f,(X, OFX — X,X_@*) = constant. 


Furthermore, if these solutions are regular solutions to 
the differential equations, their contribution to this 
quantity is zero because 7,”j,2 vanishes at the origin. 
Irregular solutions, on the other hand, contribute a 
finite amount to this expression. It follows that if 
r,?ji2 is not zero when evaluated for any value of rp, 
some irregular solutions must be present. 


Ill. SCATTERING WAVE FUNCTIONS 
A. Asymptotic Behavior for Large Values of r,, 


In the limit of large values of 7, the parameters P 
and Q which describe the mesonic wave functions also 
become large. In this limit the binding energies may be 
expressed approximately by 


W47,2=W_r,2=(P+O0—4r,)PQ/(P+0). 


The values of P and Q which minimize this expression 
for the energies are P=Q=r,, for which Wi =W_=—1. 
This expresses qualitatively the fact that the symmetric 
and antisymmetric solutions for fixed nuclei can be 
formed from the solutions in which the meson is 
centered on either of the two nuclei. These eigenvalues, 
however, are not exactly the binding energies for such 
a separated system, because the units in which the 
eigenvalues are measured use the reduced mass for the 
meson with respect to the sum of the nuclear masses. 
The necessary corrections to the energies in this limit 
are contained in the asymptotic behavior of coupling 
terms g;;. In addition, for the unequal-mass case it is 
necessary to obtain the splitting in the energies corre- 
sponding to the fact that the meson is more tightly 
bound on the heavier of the nuclei. The removal of this 
degeneracy in energy for this limit is contained in the 
off-diagonal term g,—-. As will be shown, both these 
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corrections lead to expressions accurate to first order 
in the parameter e. 

The asymptotic values of g,, and g__ come entirely 
from the terms /;; and /,, (see Appendix) because the 
derivatives which occur in the remaining terms vanish 
in this limit. We find 

lim g,4,= lim g 3(fr+ fe). 


‘nh ?® Tn? 
For the equal-mass case we have f1= f2=4; hence 


lim gi4 


+n 


= lim g-_=}, 
ax 


and the effective potentials are corrected to give 
lim V,= lim V_=—1+}e=—1+m,/2m,. 
rn-e ry? 
To first order in ¢ this is identical to M,*/M,, where 
M ,* is the reduced mass of the meson with respect to 
one of the nuclei. For the unequal-mass case let us 
consider a system which consists of a proton (nucleon 
1), a deuteron (nucleon 2), and a meson. In this case 
we have f;=} and f2=3, and hence 


lim gy, 


7m 


lim g 5/18. 
n , x 


The only term for g;— which does not vanish in this 
limit is the term g;,, and this leads to the result 


lim gy—~=— (f2— fi) 


0 


To interpret these results let us consider the asymp- 
totic form for the radial differential equations, 


«es gia se-, 


W+1- .)e =—¢,. 
18 


obtain a 


ao, 


From these equations we new set of 


equations, 


do, 
‘i 


where 


dp= (o4—¢_)/V2 and da=(¢4+¢_)/V2. 


This particular choice for ¢, and @4 is such that asymp- 
totically ¢, corresponds to a total wave function in 
which the meson is centered on nucleon 1, while ¢, is 
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the corresponding case for nucleon 2. The binding 
energy of the meson is that value of W for which the 
kinetic energy of the relative nuclear motion is zero 
(d°¢/dr,?=0). Thus we find, for the binding energies, 


W p= —14+-4€/9, 
and 
Wa=—1+€/9. 


These expressions are the correct binding energies to 
first order in the parameter e.° 


B. Scattering Cross Sections 


In the treatment which follows, we restrict ourselves 
to the consideration of the scattering states of zero 
total angular momentum; the extension to states of 
higher angular momentum, however, is straightforward. 
For the investigation of scattering phenomena, as in 
the usual treatments, we need study only the asymptoti 
behavior of the wave functions for the separated system. 

For the unequal-mass case there are four asymptotic 
functions to consider, i.e., X, and X_ for each of the 
two solutions regular at the origin. In addition, as we 
have shown in the preceding section, the degeneracy 
of the binding energies of the meson on the two sepa- 
rated nuclei has been removed by the dynamic cor- 
rection terms. It is therefore necessary to distinguish 
between the case in which the energy of the system lies 
between these two binding energies and the case in 
which it is larger than either of them. These 
ranges correspond to different physical situations. In 
the former the only scattering states allowed are those 
in which the meson is bound to the heavier nucleus for 
large separations. In the latter the meson may be bound 
to either of the nuclei; exchange processes are 
possible in this case. 

It is once again convenient to use wave functions 
that asymptotically describe the meson cent 
one of the two nuclei. We therefore define 


two energy 


also 


ered on 


op'= (o4'—¢_')/V2, 
and 
pa'= ($4'+o_')/V2. 

Here ¢, is the radial wave function whose form corre- 
sponds to the meson bound on nucleus 1, the lighter 
nucleus, with an energy W,; @a and Wq are defined in 
a similar manner for the heavier nucleus. (If we consider 
the system of a proton, a deuteron, and a meson, the 
expressions of the preceding section define W’, and W4..) 
The superscripts 7 (‘=1, 2) refer to either of the two 
regular solutions to the radial differential equations. 

® By generalizing the functions y, and ¥_ to the form y=ay, 
+ y_ and including in the Hamiltonian those terms in g.., g_-, 
and g,_ that are independent of derivatives of », g, etc., one 
could obtain the exact binding energy as r, , Without changing 
the form of the differential equation for the x’s. Because physical 
processes would still involve unknown terms of order &, it was 
felt that the additional labor involved in such a treatment was 
not justified. 


> x 
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If the energy, W, is such that Wag W<W,, then we 
can write the asymptotic behavior for @, and ¢q in the 
form 

op=a,'e°"+5,'e*™ 
and 


ga= aq‘ sin(Rar,+6a'), 
where a=[(W,—W)/e]! and k,=[(W—Wa)/e]}. The 


parameters a,', 6,', aa‘, and 64‘ are determined by the 
value of op‘, dbp'/drn, da‘, and dgu‘/dr, evaluated for 
some large value of r,. In order to completely specify 
the wave function, it is necessary to determine that 
linear combination of the two solutions i=1 and 1=2 
for which no increasing exponential remains in the 
asymptotic expression for ¢,. We may also normalize 
these solutions to the incident part of the plane wave. 
If this is done we find, for the corresponding wave 
functions X, and X, in this asymptotic limit, the forms" 


Xp XE" /Ta, 


M—1\e'*4n 
2ika i 


where the z axis is in the direction of the incident- 
particle beam. The quantity M is defined as 


and 


a,'ad exp(164°) —a,"aq' exp(16,') 


M= 


ayaa exp(—i6)—a,7a,' exp(—6,') 


If we replace M by the quantity e?4, then @. may be 
considered the phase shift for this scattering, and the 
scattering cross section can be written in the usual form, 


o= (49/ka") sin*Oe. 


If the energy is larger than W’,, then both solutions 
have asymptotic sinusoidal behavior, i.e., 


¢,'=a,' sin(Rpr,+6,'), 
and 
ga'=ay' sin(kar,+64'), 


where k,=[(W—W,)/e]!. There are now two possible 
physical states corresponding to incident states in 
which the meson is centered on either of the two nuclei. 
In this case, however, we may separately choose those 
linear combinations of the two sets of solutions that 
correspond to no incident part for either the X, or the 


© Tt might be pointed out that this asymptotic form has a defect 
in that the meson current is zero. This is consistent with the 
assumption that the meson velocity about the nuclei is large 
compared with the nuclear velocities, and therefore, in the region 
where the particles interact strongly, such additional velocities 
represent a small correction. A correct asymptotic form for the 
plane-wave part would be 


exp{i[kZ,+k'Zi— (k+k’ \Z2}} f(t.—n1), 


where k/m,=k'/m, and f is the wave function for the meson 
about nucleus 1. Our wave function thus neglects k’=(m,/my)k. 


i. 
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X,4. In either case we may normalize the solutions to the 
incident wave. 

For the scattering of the p-mesonic system from a 
d nucleus, we obtain the asymptotic forms 


— gikpz ikprn 
Xp=e'*P*+ hyge'*?™/ry, 
Xa=hyae'*4""/7,, 


where 


hyp= {La,2a.' exp(i(6,?—6,')) 
—a,'az exp(i(6,'—67)) |JD“'— 1} / 2ik,, 


Nya aga? sin (6q!'— 64") Dk,, 


and 


D=a,?aq' expl—i(6,°+64') ] 
—a,'az expl—i(6p'+5,’) ]. 


Here /,, gives the amplitude for normal scattering and 
hpa the corresponding amplitude for exchange scattering 
in which the meson is captured by the heavier nucleus. 
The cross sections for these cases are 


o pp= 4m | hyp|’, 
and for the exchange process, 


Oo pa=4r Noa Ra k 


Py 
where the factor ka/k, is necessary to correct for the 
change in velocity of the incident and outgoing particles 
in this inelastic collision. 

In a similar fashion the scattering of the d-mesonic 
system from a p nucleus can be obtained. In this case 
we find 


haa= {(a,?aq' exp(t(6a'—4,”)) 
—a,'a¢ exp(i(6?—56,')) |D-'—1} / 2ika, 
and 
hap=a,'a,” sin(6,'—6,7)/ Dka. 


The corresponding cross sections are 


Oaa=4rr| haa 7 
and 
Cap= 4m | hap = ka. 


From the conservation of unitarity current one can 
show /tpa=/ap and that the two exchange cross sections 
are simply related. 

For the equal-mass case the phase shifts for the 
symmetric and antisymmetric scattering states may be 
independently evaluated by use of the asymptotic forms 


X;=a; sin(kr,z+6,;)/rp, i=+,—) 


(for 
where k=[(W—1+4e)/e]!. In this case, however, a 


further complication is introduced because the nuclei 
are generally identical particles. In such cases the total 
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wave functions for the system must be properly sym- 
metrized. As before, it is convenient to introduce 
combinations of wave functions which describe the 
states corresponding to the meson centered on each of 
the two nuclei for large separations. For the case in 
which the meson is centered on nucleus 1, the mesonic 
wave function is 
Yi= (v¥4—y_)/V2, 
with a corresponding nucleonic wave function 
X,= (X,—X_)/v2. 
The wave functions for the other case are 


Yo= (v4 t+y_)/v2, 
and 


Xo= (X,+X_)/v2. 


The total wave function is then of the form 
W=XyWitXyr. 

Before symmetrization, the solution which corre- 
sponds to an incident system in which the meson is 
associated with nucleus 1 or with nucleus 2 has the 
asymptotic forms 

X,=e'*?+ hur, 


Xo= hyor » le krn 


Xy = hor», le . ra 


Xeo=e Ret oot, 


respectively. Using the asymptotic forms for X, and 
X_, we find 


hy, = hee= (41k) If etib++4 @2 5 —2], 
and 


hy2= hy = (41k) "Le? +— 


For a system consisting of a meson and two spin- 
particles such as protons, the total wave function mus 
be symmetric for singlet states (s) and antisymmetric 
for triplet states (¢). Thus for states of zero total angular 
momentum the total wave functions are” 


1 
t 


VHC ype ot (hist has) (e*"/1 2) (Vit), 
WV ,=e'*y)—e hao (hty1— hye) (e*™, Tn) (Wi-—Y2). 


From this function obtain for the 


sections" 


wave we cross 


¢ singlet = 4 hythye ?= dork 2 sin’6,, 


Otriplet= dor hyy— hye 2= 4k 


“Tt is perhaps of interest that this result is the same as that 
which would have been obtained for nonidentical particles. The 
presence of the meson on one of the two particles provides some 
basis for distinguishing between them. The result follows directly 
from second quantization of the system. 
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The total cross section is 


Oo pp= 4nk [4 


sin’6,+ ¢ sin®d 
Similarly we find, for the case in which the two nuclei 
are deuterons, 


Caa= 4k 3 sin26, +3} sin’d 


IV. BOUND STATES 


This section is devoted to a discussion of an iterative 
scheme by which it is possible to obtain the bound-state 
eigenvalues and eigenfunctions for the system of 
differential equations describing the nuclear motion. 
In this development it is assumed that the integration 
of the differential equations can be carried out by either 
exact or numerical methods. 

For the unequal-mass case, the Hamiltonian for the 
nuclear system can be written as 


~ do, 2 do_ 2 
MEE 
0 dr, dr, 
V V 1(1+-1) 


+—o2t+—o 2+ — 


€ € mS 


dd. do. 

—@® ) fer. 
dr, dr, 
If we consider variations of @,, where ¢, is assumed to 
be continuous with a piecewise continuous first deriva- 
tive, subject to the constraint that /,*(¢.2+¢)dr,=1, 
then the variation of H+X.V is 


do, V. l(l+1) 
(H+ax)= f | - +( + )e. 
0 dr, € ' 


do df, 
= - 6o,dr, 


— 2g, 44,6 +2 f, (+, 


—g,-o+2f, 
dr, dr, 


“ dd. 
+f 26,5¢,dr, +>. b.(r,)A ( ) 
i dr, 


0 


Here r; indicates the values of r, at the points of 
discontinuity of dg,/dr,, and A;(dd./dr,) are the 
changes in d¢,/dr, between r;— |v| and 7;+/|y! in the 
limit of vanishing v. If the parameter \ is —W’/«, then 
the conditions for an extremum in Hi are that the radial 
differential equation for ¢, be satisfied and d@,/dr, be 
continuous. In a similar manner the variations of H 
with respect to variations of ¢_ lead to the radial 
equations for @. The value of H obtained for this 
extremum is in fact W/e. 

If we now use trial wave functions ¢,© and @_° 
that: (a) satisfy the differential equations for an energy 
W?°, (b) are continuous for all values of r,, and (c) have 
continuous first derivatives except at one point 7, then 
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the true eigenvalue HW" may be expressed as 


£ 


we f (bs 24 6 2) dr, 


Vy 


l(1+1) 
sant Abia 


0 a op. (0 


fr 
dog df,— 
x +¢ . ea dr, 
dry, 


1(1+1) 
o--— 
dr,2 


te) ( 


df, -| 
= $10 hdr 


dr, 


do, 0 do- (0 
—s 16. %(r).o( -)+6.%(roar(— -) . 
dr, dr, 


As a result of condition (a) and the extremal nature of 
H for this solution, this may be rewritten as 


wr=we 


Cb. (ro) Ao(do, /dr,.) +o (19) Ao(do_ /dr,,) } 


f {p,? +46 dr, 


+0(£), 


where £ is a parameter of smallness that indicates the 
deviation between the trial and true solutions. 

The integration for the bound states can be divided 
into two regions, with 7,, as the common boundary. At 
this point four independent quantities can be specified, 
namely, $,, do,/dr,, ¢-, and dg/dr,. By 
choosing appropriate linear combinations of the two 
regular inner solutions and the two bounded outer 
solutions, three of the four quantities can be made 
continuous at 7,,.."2 For the correct eigenvalue the fourth 
quantity will also be continuous. For a trial eigenvalue 
in general one of the four quantities will not be con- 
tinuous, however. If, for example, we allow this dis- 
continuity to occur in dg, /dr,, then a better approxi- 
mation to the correct eigenvalue, W", is expressed in 
terms of the trial eigenvalue and the value of the 
function at rm as 


GL (dps /drn) jr — (db /drn) r+} >) ] 
W"=W+- : Be late es 


f (0, O2+¢g ©2)\dy,, 


'2 If, as was done for the bound states, the integration is divided 
into two regions for free states with W p< W <Wp, three bounded 
outer solutions exist (two sinusoidal ones associated with yp and 
a decreasing-exponential one associated with ¥#). This gives the 
necessary freedom to make all four quantities continuous at rn. 
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By using this new improved eigenvalue to obtain a new 
trial solution and thus iterate the solution, we can 
converge upon the correct eigenvalue and consequently 
the correct eigenfunction. 

This variational procedure is not restricted to the 
ground state, but may be applied to the higher excited 
states as well. The determination of a specific state 
merely requires the specification of a boundary con- 
dition on the number of nodes allowed in the solution. 

For the equal-mass case the development given above 
is equally applicable. In this case the ¢, and @_ equa- 
tions are not coupled. Bound states, however, occur 
only for the ¢, solutions. It therefore suffices to impose 
on the development given above the added constraint 


o_=0. 
APPENDIX 


In this Appendix we obtain explicit analytic ex- 
pressions for the first-order dynamic corrections for the 
case in which the mesonic wave functions are assumed 
to be those used in the text, i.e., 


¥+= Ay cosh (g47.9 2)e a ty 


and 


/ & 


Y_=A_{£} sinh(g_rnn/2)e-?-""*”. 


The dynamic correction terms are of the form 


£i5= 85> [vob waar 


t= fix Pwaadrs 


where, from the previous development, the indicated 
cifferentiations, Y,, must be carried with the 


and 


out 
mesonic variable R, fixed. 
For the symmetric case, we may write 


1 dAy ran dqy 


A. dr, 2 dr, 


q4 garnn p+ 
+—¥,(r,n) tanh——— —9,,(r,.£), 
? ? ? 


where er, is a unit vector in the direction of r,. For 
reference we designate these five terms by the subscripts 
A, q, p, n, and &, respectively. Similarly for the anti- 


symmetric cases for r,>r,., we have 


VW 1 dA 


y A 


rn dg gran rr dp_ 
: coth——_-— —- — 
dr, 2 


+ 


dr, 


dr, 


q qr.n p- 
+—¥,.(r.n) coth -——¥,,(rnré), 
) ) 
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while for 7,<r., we write 


VW [(- 
~ = @r, — 
v A 


Tan dq 
t - 


dA_ 1 


) 


ma fi 


gl nN Tn 
coth — 
2 dr, 


i 


q q bes 
+—¥,(r,.n) coth - V nl%ng). 
? 


In order to obtain the expressions for g;; and fi; the 
following identities are useful: 


V.(ran)V2lran)= 
V n(tn€)* Val ran) = 


V,.(rnt)-er,=- 2 + (fo— fin(P—1)], 


V.(ran)-e f)E(1—9*)+n(P—1)]. 


Using the above expressions, we may evaluate each of 
the terms that occur. 


For g,4 we obtain the sum of the following terms: 


(Ta) 


I p.pt =4Nr.2(dp,/dr,)?(Ego— 


dA 


dr, 


E2C2) 


1 


; Vr.7 (dq, dr,,)?(E2C 2’ — EyCy’), 


—_ 5Vr,c(dps dr, ) dq, 


1 dA, dp, 
v( : )ra( (tc) 2:C2), 
A, dr, dr 
1 dA dq, 
v( . )r-( ) EL:-EX}), 
As, Ga dr, 


, Vqs"{ ( fr+ fo?) [ Ext "- Eo 2’) 
+2f fol ExCo' + EdCe! —2E0Cy'}}, 


dr, )( E;C,— E;C3), 


0), 


_ Vrng4Ci( E;- ky) ) 


Vrng4C2' (E2—E )/2 


1 
leat=- v( Joust —C:), 
¥ 


dA, 
dr, 


JUDD, 
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( 1 =) 
NE —— Jq+Ci(E2— Ep), 
Ax dr, 


= tpt fr+ fe—2 


— Nr bE (C,.—C 2 


&» 


‘feNLE2Cot+ EvCe 


Se = Nrnps+E2(Co—Cz) 
where V= (E2Cy— ExC2) 
pairs of terms involved. 

A similar set of terms is obtained for g For r,>fro 
these differ from the above not only in that p, and gq, 
are replaced by p_ and qg_, but also by the interchange 
of Co, and Co,’. For r,<r 
occur: 


The subscripts the 


several additional changes 
¥ 


(c) in the last two terms p,£,, is replaced by p_/ 


1 dA 
a) —-—— is replaced by 
A. dr, 


dr, 


(b) E, is replaced by E42. 


(2 Ty, Ee n+1.- 


(d) 7:,~ has the form 


Ie 7 = ip *{ fP+ fe—2hi foNLEsC ‘4 fk C2’ 


+— fi foNLEsCo’' + E:Co’ — 2E\ 
2rn 
1 7 
'+- FC 2’ —2EoCo’ |. 


In the calculation for only those terms con- 
taining either ¥,(r,é) or V,(72n) give a result different 
from zero because the others lead to integrands odd in 


the variable 7. Thus we find 


fe—-=Terr 3 A4A_(fo— fi) {p+ (E2— Eo) [C1(2)+C1(A) J 

— g,E,[Co(Z)—Co(A) —C2(Z)+C2(A) }}, 

(g4+q-)/2, and A=(g,—g_)/2. The argu- 

ment of the terms £, is (~4+_). This expression 
is valid for r2>r.; for r<r., E, becomes Ey,41. 
Finally, we obtain the expression for 

(fe— f1)A+A-_ar,3/4 times the sum of the terms 


where >= 


g,. as 


Ben — tb.g-{E[Co(2)+Co(4)] 
—EJC.(Z)+C: 


g ~—-—_ 


494 p_{ Ex[Co(=)—Co(A) J 


1 dAx p- 


—= (Fo—E yf 


he tt 2 


1 dA_ px 


A_ dr, 


(Eo— Eo) 
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rnp- dp 
jn fh RCAC. 
4 dr, 
rnp+ dp 
4 dr, 
rnp q+ 
ON leis —(E2.— E»)[C2(2)—C2(A) ], 
4 dr, 
rn P+ dq_ 
—(E2— Eo) [C2(Z)+C2(A) ], 
4 dr, 
1 dA, g- 
Cf gree ee = E,\(Co(2)+Co(A)—C2(Z)— C2(A) ], 
As Bia 2 
1 dA_ q, 
89,4 =—— ——- —E,(Co(Z)—Co(A) —C2(Z)+C2(A) ], 


A. dt, 2 


gp.t= 


ee (Es— E,)[C\(2)—C(A)], 
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eee, 
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rng— dps 
a —E,[Co(Z )+C (A) —C2(2)—C2(A) ], 
4 dr, 


rg dp 
—— —E,[Co(2)—Co(A) —C2(Z)+C2(A)], 
4 dr, 


Sn.p— 


rng— dgy 
-— EEC (2)+C,(4)—ClZ)—C,(4)], 
dry, 


dq_ - 
- —E,[Ci(Z)+C,(A)—C3(2)—C;(A)]. 
dr, 


89.0=— 


Again, for r<r., modifications such as have already 
been pointed out must be made: (1/A_)(dA_/dr,) is 
replaced by (1/A_)(dA_/dr,)—(1/r,), En by Ensi, and 
p-E,, by p_-Exn41— (2/r,)E, in these expressions. 


NUMBER 1 JULY 1, 1960 


u-Mesonic Molecules. II. Molecular-Ion Formation and Nuclear Catalysis* 


STANLEY COHEN,f Davip L. Jupp, AND Rosert J. RippeEtt, Jr.t 
Lawrence Radiation Laboratory, University of California, Berkeley, California 
(Received July 27, 1959) 


The methods developed in the preceding paper are applied to the study of the behavior of u« mesons in 
liquid hydrogen. Numerically evaluated energy eigenvalues for the bound states of the various molecular-ion 
configurations are presented. Phase shifts and cross sections for the scattering of mesonic atoms from hydro- 
gen and deuterium are given. It is shown that in the neighborhood of 0.2 ev the scattering of (du) atoms 
from protons exhibits a Ramsauer-Townsend effect with an anomalously small cross section occurring in 
this region. The existence of this effect provides an explanation for the appearance of “gaps” in the experi- 
mental observation of the catalytic process. The rate of exchange of mesons from protons to deuterons in 
pure deuterium is calculated along with the rates of formation of the (pup)*, (pud)*, and (dud)* molecular 
ions. It is shown that the predominant mechanism for the formation of the molecular ions is dipole electron 
ejection. These results are shown to be in agreement with available experimental data. A semiphenomeno- 
logical treatment of the (pd) nuclear reaction is also given. A rough estimate of the y-emission process indi- 
cates that the dominant mode of emission is from the singlet proton spin states. 


I. INTRODUCTION 

HE theoretical possibility that ~ mesons could 
greatly enhance the nuclear fusion of hydrogen 

and deuterium so that it might be observed experi- 
mentally was first suggested by Frank! and later was 
, * ° e ° ° BY 
estimated by Zeldovich. Later, this fusion was in 
fact observed by Alvarez et al. in a liquid-hydrogen 
bubble chamber in a process in which the energy of 
fusion was given to the » meson.’ Still later, y rays from 

* This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

+ Present address: Argonne National Laboratory, Lemont, 
Illinois. 

tOn leave of absence to U. S. Atomic Energy Commission, 
Washington, D. C. 

1 F.C. Frank, Nature 160, 525 (1947). 

2 Ya. B. Zeldovitch, Doklady Akad. Nauk. S.S.S.R. 95, 493 
(1954). 

3 L. W. Alvarez, H. Bradner, F. S. Crawford, Jr., J. A. Crawford, 
P. Falk-Vairant, M. L. Good, J. D. Gow, A. H. Rosenfeld, F. 
Solmitz, L. Stevenson, H. K. Ticho, and R. D. Tripp, Phys. Rev. 
105, 1127 (1957). 


the reaction were detected by Ashmore ef al. with 
counters, again in liquid hydrogen.‘ The process has 
been further investigated theoretically by Jackson® and 
by Skyrme,® who have also given phenomenological 
descriptions in which the reaction is assumed to pro- 
ceed through the following steps: 

(a) A fast w meson is rapidly slowed down and cap- 
tured to form a hydrogen (pu) or deuterium (dy) 
mesonic atom. (Because the experiments have been 
carried out with much more hydrogen than deuterium, 
it is much more likely that hydrogen mesonic atoms 
are formed.) 

(b) The neutral mesonic hydrogen atom will then 
move about with thermal energy, colliding with the 
atoms of the liquid. It may then undergo elastic scatter- 


* Ashmore, Nordhagen, Strauch, and Townes, Proc. Phys. Soc. 
(London) 71, 161 (1958). 

§ J. D. Jackson, Phys. Rev. 106, 330 (1957). 

° T. H. R. Skyrme, Phil. Mag. 2, 910 (1957). 
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ing, exchange of the u meson from a proton to a deu- 
teron, or formation of either a (pud)* or a (pup)* 
molecular ion. In either case of molecular-ion formation, 
no further configurational change is likely to occur be- 
cause the ion carries a positive charge. It is expected 
that the exchange from proton to deuteron is much 
more likely than the (pud)* formation. Because of the 
difference in the reduced mass of the meson in the (pu) 
and (du) atoms, the exchange of the meson from proton 
to deuteron will release about 135 ev; the inverse process 
therefore does not occur at thermal energies. 

(c) The (du) atom formed may in turn form either a 
(dup)* or a (dud)* molecular ion, with (dup)* generally 
more likely because of the greater abundance of hy- 
drogen in the chamber. 

(d) Because of the close proximity of the two nuclei 
in these molecular ions, nuclear fusion can occur in a 
time comparable with that of the lifetime of the meson. 

(e) In some of these reactions, which normally pro- 
ceed via y emission, the y ray may be internally con- 
verted with the ejection of a fast 1 meson. This « meson 
is then free to repeat the cycle, thus playing the role 
of a catalyst for the reaction. 

In all of the above steps there is of course a competi- 
tion with the natural decay of the meson. The observed 
fusion probabilities indicate, however, that the various 
steps in the process have rates that are comparable to 
or greater than the natural decay rate of the meson. 
In the experiments of Alvarez et al., the number of re- 
juvenated mesons produced per incident meson was 
measured after adding various amounts of deuterium 
to the hydrogen.’ It was found that for small amounts 
of deuterium the fraction of mesons rejuvenated in- 
creased with increasing concentration, but that for 
concentrations larger than a few percent no further 
appreciable increase occurred. In addition, it was found 
that many events were observed in which the point of 
production of the fast meson was a considerable dis- 
tance from the end of the incident meson track. It was 
also observed that the number of long gaps diminished 
with increasing deuterium concentration. These gaps 
were difficult to understand on the basis of the above 
scheme, and a more refined calculation of the phe- 
nomena involved seemed necessary. 

The experiment of Ashmore e¢ al. yielded information 
on the time distribution of the y rays produced, as 
measured from the time of injection of the initiating 
meson the These authors made an 
analysis of this distribution which gave the number of 
y rays per incident meson. This number, together with 


into chamber. 


the above result for the number of fast mesons per in- 
cident meson, can be used to obtain a value for the 
internal conversion coefficient in the process. 

Because these experiments created considerable in- 
terest, and since all of the previous theoretical investiga- 
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tions’ were essentially qualitative in nature and the 
explanation of the gaps was not completely clear, we 
felt that quantitative calculations of all the steps in the 
process would be worthwhile in further understanding 
of these experiments. 

We have carried out such calculations based on a 
variational approximation to the wave function of the 
three-body system. This approximation is described in 
the preceeding paper which will henceforth be referred to 
as I.° The solutions of the equations developed therein 
were obtained numerically with the use of an IBM-701 
digital computer. In this manner we obtain the eigen- 
values of the energy for bound states, and the elastic- 
and exchange-scattering cross sections for the free 
states. From the calculated wave functions, we have 
determined the rates of molecular-ion formation in the 
(pup)*, (dud)*, and (pud)* systems using perturbation 
theory. In addition, we have made a more detailed in- 
vestigation into the nuclear processes involved in the 
(pud)* reaction and have obtained a somewhat dif- 
ferent time dependence for the y rays than was ob- 
tained by Ashmore et al. using the previous phenomeno- 
logical theory. Specifically, we have found that the 
nuclear reactions will take place predominantly from 
the singlet spin states of the two protons involved and 
not from the triplet states, and that the reactions will 
proceed from various spin channels quite independently. 
Our re-analysis of the data of Ashmore ef a/. has then 
led us to a considerably lower value than they had 
obtained for the number of y rays per incident u meson. 


II. SOLUTION OF THE BOUND STATE AND 
SCATTERING EQUATIONS 


A. Numerical Technique 


Solutions to the radial differential equations for the 
nuclear wave functions, Eqs. (2) of I, were obtained 
numerically by the use of the procedure of Milne® with 
a four-point integration formula. In this method the 
solution is advanced to successive grid points by first 
obtaining predicted values for the first derivative, y 
of the wave function, y,, at the new grid point by the 
use of the “open” formula: 


Vn4 1‘! P Ta 3 +4Ar( 2yn'—Y, + <)\ 


where r,=fo+nAr, Ar is the spacing of the grid points, 
and y,” is the second derivative of the wave function. 


7 Gallone, Prosperi, and Scotti, Nuovo cimento 6, 168 (1957); 


Hagashi, Nakano, Nishida, Suakane, and Yamaguchi, Progr. 
Theoret. Phys. (Kyoto) 17, 615 (1957); H. Marschall and Th 
Schmidt, Z. Physik 150, 293 (1958); M. Schmizu, Y. Mizumo and 
T. Izuyama, Progr. Theoret. Phys. (Kyoto) 20, 777 (1958) have 
treated parts of this problem using approximations which are 
similar in nature to methods presented here. Vote added in proof. 
More recently, calculations on collision processes involving mu 
mesic atoms were reported by T.-Y. Wu at the 12th Annual 
Gaseous Electronics Conference held at the National Bureau of 
Standards, Washington, D. C., October 14-16, 1959. 

8S. Cohen, D. L. Judd, and R. J. Riddell, Phys. Rev. 119, 384 
(1960), preceding paper. 

* James B. Scarborough, Numerical Mathematical Analysi 
(Johns Hopkins Press, Baltimore, 1950), second edition, p. 293. 
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These are then used to obtain predicted values of the 
wave functions by the use of Simpson’s rule: 


iP , > , / 
Vue) = Yar t §dr (yng +4 yn +Yn-1 )- 


These predicted values are in turn used in the differen- 
tial equations in order to calculate predicted values for 
the second derivatives. From the predicted values, 
more accurate corrected values for the first derivatives 
are calculated, again by the use of Simpson’s rule 
(closed formula): 


Vn4 7" O= Yai t+ §Ar(yn4 "th . +4yn"+yn-1”). 


These corrected values of the first derivatives are as- 
sumed to be their true values. Finally, yay1 and yny1” 
are recalculated by the use of the corrected value of 
Yaii'. Starting values for the functions at four grid 
points are required in order to begin this integration 
scheme. For small values of r, these values were ob- 
tained by use of the power-series expressions for the 
wave functions given in Sec. II C of I. For this purpose 
it was necessary to express the various quantities 
appearing in the differential equation in terms of power 
series valid near the origin. In general, five terms in the 
power series were fitted to each of the required functions. 

In a classically forbidden region, this numerical in- 
tegration technique is stable about a solution with 
monotonically increasing magnitude. If one attempts to 
obtain a solution with decreasing amplitude, propagated 
rounding errors will introduce solutions with increasing 
amplitude, and these will eventually dominate over the 
desired solution. For this reason, in the case of bound 
states (and certain free states in the unequal-mass 
case!®), it was necessary to calculate the wave functions 
for large r by integrating in the direction of decreasing 
r. In these cases, starting values for the wave functions 
at an arbitrarily chosen large value of r were obtained 
by the use of the asymptotic behavior of the solutions 
for r— ~. For the calculations, this large value of r 
was chosen as 20a,, where a, is the Bohr radius in the 
mesonic hydrogen atom. For values of r less than fo, 
where fo is in the vicinity of the classical turning point, 


TABLE I. Eigenvalues for various bound states. 


W (ev) 
2530 
2664 
2771 
2623 
2878 
2754 
2986 
2845 
2887 


0 For the scattering states in which the energy of the system 
lies between that of the free (pu) and (du) atoms, the wave func- 
tion will generally have an asymptotically decreasing part. It is 
therefore necessary to follow a similar procedure in such cases. 
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Fic. 1. Bound-state radia] wave functions for the 
(pud)* molecular ion. 


the integration was done in an outward direction, while 
for r larger, than ro, the inward direction was chosen. 

In this numerical work the integration steps were 
chosen to be 0.05a,. In Appendix A we give a discussion 
of a test problem that was used to check the accuracy 
of the problem codes. The equal mass and unequal mass 
cases were coded independently, and the test problem 
was constructed to convert the two uncoupled differen- 
tial equations of the equal-mass case to coupled equa- 
tions similar to those occurring in the unequal-mass case. 
Aside from rounding errors, the two methods of solution 
agreed completely, thus providing a good check on the 
two programs. In addition, the unitarity current de- 
veloped in I, Sec. II D, was computed at various points 
and was found to be zero within the rounding errors, 
as it must be for the regular solutions. 


B. Bound States 


The bound states of the system were obtained by the 
use of the variational procedure of I, Sec. IV. As was 
stated there, the (pup)* and (dud)* systems involve 
only the symmetric states, whereas the (pud)* case 
requires the solution of the coupled equations. In 
Table I we give the computed eigenvalues for the bind- 
ing energy, W, of all the bound states for various 
angular momentum, L, for each case. The binding 
energies given are to be compared to zero for a totally 
separated system. Also included in this table are the 
binding energies for the atoms. 

In Fig. 1, we give the solutions ¢, and @_ for the 
1=0 and /=1 bound states in the (pud)* case. In the 
vicinity of the minimum in the V, potential (r,,~2), 
@— is considerably smaller than ¢,, while as r, ap- 
proaches ©, |'@ | approaches ¢, | ; this results from 
the greater binding of the meson on the deuteron than 
on the proton (see I, Sec. III A). 


C. Scattering States 


We have used the methods of I to calculate the wave 
functions for the free states of the various systems. In 
the u-meson catalysis experiments, the energies of 
interest are quite small, however, and it is necessary to 
consider corrections to these solutions. The energies of 
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interest range from something less than a few hundred 
electron volts down to thermal energies in liquid hydro- 
gen (~1/400 ev). 

The numerical calculations were carried out to a 
distance 7,= 20a, for several reasons. The potential at 
this distance is quite small, and it was found that 
beyond this point it is well represented analytically, 
therefore analytic corrections for 7,>20a, could be 
obtained. In addition, the memory storage in the 
numerical! calculations limited 7, to a value near 20a,. 
The most important part of the long-range force, vary- 
ing as r,*, (which is given exactly by second order 
perturbation theory) has been calculated by Dalgarno 
and Lewis." They find 


V (r,)= — (9/2€)r,.-4 


, 


where ¢ is the parameter defined in I. For our varia- 
tional wave function, one finds that asymptotically 
V = —(4/e)r,~*, which is close to the exact result. To 
obtain the correction to the phase shift resulting from 
the wave-function integration from 7,= 20a, to «, we 
have used the potential obtained by Dalgarno and 
Lewis. Because the potential is small in this region, we 
anticipate that the correction to the phase shift will 
also be smali. However, as we are interested in the 
limit of very small energy, it is not possible to use either 
the Born or the WKB approximation to obtain esti- 
mates of the corrections, because neither is valid in 
this situation. Rather, we have chosen to use a method 
of variation of constants to provide the approximate 
solution desired. 

To develop this approximation for S-wave scattering, 
we define the variables A (r), 6(r) by the equations: 


¥(r)/r=(r)=A(r) sinlkr+6(r) ], 
and 


(1) 
do(r)/dr=kA(r) coslkr+é4(r) |, 


where & is defined as [(W+1—0.25e)/«}!. These equa- 
tions then imply the constraint : 


dA 


dé 
sin[kr+6(r) ]+ A coslkr+6(r) ]}—=0. 
dr dr 


In addition, the Schrédinger equation, 


&'o/dr'+[k—V (r)]o=0, 


leads to 


dA dé 
r te ~ . ' 

k— cos kr+6(r) |—kA sinlkr+6(r) }— 

dr dr 


= VA sinLkr+4(r) ]. 
Thus, we obtain 
ds V(r) : 
—=— sin*Lkr+6(r) ], 
k 


1 A. Dalgarno and J. T. Lewis, Proc London) A 


70 (1956 


Roy. Soc 
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and 
dA AV(r) 


dr 2k 


sin{ 2[ kr+é(r) ]}. 


In our problem, the numerical solution of the equation 
for r,= 20 will provide the boundary value for 6(r) for 
r>20." The true phase shift will then be given by 
5=lim,..6(r). It should be pointed out that this ap- 
proach is not correct for the (pud)* system if exchange 
is energetically possible, because in this case the 
asymptotic form is not given correctly by Eq. (1). 
However, it is only for very small energies that the 
present corrections are necessary, and in this case the 
equation for ¢4 for r,, 2 20 is essentially uncoupled. Now, 
we have V(r)~C/r', and a posteriori one can show that 
5—6(20) is much less than 1, so that we may write 


C fr* sin’?Lkr+6(20) } 
6~6(20)+ f dr. 
kd r' 


or 


x 


cosu 


& 1 
6~6(20)+ | — — (24) cos25(20) f —§ du 
2k (3X (20)8 aon 14 


* sinu 
—sin26(20) du}>. 
‘ u* | 
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In the limit E — 0, it is possible with the 7~ potential 
to solve the Schrédinger equation exactly, with the 
result that we obtain 


o(r)=Ar sin(C!/r+8@), 


where A,@ are constants. From this, for (C/20°)<1, 
we obtain an approximate value for a, the scattering 
length, 
C 
a=a(20)+—— 
3X (20)° 


{a(20)°+3X 20[a(20)+20]}}, 


where a(20) is the scattering length computed from 
calculated values of @ and d@/dr, at r,=20. Because 
we have a= lim,0(5/k), one finds that the approximate 
solution of the Schrédinger equation agrees with the 
exact solution in the limit E — 0, and for C/(20)’<1. 
The latter requirement is necessary in order that we 
may drop 6(r)—4(20) in the argument of sin*Lk&r+4(r) ]. 
In Appendix B we analyze the additional effects on 
these phase shifts which might be expected because of 
the presence of electrons. It is shown there that for the 
energies of interest these contributions are negligible. 
In Fig. 2 we have plotted the phase shifts in the 
(pu)+p* and (du)+d* systems both for the symmetric 
(+) and antisymmetric (—) wave functions including 


121f one wishes to use this equation for all values of r, it is 
necessary that 5(r) + 0 as r — 0 if V(r) is well behaved as r — 0. 
For singular V(r), a special treatment is necessary. At discon- 
tinuities in V(r), 5(r) must be continuous. One obtains an approxi 
mate form of the WKB expression by setting sin?(4r+8)= 4, which 
is valid for V/F<1 
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the above correction to the phase shifts. In accordance 
with the usual convention we have set 6=0 for k=0. 
For several values of k, an individual phase shift can 
have the value mz, so that its contribution to the scat- 
tering cross section will be zero. However, in general, 
the second phase shift for these systems will still con- 
tribute to the cross section. 

The (du)+p* system has quite different properties. 
For small energies only one phase shift is necessary to 
describe the scattering state. The behavior of this phase 
shift for small energies is given in Fig. 3 both with and 
without the asymptotic correction. For small k, the 
phase without correction is small, leading to a scattering 
length of only ~0.8a,. The correction is important in 
this case and, as one sees, with the correction the phase 
shift actually changes sign for k~0.02 (energy ~0.2 
ev). This therefore leads to a Ramsauer-Townsend 
effect’® in this energy region, and we would therefore 
expect an extremely small cross section for scattering. 





Fic. 2. Phase shifts for 
S-wave scattering in the 
(pup)* and (dud)* systems 
as a function of k. 





The various scattering cross sections as calculated are 
given in Fig. 4. 

We feel that the anomalous behavior of the (du)+p"* 
cross section gives the explanation for the gaps that 
have been observed between the end of a u-meson track 
and the point at which the nuclear reaction occurs. The 
interpretation of the gaps is that the meson is slowed 
down, captured by a proton, and subsequently ex- 
changed to a deuteron as discussed in the introduction. 
This neutral mesonic atom acquires an energy of about 
100 ev in the exchange and is subsequently slowed 
down to very low energy. However, as it reaches the 
Ramsauer energy the scattering cross section becomes 
very small and the atom can travel large distances 
without effective collisions with the protons of the liquid 
hydrogen. The only significant collisions for stopping 
the atom would be those with deuterons, for which 


13See for instance: Leonard I. Schiff, Quantum Mechanics 
(McGraw-Hill Book Company, New York, 1955), p. 108. 
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3. The phase shift, 6, for the scattering of (du) atoms by 
protons, divided by & versus k. 


there is no such anomalous behavior, and those with 
protons which result in the formation of the (pud)* 
molecular ion. The latter is small, as will be seen, while 
the former will be small for the deuterium concentra- 
tions in natural liquid hydrogen. Increasing the deu- 
terium concentration by using hydrogen enriched with 
deuterium should quench these gaps, as is indeed ob- 
served. The cross section for scattering (du) atoms by 
deuterons at low energies is found to be ~40X10-* 
cm’. The density of the liquid hydrogen is ~3.5X 10” 
atoms/cm*, so that for a deuterium concentration of 
2X10~ (natural hydrogen), we obtain a mean free 
path ~3 mm, while for a concentration of 1%, the 
mean free path is 0.07 mm. These results are in reason- 
ably good agreement with the experiments on the 
quenching of the gaps with increasing deuterium 
concentration." 

Although the cross sections for the various processes 
are of general interest, the exchange cross section, ¢ pa, 
for (pu) atoms incident on deuterons is of great im- 
portance in the phenomenological analysis of the de- 
pendence of the rate of catalysis on the deuterium 
concentration. This exchange cross section is inversely 





Fic. 4. Mesonic- 
atom scattering cross 
sections as a func- 
tion of center-of- 
mass energy. 


Cross section (10cm?) 
n 
ts] 














2 x « E's) 
Center-of-mass energy (ev) 


4 Cresti, Gottstein, Rosenfeld, and Ticho, University of Cali- 
fornia (private communications). 
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proportional to the incident velocity for small energies. 
It is to be expected that the (pu) atoms will rapidly 
slow down and will then exchange at low energy with 
deuterons to form (du) atoms. Thus the rate of such 
exchange is of great significance. From our calculations, 
we find 


lim (opatH)> 
WW, 


= 3.3 10-" cm/sec, 


which leads to an exchange rate in pure deuterium of 
R= 1.14X 10" sec" 


It will be seen in the next section that when this rate is 
taken in conjunction with the molecular-ion formation 
rate, one obtains reasonable agreement with the experi- 
mental dependence on deuterium concentration. 


III. MOLECULAR-ION FORMATION 
A. (py) +p* — (pup)* 


As has been shown in the phenomenological analysis, 
it is to be expected that the competition between 
molecular-ion formation and the exchange process dis- 
cussed above will determine the dependence of the 
nuclear reaction rate on the deuterium concentration 
(ca). We have computed the rates for those mechanisms 
that seem most significant. These include radiative 
formation of the molecular ion and the ejection of an 
electron from its orbit in the hydrogen molecule in 
which the “‘free’’ proton resides. In addition, we have 
considered in a rough way such processes as three-body 
collisions, and have found their effects to be small com- 
pared to the most significant of the mechanisms treated 
here. 

We will first treat the molecular-ion formation in 
which an electron is ejected into a p state of the con- 
tinuum as the nuclear-mesonic system makes a transi- 
tion from an incident s state to a bound p state. This 
will turn out to be the dominant formation mode. The 
perturbation Hamiltonian will be chosen to be 


where the r,; for i=1, 2, and w are the distances from 
the electron to the two nuclei, and to the meson, re- 
spectively. We will assume that the electron is in the 
Coulomb field of a fictitious charge at the center of 
mass of the three ‘‘z”’ particles (in addition to the field 
of the other proton in the hydrogen molecule), so that 
e*/r.. must be subtracted from the perturbation Hamil- 
tonian, where r,. is the distance from the electron to the 
center of mass of the three particles. Because the three 
particles must be very close to each other as compared 
to the size of the electron orbit in order that the mo- 
lecular ion be formed, the precise choice of the perturba- 


tion is not important. As an approximate solution to the 
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unperturbed electronic motion in the bound state 
have chosen'® 


(Z')* 
y.! -(— “) [e- Z’ /ae)r +¢ Z 
‘Sai! 3 


where r,, is the distance from the 
charge center in the molecule, and 


ree \(1+A 
electron to the other 


= (1+ 9+ 4p") exp(—p), 


where p=Z’r,./a, is introduced to normalize y.’, rp< is 
the spacing between the nuclei of the molecule, a, is 
the electronic Bohr radius, and Z’ is the effective charge. 
The best value for Z’ is about 1.19, and for 7,./a@, about 
1.40. This leads to A=0.677. This wave function gives 
reasonably good agreement with the binding energy of 
the hydrogen molecule and seems to provide the prin- 
cipal features of that system. The introduction of a Z’ 
takes some account of the binding of the electron pro- 
vided by the other proton in the molecule. We will 
choose the outgoing-electron wave function to be a 
Coulomb wave function. In this case, presumably 2’ 
will lie somewhere between 1 and 1.19, approaching 1 
as the energy is increased. (It would be expected that 
Z' approaches 1 as the DeBroglie wavelength becomes 
short compared to the distance between the protons. 
Thus, Z’ approaches 1 as the kinetic energy becomes 
large compared to the binding energy.) 

Now, after expanding 1/r, 
in (r./r;)", 


in the usual power series 
we obtain for the dipole contribution to 3 int: 


(I Kint F)=-e| ferwn, 
as Si cos6 i. 
x> af dr dQ, v-! / 
t 0 Te 


—é ferwrvr de i dr dQ, 


Xv (r./re—ri/r2) coset 


where y, is the electronic wave function for the initial, 
I, and final, F, states, V is the corresponding wave 
function for the three-body system, ¢; is +1 for the 
two protons and —1 for the » meson, @;, is the angle 
between r, and r;, and d*r represents the volume ele- 
ment of the three-body system. The second term gives 
a contribution of order kr; when compared to the rate 
obtained when the final state is an s state (which will be 
treated later) and is therefore negligible. The integra- 
tion over the part of the wave function centered on r, 
can be carried out exactly, as is shown in Appendix C. 
The other term has been obtained by an approximate 


18 See, for example: L. 


B. Wilson, Introduction 
Book Company, New 


Pauling and E. 
to Quantum Mechanics (McGraw-Hill 


York, 1935), p. 349. 
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numerical integration as is also indicated there. Then 
we may write 


(1 | int| F) = —4rei 


ri 
a 


as —) forwery ) €:7; cos8; 7 (Re J, 
where 6;; is the angle between r; and k, the momentum 


2ra3(1+A) 
of the ejected electrons, and J(k,) is the value of the 
integral over the electronic wave function, i.e., 


Hb)= flee tesa ys (ner. 


Thus, to evaluate (J|3int| FF), we need the matrix ele- 
ment of the dipole moment of the three-body system, 
d, with respect to the center of mass in the direction of 
electron ejection k,. In Appendix C, it is shown that 


dary} 
(I d, F)=( ) f XI" (rn)X4¥ (rn) (1+p,) 
3 


x [¥stbdraradrn 


where we have chosen the final bound three-body state 
to be quantized with angular momentum (L),=0. The 
final bound state of the system is a p state and is of the 
(+) type [the (—) type having an almost completely 
repulsive potential and consequently no bound states ] 
so that the spins of the nuclei must be in a triplet con- 
figuration. The initial state is an s state of the (—) type, 
which thus makes the initial state also antisymmetric 
in the nuclear spatial variables and again the spin state 
must be triplet. As discussed in I, the incident wave 
function must then be chosen asymptotically as: 


Wr~we yy — ec Yot (fir— fiz) (e*"/r) Qi— 
Thus, because we have (fii— fiz) =k e® 
find that asymptotically, 

Yr~ (kr) e*- sin(kr+6_) (Yi—2) 
~Vv2 (kre sin (kr+6_) -y_. 


sinéd_, we 


The initial x wave function must therefore be normal- 
ized asymptotically to v2 sin(&r+6_). Finally, from the 
matrix element for d, we obtain the total rate of 
molecular-ion formation in pure hydrogen as 


R (pup) = 120.N (a,/ae)°(Z’)*| I (Red | ?, (3) 


where v, is the velocity of the electron and N is the 
number density of protons in liquid hydrogen. Here we 
have integrated the isotropic distribution in the elec- 
tron direction over all angles dQ, and have taken into 
account the fact that the triplet state occurs only in 
three-fourths of the collisions. 

In order to evaluate d;, the integration over the meson 
variables was carried out analytically, and the final 
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integration over r, was done numerically for r,,<¢ 20. 
The contribution to the matrix element for r,>20 was 
calculated analytically by the use of the asymptotic 
form of the x’s obtained from their values and deriva- 
tives at r,=20. For an incident kinetic energy near 
zero, we find d,= 25.0. From the binding energy of the 
(pup)* system in the p state, we find an energy release 
of 93 ev in the reaction. Because the electron is bound 
in the molecule with 15.6 ev, the electron will escape 
with the energy of 77 ev. This gives a value for k, of 
2.38 atomic units. The value obtained for /(k,) has 
some dependence on the choice of Z’, the effective charge 
for the outgoing electronic wave function. Using V 
= 3.5 10” cm‘, and Z’=1.19, we obtain 


R (pup) = 6.5 X 108 sec, 


while for Z’= 1.00, we obtain a slightly smaller value. 

In addition to the dipole ejection, molecular ions 
might be formed by a monopole ejection of the electron. 
This mechanism has been discussed previously by 
Jackson.'® The perturbation Hamiltonian is identical 
to that used previously, but in this case the ejected 
electron will be in an s state. Now, we expand r,,;~' and 
keep only the lowest order; vz., r-<! for r->r; and r;~" 
for r,2r;. Then we obtain 


(1 | Hint | F): 


1 
- Wel VeFdr 


Te 


reg 
XV Ve > af ( a 
: 0 T; 


by extending the integral involving 
region 0<r,< ©, and then subtracting this part in the 
integral from 0 to r,. For r, larger than all the r;,’s, it is 


r.' over the entire 


evident that iCing=0. Now, because the molecular ion 
is small compared to the electronic Bohr radius, we 
may replace y,./ and y,* by their values at r=0 to 
obtain — (2r/3)r2p.'(0)y.* (0) for the integral. Using 
the previous choice for the electronic wave function 
for y./ and a free particle y.”, we then obtain 


4€ /a,\! pec 
9 fcXa, i 


where we have defined 


1-+-e-°'r re+re—r,? 
~ | oa ited 
“(1+a)) 


¥7 is normalized to the incident part of e* asr— «, 
Vine 1S the relative velocity of the proton and (py), and 
p- is the momentum of the outgoing electron. Using a 
density of liquid hydrogen of 3.510” cm', we find a 


M’= 


16 As will be seen, we disagree with Jackson’s result (reference 5) 
by a factor of order 10~*. The discrepancy can be either a result 
of the fact that he did not take into account the effects of the 
orthogonality of the unperturbed wave functions, or that the 
perturbing Hamiltonian did not include the term e/rec. 
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rate, R.;, for the molecular-ion formation in pure 
hydrogen: 
M’'|? sec". 


R,;) ~2.2X102| 


Thus, since one would anticipate that ((r/a,)*)»< 10°, 
the monopole ejection cannot compete with the dipole 
case. 

Finally, we might consider the radiative formation 
of the molecule ion. The total transition probability 
for dipole radiation is given by 


4 & 
R,= d\’, 


3he Ce 


where w= E/h, E is the energy of the photon, and d is 
the dipole moment of the system."’ Inserting the value 
of (d,) as computed for the electron-ejection process, we 
find a rate of radiative molecular-ion formation: 


R,=5.7X10 sec 


in pure liquid hydrogen. Thus the radiative formation 
is also quite negligible. 


B. (du)+p* — (dup)t 


In the case of (du)+p* — (dup)*, the major mecha- 
nism is, as before, the interaction of the dipole moment 
of the three-body system with the electron to eject it. 
There are, of course, numerical differences between the 
(dup)* and (pup)* cases. The energy released is 90 ev 
rather than 93 ev. The matrix element is also different. 
In addition, because the nuclei in (dup)* are not 
identical, the incident wave function is normalized 
asumptotically to &~' sin(kr+é) rather than v2 times 
this value, while the various spin states of the system 
are of no importance. With this normalization, we find 
for the matrix element (d,)= 29.4. Also, we find J(R-.) 
=0.575k.'. Thus, from an equation similar to Eq. (3), 
we obtain for the rate of molecular-ion formation in 
pure hydrogen: 


R (pua) = 2.5 10° sec, 

Once the (pup)* molecular ion is formed, the most 
likely possibility is that the u meson will decay with its 
natural half-life. Since the system has no dipole mo- 
ment between two (+) states, it cannot readily decay 
to the ground state. On the other hand, the (dup)* 
molecular ion can readily decay from the p state in 
which it is formed to the ground s state, because it will 
have a dipole moment as a result of the asymmetry in 
the two nuclei. In this process, 124 ev is released. Just 
as in the molecular-ion formation, the dominant mode 
of decay is electron ejection by a dipole interaction. 
Because the initial and final states are both bound, the 
wave functions are normalized differently than for free 
particles. The expression for (/|d,|F) is given in 


17 See, for instance, Walter Heitler, The Quantum Theory of 
Radiation (Oxford University Press, London, 1954), third edition. 


JUDD, 
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Appendix C. We find (/|d,|)=0.271a,, and hence a 
transition rate of 


Rps=2.5X 10" sec 


In this calculation, we have assumed that the transi- 
tion takes place from a molecule with two electrons 
present. Because one electron has been ejected in the 
molecular-ion formation, it is possible that only one 
electron remains to be ejected in this decay process. 
It would seem that the exchange of an electron from 
another molecule in the liquid to the ion would take 
place quite rapidly. Whether or not this is the case, the 
computed rate is so large that the molecular ion will 
proceed in a negligible time to the ground state. 


C. (du)+d* — (dud)* 


Finally, we will briefly consider the formation of the 
(dud)* molecular ion. This case is similar to the (pup)* 
case, but there are two differences. In the first place, 
the deuterons satisfy Bose statistics, so in the final state 
their spins must be in an antisymmetric configuration. 
This gives a statistical factor of } rather than ? in the 
rate of formation. Secondly, there are two bound s 
states, so that the free s-state wave function has an 
extra node compared to (pup)*. As a result, there is 
much cancellation in the evaluation of the matrix 
element of d, and it is very small. Thus, the rate of 
molecular-ion formation in this case in pure deuterium 
is very small compared to the corresponding (pup)* 
rate. Specifically, we find 


Raya) =5.9X 104 sec}. 


Because this rate is so small, we would expect that an 
experiment carried out in deuterium would lead to 
rather few (dd) nuclear reactions. In addition the 
likelihood for nuclear reactions is further decreased 
because the final states of the molecular ion will be 
predominantly p states for which the probability of 
finding the nuclei at small distances will be small. This 
latter effect will be compensated to some extent by a 
much higher intrinsic nuclear rate, since no electro- 
magnetic interaction is involved. For molecular ions 
formed at higher energy, we would expect that some of 
them will form by a transition from incident to final s 
states. These, of course, will react very quickly. 


D. Comparison with Experiments 


The phenomenological analyses lead to a dependence 
of the yield of rejuvenated muons on deuterium concen- 
tration given by®:® 

1/Y=A+B/ca, 


where Y is the number of energetic muons per incident 
muon, cq is the concentration of deuterium, Ro is the 
rate of natural decay, and we have 


B= (A+1)(RotR pup ) eis 
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Evidently, A gives the rate at saturation (cq— 1). 
Among other things, the value of A will depend on the 
nuclear reaction rate. The experimental results are in 
reasonably good agreement with this dependence on ca, 
and they lead to a value for (A+1)/B of about 1.3 10°. 
Our calculations give 


(A+1)/B=Rex/ (Rot R pup) =1.6X 108. 


Considering the fact that the experiments do not give 
a very precise value for this ratio, as the error seems to 
be something like +0.3X10* and the correction terms 
in the calculation of the three-body system are of order 
M,/M,~0.2, this agreement seems quite satisfactory. 


IV. NUCLEAR REACTIONS 
A. Estimates of Matrix Elements 


Once the (pud)+ molecular ion is formed, there is a 
sizable probability that the two nuclei come sufficiently 
close together to undergo a nuclear reaction, with the 
formation of He*. Two possible processes have been 
observed : 

(a) ptd— He*+y7, 


and 


(b) ptd+yu— He*+u. 


The excess energy of 5.5 Mev is taken away in the 
former by the y ray and in the latter by the » meson. 
As one sees on comparing the results of Ashmore ef al.‘ 
with those of Alvarez et al.,3 process (a) is much more 
likely than process (b). We have carried out a some- 
what phenomenological treatment of the nuclear re- 
actions, in which we have assumed that the proton and 
neutron in the deuteron are distinct particles and 
maintain their respective identities throughout the 
interactions. 

In the initial molecular-ion state, at small separa- 
tions, the two nuclei are largely in an s state with re- 
spect to each other, corresponding to the (+) part of 
VY, with a small admixture of p state corresponding to 
the (—) part. Since, in this state the probability is 
small that the nuclei are close enough together for 
nuclear forces to be significant, the wave function will 
be only slightly perturbed by the nuclear effects. Be- 
cause of the exclusion principle for the two protons in 
this system, we must treat the singlet and triplet 
proton spin states separately. In the incident singlet 
case, we can write symbolically for a state of J,= +3, 


V1 ~Spp ont { Lpp(0) Loy, n(O)+Lpp(2)L pp, n(2) 
+++++alLyp(0)Lyy,n(1)+---]}, 


where S,p,*** represents the two-proton spin function 
of total spin s and z component of spin s,, and ¢,,** is 
the neutron spin function of z component + 3. The 
Lyp(l) represent the orbital angular-momentum func- 
tions for the two protons about their center of mass, 
while Ly, »(/) represents the orbital angular-momentum 
function for the neutron moving about the pair of 
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protons as a unit. The terms multiplied by a represent 
the smail admixture of (—) functions in ¥;“). The 
total orbital angular momentum of the initial system 
is zero, and the terms such as Ly,(2)L py, (2) must be 
combined to give a total L of zero. Thus the total J for 
the singlet state is one-half. For the terms multiplied 
by a, the u meson (which has not been represented here) 
must be considered in treating the total angular mo- 
mentum. In the (—) case, for small values of rn, the 
meson is essentially in a p state, so that the nuclear 
functions must be combined to form a total L of one. 
The functions L,,,,(/) are symmetric in the two pro- 
tons, and so any / may appear in them; because of the 
exclusion principle, however, only the even terms in 
Lyp(l) may occur in ¥;“). The final nuclear state is 
that of He’, with a total J of one-half. For it, the two 
protons are in a singlet state. Thus, the final state, Vr, 
will be of a form similar to ¥;“, except that the a 
terms will not be present. Now let us consider the elec- 
tromagnetic transitions for such states. 

For the }—> 3} transitions, either electric dipole or 
magnetic dipole reactions are possible. The perturba- 
tion Hamiltonian has the matrix elements'® 


Ouo=e(3/4e)'E [ virssbedr, 


and 


M,)'= (eh/2Mc) (3/4)! Zz us f vit (odbedr, 


respectively, where 2; is the 2 component of the dis- 
placement of the ith particle from the center of mass 
of the system, y; is its magnetic moment in nuclear 
magnetons, and g; is its Pauli spin matrix. The part of 
Wr independent of a will have only a nonvanishing 
M,,0', while the part proportional to a will only con- 
tribute to Q1,o. 

We might roughly estimate these two rates by con- 
sidering that the nuclear states are simply of constant 
density to some distance, R, and then zero outside. 
From the normalized eigenstate of the molecular ion, 
we find that the (—) solution is given by 


V_~0.0317(r/a,) 


for small r. This function increases linearly with r, as is 
appropriate to a p state. Putting this wave function 
into the expression for (1,0, we obtain as a very rough 
estimate, Q1,0~ (0.0317/5)(r/a,)'eR. If we set R=4 
X10-* cm, we find for Rea, the rate of electric-dipole 
transitions, 

Rea~7 X10 sec. 


If we make a similar rough estimate of M,,0’, we find 
first 
V, ~0.0146. 


18 See, for instance, J. M. Blatt and V. F. Weisskopf, Theo- 
retical Nuclear Physics (John Wiley and Sons, New York, 1952), 
p. 599. 
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Again using R=4X10-" cm, we have Mi, 0'/Q:,0~12, 
so that this rate becomes: 


Rua~10' sec. 


Thus, it would seem that for the singlet initial states 
magnetic-dipole transitions are the most likely. In 
addition, one might consider the element Q;, 0’, but be- 
cause it involves both the magnetic moment and the a 
terms, its contribution will be extremely small. 

Let us now consider the initial triplet states. Again 
we write symbolically 


V1 O~S pp on?{ Lpp(1) Lp, n(I)+--: 
tal Lpp(1) Lp, n(O)+--- Jj}. 


The orbital angular momentum will again be zero, but 
now J is either 3 or $ depending on the spin orientations. 
In this case, in order to produce a transition to the He® 
ground state, it is necessary to flip a spin, thus changing 
the protons from a triplet to a singlet configuration, 
and in addition to change the orbital wave function 
from an odd L,, to an even one. Now, various transi- 
tions are possible, for example, 


ixeh 3 \3 
Qi.0' = ( ) ym us f Wi" (n.X0,) dr, 
4Mc\4r i 
ixeh f 5 \3 
— ( ) > ar" [ se2-ray 
4Mc 167 t 


-{)*(r;+0,)V r}dr, 


where «= E/fc. The matrix element of Q;,9’ in this 
triplet case may be compared to that of Q;,0 in the 
singlet case. The former is smaller by a factor E,/4Mc 
~ 1/200, as are all of the triplet transitions, because the 
spin must be flipped. However, it does not involve the 
small components of the molecular-ion wave function, 
and one might therefore estimate Q1,0’/Q1,o~%. Thus, 
because the electric-dipole rate from singlet states is 
small, the rate of nuclear reaction in this process will 
be negligible compared to the natural decay rate of the 
uw meson. Similarly, we have roughly estimated the Qs, 0’ 
element. In this case, the element involves only the 
small components and so is quite negligible. Finally, 
we have estimated M9’. Again we find that the matrix 
element is smaller than the singlet Q:,9 (by a factor 
~4), and the transition rate is also negligible compared 
to the natural decay, having a value of ~10* secu. 
Thus, from these considerations, we would conclude 
that essentially only the singlet initial states will 
undergo nuclear reactions to produce He’, with y-ray 
emission.” 

9 Jackson (reference 5) has attempted to correlate the (pd) 
nuclear reaction rate treated here with that of the ‘‘mirror’’ (nd) 
rate at low energies. However, because the process involves the 
magnetic moments, it is not a true mirror process, and a correction 
would be necessary. We feel another significant correction to the 
calculation is the effect of the nuclear forces in mixing in the 
“unallowed” Coulomb wave functions. This leads to a large cor- 
rection in the calculated rate for the (pd) system. 
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In addition to the y emission, it has also been sug- 
gested that a monopole transition may occur, with 
ejection of the » meson.*:* This process is similar to 
that for the monopole ejection of an electron in the 
molecular-ion formation discussed in Sec. III A. For 
this process, we find a rate of ejection, R,;, 


32 fe'mup,\ | F 
Ry= ( ) | f cetrewev eds 
9\ ata,’ | 


where r; and r2 are the positions of the two protons. 
In this case, transitions from the triplet initial state are 
forbidden. On making the same rough estimate as 
previously, we find 


R.j~5X 105 sect. 


B. Magnetic-Moment Effects 


We will now consider the nuclear reaction rates from 
the (pud)* molecular ion, under the assumption that 
transitions from the triplet state are negligible, as is 
indicated by the above considerations. Because of the 
magnetic-moment interactions between the three par- 
ticles in the molecular ion, some of the spin degeneracy 
in the eigenvalues will be removed, with the formation 
of definite spin eigenstates. As the energies involved 
are very small (~0.1 to 1.0 ev) compared to the Cou- 
lomb binding energies of the system, the orbital func- 
tions will not be affected appreciably by these inter- 
actions. However, the energy splitting is large enough 
that after a molecular ion is formed and until a nuclear 
reaction occurs, one may consider that the system is in 
a definite spin eigenstate, because interference effects 
between states will only persist for times of the order 
of 10-" sec. Thus the J of the nuclear system alone will 
not be a good quantum number. In computing the 
nuclear decay rate from a particular eigenstate, we will 
assume that the rate is proportional to the probability 
of finding the system in the singlet state, and we will 
introduce a phenomenological constant, R,, which will 
give the nuclear rate if the system is a pure singlet 
configuration. Thus, we set 


R.=P,* R,, 


where R; is the nuclear rate from the /th eigenstate, 
and P,“ is the probability of a singlet configuration 
in that ¢ state. 

The interaction Hamiltonian for the spins is 


Hepin= Bp’ Ball /rpa*)+ Bp: Bull /T pu?) + Ba Bu(l/Pay’), 


where w,, is the magnetic moment of the mth particle, 
and the expectation values of r~* are taken with the 
molecular-ion wave function. Here u, is much larger 
than either uw, or wa, and (r,a~*) is much smaller than 
(rp *) and (ra, *), so that in the following we will 
neglect the term in »- wa. In addition, we will approxi- 
mate (fp, *)~ (ray *), which is valid because the (—) 
part of the eigenstate is always small. We may separate 
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the various spin states according to their s components 

of J, as this is a good quantum number in the presence 

of the interaction. Let us now designate by X,(s), the 

spin state of the /th particle, corresponding to a z com- 

ponent of spin equal to s. Then the unperturbed states, 

~,, may be chosen as: 

=+2:  L2=Xy(2)Xp(2)Xa(1), 

e=+1: 2,4=X,(9)X,($)Xa(0), 

23 =) u(—2)Xp(3)Xa(1), 

21° =Xy(3)Xp(—2)Xa(1), 

Dot =Xy(—4)Xp(—4F)Xa(1), 
Xu(—3)Xp(2)Xa(0), 

Do°=Xu(2)Xp(—3)Xa(0), 

oP =X (3)Xp(3)Xa(—1), 


Js 
a 


> B. 


~~) 


and similarly for J,<0. The states J,=+2 are evi- 
dently good eigenstates, but since they are pure triplets, 
we have P,‘*)=0. In order to determine the eigenstates 
for J,= +1, it is necessary to solve a cubic equation, 
while for J,=0 it would seem that one has a quartic 
equation to solve. However, in this case the matrix may 
readily be split into two second-rank matrices, and one 
must solve two quadratic equations. The eigenvalue, 
\,, and coefficients a,‘”, for each 2,“ are given in 
Table II. The eigenvalues are given in units of 
(eh/m,c)(eh/Mc)(rpu*). The eigenstate is given as 


Dse'= Doe (a Ss,). 


For J,=+1, it is clear that 21? is pure triplet (since 
all the nucleons are aligned in the same direction). One 
readily finds that the contribution from other states to 
the singlet probability, P,“* 


, 1s 

P.© (1) =4 lar? (1/v2)a,4 P. 
In addition, for J,=0, one finds 

P, (0) =[a.4A— (1/v2)a,7 FP. 


These values are also tabulated in Table II. 


C. Analysis of the Time Dependence of the 
-Ray Experiment 


Our analysis leads to a somewhat different analysis 
of the time dependence for the y-ray production that 
was observed by Ashmore ef al. than the previous 
treatment.‘ Instead of having a single rate of nuclear 


TABLE II. Eigenvalues and coefficients for =,'. 


Py) 
0.135 
0.002 
0.613 
0.002 
0.748 
0.122 
0.629 


aB are aD 


0.143 
0.733 
—0.665 
0.435 
0.557 
0.141 
0.693 


+1 
+1 


0.771 
0.504 
0.390 
0.557 
—0.435 
0.693 
—0.141 


0.621 
0.456 
0.638 
0.557 
—0).435 
— 0.693 
0.141 


0.978 
—0.407 
—0.258 
—0.416 
—0.144 

0.990 
—0.298 
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Fic. 5. Time distri- 
bution of y rays from 
the (pd) nuclear fusion. 
The experimental points 
are those of Ashmore 
et al.4 Theoretical curves 
for three values of the 
parameter R,, are given. 


Number of y Counts /unit time /incident jz meson 











2 3 
T (sec) 


reaction to produce y rays, we must now consider 7 
different rates (+J, give equal rates, and /,=+2 gives 
a zero rate). We have made a new analysis: of their 
time distribution in which we have used the calculated 
value of the (pud)+ molecular-ion formation rate and 
have then fitted R, and the background rate to the 
experimental data. Our expression for the number of 
rays is similar to Eq. (2) of Ashmore e/ al., 


dn? 1 2 


= D Di Am/ (Ay? Az) ] 
Zm=!1 
x [exp(—A.“P4)—exp(—A, 2) ], 


dt 


where the notation is the same as in their paper with 
an added index ¢ to distinguish the different eigenstates. 
The factor 7; is simply the statistical weight of each 
of the spin eigenstates, /. The total number of y rays 
emitted per incident » meson is 


12 
nr? =py YS Vs Am/ (Avro —Va Am) 


m=1 


The ratio of rejuvenated mesons to y rays which is 
needed for the recycling of the process was fitted by an 
iterative procedure by the use of both the experimental 
data on y rays and on rejuvenated muons. Because the 
internal conversion ratio was rather small, the method 
was rapidly convergent. Representative curves that 
were obtained are given in Fig. 5. From these curves 
we believe that the best fit to R, gives 


R,= (1.25+0.10) x 108 sec. 


From this value, we then can calculate the number of y 
rays per incident muon as 


nr? =0.20y/p. 


This is considerably lower than that of Ashmore ef al. 
(0.34y/u) but is in fact in good agreement with an 
earlier value obtained by them by a simple integration 
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of their data, together with an assumption that the 
background was simply given by the average of one 
point obtained at r<0 and two points at the largest 
values of 7.” It would appear from the curves that the 
analysis presented here represents the data reasonably 
well. 


V. CONCLUSION 


As can be seen from the preceding analysis, the origi- 
nal qualitative considerations concerning the enhance- 
ment of nuclear reactions through the formation of 
u-mesonic molecular ions have been well verified by 
more quantitative calculations. The saturation phe- 
nomenon on increasing deuterium concentration seems 
to agree reasonably well with the experiments. The 
phenomenon of the gaps also seems to be well under- 
stood. In this case one might argue that the calcula- 
tions are not sufficiently accurate to provide the precise 
energy at which the Ramsauer effect takes place, but 
that such an effect occurs for a small energy seems very 
likely. 

Finally, the nuclear reaction rates as obtained on a 
phenomenological basis are in qualitative agreement 
with rough estimates made for them. Here, however, 
our analysis leads to a ratio of 0.20 for y rays per 
stopped muon, which is smaller than the ratio ob- 
tained previously by Ashmore ef al. If this number is 
used in conjunction with the experiments, we then ob- 
tain for the internal conversion coefficient, 


~ 07 
a~12%. 
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APPENDIX A 


In this Appendix we will develop the test problem 
which was used to check the accuracy of the coding of 
the solution of the numerical integration. Because the 
equal- and unequal-mass cases were programmed sepa- 
rately, it was possible to use a test problen to convert 
the equal-mass equations 


do, 1 
—+-(W—V.,)¢, 
dr ¢ 
and 
do 1 
+-(W 


dr’ é¢ 


—V \b 


into the form of the 


*” A. Ashmore, 
communication ). 


equations in the unequal mass case, 


University of Liverpool, England (private 


AND RIDDELL 
Eqs. (2) of I. This can be done by making a unitary 
transformation on the two-component ¢. Thus we set 


MARES 
o- “—? (1—p?)! d2 


where p is to be chosen as a function of r. If this trans- 
formation is introduced, we obtain the equation for ¢1, 


do, 1 (dp dr)? 
—~+-[w- V.+0(V,—V_)—e— ho 
dr ¢ l-p 


i 
9 


2dp/dr dd: [(d°p/dr?)+(1—p*)—'p(dp/dr)* 
(1—p?)! 


1—p’ dr 


1 
—-p(1—p*)*\ 
€ 


and a similar equation for ¢2. These equations are of 
the proper form if we make the interpretations: 


(dp/dr)? 
(Vea = eV + (1— Ve 
1—p’ 


(dp/dr)* 


(V_) test = 0’? V_+ (1—p?) Vite 
1—p 


1 
(g) test = —-p(1—p”)4(V,—V_). 


€ 


Further, if we have p — 1+0(r?) as r — 0, then (/)test 
approaches h=const and (g)tess approaches —2h/r. 
These are of course the boundary conditions found for 
the true f and g, and one would like to have them satis- 
fied in a test problem as well. The true V4 and V_ be- 
come equal as r goes to ~, and this can be accomplished 
by requiring that p approaches 1/v2 in this limit. 
Finally, the true g approaches a nonzero constant as r 
goes to ©, and to satisfy this requirement, the difference 
between V, and V_ must approach a nonzero constant 
in this limit. With these restrictions, the test problem 
will duplicate all of the features of the unequal- mass 
equations. 

To produce all the test functions, we have used the 
equal-mass V, and V_, with the latter displaced by a 
constant so that (g)tes: does not go to 0 as r approaches 
oo, and we have chosen for p 


VZ~1)_ 
) (ost) .. 
v2 


The solutions of the test problem then have been com- 
pared to those of the uncoupled case by making a 
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unitary transformation, and agreement was found to 
within the rounding errors involved. It might be noted 
that because the test problem is just a different form of 
two uncoupled equations, no exchange scattering should 
occur. This was also found to be true within the errors 
of the numerical calculations. 


APPENDIX B 


Because the energies of interest in this system may 
be very small (thermal energy ~ 1/400 ev), one might 
question whether the electrons in the molecule play a 
significant role in such processes as the scattering of 
(du) atoms from protons, because the latter will gener- 
ally have electrons around them. The direct interaction 
between the two systems seems to be the largest pertur- 
bation where we have 


1 1 
svaef intivs dare 
r lide 


ue 


In this expression, y, is the wave function of the u 
meson in the (du) atom, and y, is the electronic wave 
function in the (pe) atom. The separation of the nuclei, 
rn, Will be considered as a fixed parameter. These are 
the only interactions that have not been included 
previously. On inserting hydrogenic wave functions for 
the ¥’s which will be valid for the uw for r,>>a, (the 
only region for which this perturbation could be sig- 
nificant), we find: 


2é46,\7 | 
AV=—{ — J erm! 
Ae \ ae 


where a, is the electronic Bohr radius. Because we have 
a,/a-~ 1/200, AV has a maximum value of ~ 1/800 ev, 
but since it has a long range, we will consider its effect 
a little further. 

For r,>>a,, AV will be the only potential present. If 
this potential is put into the Schrédinger equation, we 
find as a solution 


Y= AJ ig ite?!) + BI ig 18-9), 


where n= (2M Eao/m-.e*)', and = (4Mm_./m?)!. Here M 
is the nuclear reduced mass, m, is the electronic mass, 
and m is the mesonic mass. Given a particular phase 
shift resulting from the potential at small r,, by appro- 
priate matching of y and y’ one can determine the 
effect on the phase shift of this potential. However, we 
are here interested in determining the limits of the 
energy, E, for which AV can be neglected, and for this 
purpose we can expand J/4;, in a series in its argument, 
keeping only the first two terms. 
We introduce 


¥ 1 mn 
(4), 
ay’ rT) 1 de 
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where r; is the point at which the wave function is to 
be matched, and do is the phase shift without AV. 
Then, upon expansion of J.;,, we find 


mm mi a 
tanj —+-8, }=tan{ —+4. j}-—____e"™, 
de a. 4(1+1’) 


where 6; is the phase shift including the effect of the 
potential AV. For r;~ 20a,, at low energy, we find that 
the electronic effects will be negligible if we have 
E= 1/200 ev. 


APPENDIX C 


In computing the rate of molecular-ion formation in 
Sec. III A, it is necessary to carry out an integral, over 
the electronic coordinates, of the form: 


y= far. re*Lexp(—Z'r../ae) 


+exp(—Z'|r.—rp| /ae) |r; cosb;pe”. 
In this integral, we choose for y,” the p-state Coulomb 
solutions, u.(kr.), about r. which tend asymptotically 
to approximate plane waves. Then we have 


WY & =31 cosbexuc(Rre), 


where 6,; is the angle between r, and k, the direction of 
ejection of the electron. The integration of the term 
containing exp(—Z’r,./ae) can be carried out exactly. 
Because the other term decreases exponentially with 
the distance from r, rather than from r,, we expect 
that it will be small compared to the contribution of 
the former. This expectation is borne out by the calcula- 
tions. Thus, we will only keep those terms that interfere 
with the first term and will neglect the contribution of 
the quadratically dependent (noninterfering) ones.?! 
This approximation leads to a retention of only the part 
of exp(—Z’r.,/a.) which is spherically symmetric 
about r.. 

Let us consider first the integration of this second 
term. We must evaluate 


Jami f dr, { aa, exp(—Z’|r.—rp| /a.) 


X co0s6;¢ COSA xte( Re), 


where 6;, is the angle between r, and r;,, and 6,, is the 
angle between r, and k, the direction of electron ejec- 
tion. To carry out this integral, we expand 

‘6 


1 V 
exp(—Z’|r.—rp|/ae.)=—f.(re) +—uf p(re) + °° +, 
v2 2 


21 In the final determination of the rate of molecular-ion forma- 
tion, it is necessary to average over all orientations of rp. Thus, 
by interfering terms we mean here those cross terms between the 
first and second parts which are obtained on squaring the matrix 
element and which are nonzero after such an averaging on fp. 
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where u is the angle between r, and r,, and we have 


1 
fs(r.)= 


l 
f exp —Z' r.—Tp a.)dp, 
v2. =f 


pexp(—Z’'|r,—r,| /a-)dp, 


and so on. 
On integrating over dQ., we find that the “s’’ part 
gives 
2r . 


cos); ; dr.u.(kr.) 


xf exp(—Z’|r.—f,p 
l 


The “p” part vanishes, and the “d’’ part gives 


Jo(sy= 


8a 
J»(d)= {[cos*0;,— +] cos6 iy. 
15 


+sin6;, cos; Sind ;, « OSG pik} 


1 


x 
xf dranc(kr.) f (u?— 4) 
0 1 


Xexp(—Z"|r.—rp| /a-)dp, 
where 6;, is the angle between r, and rj, and @pix is 
the azimuthal angle between the (p,i) and (i,k) planes. 
The term J2(d) will not interfere with the spherically 
symmetric term, J2(s), however, because on integrating 
over the direction of k, the cos¢,a, term will vanish, 
while on averaging on the direction of p, the first term 
will vanish. All other terms also vanish, and so we 
obtain J:=J2(s) in this approximation. The integral 
over w can be carried out analytically, and we have 
performed the final integration numerically. In the 
latter integration, we have replaced u.(kr,) by ji(Are).” 
Inserting the appropriate values for k, rp, and Z’ 
(2.50, 1.40, and 1.19, respectively), we find 


J2=0.9481 cos6;,. 


Let us now proceed to the exact integration of the first 
term. 

Here the angular integration is simple, and using cos@;. 
= cos6;;, cosé,.+ sin@;, sin8,, cosd, we obtain (427) cosd;, 
for the angular integration. To carry out the radial 


One can expand the function exp(—Z’|r,—r,|/a,.) in the 
complete set of hydrogen-like wave functions about r,. Then the 
lowest term is of the form e~*’, and hence can also be calculated 
exactly with the Coulomb function, u.. If this term is subtracted 
off, the integration of the remainder with j:(4r) replacing u, is 
small, and so the effect of the Coulomb correction on this term 
is expected to be very small. Thus, for simplicity, we have inte- 
grated this remaining part using j;(4r) rather than «,. The result 
quoted for J2 is that obtained before subtracting the lowest term 
and calculating this portion of the integral exactly with u-. 


AND RIDDELL 

integration, we need the radial wave function. This 
function is given in terms of the Whittaker function,” 
Wim, Where k=iaZ/k., and m=/+34. Here we have 
a=e*/hc. A very useful form of the radial function for 
arbitrary / is given by the integral representation 


1 /kr.\! 
Ri(r.)= ( ~) 
ZN 2 


where we have n=aZ’- (c/v.)=Z'/(a.k.), ¢ is the ve- 
locity of light, and », is the velocity of the electron at 
infinity. This wave function has the desired asymptotic 
behavior for r,— © : 


1 


fa 1—u ” 
l 


xX (1+ 


exp[_(2/2)y ] 


lr (/+1+7in) 


1+1)—6, 


T 
Ri(r.)~ (kere) cos Each In2k.r.— 


? 


where @r is the argument of ['(/+1+in). Using this 
representation, we may carry out the radial integration. 
We define 
J, =4ni c0s8;..11(R-), 
where 


 ) 


n(k)= f dr, exp(—Z’'r,./a.)Ri(r-). 


0 


Interchanging the wu and r, integrations, we can inte- 
grate over the variable r, to obtain 


exp (x/2)n] ec! (1—u)-'"(1+u)i9 
,=-—————_ fia , 
4k.|T(2+in)| J; 


(u+i&)* 
where we define 


Then we have 


1 exp(2rn)—1\3 
hi(k.)= -—— (9 : ) 
4k.(1+7)! 207 


1 (1—u)? 
xf ——— exp{in In[(1+)/(1—u) }}du. 
1 (u+ié)? 


This integral can be evaluated by the methods of con- 
tour integration. One introduces a cut in the w plane 
between —1 and +1, and then the integral can be re- 
placed by a contour integral on a path C taken counter- 
clockwise around the cut. One finds 


' (1-1)? : 
f —eotininlate (1—u) |}du 
_1 (u+it)? 


(1—)? 1+ 
=([1—exp(27) | f — exp| in In| || 
« (u+i1&)? | 1—u 


23 See, for instance, E. T. Whittaker and G. N. Watson, Modern 
Analysis (Cambridge University Press, London, 1927), fourth 
edition, Chap. XVI. 
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where In{(1+)/(1—)] is defined to be real on the 
lower side of the cut. On expanding C to a circle of 
infinite radius, one obtains two contributions to the 
integral—one from the pole at w= —ié and one from 
the circle. Finally, one obtains 
an { (n+) exp(2n tan-'t)+ (n—&) exp(zn)} 
1(k.) = ——_——_____—— . 


ke{ (1-9?) (2n/m)Lexp (2m) —1]}! 


For the total integral J, we then find 
J = [Ami cos0 inti (Re) +J2(Re) Wi. 
Thus in terms of the 7(k,) defined in Sec. II A, we find 


T (ke) =11(Re) + (4 cos8ix.) Jo (Re). 


To obtain the rate of molecular-ion formation, we 
must compute the dipole moment d of the three-body 
system: 


d=rj+r—r,— fe. 


On inversion of the relations between the r; terms and 
r., fn, and R,, given in I, we find 


d= (fe—fi) tn— (1+ ,.)R,. 


Here R, is the vector to the center of mass of the two 
nuclei, while the mesonic wave function is expressed in 
terms of the vector from the center of charge, R,’. 
Making this change of variable, we obtain 


d=3(fe—fi)(1—p.)rn— (1+ p-)R,’. 


In the case of greatest interest, the initial state is an 
s state, and the final (bound) state, a p state. It is con- 
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venient to quantize the latter in the direction k. The 
only component of the matrix element of d different 
from zero will then be that in the direction parallel to 
k. The first term of d, is independent of the mesonic 
variakles, and we obtain for it 


4r\ 3 2 
(<) 4(fo— fa) (1p) f radralX.PX,P XIX FY, 
3 0 


where the x! is chosen to give the proper asymptotic 
dependence for the incident wave, while x” is a bound 
state, normalized so that we have 


: 
x 


ff arstixe? 24x F/y=1., 
0 


The angular dependence of the bound state is (3/42)! 
Xcosé, where 6 is the angle between r, and k. In the 
ellipsoidal coordinates, one readily finds R,’-r,/r, 
= — (r,,/2)&. The other two components of R,’ vanish 
on integration over dr,, and so we find for the second 
term in d;: 


4r\ 3 
(=) +p.) f 7dr, X4""X P+X_I°xX,F' (én), 
3 0 


where we define 


lade facta 


On carrying out this integration employing the approxi- 
mate ¥, and y¥_ used in I, we obtain 


E;(ZP/2)(C:(3)—Ci(A) ]— E\(2P/2)[C3(Z)—C3(A)] 





$7 


where the notation is the same as in I. This expression 
is correct for r>r., and for r<r, the subscripts of some 
of the E, terms must be modified in a manner similar 
to that carried out in I. 

In the (pup) system, we have f:=/f2, and the first 
term in d vanishes. Thus, in this case, mesonic transi- 
tions are necessary to obtain a nonzero matrix element 
for d,. In addition, the bound-state function, X”, is 


purely X,”, so that we obtain 


[E2(P,)Co(O,)— Eo(P,)C2(Os) PLE2(P_)Co'(Q_)— Eo(P_)C'(Q_)]}"” 





4r\} fe 
(I\d,|F)= (=) ste.) f r,dr,X_!*(&)X,". 
3 0 


In the (pud) system it is necessary to keep all the 
terms. In both cases, the final integrations were carried 
out numerically. 

In computing the decay between two bound states, 
as is done in Sec. III B, the initial state is normalized 
differently. The radial function is normalized as in 
Eq. (4), while an s state has an angular function equal 
to (4r)—!. Otherwise the calculation is as above. 
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neutrons in U, Pb, W, and Sn 
by protons of six selected energies between 250 and 900 Mev has 
been measured using cosmic radiation as a proton source. The 
protons were selected and their energy measured by a vertical 
counter telescope containing three Cerenkov detectors which 
employed liquid nitrogen, water, and Plexiglas as radiating media. 
The protons interacted in 22 and 44 g cm™ thick slabs of the target 
elements, and the neutrons produced were detected in a 4-foot 
cubic paraffin moderator, BF; counter assembly placed below the 
proton selecting telescope. The principal body of data was ob- 
tained at 3260 m altitude; a series of runs at 150 m was made to 
check the high-altitude data for muon contamination of the 
selected protons. 


The production of low-energy 


1, INTRODUCTION 


INCE its proposal by Serber,! the well known nuclear 

cascade description of high-energy nuclear inter- 
actions has become the starting point for virtually all 
theoretical predictions of the products of nuclear bom- 
bardment by high-energy nucleons. Monte Carlo calcu- 
lations of various degrees of refinement have been 
carried out, from early work of Goldberger,? to the 
most recent and extensive work of Metropolis et al.’ 
which extends the incident energy range to 1.8 Bev, 
and takes meson production into account. References 
to the intervening work may be found in the last 
reference. 


The Monte Carlo calculations predict directly: 


(a) The features of the fast nucleon cascade, i.e., 
the numbers of fast nucleons, their energies and angular 
distributions. 

(b) Nuclear transparency. 

(c) The excitation energy remaining in the nucleus 
after the cascade particles have escaped the nucleus. 


Metropolis ef al. have compared experimental work 
pertinent to (a) and (b) with their calculations, and in 
most cases find the agreement satisfactory. 

Excitation energies cannot be observed directly but 
must be inferred from observations of the yield of 
particles emitted in the process of deexcitation. Much 
work has been published on observations of stars pro- 
duced in photographic emulsions exposed to fast” par- 
ticle beams or cosmic rays. In these experiments the 
separation of events occurring in the various constitu- 
ents of the emulsion is uncertain at least for the stars 
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The proton-gated neutron rates for the various targets were 
converted to mean neutron multiplicities per interaction using 
(a) the efficiency of the neutron detector as measured using cali- 
brated Pu spontaneous fission and Ra-a-Be neutron sources (b) 
the interaction cross sections of Chen, Leavitt, and Shapiro. The 
mean multiplicities per interaction range from 5.8+1.0 for 300- 
Mev protons on 33 g cm™ thick Sn, to 26.7+4.2 for 820-Mev 
protons on 44 g cm™ thick U. The multiplicities predicted from 
the Monte Carlo nucleon cascade calculation of Metropolis et al. 
and the Monte Carlo evaporation calculation of Dostrovsky e¢ al. 
are in agreement with the measurements when secondary neutron 
production in the thick targets is taken into account. 


of low prong number, and the range of target elements 
available is in general restricted to those occurring in 
emulsions. Cosmic-ray experiments are further handi- 
capped by uncertainty of the nature and energies of the 
incident particles. 

Radiochemical studies of nuclides formed in the 
spallation of target nuclei by fast nucleons form a large 
part of the existing literature of high-energy inter- 
actions. The average numbers of nucleons emitted in 
the cascade and deexcitation processes may be deter- 
mined provided one can accurately estimate the yields 
of the stable and the very short-lived spallation prod- 
ucts which are not accessible to radiochemical analysis. 

Evaporation theory must in all cases be used to con- 
nect the observed particle yields with the nuclear ex- 
citations predicted from the nuclear cascade calcula- 
tions. This step is somewhat simplified in the case of 
heavy nuclei and excitations up to several hundred 
Mev, under which circumstances the high Coulomb 
barrier restricts the emission of the lower energy par- 
ticles almost entirely to neutrons. The evaporation 
calculations of Dostrovsky e/ al.‘ show that the rela- 
tionship between the average excitation energy and the 
average number of neutrons emitted is not very sensi- 
tive to the exact values of the evaporation-model 
parameters used. Thus it is possible to use the nuclear 
excitations given by the Monte Carlo calculations to 
predict the numbers of low-energy neutrons expe ced, 
and the predictions will not depend strongly | on the 
details of the evaporation theory used. 

Published experimental data on neutron yields from 
high-energy interactions are much less extensive than 
those pertaining to charged particles. Skyrme¥and 
Williams® have measured neutron yields resulting from 
the 150-Mev proton bombardment of nuclei of W and 


*T. Dostrovsky, P. 
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5D. M. Skyrme and W. S. C 
(1951); Results quoted by E. E. 


Rabinowitz, and R. Bivins, Phys. Rev. 111, 


. Williams, Phil. Mag. 42, 1187 
Gross in reference (6). 
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Ag. Gross,® working at a proton energy of 190 Mev, has 
measured the yields and energy spectra of neutrons 
emitted from thin targets of Al, Ni, Ag, Au, and U. 
Metropolis et al. find good agreement between the 
predictions of their calculation and the results of 
Gross. Gol’danskii ef al.7 have measured the numbers 
of neutrons produced by 120 Mev and 380-Mev neu- 
trons incident on thick targets of elements ranging 
from carbon to lead. At higher energies, the only 
published experiments are those measuring neutron 
production in various materials by cosmic rays such 
as those of Montgomery and Tobey,’ Cocconi,’ and 
Ortel.!° These experiments give no indication of the 
nature and energies of particles initiating specific 
events. 

We have measured the yields of neutrons resulting 
from the interaction of cosmic-ray protons in the energy 
range 250 to 900 Mev with various target nuclei of high 
atomic weight. We selected individual cosmic-ray pro- 
tons (which in the selected energy range comprise 
~29% of the total cosmic-ray particle flux at 3000 m 
altitude and ~ 3% at sea level), measured their energies 
to within 100 Mev, and observed the neutrons resulting 
from their interaction with targets of tin, tungsten, 
lead, and uranium. 

The experiment was carried out in a trailer labora- 
tory at Echo Lake, Colorado, 3260 m above sea level, 
with a series of control runs at Deep River, Ontario, 
150 m altitude. The high altitude observations con- 
sisted of a series of preliminary experiments performed 
in 1954 and early 1955 and a final series with elaborated 
apparatus performed in early 1956, the results of which 
are reported here. The Deep River runs occupied a 
period from July, 1956, to April, 1957. The results of 
the runs near sea level, where the cosmic-ray muon- 
proton ratio is larger than that at 3000 m by a factor 
of about five, were used to check the mountain data for 
muon contamination of the proton beam. 


2. APPARATUS 
2.1 The Proton Selector 
(a) Description 


The proton selector consisted of a vertical cosmic ray 
telescope formed by two trays of Geiger counters GC; 
and GC, (Fig. 1), operated in 4-fold coincidence with 
two rows of proportional counters, PC; and PC., and 
a stack of three Cerenkov detectors CV},2,3 overlapping 

E. Gross, University of California Radiation Laboratory 
mate UCRL-3330, 3337, 1956 (unpublished). 

7V. I. Gol’danskii, A. E. Ignatenko, A. I. Mukhin, V. S. 
Pen’kina and V. A. Shkoda-Ulyanov, Phys. Rev. 109, 1762 
(1958). 

8C. G. Montgomery and A. R. Tobey, Phys. Rev. 76, 1478 
(1949). 

®G. Cocconi, V. Cocconi-Tongiorgi, and M. Widgoff, Phys. 
Rev. 79, 768 (1950). 

0 W. C. G. Ortel, Phys. Rev. 93, 561 (1954). 
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1G. 1. Experimental arrangement. 


the solid angle of the telescope. The radiating media 
of the Cerenkov detectors were liquid nitrogen, dis- 
tilled water, and Plexiglas, which have refractive in- 
dices of 1.205, 1.33, and 1.50, respectively. 

Details of the liquid nitrogen detector are shown in 
Fig. 2. The nitrogen container was a rectangular, trans- 
parent plastic dish, 14 in. by 16 in. by 5 in., made of } 
in. Plexiglas sheet, and set into an evacuated outer 
shell. The space between the plastic dish and the sup- 
porting steel cradle was filled with hard-packed mag- 
nesium oxide powder to provide good light reflection. 
The space between cradle and the outer shell was filled 
with Santo-Cel insulation, and continuously pumped to 
a pressure of 5 microns to reduce heat conduction. The 
Cerenkov light was detected by three end-window 
EMI-6260 photomultipliers. The tube ends were im- 
mersed to a depth of 1 cm into the liquid nitrogen to 
provide good optical coupling between the liquid and 
the photocathodes which covered both the ends and 
the immersed part of the sides. Experience with stand- 
ard tubes of various types (RCA 5819, EMI 6260, 
DuMont 6292) had shown very severe deterioration of 
sensitivity, resolution and stability when immersed in 
liquid nitrogen. The tubes finally used were specially 
made by the manufacturer with evaporated iron- 
substrate photocathodes to improve their conductivity 
at low temperatures. 

The Plexiglas detector consisted of a solid block of 
plastic, 14 in. by 14 in. by 6 in., surrounded by mag- 
nesium oxide powder, placed inside a thin-walled, 
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light-tight aluminum box. Two EMI-6260’s, centrally 
positioned and inset to a depth of 1 cm, on opposite 
sides of the block were used to detect the light. The 
water detector, similar in size and shape, consisted of a 
water-filled box made of ;'g-in. Plexiglas sheet and sur- 
rounded by MgO powder. 

A 22 g cm™ thickness of lead absorber was placed 
below GC2, to increase the total amount of material 
in the telescope, and to shield the Geiger counters from 
y rays emitted by the uranium targets. The remaining 
y-ray background in the GC, tray, 350 counts per 
second, shortened the life of the counters and made 
replacement necessary several times during the experi- 
ment. Proportional counters rather than Geiger counters 
had to be used in the two lowermost trays of the tele- 
scope, where the background singles rate in the PC: 
tray with the 103 kg uranium target in place was 
~ 40 000 counts per second. These counters, made from 
1} in. o.d. brass tubing of 0.020-in. wall thickness, 
were 22 in. long and had a 0.001-in. central wire. They 
were filled to a pressure of one atmosphere with a 75% 
methane+ 25% argon mixture (to reduce the Landau 
spread) and were operated at 2300 volts. The amplified 
pulses had rise and fall times of 0.1 microsecond. With 
a one microsecond coincidence resolving time the acci- 
dental 4-fold rate was negligible. The net effect of the 
high-gamma counting rates was to introduce a dead- 


time loss of 8% in the 4-fold rate, 2 of which was due 
to the Geiger counter dead-time. 

A liquid scintillator" 29} in. square and 1} in. thick 
was placed above the PC, tray to measure the rate of 
energy loss of selected particles prior to their entry 
into the target material. Below the target was situated 
another double tray of proportional counters, PCs, in 
one microsecond coincidence, to detect the emergence 
of downward-going charged particles from the target. 

The telescope was boxed in as completely as possible 
with Geiger counters to detect particles emerging from 
or entering the telescope obliquely. Two air shower 
detecting trays were used on a level with GC;. The top 
tray of Geiger counters, GC), was split centrally so that 
events in which both halves were triggered could be 
recorded. The lower tray, GCo, was split by connecting 
alternate counters in parallel in order to detect multiple 
particles emerging from CV;. These precautions enabled 
a variety of events which were not protons, but which 


could trigger the telescope and actuate the Cerenkov 
detectors so as to look like protons, to be eliminated. 


4 This counter, which has been fully described by C. H. Millar> 
E. P. Hincks, and G. C. Hanna [Can. J. Phys. 36, 54 (1958) ], was 
added in the final phase of the experiment, and rendered the pro 
portional counters PC; and PC: largely redundant. The latter 
were retained however, in the interest of reliability. 
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(b) Principles of Operation 


Moving charged particles emit Cerenkov radiation 
when their velocity exceeds the velocity of light in the 
surrounding medium. The intensity of the radiation per 
unit distance in a medium of index of refraction 1, is, 
according to the classical theory of Frank and Tamm, 

(1—1/6?n?) vd 


be f 
Bn>1 
1—1/°n’? 
= const.[1 ae 1, (Bn? | _ Inu(———), ( 1) 
1-—1/n? 


where 8(=v/c) and e are the velocity and charge of the 
moving particle, respectively, v is the frequency of the 
emitted light, Zmax is the asymptotic value of J as 6 — 1, 
and n has been considered constant over the range of 
frequencies detected. 

This formula has been experimentally verified for 
mesons passing through Plexiglas for a range of ve- 
locities from Bthreshola= (1/) to B=0.99970."- Figure 3 
shows I/Imax plotted as a function of (y—1), the kinetic 
energy of the particle in units of the rest mass, i.e., 


y—1= Exin/Mo?= (1-62)! 1. (2) 


The pulse-height distribution curve in the nitrogen 
detector produced by relativistic cosmic-ray muons is 
shown in Fig. 4. The peak of the distribution occurs at 
the most probable pulse height for particles with ve- 
locity close to c, and was taken to correspond to = J max. 
The width of the curve which is 65% at half-maximum, 
is due to the combined effects of photomultiplier sta- 
tistics and fluctuations in the Cerenkov energy loss. 
The curves for the Plexiglas and water detectors dis- 
play better resolution, the width of each distribution 
being about 50-55% at half-maximum.” 
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Fic. 3. Calculated relative Cerenkov light intensity as a func- 


tion of E/Mc*. The upper scales give the corresponding ranges in 
Pb of protons, pions, and muons. 


2 J, R. Winckler, E. N. Mitchell, K. A. Anderson, and L. 
Peterson, Phys. Rev. 98, 1411 (1955). 
13 C. H. Millar and E. P. Hincks, Can. J. Phys. 35, 363 (1957). 
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“1G. 4. Pulse-height distribution in the liquid nitrogen Cerenkov 
detector due to penetrating cosmic-ray particles at sea level. 
The proton selector was an elaboration of the 
“maximum velocity-minimum range”’ arrangement first 
described by Duerden and Hyams." In our experiment, 
heavy particles were selected by requiring that the 
nitrogen Cerenkov light pulse, if any, in coincidence 
with a 4-fold telescope coincidence, be smaller than that 
corresponding to 0.33 Zmax. An upper limit was thus set 
on the velocity of selected particles corresponding to an 
energy of 1.08 Mc? or 1.0 Bev for protons, 150 Mev for 
pions and 114 Mev for muons. The corresponding 
ranges in lead are 620 g cm~™ for protons, 92 g cm~ for 
pions, and 70 g cm™ for muons (see Fig. 3). Since the 
total amount of material in the telescope (including the 
22 g cm™ lead absorber) was equivalent in thickness to 
145 g cm™ Pb, pions and muons, and less massive par- 
ticles were in principle excluded,'® making the apparatus 
sensitive primarily to protons with incident energies 
between 0.4 and 1.0 Bev. The corresponding energies of 
the emergent protons ranged from zero to 0.9 Bev due 

to ionization loss in traversing the telescope. 

Each event combining a 4-fold coincidence and CV, 
anticoincidence (the CV, anticoincidence discriminator, 
as already stated, being set at a level corresponding to 
0.33 Imax) generated a master pulse, which gated, with 
a resolving time of one microsecond, pulse-height in- 
formation from the Cerenkov detectors, the propor- 
tional counters and the liquid scintillator. The dis- 
criminator settings are listed in Table I. 

Assuming the initiating particles to be protons, the 
Cerenkov detectors yielded three independent and over- 
lapping energy measurements, which were required to 
be consistent within limits set by the resolutions of the 
individual detectors. Pulse heights from the liquid scin- 

4 T. Duerden and B. D. Hyams, Phil. Mag. 43, 717 (1952). 

15 This amount of material was sufficient to absorb any decay 
electrons arising from stopped muons. 
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TABLE I. Discriminator bias settings for Cerenkov 
and ionization detectors. 


Particle 
energy 
1.07 Myc? 


0.94 
0.82 


Detector Disc. no. Bias 


anticoinc. 0.33 Jmax 
2 0.20 
0.05 


CV, (nitrogen) 


1.00 
0.70 
0.50 
0.35 
0.20 
0.05 


CV: (water) cee 
1.30 
0.90 
0.73 
0.63 
0.55 


erm w eID 


1.30 
1.00 
0.70 
0.35 
0.20 
0.05 


CV; (Plexiglas) 
0.92 
0.49 


0.41 
0.36 


Nweanan 


4.5X min. ionization 
3.0X min. ionization 
1.5X min. ionization 


rw 


PCa 4.5 min. ionization 
3.0X min. ionization 


1.5X min. ionization 


mh Ww 


12.0X min. ionization 
6.0X min. ionization 
3.0X min. ionization 
1.6X min. ionization 
1.4X min. ionization 
1.2X min. ionization 
1.0X min. ionization 
0.8X min. ionization 


Scintillator 


8 
7 
6 
5 
4 
3 
2 
1 


tillator provided an additional check, immediately prior 
to their passage into the target, on the identity and 
energy of the particles selected. 

After passing through the selector, the protons im- 
pinged on the target, which was placed between PCi2 
and PC34 centrally with respect to the telescope. The 
various targets used covered an area 19 in. by 19 in. 
overlapping the solid angle of the telescope. 


2.2 The Neutron Detector 


The neutron detector, placed centrally below the 
proton selector (Fig. 1), was a four-foot cube of paraffin 
wax in which were placed 42 large BF; neutron 
counters. The counters in Rows A and B were 23 in. 
o.d. and had a 22-in. sensitive length. The counter walls 
were 0.058-in. thick aluminum to minimize the mass of 
unwanted “target” material in the upper part of the 
neutron detector, and to decrease the absorption of 
thermal neutrons in the walls. All other counters had 
copper walls, the C and D counters having dimensions 
1}-in. o.d. by 24 in. sensitive length, and the £, F, G, 
and H rows 2}-in. o.d. by 36 in. sensitive length. All 
were filled to a pressure of one atmosphere with 96% 
enriched B'F;. 

The counters were connected singly or in groups to 
18 recording channels, which were activated by a 150 
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microsecond wide gate, delayed 5 microseconds with 
respect to the master pulse. In this way the lateral and 
depth distribution in the paraffin of the detected neu- 
trons was obtained. A loss of neutron counts resulted 
from the inability of the recording system to respond in 
any given channel to more than one detected neutron 
per master pulse. An auxiliary circuit, which recorded 
the combined gated output of all 42 neutron counters, 
was used to correct for this loss. 


3. PERFORMANCE AND CALIBRATION 
3.1 Initial Difficulties 


It has already been mentioned that a preliminary 
series of experiments was carried out with less elaborate 
apparatus. A brief mention of the difficulties that were 
encountered forms a suitable introduction to a discus- 
sion of the performance of the improved apparatus. A 
fuller account of this early work has been given by 
Carmichael.'¢ 

The poor stability of the original liquid nitrogen 
Cerenkov counter, which was eventually overcome by 
using special iron-substrate photomultiplier tubes, was 
responsible for many wasted runs. However, it became 
clear, as soon as data from both high- and low-altitude 
stations were available, that more fundamental faults 
existed in the proton selection apparatus which re- 
sulted in a serious contamination of the proton beam 
by muons. Another symptom of trouble was the occa- 
sional occurrence of events in which a very large number 
of neutrons (one hundred or more) was produced. 
These were later shown to be associated with showers 
of cosmic-ray particles. 

The muon contamination was attacked in two essen- 
tially independent ways. First, boxing in the telescope 
as far as possible with “guard” trays of Geiger counters 
reduced the number of events in which a muon entered 
the telescope from the side accompanied by, for ex- 
ample, a knock-on electron detected in the top counter 
tray GC;. Secondly, more stringent tests were applied 
to the putative proton in the components of the tele- 
scope itself. The number of discriminators on both the 
water and Plexiglas Cerenkov counters was increased 
from three to six to obtain more detailed information 
on the light output. This provided a more subtle set of 
criteria for accepting events as protons than was 
originally available, when it was possible to eliminate 
only such comparatively gross anomalies as, for ex- 
ample, the appearance of a detected light signal in 
both nitrogen and Plexiglas counters with no response 
from the intervening water counter. Thirdly, a separate 
useful criterion of acceptability was provided by the 
liquid scintillator which measured the specific ioniza- 
tion with very much higher resolution than the pro- 
portional counters. These tests reduced the probability 


16H. Carmichael, Atomic Energy of Canada Limited Report 
AECL-UK/C4/112, 1955 and UK/C5/120, 1956 (unpublished). 
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of an unwanted single particle leaking through the 
selection apparatus and also tended to eliminate mul- 
tiple events and thus reinforced the action of the guard 
counters and of the air shower detecting trays outside 
telescope on a level with GC,. Further protection against 
multiple events was provided by the splitting of GC,, 
and by the interleaving of the counters of the GC. tray 
which helped to reject events in which the proton 
interacted in the telescope. 


3.2 The Performance of the Proton Selector 
(a) Energy Assignment of Proton Events 

Since experimental calibration of the proton selector 
with protons of known energy was not feasible, it was 
necessary to calculate its response. From the theoretical 
Cerenkov intensity-energy variation and the resolution 
curves of the three Cerenkov detectors experimentally 
determined using relativistic cosmic-ray muons, we 
calculated the probability P(a,b,c) that a proton 
emerging from the telescope with energy E is detected 
as a Cerenkov event (a,b,c), where a, b, and c form a 
three-digit code indicating the number of discriminator 
levels tripped by detectors CV3, 2, ana 1, respectively. In 
this calculation the ionization loss in traversing the 
telescope components was taken into account. 

Curves were plotted of Pg vs E for all (a,b,c) com- 
binations that were calculated to occur with any appre- 
ciable probability. If it is assumed that the incident 
cosmic-ray proton energy spectrum is flat in the 200 
900-Mev region, then the area under each curve gives 
the relative frequency of occurrence of the correspond- 
ing Cerenkov combination to be expected from protons. 
Certain combinations, particularly many that had 
probability zero or nearly zero for a proton, occurred 
with frequencies far in excess of those calculated. These 
excesses could be attributed to the effects of showers, 
interactions in the material of the telescope, etc. The 
remaining observed frequencies were found to be 
roughly proportional to those calculated. 

For the final analysis of the data, only those cate- 
gories of proton events having the highest calculated 
probability of occurrence (i.e., those satisfying the most 
stringent Cerenkov consistency criteria) were retained, 
since in these cases the smallest proportions of events 
of nonprotonic origin were expected. These retained 
events were then subjected to further selection by 
removing all events accompanied by shower particles 
passing through GC;, GC2, or any of the surrounding 
guard counters; also events giving scintillator or pro- 
portional counter responses inconsistent with those 
expected for protons of the measured energy were 
removed. 

We summarize in Table II statistics showing the 
relative effectiveness of the various selection devices at 
Echo Lake. 

As expected, the percentage of rejections by the 
auxiliary selection devices is much lower for events 
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TABLE II. Effectiveness of the various selection 
devices at Echo Lake. 


Mean 4-fold rate=8220/hr. 

Mean master pulse rate = 353/hr. 

Fraction of events accepted = 29% of total Master Pulses 
(= 102/hr. 

Fraction of events rejected =71% of total Master Pulses 


% of total % of the 
master pulse rejected 
rate events 


Fraction rejected by Cerenkov detectors 63 89 
Fraction rejected by scintillator (A events) 22 31 
Fraction rejected by PCi2 (B events) 18 25 
Fraction rejected by shower trays, 

guard trays and split GC; (C events) 16 23 
Fraction rejected by split GC2 (D events) 6 9 





Percentage rejected by 
A,B,C, 
AB EC DBD ae 
In events accepted by Cerenkov detectors 9 13 6 2 22 
In events rejected by Cerenkov detectors 28 20 22 9 45 





falling within the accepted Cerenkov categories than 
for those outside. 

Figure 5 shows the calculated energy distribution 
within the various selected energy groups with the mean 
energies and the upper and lower deciles of the distribu- 
tions marked. These were obtained by lumping together 
the selected groups covering similar energy bands, and 
then adding the individual distributions. 


(b) Effectiveness of the Selection Criteria 


Evidence in support of the energy assignments is 
given by Fig. 6, which shows the most probable pulse 
heights observed in the liquid scintillator relative to 
that of minimum ionizing muons as a function of the 
mean energy of each proton group. The selection of 
these groups was as described in 3.2(a), with the excep- 
tion that no scintillator selection was exercised. The 
curve is the theoretically calculated one, as described 
in the paper of Millar e¢ a/.!” and the agreement is con- 
sidered to be a satisfactory confirmation of the energy 
assignment of the selected proton groups. 

However, even a large muon contamination would 
have little effect on the most probable pulse height, and 
the best evidence that this contamination is small is 
from a comparison of the Echo Lake and Deep River 
data. The observed ratio of proton rates for the various 
energy groups is shown in Table III. All energy groups 
are in satisfactory agreement with the accepted'® ratio 
of 10 except the highest, where the disagreement is due 
to muon leakage in the highest energy channel of the 
telescope. 


17C. H. Millar, E. P. Hincks, and G. C. Hanna, Can. J. Phys. 
36, 54 (1958). 

18 A summary of the experimental data is given by G. Puppi and 
N. Dallaporta, Progress in Cosmic-Ray Physics, edited by J. G. 
Wilson (North Holland Publishing Company, New York, 1952), 
chap. VI. 
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It is possible to calculate the amount of the muon 
contamination of this group from the data of Table III 
if an estimate can be made of the ratio of muon fluxes 
at the two stations. This is less straightforward than 
the estimation of the proton flux ratio since the varia- 
tion of muon flux with altitude is somewhat energy- 
dependent, especially towards the low energy end of 
the spectrum. Thus, while the flux of slow muons in- 
creases by a factor nearly 4'° between Deep River and 
Echo Lake, the total flux of all energies increases only 
by a factor about 2.%° We expect that in the present 
experiment the most likely contaminant of the selected 
proton beam will be the muon flux corresponding to 
greater than the thickness of material con- 
tained in the telescope proper, which is about 145 g 
cm~ Pb equivalent (~13 cm Pb). It will therefore be 
a good approximation to consider the fluxes of single 
particles as measured under 15-cm lead. At sea level, 
and at 50°N, Rossi'’ gives the vertical flux under 15-cm 
lead (essentially all muons) as 0.83X10-* cm™ sec™! 
sr. At 3250 m (690 g cm™ air) altitude we can in- 
terpolate between data given for different thicknesses 


ranges 


9 See B Rossi, Revs. Modern Phys 20, 537 1948) 

* See for example, G. Puppi, Progress in Cosmic-Ray Physics, 
edited by J. G. Wilson (North Holland Publishing Company, 
New York, 1956), chap. IV, Vol. III. 


700 
Mev 
of lead by Neher* to obtain a value 1.74X10~? cm“ 
1 sr}. This, however, must be corrected for a 
significant admixture of protons (protons of all ranges 
>15 cm Pb constitute 10-20% of the penetrating com- 
ponent at this altitude) and we conclude that the ratio 
of the muon flux at Echo Lake to that at Deep River is 
between 1.7 and 1.9. This result is consistent with a 
curve given by Puppi” for the total muon flux. 

It appears, therefore, that the muon/proton ratio 
increases in going from Echo Lake to Deep River by a 
factor between 5 and 6. The work of Conversi® on 
latitude effects, although done at an altitude of 9150 m, 
implies that the geomagnetic latitude difference between 
Echo Lake (A=49°N) and Deep River (A=58°N) could 
not affect the above factor by more than a few percent. 
It will therefore be assumed that 


sec 


5.5+0,.5, 


“ood? corm r(D.R.) 
—_—— / ——__=- (3) 


j(D.R.)/ j,(EL.) (EL) 


21H. V. Neher, Progress in Cosmic-Ray Physics, edited by J. G. 
Wilson (North Holland Publishing Company, New York, 1952), 
chap. V. 

2 The ratio of the 4-fold coincidence rates at Echo Lake and 
Deep River due to all particles traversing the telescope in our 
experiment was 2.0+0.1, which is in good agreement with the 
ratio 1.74/0.83=2.1 given by these quoted fluxes. 

%M. Conversi, Phys. Rev. 79, 749 (1950). 
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TABLE III. Ratios of selected 5 yesten rates at Echo Lake to those at aap River. 





Energy group (Mev) 300 415 


510 690 





10.44 10.10 11.13 


(E.L. rate) 

(D.R. rate) +0.25 
where j, and j, are the fluxes in any one energy channel 
of the telescope of protons and contaminating muons, 
respectively, and r is the muon/proton ratio in that 
channel. 

From Table III the mean value for the 560 and 690- 
Mev proton groups gives 


+0.18 +0.15 


je(E.L.)/j,(D.R.) = 112-1, (4) 
on the assumption that the meson contamination of 
these groups is negligible. The value for the 820-Mev 
group gives 

JAE L.)+ju(E L. 
j,»(D.R. )+j,(D. R. ) 
From (3), (4), and (5): 
1+r(E L.) 
14+5.5°(EL.) 11” 


53+0.09, 


S00 


whence r(E.L.) =0.28+0.08, where the error is mainly 
due to the +9% uncertainty in the experimental value 
of 7,(E.L.)/j,(D.R.). 

The effect of this contamination on the interpretation 
of the neutron data will be considered in Sec. 5.3. 


3.3 Calibration of the Neutron Detector 


a) Efficiencies for Neutrons from Calibrated Sources 


It can be assumed* that the mean energy of the neu- 
trons produced by the protons is bracketed by the mean 
energies of the neutrons from two available calibrated 
neutron sources; a Pu spontaneous fission source, 
which emits neutrons having an approximately Max- 
wellian energy distribution with a mean energy of 1.9 
Mev,” and a Ra-a-Be source which gives neutrons with 
a wide range of energies 0 to 13 Mev, with a broad 
maximum at about 4 Mev and a mean energy of ~5 
Mev. The principal measurements of the efficiency of 
the neutron detector were made with these two sources; 
a 1.5-cm diam sphere of plutonium metal containing 
about 30% Pu, having a neutron emission rate of 


“_E msiedieiiad justification of this assumption is given in 
Sec. 5. 

25 Calculated from Terrell’s relation [J. Terrell, Phys. Rev. 113, 
527 (1959)]. E=0.78+0.62(¥+1)! with »=2.26 [B. C. Diven, 
H. C. Martin, R. F. Taschek, and J. Terrell, Phys. Rev. 101, 1012 
(1956) ]. [D. W. Colvin and M. G. Sowerby, Proceedings of the 
Second United Nations International Conference on the Peaceful 
Uses of Atomic Energy, Geneva, 1958 (United Nations, Geneva, 
1958), Paper P/52.] E,=E/3=T7/2. 


12.15 





10.29 


+0.23 +0.25 


8580+130/second, and a Ra-a-Be source of strength 
(2.87+0.03) X 10°/second. 

The efficiencies of the different rows of the neutron 
block were measured for a number of different source 
positions throughout the target volume, and in the 
presence of various portions of the target materials 
placed above and below the plane of the source, in 
order to take into account the scattering of neutrons by 
the targets and the secondary fission effect of the 
uranium target. The effective efficiency for an extended 
source having the same spatial distribution as that of 
the disintegration neutrons produced in the targets was 
then calculated by integrating the product of the meas- 
ured efficiency and the calculated relative proton inter- 
action density over the volume of the target. 

Less detailed measurements were also made using a 
RdTh-y-Be source yielding monokinetic neutrons of 
0.88-Mev energy, the strength of which was known to 


2GY 


Fic. 6. Observed variation with proton energy of the most 
probable pulse height in the liquid scintillator. The experimental 
points are plotted at the average energy of each proton energy 
group; the energy limits shown are the upper and lower deciles 
of the energy distributions within each energy group. Most prob- 
able pulse heights are measured relative to that observed for fast 
muons. The solid curve shows the theoretical most probable 
energy loss as calculated by Millar, Hincks, and Hanna (see 
reference 17). 
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TABLE IV. Neutron detection efficiencies for various 
rows of neutron counters.* 


Pu spont. 


RdTh-y-Be __fiss. 


Source 


Ra-a-Be 


A row efficiency (%): 
22 g cm™ U target 
44 gcm™® U target 
Other targets 


5.00 
5.45 
4.63 


B row efficiency (“%): 
22 g cm™ U target 
44 g cm™ U target 
Other targets 


—) NN hv 
CO wrhr 
mur 


~(C—H) efficiency (%) 


- 
mn 


* These numbers are of high statistical accuracy, but are subject to the 
uncertainties in the absolute strengths of the calibrating sources, and to 
some small errors in the procedure of integration over the target volume. 


+10%. The detection efficiencies for the various rows 
of neutron counters are summarized in Table IV. 

The highest total efficiency was obtained with the 
spontaneous fission source; neutrons from the Ra-a-Be 
source were detected with a relative efficiency of 0.91, 
and the 0.88-Mev neutrons with a relative efficiency of 
0.78. The enhancement of the efficiency by secondary 
fission in the 44 g cm™ U target amounted to nearly 
20%. 

(6) Neutron Lifetime in the Detector 


The neutrons produced by proton interactions were 
recorded only during an interval of 150 microseconds, 
and it was therefore necessary to measure what fraction 
of the neutrons were detected during this “gate” in- 
terval, i.e., what the “‘gate efficiency” was. A Pu®-a-Be 
source provided (~5 Mev) neutrons in coincidence with 
4.43-Mev gamma rays from the reaction Be’+a— C” 
+n-+~7, and the gamma rays, detected in a sodium 
iodide scintillation counter, triggered two neutron re- 
cording systems with gate intervals of 100 and 200 
microseconds, respectively. A comparison of the number 
of counts recorded in the two systems gave, with the 
assumption of purely exponential decay, “lifetimes’’ of 
144 and 212 microseconds for the counters of the A and 
B rows, respectively, leading to preliminary values of 
the gate efficiencies of 0.62; and 0.495, respectively, for 
a 150 microsecond gate delayed by 5 microseconds. The 
lifetime, measured by a neutron-neutron coincidence 
method, was found to be 155 microseconds for the C and 
D rows, and 140 microseconds for the lower rows. 

The expected lifetime in a large block of paraffin wax 
is 1732 microseconds; in the actual block it is reduced 
by leakage out of the block and absorption by the 
counters. The lifetime measured by an _ individual 
counter will be further influenced by whether (as in the 
A row) there is a net diffusion of slow neutrons away 
from it to regions of lower density, or (as in the B row) 
towards it from regions of higher density. The first 
effect does not result in a serious departure from ex- 
ponential decay, but the second does, with an initially 
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slower decay. The measured “lifetimes” qualitatively 
show these effects. 

Thus the assumption of purely exponential decay 
leads to an appreciable error in the calculation of the 
gate efficiency. The necessary corrections to the gate 
efficiency were estimated by assuming that the decay 
could be represented by the sum of a short-lived com- 
ponent and an exponential decay of lifetime 160+10 
microseconds. Then, if the short-lived component has 
entirely decayed in 100 microseconds (the length of the 
first measuring gate), the measured lifetimes of 144 
and 212 microseconds for the A and B rows indicate 
corrections of, respectively, —4.2+2.6% and +12.6 
+2.7%, to the gate efficiencies calculated above.* For 
a lifetime of 40 microseconds for the shortlived com- 
ponent, the corrections would be — 3.8% and + 11.8%; 
for one of 80 microseconds, they would be — 2.2% and 
10.2%. Corrections of —2+2% and +11+3% were 
adopted for the gate efficiencies of the A and B rows. 

The spectrum difference between the proton inter- 
action neutrons and the Pu-e-Be neutrons used in the 
lifetime measurement is not expected to have any 
serious effect, but it has been taken into account by 
increasing the errors in the gate efficiency corrections; 
this gives corrections of —2+3% for the A row and 
+11+4% for the B row. The final gate efficiencies are 
0.61+0.02 and 0.55+0.02 for the A and B rows, re- 
spectively. Corrections to the gate efficiencies for the 
lower rows, which contribute only a few percent of the 
total neutron detection efficiency may be ignored. 

It should be noted that the corrections to the gate 
efficiency affect the total neutron detection efficiencies 
by only +2%, since the corrections for the A and B 
rows tend to cancel. The effect on the B/A ratio (see 
Sec. 5.4) is ~13%. 


4. DESCRIPTION OF TARGETS AND RUNS 


In Table V are listed the target materials that were 
used and their thicknesses. With the exception of tung- 
sten all targets were built up out of machined bars of 
metal. The tungsten was in powder form and was 
contained in thin-walled aluminum boxes. Since the 
ratio of the thicknesses (g cm~*) of aluminum to tung- 
sten in the proton “beam” was only ~0.03, and since 
the neutron production per gram of aluminum is much 
less than that for tungsten, the contribution from the 
boxes may be neglected. In order to help to shield the 
Geiger counters from the y rays from the uranium 
target, and so extend the life of the counters, a pe- 
ripheral section of the top of each uranium target was 
replaced by lead. Again, no correction was required for 
inhomogeneity of the target since the lead not only 


26 This discussion applies when there is no delay in starting the 
gate intervals. In fact the 150 usecond gate used in the neutron- 
production measurements and the 100 and 200 psecond gates of 
the lifetime measurement were all delayed by 5 useconds. Unless 
there is a very short-lived component this does not appreciably 
change the values of the corrections to be applied. 
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TABLE V. List of targets. 


Atomic 
weight 
A 


Thickness 
Element 


represented a small fraction of the total target mass, 
but it was situated on the fringe of the proton ‘‘beam”’ 
and so was exposed to a small fraction of the total flux. 

Because of the low statistical accuracy of the data 
obtained with the tin targets, the results for the two 
thicknesses were combined and will be quoted for a 
mean thickness of 33 g cm™ obtained by weighting the 
individual thicknesses by the corresponding numbers of 
recorded protons. 

In order to enhance the reliability of the results for 
the relative neutron production in different targets a 
program of cycling targets was adopted. During the 
first part of the experiment, when our main interest was 
in comparing lead and uranium, runs were made alter- 
nating the 44 g cm™ lead and uranium targets. During 
the second part all the remaining targets listed in Table 
V were cycled. Runs with no target were interspersed 
between runs with targets to determine the coherent 
background (see Sec. 5), and for each group of runs 
analyzed a background determined from the “‘no target 
runs” made during the same period of time was used. 

A full series of measurements on all targets was made 
at Echo Lake. The subsidiary measurements at Deep 
River, which were used to estimate the muon con- 
tamination, were made on the thicker lead and uranium 
targets only. 

5. RESULTS 


5.1 The Basic Data and Corrections 

For a given sample of data, selected by target and 
by proton energy, the following basic numbers are ob- 
tained from the recorded data: P,—the number of 
proton events; .V,—the number of neutron events; and 
\—the number of detected neutrons. 

In order to keep the contamination of the protons by 
spurious events small we have defined (see Sec. 3) as 
proton events only those events which satisfy the most 
rigorous criteria that can be imposed with the Cerenkov 
and scintillation counter information. The neutron 
events are those proton events in which one or more 
neutrons are recorded. The number of detected neutrons 
is the total number of counts recorded in the neutron 
events by all BF; counters. 

The mean detected neutron multiplicity per proton 
event is 


n=N/P., (6) 
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and the mean detected neutron multiplicity per neutron 
event is 


t=N/N,. (7) 


Before the actual number of neutrons emitted from 
the target can be calculated several corrections are 
required. These are, in the order in which they are 
made: (1) correction for loss of counts by the neutron 
detection system (counting loss), (2) correction for 
chance detected neutrons (incoherent background), 
and (3) correction for neutrons associated with proton 
events but not produced in the target (coherent back- 
ground). We shall consider them in turn. 


(a) Counting Loss 


This correction arises because a single channel of the 
neutron detection circuit does not record more than one 
count for each master pulse, even if the BF; counter 
or counters to which it is connected have detected two 
or more neutrons. Since the number of detected neu- 
trons in a single event is occasionally as high as 5 or 
more and since most of these are recorded in the 6 
channels of the A row, there is a significant probability 
that two or more neutrons fall in the same channel. 
The magnitude of the loss was determined experi- 
mentally in a series of runs in which an auxiliary circuit 
was operated. This circuit recorded independently, with 
negligible loss, the total number of neutrons in all 
channels for each event, and a comparison with the 
sum of the individual channel counts gives directly AV, 
the number lost. The fractional loss depends upon /, the 
mean multiplicity of the detected neutrons per neutron 
event, and the following empirical relation?’ was found 
to hold over the range of values of ‘(1</<1.6) in 
which we are interested: 


AN/N=0.14(t—1). (8) 


The maximum correction that was made for counting 
loss was thus about 8%. 


(6) Incoherent Background 


The number of chance neutrons recorded in each 
neutron gate opening is given by the product of the 
ungated neutron counting rate, R, and the gate width, r. 
Since the time distribution of the ungated neutrons is 
very nearly random and the probability of a chance 
count is low, chance neutron events with multiplicities 
greater than unity can be neglected. The ungated neu- 
tron rate was monitored throughout each run, and the 
gate width (150 microseconds) was checked several 
times during the experiment. Only in the case of the 
27 The proportionality of the fractional loss to (t—1) may be 
deduced theoretically for the special case of an exponential dis- 
tribution of recorded multiplicities, ie., N(x) <exp(—x/xo) 
where N,(x) is the number of events in which x(>0) neutrons are 
detected. An exponential distribution was in fact observed to 
hold, within statistical uncertainty, for every sample representing 
a particular target and a particular proton energy. 
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uranium targets which produce a large background of 
spontaneous fission neutrons was the chance rate appre- 
ciable. With the thickest U target and at the lowest 
proton energy the correction approached 20% of the 
total number of detected neutrons. 

The values of » and ¢ including the corrections for 
counting loss and incoherent background will be called 
n’ and (’: 

N(1+0.14(¢-—1)]—RrP, N’ 
—_—_—__— -=—, (9) 
P. P, 


N[1+0.14(t-—1)]—RrP. WN’ 
- . =—., (10) 
N.—RrP, hy 


e 


, 
n= 


i’ 


The error in »’ is determined by first estimating the 
statistical uncertainty in .V. Due to the occurrence of 
multiplicities greater than unity, o(.V), the standard 
deviation of NV, will be in general larger than N?. For an 
exponential multiplicity distribution®’ and for values of 
‘ that are not too large it can easily be shown that o(.V) 
is given quite accurately by 


o(N)=1tN (11) 


The corrections for counting loss and incoherent back- 
ground introduce negligible additional uncertainty so 
that the standard deviation of »’ is, from (9) and (11), 


o(n’)=tN*[1+0.14(¢—1) ]/ P.. (12) 


It may be shown that the standard deviation of /, 
again for an exponential multiplicity distribution and ¢ 
not too large, is 

o(t)=[t(t=1)/N }}. (13) 

The complete expression for o(¢’) is rather compli- 
cated, but the following approximation based on Eq. 
(13) and the condition RrP <<, is sufficiently accurate 
for our use; 


t(t—1) 2RrP.\ 73 
o(e)=|— (1+ — )]. 
N N, 


(c) Coherent Background 


(14) 


The most difficult correction to determine exactly is 
that for background neutrons associated with the 
selected protons but not produced in the target. Some 
of these neutrons will be produced by protons which, 
having traversed the target, interact in the material 
below (paraffin and counter walls).Others may originate 
in materials above the target, for example, in the lead 
absorber, provided of course, that a charged particle 
penetrates far enough to ensure the generation of a 
master pulse. This background is measured in runs with 
the target removed but then must be adjusted to allow 
for the influence of the target upon it. If a fraction, /, 
of the protons interact in the target, the portion of the 
background originating below the target position will 
evidently be reduced by a factor of at most (1—f), the 
proton attenuation in the target. Any neutrons origi- 
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nating from above the target will probably be little 
attenuated. 

Therefore, the factor k by which the coherent back- 
ground measured in the ‘no target runs” should be 
multiplied to allow for the presence of a target lies be- 
tween 1 and (1—/), so, lacking better information, we 
shall use the central value and limits of error given by 


k= (1—f/2)4-f/2. (15) 


The largest proton absorption calculated from ac- 
cepted cross-section data in any of the targets used is 
20%, so that the greatest uncertainty in any value of k 
is 11%. 

The mean detected neutron multiplicity per proton, 
[Eq. (9)], when fully corrected for counting loss and 
background, is denoted by m, 


m=nr' —kny’, (16) 


where the subscripts T and 0 refer to values of n’ ob- 
tained with and without a target, respectively. The 
error in m is obtained by adding linearly the fractional 
uncertainty in & to that in mo’, and then adding the 
errors in #7’ and ky’ in quadrature. The coherent back- 
ground correction is an important one;.the magnitude 
of kno’ ranges from 10 to 50% of that of nr’, depending 
upon the target and the proton energy. 

Similarly, the mean detected neutron multiplicity per 
neutron event, [Eq. (10)], when fully corrected is 
denoted by s, 

/ / 
nr —kno 
s=- (17) 

/ / ; ; 

ny lr —kny' /to 


The errors that have been tabulated for s slightly 
underestimate the true errors since the inclusion (in 
quadrature) of the error in ko’ has been omitted. 


5.2 Values of n’, t’', m, and s 


Following the procedures described in section (a) 
values of n’, t', m, and s were calculated and are pre- 
sented in Tables VI, VI, VIII, and IX, respectively. 
The various columns are for proton groups of different 
mean energies. Neutron data were not computed for 
the lowest energy proton group selected (from 0 to 
~ 250 Mev) since a large fraction of this group would 
have ranges less than the target thickness and the re- 
sults would not be very meaningful. 

Tables VI, VII, VIII, and IX contain the results of 
all the final Echo Lake and Deep River runs. It will be 
noted in Tables VI and VII that two different sets of 
“no target” data are given for Echo Lake. That marked 
(a) was measured during the period in which the Sn, 
W, Pb(22), and U(22) targets were studied, and fur- 
nishes the background appropriate to them; that 
marked (b) was measured during the period in which 
the Pb(44) and U(44) targets were studied. Table VIII 
gives, in addition to m, the values of & that were used 
to make the coherent background correction. 
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TABLE VI. Values of n’, the mean number of detected neutrons per incident proton, corrected for counting loss 
and incoherent background, for Echo Lake (E.L.) and Deep River (D.R.) runs. 


Target: 
element and 
thickness 
(g cm™?) 


Location 
of runs 


300 


Mean energy of proton group (Mev) 


415 


510 


560 


690 





None (a) 
None (b) 
Sn (33) 
W (34) 
Pb (22) 
Pb (44) 
U (22) 
U (44) 


E.L. 
E.L. 
E.L. 
E.L. 
E.L. 
E.L. 
E.L. 
E.L. 


D.R. None 
D.R. Pb (44) 
D.R. U (44) 


0.012+0.002 
0.016+0.003 
0.052+0.005 
0.051+0.006 
0.049+0.004 
0.084-+0.006 
0.070+0.006 
0.130+0.008 


0.018+0.004 
0.078+0.007 
0.146+0.013 


0.027+0.005 
0.021-+0.005 
9.068 +0.009 
0.110+0.016 
0.083+0.008 
0.119+0.010 
0.095+0.010 
0.204+0.016 


0.018+0.006 
0.121+0.013 
0.184-+0.022 


0.030-+0.005 
0.027+0.006 
0.079+0.010 
0.104+0.015 
0.066+0.007 
0.131+0.011 
0.099+0.010 
0.207+90.016 


0.017+0.005 
0.102+0.014 
0.162+0.022 


0.0330.007 
0.048+0.011 
0.089+0.015 
0.085+0.017 
0.063 0.009 
0.180+0.019 
0.120+0.016 
0.214+0.024 


0.007 +0.005 
0.130+0.023 
0.195+0.040 


0.044-+0.005 
0.038+0.006 
0.099+0.009 
0.144+0.014 
0.097 +0.008 
0.155+0.010 
0.104-++0.009 
0.260+0.018 


0.0330.007 
0.136+0.015 
0.211+0.026 


0.037 +0.005 
0.037 +0.006 
0.100-+0.010 
0.130+0.015 
0.088+0.007 
0.178+0.012 
0.111+0.010 
0.246+0.018 


0.016+0.004 
0.091+0.008 
0.112+0.012 


TABLE VII. Values of ¢’, the mean number of detected neutrons per neutron event, corrected for counting loss 


Target: 
element and 
thickness 
(g cm?) 


Location 
of runs 


E.L. None (a) 
I None (b) 
I Sn (33) 
E.L. W (34) 
EL. Pb (22) 
E.L. Pb (44) 
I U (22) 
I U (44) 


None 
Pb (44) 
U (44) 


1.03—0.03 

+0.09 
1.03 —0.03 
1.15+0.03 
1.21+0.05 
1.22+0.03 
1.26+0.03 
1.35+0.04 
1.46+0.03 


+0.11 
1.00—0.00 
1.16+0.03 
1.48+0.04 


and incoherent background, for Echo Lake (E.L.) and Deep River (D.R.) runs. 


Mean energy of proton group (Mev) 


1.00—0.00 

+0.12 
1.05—0.05 
1.14+0.04 
1.41+0.07 
1.30+0.04 
1.30+0.04 
1.40+0.05 
1.59+0.04 


+0,26 
1.00—0.00 
1.26+0.05 
1.55+0.07 


510 


+0.06 
1.02—0.02 

+0.09 
1.00—0.00 
1.15+0.04 
1.42+0.07 
1.17+0.03 
1.38+0.04 
1.37+0.05 
1.56+0.04 


+-0.23 
1.00—0.00 
1.40+0.07 
1.63+0.08 


560 

+0.10 
1.00—0.00 
+0.10 
1.00—0.00 
1.15+0.06 
1.22+0.08 
1.18-+0.05 
1.43+0.05 
1.33+0.06 
1.60+0.06 


+1.2 
1.0 —0.0 
1.49+0.09 
2.07+0.14 


690 


820 





+0.04 
1.09—0.03 
+0.06 
.15—0.05 
.19+0.04 
30+0.04 
31+0.04 
1.38+0.03 
1.25+0.03 
1.81-+0.04 


+0.11 
1.00—0.00 
1.37+0.05 
1.94+0.08 


+0.05 
1.03 —0.03 

+0.07 
1.11—0.05 
1.27+0.05 
1.37+0.06 
1.29+0.04 
1.46+0.04 
1.43+0.05 
1.81+0.05 


+0.12 
1.00—0.00 
1.31+0.04 
1.62+0.06 


TABLE VIII. Values of m, the mean number of detected neutrons per incident proton, corrected for counting loss, 
incoherent background, and coherent background. Echo Lake (E.L.) and Deep River (D.R.) runs. 


Factor 

Target: 
element 

and 

thickness 
(g cm?) 
Sn (33) 0.91 

W (34) 0.92 

Pb (22) 0.95 

Pb (44) 0.90 

U (22) 0.95 

U (44) 0.90 


Location 
of runs 


D.R. 
D.R. 


Pb (44) 
U (44) 


0.90 
0.90 


k 


used to 
correct 
no target 
back- 
ground 


300 


415 


Mean energy of proton group (Mev) 


510 





0.041+0.006 
0.040+0.007 
0.038+0.004 
0.070+0.008 
0.059+0.006 
0.116+0.010 


0.062+0.009 
0.130+0.015 


0.043+0.011 
0.085+0.018 
0.057+0.010 
0.100+0.012 
0.069+9.012 
0.185+0.018 


0.105-0.015 
0.168-+0.024 


5.3 Muon Contamination Correction 


0.052+0.012 
0.076+0.017 
0.038+0.010 
0.107+0.013 
0.071+0.012 
0.183+0.018 


0.087 +0.016 
0.147+0.023 


560 


0.059+0.018 
0.055+0.019 
0.032+0.012 
0.137+0.025 
0.089+0.018 
0.171+0.029 


0.124+0.023 
0.189+0.040 


690 


0.059 +0.012 


0.104+0.017 
0.055+0.010 
0.121+0.013 
0.062+0.011 
0.226+0.021 


0.106+0.018 
0.181+0.029 


820 


0.066+0.013 
0.096+0.018 
0.053+0.010 
0.145+0.015 
0.076+0.012 
0.213+0.021 


0.077+0.010 
0.098+0.014 


are listed. These ratios are quite insensitive to the values 

We may compare directly, see Table X, the values of 
m obtained for the Pb(44) and U(44) targets at Echo 
Lake with those obtained at Deep River. The ratios of 
the measured values, m(Deep River)/m(Echo Lake), 


of & used and the errors shown are due almost entirely 
to the errors in the values of mr’. 

Table X shows that there is a marked drop in the 
value of m(D.R.)/m(E.L.) in the 820-Mev proton 
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TaBie IX. Values of s, the mean number of detected neutrons per neutron event, corrected for counting loss, incoherent 
background, and coherent background. Echo Lake (E.L.) and Deep River (D. R.) runs. 


Target: 
element and 
thickness 
(g cm?) 


Location 
of runs 


415 


Mean energy of proton group (Mev) 


510 


560 





1.20+0.04 
1.29+0.07 
1.31+0.04 
1.32+0.04 
1.44+0.05 
1.55+0.04 


Sn (33) 
W (34) 
Pb (22) 
Pb (44) 
U (22) 
U (44) 


Pb (44) 


1+0.04 
U (44) 7 


? 
5740.05 


1.22+0.07 
1.60+0.10 
1.50+0.07 
1.35+0.05 
1.64+0.08 
1.68+0.05 


1.31+0.06 
1.63+0.08 


1.24+0.06 
1.68+0.11 
1.32+0.06 
1.50+0.05 
1.59+0.08 
1.68-++0.05 


1.50+0.09 
1.72+0.10 


1.26+0.10 
1.38+0.14 
1.45+0.12 
1.65+0.08 
1.51+0.09 
1.88+0.09 


1.53+0.10 
2.15+0.15 


690 


1.26+0.07 
1.39+0.06 
1.53+0.08 
1.47+0.04 
1.37+0.05 
1.98+0.05 


1.54-+0.07 
2.29+0.11 


44+0.0° 
.55+0.09 
.56+0.08 
.58+0.05 
.73+0.09 
.01+0.06 


.40+0.05 
-78+0.08 


Prasie X. Values of the ratios m (Deep River)/m (Echo Lake) for the thicker Pb and U targets. 


Target 300 415 510 


Mean energy of proton group (Mev) 


560 690 820 





~ 1,054-0.18 
0.91+0.15 


Pb (44) 0.894015 
U (44) 1.1240.15 


energy group due to the muon contamination discussed 
in Sec. 3.2(b). If nearly all of the contaminating muons 
are assumed to be fast, and therefore produce a negli- 
gible number of neutrons,?* the muon contamination 
reduces m directly, and the correction factors for the 
820-Mev group at Echo Lake and at Deep River are 
simply [1+r(E.L.)] and [1+r(D.R.)], respectively. 
Since the corrected values of m at Echo Lake and at 
Deep River, m(E.L.)[1+r(E.L.)] and m(D.R.)[1+r 
(D.R.) ] must be equal, we would then calculate from 
Eqs. (4) and (5), that m(D.R.)/m(E.L.) = (5.5340.09)/ 
(11+1)=0.50+0.05, which is consistent with the di- 
rectly measured values of Table X. 

On the other hand, if an appreciable number of muons 
stop in the target and undergo nuclear capture, the 
neutron contribution of the muons could be significant. 
Whereas the proportion of all muons passing through 
the telescope which stop in the target is only 2%, the 
Cerenkov selection, by discriminating against high 
particle velocities, probably enhances this proportion. 
However, from the errors in the measured and calcu- 
lated values of m(D.R.)/m(E.L.) and the ratio of the 
flux of stopping muons at the two altitudes, known to 
be ~3.3,” we can place an upper limit of 5% on the 
proportion of muon-produced neutrons at Echo Lake, 
and 15% at Deep River.” In correcting the 820-Mev 


8B. F. Stearns, D. R. Jones, J. K. de Pagter, and R. D. Sard 
Phys. Rev. 106, 1043 (1957), have measured a value (c4v),=2.2 
x<10-** neutrons cm*/nucleon in lead, or 5X 10~** neutrons cm?/ 
lead nucleus. By comparison, the results of this experiment show 
that for protons in the energy range of interest, (oqv),»~10™% 
neutrons cm?/lead nucleus. 

See G. Puppi and N. Dallaporta, Progress in Cosmic-Ray 
Physics edited by J. G. Wilson (North Holland Publishing Com- 
pany, New York, 1952), chap. VI. p. 340. 

* If the muons produce no neutrons then they will not affect 
the values of ¢# or s. A comparison of the observed values of s at 


0.81+0.17 
0.80+0.14 


0.91+0.22 
1.11+0.29 


0.53+0.08 
0.46+0.07 


0.88+0.15 
0.80+0.14 


Echo Lake values of m the correction factor of 1.28 
+0.08 from Sec. 3.2(b) has been rounded off to 1.3 
+0.1, and the error has been added linearly to the un- 
certainty in m. 

There is also some indication that the Deep River 
m values for the 510 Mev and 690-Mev proton groups 
are lower than the Echo Lake values. However, the 
hypothesis of a muon contamination in these groups is 
not borne out by the relative proton flux figures given 
in Table III and it will be assumed that the Echo Lake 
figures are reliable. 

Further analysis will be based on the Echo Lake 
results only. 


5.4 The Neutron Energies: Penetration in 
the Paraffin Block 


(a) The Detection Efficiency or Neutrons from the Targets 


We must now see to what extent the experimental 
data justify our assumption that the efficiency of the 
neutron detection assembly for neutrons from all 
targets and all proton energies lies between the effi- 
ciencies for Pu spontaneous fission and Ra-a-Be neu- 
trons. The validity of the assumption is governed by 
the relationship between the neutron energy spectra. 
A rough criterion of the effective mean energy of the 
neutrons emitted from the targets is given by the rate 
of attenuation of thermal neutron density with depth 
in the moderator. 

We shall use as a measure of the neutron penetration 
the ratio ““B/A,” that is the ratio of the number of 
neutrons detected in the B row of counters to the 
number detected in the A row. The corrections that 
Echo Lake and Deep River (Table IX) suggests that the values 
of s(D.R.) are perhaps 10 to 20% smaller at 820 Mev. 
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were made to the raw data are similar to those that 
were made in deriving the value of m. The backgrounds, 
both incoherent and coherent, were calculated in a 
straightforward manner. The loss due to channel dead- 
time was estimated in a semiempirical way by dividing 
the total loss, used for m, between the A and B rows, 
in a way depending upon the relative multiplicities ob- 
served in each separately. It turned out that between 
90 and 95% of the total loss could be attributed to the 
A row. 

To make the observed B/A ratios comparable with 
those found from the ungated measurements with the 
calibrating neutron sources a correction was also made 
for the difference in the neutron gate efficiencies be- 
tween the A and B rows of counters. The correction 
factor for this effect is 1.11-+0.05. 

Corrected values of B/A for the various targets are 
given in Table XI along with the values observed for 
the three calibrating sources. The 300, 415, and 510- 
Mev proton data have been added together under the 
heading “low E,,” and the 560, 690, and 820-Mev data 
are combined under “high E,.” There is, in fact, no 
evidence of a systematic variation in the value of B/A 
with proton energy. Thus, combining the data for all 
targets we find 


(B/A)nigh E> 
—_—_——=0,9340.08, (18) 
(B/A iow Ep 

which is not significantly different from unity. 

We shall therefore confine our attention to the 
column labelled “Total” in which all data for a given 
target are combined. There appears to be a significant 
difference between B/A values for the lead (averaged 
for the 22 and 44 g cm™ thicknesses), tungsten, and tin 
targets on the one hand, none of which is inconsistent 
with the Ra-a-Be value of 0.45; and on the other hand, 
the B/A value averaged for the uranium 22 and 44 g 
cm™~ targets which lies close to the plutonium spon- 
taneous fission values of 0.37. This leads us to adopt 
the measured efficiency for the spontaneous fission neu- 
trons as appropriate for the neutrons emitted from the 
uranium targets, and the measured efficiency for the 
Ra-a-Be neutrons as appropriate for neutrons emitted 
from the other targets. Using the neutron efficiency 
values of Table IV, and the corrected gate efficiencies 
quoted in Sec. 3.3, we arrive at the following total 
gated neutron efficiencies; 5.0% and 5.4% for the 22 
and 44 g cm™ uranium targets, respectively, and 4.2% 
for all other targets. 


(b) Systematic Variations of B/A with Target 


In addition to the difference between the B/A values 
found for the uranium targets and the values found for 
the other targets, there is also evidence that B/A de- 
creases with increasing target thickness. Thus com- 
bining the data of Table XI for lead and uranium, 
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TABLE XI. Values of the ratio B/A, the relative numbers 


detected in the B and A rows of BF; counters for the various 
targets and for the neutron sources used for calibration. 


Total 
0.48+0.08 
0.44+0.07 


0.52+0.07 
0.40+0.04 


0.38+0.05 
0.3340.03 


0.28 
0.37+0.01 
0.45 


Target or neutron source Low E, High E, 





0.50-+40.11 
0.52+0.11 


0.46+0.11 
0.38+0.08 





Sn (33) 
W (34) 


Pb (22) 
Pb (44) 


0.53+0.10 
0.40+0.05 


0.51+0.11 
0.40+0.06 


U (22) 

U (44) 

RdTh-y-Be 

Pu spontaneous fission 
Ra-a-Be 


0.39+0.07 
0.34+0.04 


0.37+0.08 
0.32+0.04 


we find 


( B/A)22 g cm™~ target 
$= 1,220.12. (19) 
(B/A )as g cm™ target 

These variations are to be ascribed largely to second- 
ary processes within the targets. 

In the case of the 44 g cm™ uranium target, the 
observed enhancement of the neutron detection effi- 
ciency due to secondary fission implies that ~ 20% of 
the low-energy neutrons emerging from the target arise 
from this process. When we include fission in the pri- 
mary interaction, which produces about two extra 
neutrons near the end of the evaporation chain (see 
Sec. 6.1) we conclude that between one quarter and 
one third of all neutrons detected from the thick 
uranium target originate in low-energy fission processes. 
Since the mean energy of the fission spectrum is lower 
than that of the evaporation spectrum, we may expect 
a lowered mean energy for neutrons emerging from the 
target and therefore a lowered B/A ratio. This effect is 
obviously larger for thicker targets. 

Again, in all targets, secondary interactions by 
cascade nucleons may be expected to yield evaporation 
neutrons lower in energy than those arising from the 
primary interactions of the incident protons, since the 
much lower energy of the cascade nucleons produces 
smaller average nuclear excitations. The lowering of 
average energy of the detected neutrons is greatest 
where the ratio of the numbers of secondary inter- 
action neutrons to primary interaction neutrons is 
greatest. The calculated number of secondary neutrons 
per primary interaction seen in Table XV shows this 
ratio to increase with target thickness, atomic weight, 
and incident proton energy. 

Further, at energies of the order of 10-20 Mev, the 
neutron. detection efficiency is not entirely negligible, 
and low-energy cascade neutrons may themselves be 
directly detected, making B/A higher than would be 
expected for a pure evaporation spectrum. At a given 
incident proton energy, the ratio of cascade neutrons 
to evaporation neutrons increases with decreasing 
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TABLE XII. Values of u, the mean number of neutrons produced per incident proton and per unit thickness of target. 
Echo Lake data, with the 820-Mev figures corrected for muon contamination 


Target: 
element and 
thickness 
(g cm™) 


Sn (33) 
W (34) 
Pb (22) 
Pb (44) 
U (22) 


U (44) 


300 


0.028+0.004 
0.027+0.004 
0.040+0.004 
0.035+0.004 
0.051+0.005 
0.047 +0.004 


415 


0.030+0.007 
0.056+-0.012 
0.059+0.011 
0.051+0.006 
0.060+0.011 
0.074+0.007 


510 


0.035+0.005 


0.050+0.011 
0.040+0.011 
0.055+0.006 
0.062+0.011 
0.073+0.007 


Mean energy of proton group (Mev) 


560 


0.041+0.013 
0.037+0.013 
0.033+0.013 
0.070+0.013 
0.077+0.016 
0.069+0.012 


690 


0.041+0.008 
0.069+0.011 
0.057+0.011 
0.061+0.006 
0.054+0.010 
0.091+0.009 


820 


0.059+0.014 

0.083+0.019 
0.071+0.016 
0.096+0.015 
0.085+0.018 
0.112+0.018 


atomic weight and this will correspondingly affect the 
B/A ratio. 

The trends observed in the B/A values are qualita- 
tively consistent with all the preceding arguments. 

The mean value of B/A for all targets and all en- 
ergies is 0.43, which is consistent with a mean energy 
for all detected low-energy neutrons between two and 
five Mev. Experiments at incident energies between 150 
and 200 Mev by Gross,® Gol’danskii ef al.,7 Skyrme and 
Williams,® Skyrme and Harding* all give mean neutron 
energies close to 2.5 Mev for a variety of targets be- 
tween silver and uranium. At a considerably higher 
energy corresponding to a nuclear excitation energy of 
200 Mev in silver, Dostrovsky et al.‘ calculate a mean 
evaporation neutron energy of ~6 Mev. (From Me- 
tropolis ef al.? we deduce an average nuclear excitation 
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Fic. 7. The neutron production per gram in the 44 g cm™? 
targets relative to that in the 22 g cm targets for different proton 
energy groups. Corrections have been made for proton attenuation 
in the targets. 


31D. M. Skyrme and G. N. Harding, Nuovo cimento 9, 1082 
(1958). 


energy of 170 Mev for 820-Mev protons incident on 
tin.) Thus external evidence yields upper and lower 
limits to the mean neutron energy consistent with those 
observed. 


5.5 Values of u, the Neutron Yield per 
Proton per gram cm~? 


The mean number of neutrons emitted per incident 
proton per unit thickness (g cm’) of a target of effective 
thickness T is given by 


p=m/eT, (20) 


where e¢ is the neutron detection efficiency. 

In Table XII are given the values of uw calculated 
from the Echo Lake values of m using Eq. (20) and the 
efficiencies from Sec. 5. (a). The values of T used were 
the actual target thicknesses increased by 5% to allow 
for the mean increase in path length of the protons in 
the target resulting from their angular spread with 
respect to the telescope axis. The mean increase in 
path length was calculated on the basis of the telescope 
geometry and a cos*@ zenith angle dependence of the 
proton flux. 

We are now in a position to compare the results ob- 
tained from targets of different thickness (22 g cm™~ and 
44 g cm-”) of the same element (Pb or U). Assuming 
only that the neutron spectrum is the same for both 
thicknesses, but not identifying it with any particular 
spectrum, the ratio of the values of u for the two thick- 
nesses will evidently be very close to the ratio of true 
neutron yields per unit thickness of the two targets. 
Differences between the values of uw for two different 
thicknesses of the same target material must then be 
attributed to one or both of two effects: (a) attenuation 
of the incident proton beam resulting in a smaller yield 
from the thicker target, and (b) multiplication by the 
additional interactions of high-energy secondary nu- 
cleons® which will give a larger yield from the thicker 
target. Corrections for attenuation may be readily 
made. It will be convenient to introduce a quantity g, 
the mean probability per unit thickness for the inter- 

® The ordinary “fast fission” contribution in the uranium tar- 
gets due to neutrons in the Mev region is not included in the 
values of u since it is included in the enhancement of the values of 
€ as a result of the method of calibration. 
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TABLE XIII. Values of v, the mean number of neutrons produced per interaction, derived from the values of u and the cross sections 
given by Chen, Leavitt, and Shapiro.* The neutrons arising from multiplication in the various targets are included. 


Target: 
element and 
thickness 
(g cm?) 


300 415 


6.1+1.5 
12.54+2.7 
13.4+2.5 
12.2+1.5 
14.2+2.6 
18.5+1.7 


Sn (33) 
W (34) 
Pb (22) 
Pb (44) 
U (22) 
U (44) 


5.8+1.0 
6.2+1.0 
9.2+1.0 
8.6+1.1 
12.4+1.2 
12.0+1.0 


* See reference 31. 


action of an incident proton in a given target.® For a 
“thin target” 
g cm” we have 


q=f/T=No./A, (21) 
where V is Avogadro’s number, a, is the nuclear inter- 
action cross section, and A is the atomic weight. For a 
thick target, g depends on the thickness, and we shall 
write 


qr=1 T[1-—e NoaT 4}, (22) 


Hence, the correction factor required to remove the 
effect of absorption from the ratio of uw for the 44 g 
cm~ target to u for the 22 g cm™ target (144/22) is* 


J22 1—e—22N o0/A 1-1 1.Vo, A 
= =2/ a )- ~~~ ' (23) 
44 1—e Noa! A 1—22No, A 


We have used for o, data from the compilation by Chen, 
Leavitt, and Shapiro.*® The values of gr7, the inter- 
action probability in the whole target, are between 0.09 
and 0.10 for the thinner U and Pb targets and between 
0.17 and 0.19 for the thicker targets in the range of 
energies 300 to 820 Mev. 

In Fig. 7(a) and (b) are plotted the ratios p44/p22 
for lead and uranium, with the corrections for absorp- 
tion made as outlined above. Notwithstanding the size 
of the errors, the trend upwards from unity as the 
proton energy increases is evidence of an additional 
multiplication in the 44 g cm™ targets over that in the 
22 g cm™ targets. Thus we infer that even the 22 g 
cm™~ targets are thick in the sense that the effect of 
secondary interactions is appreciable [as already tacitly 
assumed in Sec. 5.4(b)]. Further discussion of this 
effect is deferred to Sec. 6. 


8 Elastic scattering may be neglected since it is predominantly 
in the forward direction. 

4 The 5°% increase in the effective value of T due to the angular 
spread of the incident protons is neglected here, since the effect 
on the correction factor is only 0.3%. 

35 F. F. Chen, C. P. Leavitt, and A. M. Shapiro, Phys. Rev. 99, 
857 (1955). These authors give values for tin and lead. Values for 
uranium and tungsten were obtained by interpolation using 
o,«A! 


7.1241.7 
11.1+2.4 

8.94+2.4 
12.9+1.5 
14.4+2.6 
18.0+1.7 


(attenuation negligible) of thickness T 


Mean energy of proton group (Mev) 
510 


560 
8.1+2.6 
7.9+2.8 
7.44+2.9 

16.2+3.0 
17.943.7 
16.6+2.9 


690 


8.0+1. 11.542.7 
14.942. 17.6+4.2 
12.442. 15.3+3.6 
i4.0+1.! 22.0+3.4 
12.4+2.: 19.3+4.0 
21.942.1 26.7+4.2 


1. 
7. 


5.6 Values of v, the Mean Neutron Multiplicity 
per Interaction 


Since we do not distinguish with good efficiency in 
this experiment those protons that interact from those 
that do not, we cannot determine separately the values 
of absorption cross section and of neutron multiplicity 
per interaction. We have calculated values of v, the 
mean number of neutrons per interaction, from our 
values of » (Table XI) and published® nucleon- 
nucleus cross sections. Thus from (21) we have for a 
thin target 

v=p/q=Ap/ Noa, (24) 
and from (22), for a thick target 
deed gQr=Au Now1+NTou 2A+:: - i. (25) 


For all our targets higher terms in the expansion are 
negligible. For values of v are given in Table XIII. 
Note that no correction for neutrons from secondary 
interactions in the target has yet been made, so that 
these are included in the quantity v. 

It will be noted that, in general, v increases with A, 
and also with E,, although we cannot say how much of 
the increase is due to higher multiplicities from the 
primary interactions and how much is due to an increase 
in the number of secondary interactions and in their 
neutron yield. The values of v lie between ~6 for tin 
at low-proton energy, to >20 for the heavier targets 
at high-proton energy. A comparison with results both 
from other experiments and from theoretical predic- 
tions will be made later in Sec. 6. 


5.7 Calculation of s from v: Evidence for a 
Multiplicity Distribution 

If the neutron multiplicity distributions leading to 
the values of » given in Table XIII were known, s, the 
mean number of detected neutrons per neutron event 
could be calculated and compared with the experi- 
mental values presented in Table [X. In the case of a 
line distribution, where exactly v neutrons are emitted 
in each interaction and are detected with an efficiency 
€, it may be shown that 


s(v)=ev/[1— (1—e)”]}. (26) 
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TABLE XIV. Values of for various multiplicity distributions. The 
line distribution value s(v) is 1.25 in all cases. 


Vmax 


20 
15 


31 


The values of s(v) calculated from Eq. (26) using the 
corrected mean multiplicities given in Table XIII are 
generally 10-20% lower than the experimental values 
of s listed in Table IX. This difference may be attributed 
to the existence of a spread of neutron multiplicities in 
the primary emission process. 

To illustrate this point, the average number of de- 
tected neutrons per neutron event, §, has been calcu- 
lated for the three simple assumed multiplicity dis- 
tributions listed below. Each has a mean multiplicity, 
y, close to 10 and each goes to zero at some maximum 
value of v= Yinax. 


(i) Rectangular distribution; probability of multi- 
plicity v is constant for 0<v< ymax. 

(ii) Triangular distribution; prebability of multi- 
plicity » increases linearly from zero at y=0 to a maxi- 
mum at v= Vmax. 

(iii) Triangular distribution; probability of multi- 
plicity v decreases linearly from maximum value at »=0 
to zero at V= Vmax. 


The values of § calculated for these distributions, 
taking e=0.050, are given in Table XIV and may be 
compared with s(#)=1.25, the line distribution value. 

It is seen that § is relatively insensitive to the shape 
of the assumed multiplicity distribution and does not 
differ greatly from s(#) in the two cases where the dis- 
tribution is approximately symmetric about #, or where 
Vmax is not very much greater than #. In the case of dis- 
tribution (iii) where there is a high multiplicity tail, 
§ exceeds s(%) by 11%, which suggests that the experi- 
mental multiplicity distributions are qualitatively closer 
to distribution (iii) than to (i) or (ii). 

The nuclear cascade calculations of Metropolis et al.’ 
show that for low energy (below 100 Mev) nucleons 
incident on heavy nuclei, there is a pronounced peak in 
the excitation energy distributions near the maximum 
possible energy, which would lead to neutron multi- 
plicity distributions similar to (ii). At the higher en- 
ergies involved in this experiment, the excitation energy 
distributions become Maxwellian in character, with 
high-energy tails extending to values three or more 
times the mean excitation energies. In these cases neu- 
tron multiplicity distributions qualitatively similar to 
(iii) would be expected. 


5.8 Evidence for High-Energy Neutrons 


Since the rate of attenuation of the neutron counting 
rate with depth in the paraffin moderator decreases 
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with increasing energy, at least up into the hundred 
Mev region where the scattering cross sections of 
hydrogen and carbon begin to level off, we may look to 
the counters that are deeper in the paraffin for evidence 
for high-energy neutrons. 

If we examine the numbers of neutrons counted in 
the four deepest rows of counters (/, F, G, H) we find 
that there is no significant increase due to the presence 
of a target. This is because the incident protons that 
do not interact in the target, and which are not dis- 
tinguished experimentally from those which do, produce 
a relatively large neutron background when they inter- 
act with carbon close to the lower counters, or with the 
materials of the counters themselves. To reduce the 
relative background we are forced to select from the 
proton events those in which there is no PC;-PC, co- 
incidence. These are the events in which no charged 
particle is detected below the target and are mainly 
interactions without fast secondary protons. 

Using these events only, the data for all targets and 
for all proton energies have been combined to yield the 
variation of number of detected neutrons with depth 
shown in Fig. 8. For simplicity the counters have been 
divided into four groups: Row A, Row B, Rows C, D, 
and Rows E, F, G, H, and the numbers of counts cor- 
rected for background and for differences in gating 
efficiency are normalized to the number in Row 4. 
Figure 8 also shows for comparison the relative counting 
rates for each of the three calibrating neutron sources. 
The horizontal scale is arbitrary ; the positions at which 
the points were plotted were chosen to make the Ra-a-Be 
points fall on a straight line with 45° slope on the plot. 
The position of the “‘proton interaction” points relative 
to those for the spontaneous fission and Ra-a-Be sources 
clearly implies that while most of the neutrons from the 
proton interactions have energies between the mean 
energies of these two sources, there also exists a high- 
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Fic. 8. The relative neutron counting rates in counters at 
different depths in the paraffin moderator for neutrons from proton 
interactions, and for neutrons from various calibrating sources. 
The abscissas are arbitrary (see text). 
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energy tail which is responsible for the relatively large 
number of neutrons detected below Row D. 

Since the detection efficiency falls off very rapidly as 
the neutron energy increases above 10 Mev, a very long 
running time would be required to obtain data of 
reasonable statistical accuracy from the lower counters. 
Because of the difficulty in determining the detection 
efficiency only qualitative indication of the emission of 
high-energy neutrons in the proton interactions was 
obtained. 


6. DISCUSSION 
6.1 Comparison with Theory 


To compare our experimental results with theoretical 
predictions, we have calculated the average numbers of 
low-energy neutrons expected from the proton bom- 
bardment of our targets. We used the Monte Carlo 
calculations of Metropolis et al.,? which give the average 
excitation energy of the target nuclei for several dif- 
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Fic. 9 (a, b, and c). Average number of neutrons per primary 
interaction as a function of incident proton energy. The curves are 
calculated from the Monte Carlo nucleon cascade calculations of 
Metropolis et al. and the Monte Carlo evaporation calculations of 
Dostrovsky et al. The labels A/10 and A/20 refer to the values of 
the level density parameter used in the evaporation calculations. 


ferent atomic weights and values of incident proton 
energy. The excitation energy was then converted to 
mean neutron multiplicity using the Monte Carlo 
evaporation calculations of Dostrovsky, Rabinowitz, 
and Bivins,‘ interpolating and extrapolating where 
necessary to obtain values appropriate to the target 
elements used. In the case of uranium, the multiplicity 
so obtained was increased by 2 neutrons to account for 
fission. [In the interaction of high-energy nucleons with 
U8 nuclei, fission occurs in 75-80% of the cases*® and 
takes place close to the end of the evaporation chain.” 
The residual average excitation energy of the fissioning 
nucleus is therefore not expected to exceed several tens 
of Mev. Measurements of fission neutron multiplicities 
resulting from incident fast neutrons up to 15 Mev 
show that the multiplicity may be expressed** 


y(En)=ir+aFn, 


where j7 is the multiplicity in thermal fission, Z, is the 
neutron energy, and a is a constant for a particular 
nucleus. jr lies in the range 2.1-2.5, and a in the range 
0.12-0.14 for target nuclei between Th”® and U™*,# 

36H. M. Steiner and J. A. Jungerman, Phys. Rev. 101, 807 
(1956). 

871. Dostrovsky, Z. Fraenkel, and P. Rabinowitz, Proceedings 
of the Second United Nations International Conference on the 
Peaceful Uses of Atomic Energy, Geneva, 1958 (United Nations, 
Geneva, 1958), p/1615, Vol. 15, p. 301. 

%]. I. Bondarenko, B. D. Kuzminov, L. S. Kutsayeva, 
L. I. Prokhorova, and G. N. Smirenkin, Proceedings of the Second 
United Nations International Conference on the Peaceful Uses of 
Atomic Energy, Geneva, 1958 (United Nations, Geneva, 1958), 
p/2187, Vol. 15, p. 353. 

® R. B. Leachman, Proceedings of the Second United Nations 
International Conference on the Peaceful Uses of Atomic Energy, 
Geneva, 1958 (United Nations, Geneva, 1958), p/2467, Vol. 15, 
p. 229. 
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Fic. 10. Average number of neutrons per primary interaction 
due to 460-Mev incident protons as a function of atomic weight. 
The experimental points are the average values for the 415 Mev 
and 510-Mev proton groups. The theoretical curves are calcu- 
lated as for Fig. 9. 











This implies a yield of 1 extra neutron for every 7-8- 
Mev excitation energy of the nucleus undergoing fission, 
and is roughly equal to that for the nonfission case. 
Thus, the neutron multiplicity is not seriously influenced 
by the point in the evaporation chain at which fission 
occurs, and we may simply add (0.8X2.5)=2 neutrons 
to account for fission. ] The curves in Figs. 9(a), (b), (c), 
and 10 show the results of these calculations ; the curves 
labelled A/10 and 4/20 are those for the corresponding 
values of the level density parameter adopted in the 
evaporation calculations. 

The experimental results presented in Sec. 5 for the 
22 and 44 g cm™ targets show clearly that at these 
thicknesses, secondary production of neutrons is con- 
siderable, therefore an estimate of this effect must be 
made before comparison with theory. Since the accuracy 
of the measurements is not good enough to permit a 
correction to be made from the experimental results 
we have calculated the size of the effect using the cas- 
cade proton results of the Metropolis Monte Carlo 
calculation.’ For the purpose of this calculation the fol- 
lowing assumptions were made: 

(a) The energy and angular distributions of cascade 
neutrons are the same as those given by Metropolis 
et al. for cascade protons. 

(b) The yield of low-energy neutrons produced by 
the cascade neutrons is the same as calculated for 
incident protons. Metropolis e/ al. show that the aver- 
age excitation energy deposited by incident neutrons is 
very little different from that by protons of the same 
energy. 

(c) Since nucleon-nucleus inelastic cross sections do 
not vary rapidly with energy in the 50-500-Mev range, 
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TABLE XV. Calculated numbers of secondary neutrons 
per primary interaction. 


Target: 
element and 
thickness Proton energy (Mev) 
(g cm~?) 415 510 560 690 
Sn (33) 
W (34) 
Pb (22) 
Pb (44) 
U (22) 
U (44) 
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they were assumed to be constant for all cascade par- 
ticle energies. The following effective interaction mean 
free paths were used; U— 206 g cm; Pb—195 g cm; 
W-—187 g cm™; Sn—180 g cm™. 

(d) Tertiary interactions are neglected. Second gen- 
eration cascade particles have on average only ~5% 
probability of interaction before leaving the 44 g cm 
targets, and are greatly degraded in energy. 

(e) The energy and angular distributions of cascade 
protons given for 460-Mev protons incident on uranium 
are applicable to all incident energies between 300 and 
900 Mev, and target elements from Sn to U. To test 
this assumption, the average number of secondary 
neutrons per cascade particle was calculated for the 
44 g cm™ target using the energy and angular dis- 
tributions given by Metropolis ef al. for (i) 1840-Mev 
protons on U, (ii) 460-Mev protons on Al. The result 
for case (i) was 12% higher and that for case (ii) 15% 
lower than that using the distributions for 460 Mev on 
U. The insensitivity of the energy and angular distribu- 
tions to incident energy and atomic weight over such a 
wide range implies that the secondary neutron multi- 
plication depends principally on the cascade particle 
multiplicity, and justifies the assumption made above. 

The numbers of secondary neutrons per primary 
interaction calculated under the given assumptions for 
the various targets and energies are listed in Table XIV. 

The estimates of neutron multiplication run from 
15% to 45% of the calculated primary interaction 
multiplicities shown in the curves of Figs. 9(a), (b), 
and (c). 

In the graphical presentation of our results, we have 
chosen to adjust the multiplicities measured for our 
targets to zero thickness by subtracting the estimated 
numbers of secondary neutrons in Table XV from the 
experimental values in Table XIII. These adjusted 
values are shown plotted in Figs. 9(a), (b), and (c). 
The points for uranium and lead are the error-weighted 
means of the values obtained for the 22 and 44 g cm 
targets. The errors are deduced from those given in 
Table XIII. No allowance for a possible error in the 
estimates of multiplication has been made. 

To extend the experimental energy range, we have 
also plotted the results of other experiments at energies 
below 200 Mev by Gross,® and Skyrme and Williams.® 
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These data have been adjusted for small differences in 
atomic weight where the target elements differed from 
those used in this experiment. The points representing 
the results of this experiment are, within errors, con- 
sistent with those at lower energies. . 

In Fig. 10 we have plotted the number of neutrons 
per primary interaction against atomic weight at an 
incident proton energy of 460 Mev. The experimental 
points are the average of values for 415 and 510 Mev. 
These energy groups were chosen as the most reliable, 
being relatively free from any uncertainty of the muon 
contamination correction, and in an energy range where 
the uncertainties in the multiplication estimate are least. 

The experimental points and the theoretical curves 
of Figs. 9 and 10 are, within errors, in agreement; no 
inadequacy of the theory, as presently developed, is 
revealed by the experimental results. 
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Velocity Dependence of the Bubble Density for Charged Particle Tracks 
in Liquid Hydrogen* 
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Bubble densities of tracks of 635-Mev/c protons and pions in a liquid hydrogen bubble chamber operated 
at 26.5°K, 62 psig have been determined from measurements of the distribution in spacing of the individual 
bubbles. The velocity dependence of the bubble density has been obtained by fitting the bubble densities 
observed to the expression m= A /8> by the least-squares method, yielding the values A =8.64 bubbles/cm, 
and exponent 6=1.935+0.077. The constant A is a function of the temperature of the liquid hydrogen, 
varying ~30% per 0.1°K. If the number of bubbles per unit track length observed is correlated with the 
rate of delta-ray formation, it would appear that an energy of the order of 400 ev is necessary for bubble 


nucleation in liquid hydrogen. 


I. INTRODUCTION 


KNOWLEDGE of the form of velocity de- 

pendence of the track density, the number of 
bubbles produced per unit length along the paths of 
charged particles, in liquid hydrogen is of interest not 
only from the point of view of providing information 
from which the velocity of charged particles can be 
determined, but also because of the light that can be 
shed on the fundamental mechanism of bubble nucle- 
ation in superheated liquids. 

The earliest measurements! of the bubble densities 
of particle tracks in a propane bubble chamber by 
direct bubble counting resulted in overestimates of 
track density due to the effects of limited optical 
resolution and possible bubble coalescence. Subsequent 
measurements? with improved technique have shown 
the velocity dependence of the track density m in 
propane to be of the form m=A/*, where @ is the 
relativistic velocity of the particle responsible for the 
track. Bugg*® has used the track densities reported by 
these authors to show that if the bubble density is 
correlated with the rate of delta-ray formation, an 
estimate of the energy required for bubble nucleation 
in superheated propane is obtained which is in agree- 
ment with the value predicted by a “hole” theory of 
liquids. 

In view of the widespread use of liquid hydrogen in 
bubble chamber experiments it is of interest to extend 
the determination of the velocity dependence of charged 
particle tracks to this material, and to compare these 
results with the theory of bubble nucleation presented 
by Bugg. 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission; supported in part by the National Science 
Foundation. 

1D. A. Glaser, D. C. Rahm, and C. Dodd, Phys. Rev. 102, 
1653 (1956). 

2W. J. Willis, E. C. Fowler, and D. C. Rahm, Phys. Rev. 108, 
1046 (1957); M. F. Blinov, lu. S. Krestnikov, and G. A. Lomanov, 
Soviet Phys.—JETP 4, 661 (1957). 

7D. V. Bugg, Progress in Nuclear Physics 
Springer, London, 1959), Vol. 7, p. 1. 
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II. MEASUREMENT PROCEDURE 


The tracks chosen for track-density measurement 
were produced by primary and secondary particles of a 
635 Mev/c momentum-analyzed positive particle beam 
from the Brookhaven Cosmotron passing through a 
6-in. hydrogen bubble chamber operated by the 
Brookhaven Cloud Chamber Group. The chamber was 
well controlled at a temperature of 26.5°K and a 
pressure of 62 psig ; a 650 usec time delay was introduced 
between the arrival of the beam, whose time spread 
was <50uysec, and the illumination of the chamber. 
No magnetic field was provided. The experiment in 
connection with which the pictures used were originally 
taken,‘ and the performance characteristics of the 
bubble chamber itself,®5 have been described elsewhere. 

Tracks from these pictures were selected for measure- 
ment on the basis of the following criteria: (1) in 
every case the particle observed either initiated, or was 
produced in an elastic scattering interaction as demon- 
strated by agreement of track angles and ranges with 
the kinematic relationships for 635 Mev/c x-p or p-p 
elastic scattering; (2) the scattering event was induced 
by a particle consistent in direction and apparent 
density with the appropriate beam particles, travelling 
at least 20 mm but no more than 115 mm into the 
visible region of the chamber, and producing secondaries 
no less than 10 mm long unless such secondaries stopped 
in the chamber; and (3) the outgoing particles made 
an angle @ with respect to the plane of the beam no 
greater than +30°. Some 91 x-p scatterings and 138 
p-p scatterings satisfied these requirements and for 
each such interaction, density measurements were made 
on the incoming primary and both secondary particle 
tracks in each of two stereo views; in the case of the 
p-p scatterings a measurement was made as well of the 
density of the nearest minimum-density track for 
normalization purposes, as discussed below. The 
momenta of the secondary particles, determined by the 
measured scattering angles, were recorded. 

‘W. J. Willis, Phys. Rev. 116, 753 (1959). 


5H. Courant, J. E. Jensen, R. I. Louttit, and J. R. Sanford, 
Rev. Sci. Instr. 30, 280 (1959). 
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Density measurements were made by examining each 
track under a microscope fitted with a ruled reticle and 
counting the distances x; between the centers of 
adjacent bubbles. The least count of this microscope- 
reticle arrangement was ~50 y, which was of the order 
of the diameter of the image of a single bubble on the 
film. The film-to-chamber magnification factor was 5; 
in the discussion which follows, all distances are referred 
to dimensions in the chamber. 

Since very short gaps are apt to be missed due to 
overlap of bubble images, a cutoff length x9=625 u 
was introduced such that gaps of length >x» would 
surely have been observed. If V is the number of such 
gaps, of total length }° x;, then the true track density 
as given by the maximum likelihood method has been 
shown‘ to be given by the expression 


m=N/(>> x:—mxo). (1) 


The mean value of m for each stereo pair was cor- 
rected for apparent foreshortening due to track dip 
and normalized in the ratio (mo)/mo, where mo is the 
density of the minimum-density track nearest the 
event, in the case of p-p scatterings, or of the incident 
pion in 2-p scatterings, and mo is the mean of such 
densities. 

The percentage average deviation of the measured 
values my from the mean mo was 13.9%. Since the total 
number of bubbles in the tracks of particles initiating 
n-p scatterings averaged 58, corresponding to a relative 
error n!/n=13.1%, it appears that variation in the 
density of minimum-density tracks was largely sta- 
tistical. The deviation of the mean of measurements in 
the two stereo views of each such individual track, 
which is an indication of the measurement accuracy 
and judgement of the observer, averaged 4.7%. 


III. RESULTS 


Density measurements were made on the tracks of 
91 beam pions, 138 beam protons, 91 pions scattered 
from x-p collisions, and 367 protons from both 2-p and 
p-p collisions. The mean value of the track density of 
the beam pions, for which 6=0.976, was m,=9.06 
+0.116 bubbles/cm; for the beam protons, 8=0.558, 
the mean track density m2=26.72+0.290 bubbles/cm. 
A least-squares fit of these values to an expression of 
the form m= A/8°, where @ is the relativistic velocity 
of the particle which produces the track, gives A = 8.64 
bubbles/cm, and b= 1.935+0.077. The error given for 
the exponent b is the probable error. This velocity 
dependence is consistent with the 4/6 form reported 
for propane by Willis e¢ al. and by Blinov ef al.?; in 
the latter study the experimental value of b was actually 
2.07+0.17. 

The 91 pions scattered from z-p collisions were 
sufficiently relativistic that they showed essentially 
the same track density as did the beam pions; for these 
particles the mean relativistic velocity 8=0.965. 
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Fic. 1. Track measurability factor R= (measurable)— (un- 
measurable) tracks/(measurable)+(unmeasurable) tracks as a 
function of particle momentum. 


The 367 protons from both x-p and p-p collisions 
ranged in relativistic velocity from 8=0.681 to B 
= 0.183, with a broad peak in the vicinity of 8=0.490. 
Not all these yielded useful track density data, since 
slow particles produce tracks so dense as to be essentially 
continuous. In order for a track to be considered 
“measurable,” it was required that more than one gap 
of length greater than the cutoff value x+»=0.625 mm 
be observed over the length of the track. Equation (1) 
converges to a value m,,=80 bubbles/cm when a track 
is sufficiently dense that just one gap, of minimum 
length 0.75 mm is observed in its entire length. Conse- 
quently, tracks of density equal to or greater than 80 
bubbles/cm were considered essentially continuous and 
unmeasurable by this procedure. The measurability of 
the tracks of outgoing protons from the 2-p and p-p 
collisions is shown in Fig. 1, where the ratio 


(measurable)— (unmeasurable) tracks 





" (measurable)+ (unmeasurable) tracks 


is shown as a function of particle momentum. 

Above 590 Mev/c, or 8>0.535, none of the 44 proton 
tracks were so dense as to be unmeasurable. All of the 
257 proton tracks below 140 Mev/c momentum, or 
8<0.148 were too dense for measurement. Between 
these limits lie 66 tracks, which due to foreshortening 
corrections, mo/mo normalization, and simple statistics 
include unmeasurable tracks of apparent density >80 
bubbles/cm; the proportion of these unmeasurable 
tracks increases sharply with decreasing momentum. 

Failure to account for these unmeasurable events 
would bias a distribution of track densities toward low 
track density values in the region of 8<0.535. Exact 
procedures for correcting such a distribution are 
limited by statistical considerations. An approximate 
correction, which should be valid near the high mo- 
mentum limit, would consider that each track observed 
to be unmeasurable had just the limiting track density 
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Fic. 2. Track density as a function of the velocity parameter 
1/s*. The uncorrected track density distribution for secondary 
protons is shown by the dashed histogram, while the solid histo- 
gram shows the distribution corrected for unmeasurable tracks. 
The solid line is the least-squares fit to the beam pion and proton 
track densities at 1/8?=1.049 and 3.212 respectively. Errors 
shown are the probable errors; distances are referred to the film 
image. 





value m,=80 bubbles/cm, and would weight each 
interval by a number of cases of this density m,, equal 
to the proportion of unmeasurable tracks at the 
corresponding momentum, as determined from Fig. 1. 

The track density of charged particles in liquid 
hydrogen is shown as a function of the velocity param- 
eter 1/8 in Fig. 2. The beam pion and beam proton 
track densities are shown at 8?=1.049 and 3.212, 
respectively. A least squares fit of these densities to a 
velocity dependence m= A/S gives the slope A, shown 
by the solid line, as 8.44-++0.044 bubbles/cm measured 
at the chamber. The track density distribution for the 
protons from w- and p-p collisions is shown uncorrected 
by the dashed histogram, and corrected for unmeas- 
urable events by the solid histogram. Agreement of the 
corrected histogram with the 4/* slope is good up to 
the value 8-?=8.2, beyond which point the correction 
presumably fails due to the increasing significance of 
bubble densities >m,=80 bubbles/cm at momenta 
below 350 Mev/c. 

Although the temperature variation in the chamber 
permitted during the experiment was small, some idea 
of the temperature dependence of the slope A can be 
gained from Fig. 3, where the track density of minimum- 
density pions is shown as a function of the mean 
temperature of the chamber during the period when the 
tracks were photographed. From the slope of this curve 
a very approximate value of Am/AT=3.0 bubbles/cm- 
°K, amounting to a 30% variation in track density 
per 0.1°K change in temperature, is obtained. 


IV. DISCUSSION 


As Bugg? has pointed out, it is of interest to investi- 
gate the possibility of correlation between an A/? 
dependence of the track density produced by charged 
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Fic. 3. Charged particle track density as a function of temper- 
ature in superheated liquid hydrogen; distances are referred to 
the film image. 


particles in superheated liquids, and the number of 
secondary electrons produced per unit track length of 
a primary ionizing particle. The rate of this “delta-ray” 
formation is also velocity-dependent as A/6?, if one 
excludes secondaries energetic enough to leave a 
recognizable track. Inasmuch as the slow rate of bubble 
growth apparently rules out the surface repulsion of 
ionic charge® as the primary mechanism of bubble 
nucleation, unless some unknown process acts to inhibit 
the recombination of ions in the superheated liquid, 
delta rays may be considered to act as highly localized 
thermal spikes, providing energy sufficient to permit 
vapor bubbles to grow past the critical radius r,=2¢ 
(pv— pi), where o is the surface tension of the liquid 
and (p,— pi) represents the pressure difference inside 
and outside the bubble. Since charged secondaries lose 
much of their energy in collisions of the second kind, 
exciting the rotational and vibrational degrees of free- 
dom of the molecules with which they interact, the 
heat required for bubble nucleation is readily available 
from this source. 

Bugg has calculated an approximate lower limit to 
the energy required for bubble nucleation by considering 
the work necessary to open a spherical hole against the 
pressure of the liquid, less the work returned by vapor 
filling it in, and adding to this the heat required to 
raise the temperature and evaporate liquid into the 
bubble, to overcome surface tension, and to provide 
for kinetic energy of radial expansion. At the lower 
limit of sensitivity this energy ranges from ~310-350 
electron volts for liquid hydrogen, depending on the 
assumptions made for the kinetic energy term. 

If one assumes that the track densities observed are 
correlated with the number of delta rays per unit track 
length m having energies between the minimum energy 
Eq required for bubble nucleation and the maximum 
energy E, which would permit a secondary to stop in 


6 T). Glaser, Phys. Rev. 91, 762 (1953); Suppl. Nuovo cimento 
11, 361 (1954). 
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one obtains E,=400 electron volts. In view of the 
somewhat arbitrary criterion used in defining Fy in 
Eq. (2), the agreement with the calculated value for 
the lower value limit of sensitivity is quite reasonable. 
By comparison, Bugg has shown that the measurements 
of Willis e¢ a/.2 in propane give a value E,~680 electron 
volts, while the calculated value for propane is ~530 
electron volts, including kinetic energy terms. 

It may be concluded that both the velocity de- 
pendence and the actual track density values for 
charged particles in superheated liquid hydrogen are 
consistent with the concept of bubble nucleation by 
delta rays having energies of the order of 400 electron 
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a range 2r., where® 


PHYSICAL REVIEW VOLUME 


BUBBLE 


119, 


DENSITY IN LIQUID Hs; 435 
volts. The use of track density measurement as an 
effective means of distinguishing particles whose 
velocities are appreciably different is limited only by 
the statistics associated with the number of bubble 
gaps to be counted in the tracks observed. 
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The general formalism of the first paper in this series is applied to the calculation of the angular distri- 
bution of the recoils in muon capture. Only the unique mth forbidden transitions [spin change 0 — J, parity 
change (—)/*"] are considered. As an example the special case of C” is discussed. The angular distribution 
of the recoils depends strongly on the strength of the induced pseudoscalar interaction, but is rather in- 
sensitive to the assumption of conserved vector current. 


I. INTRODUCTION 


N the first paper of this series,' a general formalism 
was developed for the treatment of muon capture 
reactions. The application of this formalism to capture 
by C” to the ground state of B®” yielded results which 
differed by 9-13% in the capture rate from those 
previously calculated.2? The difference arose from a 
detailed consideration of nuclear matrix elements in- 
volving the differential operator acting on the nuclear 
wave function, and of interference terms among the 
nuclear matrix elements. Both factors had been neg- 
lected in earlier calculations by Fujii and Primakoff.* 
The situation in C” was also considered by Wolfenstein.‘ 


*This work was partially supported by the U. S. Atomic 
Energy Commission. 

1M. Morita and A. Fujii, Phys. Rev. 118, 606 (1960). We refer 
to it as I, hereafter. 

2 See Sec. 10 of reference 1. 

3A. Fujii and H. Primakoff, Nuovo cimento 12, 237 (1959); 
H. Primakoff, Revs. Modern Phys. 31, 802 (1959). 

4L. Wolfenstein, Nuovo cimento 13, 319 (1959). 


Recently, Rose and Good® have calculated the 
angular distribution of recoils from muon capture, for 
the unique nth forbidden transitions [spin change 
0— J, parity change (—)/*']. Since their aim was to 
find parity nonconservation and lepton conservation 
in muon capture reaction, they considered the sign of 
the asymmetry and its magnitude, neglecting matrix 
elements of the type mentioned above. 

We apply the formalism of I, taking into account 
the matrix elements involving the differential operator 
acting on the nuclear wave functions, to the calculation 
of the angular distribution of recoils for the same case 
treated by Rose and Good. The numerical results again 
bring about 5-20% correction in the asymmetry co- 
efficient for C”. However, the results given both by 
Rose and Good and by us suffer from a theoretical 
uncertainty due to the nuclear wave function, which is 


5M. E. Rose and R. H. Good, Jr., Ann. Phys. 9, 211 (1960). 
The authors would like to express their sincere thanks to them for 
sending a preprint. 
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Fic. 1. Calculated asymmetry 
coefficient for the recoil distri- 
bution 1+aPcosé in C®— B® 
versus Cp/Ca, relative strength of 
the induced pseudoscalar and axial 
vector interactions. 
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estimated by Wolfenstein.‘ Since the asymmetry co- 
efficient depends strongly on the strength of the induced 
pseudoscalar interaction, but is rather insensitive to 
the assumption of the conserved vector current, the 
experimental data (if obtainable) give us some in- 
formation concerning the induced pseudoscalar 
interaction. 

As in I, we use the nonrelativistic form of the 
Hamiltonian density. We assume the muon wave 
function for a point nucleus, neglecting its small 
component. A formula for the angular distribution 
of the recoils is given in Sec. II. Finally, in Sec. ITI, 
we take the C” and B® nuclear wave functions of the 
j-j coupling shell model for a harmonic oscillator 
potential.’ Although it is expected that both approxi- 
mations for muon and nuclear wave functions bring 
some uncertainty, and though this uncertainty will be 
considerably diminished by cancellation in taking the 
ratio of matrix elements for the calculation of the 
angular distributions of recoils, they must nevertheless 
be kept in mind when considering the numerical 
results. 


Il. ANGULAR DISTRIBUTION OF RECOILS 
The most general Hamiltonian density is given by 
I(1). 
H= VnKy p, 
with 


VIR = Cv (Peru) +Cv' (dirvvs) | 
+iyxyelCa (Viitvav)+Ca’ (privw,) | 
+ysCr(prv.)—Cr’ (Vy) ] 
+o,,[Cupo(privrw.)+Cu'p.(vrivrvv,)]- (1) 


This is reduced to the nonrelativistic form given in 
I(11). We also take C;=C;,’. In the case of the unique 


*G. Flamand and K. W. Ford [Phys. Rev. 116, 1591 (1959)] 
have indicated that the inclusion of the small component of the 
muon wave function and the finite size correction decreases the 
muon capture rate in C® by a few percent. 

7 They are also adopted by Rose and Good. These wave func- 
tions yield a result for the beta-decay rate of B® — C® which 
differs from the experimental value by a factor of five. 


nth forbidden transition, this becomes 


H;;= (uy H u;)= V. S+V:- S$.+ V So, 


where 
V2V =Ca(uz| emit te-22™u' "| u,), 
V2V1= (Cr/M)(tuy| e~!8-Fe-#2™4'"p| u,), 
V2V2= (Ca/M){uz| eit -'e-22"'"o-p| u;), 
S=2(aZm,')'(4r)-*X,1(1+-5) 


q Cp q Cy 
fil he ee 
2M 


(3) 
Ca 2M Ca 


x (1 $y an)(OX0) fy 
S:=2(aZm,’)§(4r)—*X,1(1+-y5)eX,, 


S2=2(aZm,')§(4r)—*X,*(1+-75)X,. 


X, and X, are the neutrino and muon spin wave func- 
tions. @ is the unit vector in the direction of the neutrino 
momentum. The other symbols are the same as those 
in I. The transition rate to a state with neutrino mo- 
mentum in solid angle dg is given by 


W (0)dg= Qn > mu oe Pm| As; | *¢-dg/ (27)*. 


Here M denotes the spin state of the final nucleus, m, 
the spin state of the muon, and ,, the probability for 
the muon to be in state m. If we quantize along the 
direction of polarization P, we have 


(4) 


mX "= 3 (1+e-P)X,™. (5) 


The transition rate can then be expressed as a trace® 


WwW (0)dg= (32*)“1¢°dq Tr[_(S- V+ $:-Vit+ S2V 2) 
X (1+-e- P)(1+-y4) (St- V*+8;t- Vi*+821V*) 


X(1—e-9)], (6) 


where §, 8, etc., denote the operator part of the S’s 
defined in (3), such that S,=X,'S;X,. The result is 
expressed in terms of the reduced nuclear matrix 





TRANSITIONS 


elements of Table IT in I, and is 
W (0)dg= (2/32)C 4? (aZm,’)®(2J +1) 
x[A+BP-g]qdq, (7) 


in units of A=>m,.=c=1. The asymmetry coefficient a 
is defined by writing in the form 


W (@)dg=const(1+aP cos6)d9, (8) 


with a= B/A. P is the degree of the muon polarization 
in the K orbit. @ is the angle of P-q. A and B are given 


below. 


=g2((1 J-1 J P+[1 J+1 JP)+ (487-2) 

x (1 J-1 + (+1) +1 J} 

X (2I+1)'— (2/M)(Cv/Ca)g[1 J J p] 

x ((J+1)If1 J-1 JJ— IL T+ 7} 

X (27 +1) (2/M)3'g,[0 J J p) 

x (Ji[1 J-1JJ+ (J+) [1 J+1 JJ} 

X(2J+1)-, (9) 

1+[(Ca—Cp)/Ca](q/2M), 
g2= 1—(1+-Mup—sn)(Cv/Ca)(9/2M). 


Here the upper (lower) sign refers to A (B). The matrix 
elements, [1J+1J-+], are approximately replaced 
by [1J/1+41J]. (OJ JPM~ and [1J41J}?M~ are 
kept in (9), because the formula is much simpler 
keeping these terms. All other terms of order (p/2M)? 
are neglected. (9) is equivalent to (2) of reference 5, 
if we set [OJ J p] and [1J J p] to be zero.’ 

Integrating over dg, we have transition rate, W, of 
the muon capture for 0— J, 


with g:= 


(10) 


w= f woag 


8 In reference 5, the term of order p/M arising from the vector 
interaction is neglected, although it is the same order of magnitude 
as that arising from the conserved vector current interaction, and 
remains when one sets Cy=0. Note that the symbol (up—y,) in 
reference 5 involves both the anomalous as well as Dirac magnetic 
moments and is equal to 4.70, while we use the same symbol for 
the anomalous magnetic moment, which alone appears in Cy and 
is 3.70. The remaining 1 corresponding to the Dirac moment 
arises from the vector interaction. 


IN MUON CAPTURE 


REACTIONS 


TaBLeE I. Theoretical asy ry coefficient i in 
dened cosé for C2 > 


Assumptions 


(up—bn) 
terms 


Rose and 
Good*® 


Present 


Cp/Ca work Wolfenstein” 





0.40° 
0.54 


0.42+0.21 


0.75+0.13 
0.80+0.10 


0.48 
0.58 
0.79 0.73 
0.84 0.80 


omitted 
included 
omitted 
included 


® M. E. Rose and R. H. Good, Jr., Ann. Phys. 9, 211 (1960). 

>L. Wolfenstein, Nuovo cimento 13, 319 (1959). There, Cv = —0.83Ca 
is adopted. 

© 0.43 for up —un =3.7 (see reference 8). 


This is consistent with I(55), and 
Cw2A=3Po, 
where Po is given in 1(58). 
Ill. NUMERICAL RESULTS FOR CB! 


The reduced matrix elements of interest are [101], 
[121], [011], and [111]. These are evaluated 
in Sec. 10 of I, for j-7 coupling harmonic oscillator 
nuclear wave functions, and are 


[101]=—-0.138,  [121]=0.0048, 
[011p]=0.0058M, [111 ]=0.0030M. 


Here the M is the nucleon mass. We also use g=91.4 
Mev/c and Ca=—1.24Cy. The calculated asymmetry 
coefficient is given in Fig. 1. It is also given in Table I 
for particular values of the induced pseudoscalar 
interaction, in comparison with previous calculations.*® 
Although the relativistic correction to the results in 
reference 5 is about 5—20%, this would not be important, 
because an uncertainty of the same order of magnitude 
would come from the inaccuracy of the matrix elements 
(see Wolfenstein’s value). The small component of the 
muon wave function, which we neglected, may also 
bring about a correction of order aZ~4%. As is seen, 
the asymmetry coefficient depends strongly on the 
strength of the induced pseudoscalar interaction, but 
is rather insensitive to the assumption of the conserved 
vector current. 
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The dispersion relations for the nucleon isotopic vector form factors and the pion form factor which take 
into account contributions from both the 27 and NN intermediate states become a set of coupled integral 
equations for the form factors if the four amplitudes (rr| NN) (xx|xxr) (NN | xr) (NN| NN) are assumed 
known. If these four amplitudes are replaced by their Born approximation values and spin and certain 
kinematic factors are neglected, the resulting set of coupled singular integral equations can be solved 
exactly. Comparison of these exact solutions with the form factors obtained from the usual approximation 
of retaining only the lowest mass state (i.e., the 27 state) confirms the hope that high-mass states do not 
contribute much to dispersion integrals. It is also of interest that these solutions are obtained from dispersion 
relations without subtractions and satisfy the necessary conditions that they vanish at infinite momentum 
transfer and take on the value e at the origin for all values of the coupling parameters appearing in the 


equations. 


I, INTRODUCTION 


N this paper we ask and attempt to answer two 

somewhat unrelated questions having to do, basi- 
cally, with the nucleon electromagnetic structure prob- 
lem. There has been a considerable amount of effort 
expended on this problem in the last few years using 
dispersion relations for the form factors as a means of 
attack.! These approaches have all followed more or 
less the same line—namely, writing the form factors as 
integrals over their imaginary parts, expressing these 
imaginary parts as sums of contributions from many 
intermediate states, and attempting to calculate the 
contributions of the simplest such states with the hope 
that no others are important. As shown schematically 
in Fig. 1, the imaginary part of the nucleon isotopic 
vector form factor receives contributions from inter- 
mediate states of two pions, and of two nucleons, among 
others. These contributions may be calculated explicitly 
in terms of other processes; for example, the contri- 
bution of the two-pion state involves the pion electro- 
magnetic form factor (i.e., the amplitude for the 
reaction y— +7) and the amplitude for the process 
rt+ae— N4N. 

To evaluate the pion form factor, a similar procedure 
may be followed. Figure 2 indicates the two-pion and 
two-nucleon intermediate state contributions to the 
imaginary part of the pion form factor. It is clear from 
Figs. 1 and 2 that if all intermediate states were retained 
in computing the imaginary parts of the nucleon and 
pion form factors, we would have a coupled problem. 
Even ignoring all intermediate states other tk an those 
shown explicitly in Figs. 1 and 2 will still leave us with 
coupled dispersion relations expressing the pion form 
factor as an integral over the nucleon form factor, 
among other things, and with the nucleon form factor 
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expressed as an integral over the pion form factor, plus 
other terms. 

This coupled problem has in previous discussions 
been uncoupled by the following argument. Consider 
the two-nucleon contribution to the pion form factor. 
This is an integral of which the integrand is proportional 
to the product of the nucleon form factor times the 
amplitude that a nucleon antinucleon pair annihilates 
into two pions in the p state. This annihilation ampli- 
tude is bounded by the limitations imposed by unitarity. 
Hence if the nucleon form factor doesn’t get too large, 
it is possible to bound the two-nucleon contribution for 
small values of the argument of the pion form factor. 
Since this bound is small, the two-nucleon state is 
neglected. 

Now there are two things wrong with this argument; 
the first is that it is not known that the nucleon form 
factor can’t get too large. After all, the nucleon form 
factor depends on the pion form factor, and the value 
of the pion form factor depends on how big the two- 
nucleon contribution to it is, and so on. The second 
thing wrong with the usual argument is that even 
assuming the nucleon form factor stays small, a bound 
is provided only for small momentum transfers in the 
pion form factor. However, in evaluating the nucleon 
form factor, an integral over the pion form factor is 
needed. Thus we need the pion form factor for values 
of momentum transfer where unitarity poses no restric- 
tion. There is, therefore, no reason to omit the twe- 
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Fic. 1. Intermediate states contributing to the nucleon isotopic 
vector form factors. Dotted lines denote pions, heavy lines 
nucleons, and the wavy line is a photon. 
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Fic. 2. Intermediate states contributing to the pion form factor. 
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nucleon contribution and the nucleon form factor is as 
a result also needed for high momentum transfer. 
Hence we can no longer use the unitarity argument to 
say that the two-nucleon state contribution to the 
nucleon form factor is negligible. But then there is no 
reason for neglecting the two-nucleon state contribution 
to either form factor and we are left with two coupled 
equations. It seems, then, that the effect of the coupling 
of the two form factors is a thing worth studying 
further. It may be that the usual assumption that the 
equations can be uncoupled by neglecting the two- 
nucleon state in the pion form factor is in fact valid, 
but the usual argument is not sufficient to show that it 
is valid. 

The first problem we set ourselves, therefore, is to 
construct a pair of equations sufficiently similar to the 
actual coupled dispersion relations so that the solutions 
will have the same qualitative behavior as the actual 
ones, but also sufficiently different so that they may be 
solved exactly. We thus hope to be able to see whether 
the uncoupling of the equations is or is not a reasonable 
approximation. 

Once one is thinking in terms of coupled dispersion 
relations of this type, a second quite different question 
suggests itself. It has usually been the practice to use 
subtracted dispersion relations for charge form factors, 
since the subtraction constant is the electromagnetic 
charge of the particle which is a known number. If, 
however, unsubtracted dispersion relations are used, 
the charge may be written as an integral over the 
imaginary part of the form factor.? Furthermore, the 
kernels in these coupled equations will depend on the 
meson-nucleon coupling constant. Thus, depending on 
the uniqueness of the solutions of these (homogeneous) 
equations, and depending on whether or not the 
equations turn out to be eigenvalue equations, one 
might hope to obtain some restrictions on the possible 
values of the electron charge and on the meson-nucleon 
coupling constant. We shall indicate later in more detail 
how such restrictions might arise. For the moment, it 
is sufficient to say that it is obviously of interest to ask 
about the existence and uniqueness of solutions to 
such coupled homogeneous singular integral equations. 

What we have actually done, then, is to invent 
equations which are a modification of the simplest 
nontrivial coupling of pion and nucleon electromagnetic 
form factors, namely, those shown diagrammatically in 
Figs. 1 and 2, assuming all particles have spin zero. 
We have solved these equations exactly, and therefore 
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answered the above questions for these somewhat 
fictitious equations. 

The answers to the second set of questions, about 
the unsubtracted equations, are first that solutions do 
indeed exist, so that the use of unsubtracted dispersion 
relations seems justified; second, that there is enough 
nonuniqueness in the solution so that the charge is not 
determined. Finally, the equations are not eigenvalue 
equations, and solutions exist for any value of the 
meson-nucleon coupling constant. 


Il. THE MODEL 


Our purpose is first of all to understand the mathe- 
matical properties of coupled dispersion relations, and 
we shall therefore begin by eliminating all complications 
not relevant to this purpose. We suppose that protons, 
mesons, and photons all have spin zero, and forget 
about neutrons and neutral mesons. With these simplifi- 
cations, the proton electromagnetic structure problem 
can be set up as follows. The proton form factor F¢2 is 
defined by 


1 
(pip2™ | j(0) |0)= (QE aE —F (pit p2)*), (1) 


“Pl Zp2)? 


where pi, p2 denote the 4-momenta of a pair of protons 
produced by a photon. j,(«) is the Heisenberg photon 
current operator, defined in terms of the photon field 
operator A by 


JA (x) = jy (x). (2) 


En, Ep: are the time components of p; and po, and 
finally (p:1p2| is the incoming wave Heisenberg state 
of the proton pair. 

The proton form factor will satisfy a dispersion 
relation of the form 


1 pe ImF2(p”) 
F.(#*)=- f seccat M (3) 
rJ p°—p—ie 


As has already been discussed in the introduction, we 
assume the dispersion relation to hold in the unsub- 
tracted form. This means that the electromagnetic 
charge of the proton is given by 


1 ¢ ImF;(p”) 
F,(0)=e=- f a 
p’ 


7 
Whether this equation is actually an identity in e, or 
turns out to be a method by which e can be calculated 
is one of the questions we wish to try to answer. 

The imaginary part of F2 is as usual given by! 
ImF2(p”) = — (Epi/2)' > n(21)*54(Pn— p’) 

X(p1| j(O)|mXn| 7,(0)|0), (5) 

where j, is the proton current; that is, if y is the 
proton field, 


(4) 


Jo(x)= (L]+m:?)y (x). (6) 
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The sum in Eq. (5) is supposed to run over all states 
which the conservation laws allow a photon to reach. 
In particular, a pair of mesons is one such state, and a 
pair of protons is another, and we shall write the 
contribution of these two states explicitly. Thus 


ImF2(p") = Kn (p”)F:*(p”) 
+siné2(p”) exp[id2(p”) JF2*(p”)+R2(p”). (7) 


Here 62 is the S-wave proton-antiproton scattering 
phase shift, te be evaluated at a total center-of-mass 
energy given by p”. F,(p”) is the pion electromagnetic 
form factor, defined by 


(qige | jy(0) |0)= Fi((qitqz)*), (8) 


(4waywee)? 
where wg: and wy: are the energies of the two pions. 


K(p”) is the S-wave amplitude for the reaction 
m+n — P+P; explicitly 


Ep , d*q, d*qo 
aed pape _— (Pg) 454 lll 
( 2 \ phn pac alah d 


1 
X(p1| 7p(0) | qige)— ecm 
(4waiwee)? 


Kx (p”)= 


(9) 


Finally R2(p”) is the contribution, in Eq. (5), of all 
the remaining states n. 

An exactly analogous procedure can, of course, be 
followed for the pion electromagnetic form factor; it 
also is assumed to satisfy an unsubtracted dispersion 
relation, and its imaginary part may be written, in 
analogy to Eq. (7), as 

ImF\= K oF o*+sind,e"'Fy*+ Rj. (10) 


Now it is easily shown that 


p” a 
( ) K12(p")=g(p”) 
p?—4m? 


fe 


p” 4 
-(- - ) Kalo, (11) 
p?—4m? 


where mz is the proton mass and m, the meson mass. 
Thus we may write (using the fact that ImF, is of 
course real) 
Re(siné,e"*?) 
ImF,=— 
1— Im(sinéd.e**?) 


p?—4m?\' Re(gF,*) 
p” 1—Im(sind.,e“?) 
ReR, 


— ——=, (12) 
1—Im(siné,e"*) 


ReF, 


and similarly for ImF with the indices 1 and 2 inter- 
changed. 


,. 
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Up to this point we have made no approximations. 
One could, in principle, hope to continue by adding 
dispersion relations for the remaining unknown quanti- 
ties, in particular for the remaining terms from >, in 
Eq. (5) which are encompassed in R; and Re. Then one 
could, again in principle, and again hopefully, solve 
this large system of coupled dispersion relations. Such 
a program is, of course, impossible practically. We shall 
therefore drop the terms R; and Ro, with no justification 
except to say that we are interested in solving the 
minimal nontrivial coupled dispersion relation problem, 
and that we hope this will have some relation to reality. 
At the very least, we should be able, in this approxi- 
mation, to say something about how valid it is to 
uncouple the equations completely, as has been done 
in all previous attacks on the nucleon form factor.! 

The set of equations obtained by setting R; and R2 
equal to zero in the expressions (12) for ImF,; and 
ImF:2, and then substituting these into the dispersion 
relations, is, however, still not a closed system of 
equations. It is still necessary to say something about 
the phase shifts 6, and 62 and the annihilation amplitude 
g. We could, of course, write dispersion relations for 
these, but this again violates our restriction that we 
wish to consider only the simplest nontrivial coupled 
problem. Alternatively we could use experiment for 
these quantities, but our purpose is to discuss the 
mathematical properties of the dispersion relations 
considered as a theory from which all things should 
follow. Therefore, in the same spirit by which we threw 
away R,; and Rs», we replace 6;, 62 and g by Born ap- 
proximation. In Born approximation, notice, 5;, 62 and 
g are all real.’ 

Thus we end up with the coupled equations 


1 p® tand[ (p”)!]ReF:(p”) 
f sania dt 


p’—ie 


~?— 

1 7? (P?—4m2\!  ¢(p”) 

+f ( ‘ -) ts 
TJ 4mo2 p” cos’6,(p”) p?— p’—ie 


and similarly for /:; with the indices 1 and 2 inter- 
changed. Here, remember, 5;, 52 and g are to be taken 
from Born approximation. 

These equations are now a closed system, and could 
in principle be solved. Because of the mathematical 
difficulty of handling such equations, however, one 
further simplification will be made, which is the follow- 
ing. The kernels (apart from the singular energy 
denominators from the dispersion integrals) all have the 
property of vanishing at the threshold of integration, 
and becoming constants at infinity. We shall replace 


Fi(p’) 
7 “4m? 


ReF2( p”) 


8 Notice that the use of Born approximation in Eq. (12) cannot 
constitute a violation of unitarity, although its use in Eq. (7) 
could. For example, if we neglect g and Ri, we get ImF,;=F;* 
Xsind,e*: from Eq. (7), while from Eq. (12) we have (for real 5) 
ImF,=ReF; tané;. Replacement of sind,e: by Born approxi- 
mation thus may violate the condition | sind,e**:| <1, but unitarity 
puts no bound on tané; which is what occurs in our equation. 
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all these kernels by constants. This approximation will 
introduce singularities in the solutions at the threshold 
4m, and 4m’, which were not present in the original 
equations, because the kernels (including the denomi- 
nators) are no longer integrable at the thresholds. 
However, we feel that it will not alter the qualitative 
character of the solutions, or any important properties 
(such as, for example, whether solutions exist, or are 
unique) of the equations. To support this view, it may 
be worth observing that the equations may be solved 
in the equal mass case (pion mass equals nucleon mass) 
without neglecting the factor (p’—4m?/p”)!. Com- 
paring the solution with this factor and without it 
shows that aside from the above mentioned singularity 
at p’=4m’, there is no difference in the qualitative 
behavior of the two cases. 

The final set of equations on which we shall concen- 
trate, then, is: 
An ¢? Fi(x’) A12 

— dx’ 

T z1 x’ —x T 


- F(x’) 
ey 


F,(x)= ; 
ae i ~—z 


b 


F3(x)=— ——dx'+ 


a1 * F,(x’) A22 i F,(x’) 
f dx’, 
Tv 1 x’—x os x 


9 x’ —x 


together with the condition F,(0)=F.(0)=1, where we 
removed the factor e from the definition of our form 
factors. 

Here we have written the equations for the real parts 
of the form factors, and written F,(x) in place of 
ReF,(p*), etc. Thus principal values are to be under- 
stood on the integrals. The \,;; are real numbers, and 
Ai2=A21. We wish, then, to study these equations and 
their solutions as functions of the \’s and the masses 
x, and x2. In particular, we want to know (i) whether 
solutions exist; (ii) if they exist, do they exist for all 
values of A,;, or is it an eigenvalue problem (note that 
A12=Aai is proportional to g’, the square of the pion 
nucleon coupling constant. Thus if we have an eigen- 
value problem, we could restrict the allowed values of 
g’). (iii) are the solutions unique; (iv) are there any 
values of A;;, x; and x2 for which the usual uncoupling 
is justified, and finally (v) what are the general quali- 
tative features of the solutions. 


Ill. RESULTS AND CONCLUSIONS 


The exact solution to the coupled integral equations 
(16) is derived in the Appendix. The answers to several 
of our questions are immediately apparent. First, 
solutions do exist, so that use of unsubtracted dispersion 
relations seems perfectly satisfactory. Not only do 
they exist, but they exist for all values of the constants 
\;;. Second, in regard to uniqueness, we find in the 
solutions we have obtained two arbitrary constants, 
which are determined by the two conditions that both 
the pion and nucleon form factors equal the electric 
charge at x=0. Now, we have assumed in our construc- 
tion of these solutions that the form factors are both 
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integrable functions of x. An analysis of uncoupled 
equations of this type by Omnés‘ shows that in the 
uncoupled case arbitrarily strong poles may be inserted 
at threshold, and the solutions are therefore not unique. 
Thus it could be that if we relax our integrability 
condition, more solutions might be possible, but we do 
not know if this is actually the case for our coupled 
problem. 

It makes no difference for our purpose whether further 
solutions can or cannot be constructed by this pre- 
scription. We only require that on physical grounds the 
actual physical form factors be everywhere finite. We 
must emphasize that this does not mean that the 
solutions of our model cannot have singularities, since 
we have replaced the physical kernels in Eq. (5) which 
vanish at the thresholds by constants which do not. It 
is only necessary to be sure that the solutions we use 
are those which would reduce to finite physical ones if 
the correct physical kernels had been used. 

In our coupled problem we are unable to solve the 
equations with the physical kernels; therefore we are 
forced to guess which solutions of the coupled problem 
correspond to finite solutions of the physical problem. 
For the case that the eigenvalues of the matrix \,; are 
both positive, it is fairly easy to see that our integrable 
solutions are in the desired ones. To see this it is best 
to refer back to the uncoupled case. There the “pole- 
less” solution is 


F (x)~ (x—271)-G/ tan, 


(15) 
If \ is positive this solution vanishes at infinity, is 
integrable, and goes over into a finite solution if the 
correct kernel is inserted. For the coupled case, when 
the eigenvalues of (A;;) are positive, the analogous 
situation occurs; we find solutions containing the forms 


(16) 


where A; are the eigenvalues of (A;;). By analogy with 
the uncoupled case, we infer that these solutions cor€e- 
spond to “‘pole-less” solutions of this physical problem. 
However, if \ is negative, the solution (15) does not 
vanish as x — , but the solution obtained by inserting 
one pole, namely, 


F(x)~ (x—21)-G/) ten 


(x—2)-O/ tan™ré 


(17) 
does, and has an integrable singularity at x=2,. In 
this case if the physical kernel is put in, the solution 
becomes one with a real pole at x;; thus (17) is not an 
admissible solution, even though it is integrable and 
vanishes at infinity. 

In the coupled problem we face the analogous 
situation where one of the eigenvalues become negative. 
In that case a term of type (17) appears in the solution 
which we reject in the belief that it will become a pole 
in the “physical” problem just as in the uncoupled 
case. However, an additional solution to (14) also 
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appears, which allows us sufficient freedom to satisfy 
all the conditions uniquely, even after we have thrown 
out terms of the type (17). But there seems to be no 
unambiguous method of determining whether this addi- 
tional solution corresponds to a finite solution of the 
more physical problem or not. Because of this am- 
biguity we have concentrated our numerical evaluations 
on the positive case alone. 

The remaining question is the validity of the standard 
uncoupling approximation, which neglects all but the 
lightest intermediate state. If x2>.«, then this approxi- 
mate solution is obtained by throwing out the state 
with the threshold at xo; 
mated by 


thus Eqs. (14) are approxi- 
in Au 
Fi (x)=— 


a F, ( x’) 
fy, 
T r1 x’ —x 


a1 “ F(x’) 
wile ae 


Tv “i foe 


The first of these is an integral equation for F(x), the 
solution of which is: 


1 oy 4 
(x x,)—-1 (1+A1;7)! 


1 
1—(x 


x>%*1, 
(19) 


x< v1, 


@1 
<7, 


ay= (1/7) tan, 


where 


and the condition that F,(0)=1 has been imposed. 

To complete this approximate solution of Eqs. (14), 
we need F2, which is clearly given from the second of 
Eqs. (18) as 


F.(x)= (Ao Au) F(x). (20) 


Now, however, a difficulty appears, because unless 
Aeo1=A11 it is impossible to satisfy the condition 
F,(0)=1. (21) 


Thus, except for the trivial case \1,;=Xa1, it is impossible 


1.2 





Ay® Aaa? IS 


1.0 heathen #0 
Kel 

0.8 

—--—— + UNCOUPLED CASE 








i A nl ) 
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10 and infinity 
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to find solutions with the required properties from the 
approximate Eqs. (18). In order to obtain solutions in 
this case, it is necessary to abandon the no subtraction 
philosophy. The approximate Eqs. (18) should therefore 
be replaced by subtracted equations, namely: 
Au 
F,(x)=1+—« 


Tv 


Aa os 
F.(x)= 1+—2f 


Te, 
us oX\x 


F,(x’) 


dx’, 
; , 
x, x’ (x’—x) 


PF, ( x’ ) 


dx’. 


=—s 


The solution of these subtracted equations is still 
simple: for F; we have the 
for F. we now get 


same result as before, but 


Fo(x)=14+ (Ay AuLFi(x)—1]. (23) 

The retention of the heavy intermediate state, with 
threshold at x2, then, produces a significant difference 
in the high-energy behavior of the form factors, in that 


1.2 





Au Age* Ai2* Ay 5 
1.0 Xet 


—--—— UNCOUPLED SOLUTION 











5 


Fic. 4. F2(x) for x<0O when x,=1, x2=2, 10 and infinity 


Arr =Azv2=Aiz= Ani =5 


if the heavy state is neglected, we have 


lim F x(x) = ({ —X2 Au); 
rn 
whereas we have, of course, 


lim F;(x)=0 


zo 


(25) 


if the heavy state is included. It is interesting to observe 
that keeping the high mass state depresses the form 
factor F, at high energies, instead of increasing it. 

While the inclusion of both intermediate states makes 
a significant difference in the high-energy behavior, and 
thus determines the type of dispersion relation one may 
use, the numerical effects, at reasonable energies, of the 
heavy state are not noticeable unless the masses 2; and 
X2 get quite close. 

Figures 3 through 6 show F2(x) for negative values 
of x, for two values of x2/x,, namely 10 and 2, and also 
show F2(x) on the basis of the uncoupling approxima- 
tion. The overall shape is seen to be qualitatively 
insensitive to x2/2x,; in fact, the difference between the 
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value 2x2/x;=2 and 2%2/x,=infinity (the uncoupled 
approximation) is not more than 30 or 40% even at the 
larger values of x plotted. This not only confirms the 
usual idea that if the heavy mass x is sufficiently large 
it has very little effect upon the form factors at low 
energy, but indicates that even when x2/x,;=2 the 
higher mass state does not produce qualitative differ- 
ences even for x as large as —10. Figure 7 gives an 
example of what happens for x>0. This region is of 
somewhat less interest, since the model problem we 
have adopted has singularities at x=a, and x=2, and 
these singularities presumably would not appear in any 
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"o(x) for x<O when x1=1, x2=2, 10 and infinity for 
Au=A2=5, Ai2=An=3. 
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Fic. 6. Fe(x) for x<0O when x,=1, x2=2, 10 and infinity for 
An =A22.=0.7, Arg =A = 0.35. 


actual physical situation. The uncoupled approximate 
solution has a singularity only at x=2; the great 
difference between the exact solutions and the un- 
coupled as in Fig. 7 is due just to this. For, as the pole 
is left behind, it is clear that the difference between the 
various cases are decreasing, so that at very large 
values of x the situation at «>0 presumably will be 
similar to that for x<0. 

To summarize, inclusion of a higher mass state 
permits the use of unsubtracted dispersion relations for 
both forms factors. Unique, solutions exist which go to 
zero at infinity and take on the value e at the origin, 
for all values of the coupling constants, while in the 
uncoupled case such unsubtracted dispersion relations 
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Fic. 7. F2(x) for x>0 when the same conditions as in Fig. 6. 


are inconsistent with the necessary behavior of the form 
factors at the origin. However the form factors in the 
coupled case do not qualitatively differ from those of 
the uncoupled situation even when the mass ratio is 
not much greater than 1. This seems to bear out the 
validity of the uncoupling approximation for a wide 
range of x. Of course it would be unwarranted to assume 
that the neglect of higher mass states in the actual 
physical problem produces such a mild effect on the 
predicted form factors as in our simple model. 
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APPENDIX 
It is convenient to make a scale change « — (x—2)/ 
(x%2—21) in equations so that the lower limits x» and x 
are replaced by 1 and 0, and the conditions at <=0 on 
F and G become F[L_—21/ (*2—21) ]=G[—a1/ (x2—41) 
=1. 
We therefore consider the equations 


Au ” F(x’) Ae ” G(x’) 
F(x)= “rf : dx'+—P ——dzx’, 
1 


T x’—x wr + x —x 


aad F(x’) 2 as G(x’) 
pf dx’ + ef dx’, 
1 x —x T 0 x2 
where Aj2=Az2, and look for solutions which —0 as 
x— © and are locally integrable. 
Take the Fourier transform of (1). The right-hand 
side of (1) can be written as a convolution by suitably 
extending the functions F(x) and G(x), e.g., define 


. Fy(x)=F (x) 
= 0 


x>1 
#<1, 
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in which case 


Then, if we define 


x 


wth (x)dx, G,(w) f e'“*G(x)dx, 
0 


gwrB(x)dx, G 


(w) 


F, (=f 
1 

1 

F_(w)= f ¢ 


and use the fact that 


where 
1 w>0 
w<Q 
the Fourier Transform of (1) becomes 
F,.(w)+ F_(w) = —ie(w)[ Ans (w) +A 2G, (w) J, 3 
; (3) 
Gs. (w)+G_(w) = —ie(w)Aak’s(w)+A2G, (w) J. 


This is all for real w. The integrals (2) can be used to 
extend F,, F_, G,, G_ into the complex w plane. Let 
w=u+ir. Then (2) defines 
F., Gy 
a Ss 


analytic for 220, 


analytic for v<0. 
Also as v—> © P 
F,(w) — O(e"'"!),  Gi(w)— O(1) 
and as »—> — ©, 
F_(w) — O(e!"'), G_(w) — O(1). 
Finally, asu—-+o, 
F,, G4 . 

in fact, if F is bounded, F,_—(w)—1/u as 
while, if F has a singularity of type «~*, a<1, then 
F,-(w)— 1/u*asu—- ~. 

Let us introduce vector notation: 


my 
A= 
Aor 


—ie(w)AFs(w). 


u— o, 


Are 

A2e 

Then (3) becomes 

(5) 


We now want to decouple the equations (5). Let us 
choose S to diagonalize \. Then 


» 0 
SAS ( ) 
0 Xs 


Fs.(w)+ F(w) 
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i.e., Ax, and Az are the eigenvalues of \. If we define the 
functions 


Hs=)0; Si;(F4);, 


then Eq. (5) becomes two independent equations for 
H, and W4, namely: 


[1+ie(w)A; JH, (w) = — H_(w), 
[1+ie(w)rA2 |W. (w)= —W_ 


For definiteness we shall assume the eigenvalues of A 
satisfy A\2>A1>0. 

We now have 2 independent equations, each with 
two unknowns. We would like to use these equations, 
coupled with known analytic properties of H, and H_ 
when extended in complex plane, to determine H, and 
H_, and similarly W, and W_. 

Let us first look at Eq. (6). Now H, in this equation 
is the limiting value of a function analytic in the upper 
half plane as we approach real axis from above, since 
it is a linear combination of F, and G,. Likewise, H_ 
is the limiting value of a function analytic in lower 
half, and Eq. (6) is then a relation which holds for the 
dimiting values of these analytic functions on the 
common boundary of their regions of analyticity. 

We will now use Eq. (6) to characterize H, every- 
where. By means of analytic continuation, we will 
determine all the singular points of H,(w). 

Suppose imaginary w=v>0. Then H,(w) is an 
analytic function. When we arrive at the negative real 
axis, H, takes on value 


but —H_/(1—7A,) is an analytic function in the lower 
half plane. Thus on the right-hand side of Eq. (8), we 
have a function analytic in the lower half plane, and 
on the left-hand side of Eq. (8), we have a function 
analytic in the upper half plane. They are equal on 
their common boundary, the negative real axis. There- 
fore, —H_/(1—7,,) is the unique analytic extension of 
H,, into the lower half plane across the negative real 
axis. Thus, by using Eq. (8) as the definition of H, in 
the lower half plane, we have been able to extend H, 
to a single valued function in the entire plane excluding 
the positive real axis. For if we start off with H, in the 
upper half plane or the lower half plane as defined by 
Eq. (8) and we go around any closed circuit (a) which 
does not cross the positive real axis, we come back to 
the same value of H, (see Fig. 8). 


Wa =20 5 S2j(F4);, 


(w). 


(w<Q), (3) 


W PLANE 


ee 


(a) 


ri 
\) Aid 


Fic. 8. Contours in w plane referred to in text. 
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However, consider a point w lying just above the 
positive real axis. Suppose we move around the contour 
(b) to a point w* just below the real axis. We can use 
Eq. (6) for w>0 to relate H,(w) and H,(*). This will 
give us the multivalued properties of H,(w) across the 
positive real axis. ' 

We have, in fact, 

(1+7\1)H,(w)= —H_(w), 
Therefore 
H,.(w*) = — H_(w*)/ (1-11) 
=((1+7A1)/ (1-1) J+ @) 


w>O0. (9) 


(10) 


as Imw — 0. 

Thus the analytic function defined by Eq. (8) is 
single valued in the cut plane and gets multiplied by a 
factor (1+7\,/1—7A;) when crossing the positive real 
axis. We look for an elementary function which has 
this property. 

Consider w*', where a= (1/7) tan“ A,. Then 


w*a1 = w% exp(2i tan Ay) =w™[ (1+71)/ (1-71) J. 
(Note that OS a, <3). Thus if we let 
H,(w)=w17'P(w), 


then ®(w*)=6(w) and ®(w) is single valued in the 
entire complex w plane. 

How about the local singularities of P(w)? If &(w) 
has a pole at w~0 then so would H,, but clearly from 
the integral representation of F, and Gy, H,(w) is 
bounded at any point w¥0. At w=0, clearly H,(w) 
must be integrable for the inversion formula to hold, 
and hence must behave as w’, y> —1. This also follows 
from the fact F(x), G(x) 0 as x «. [Note if 
F(x)— 0 faster than 1/x then F,(w) is bounded at 
w=0. | Hence, ®(w)~w-*"*"* near w=0 and hence (w) 
cannot have a pole at w=0. Therefore (w) is an entire 
function. What about the behavior near w= ~~ along 
lines parallel to the real axis? By the Reimann-Lebesque 
lemma, 

F,(w), Gs(@w)— 0 as 

(due to the rapidly oscillating exponential) and, indeed, 

if F(x) and G(x) are bounded, F,(w), Gi (w)~1/w near 

Rew= ©. Hence &(w)/w= H, (w)w-*! > 0 as Rew &. 

Thus we have the result that 6(w)=[@(w)—(0) ]/w is 

an entire function which — 0 along any line parallel 

to the real axis. Now as Imw=v— +, from (2), 

H,(w)~O(1) and hence ®(w)~O(1); similarly, as 

yv—+—2, B(w)— O(e!*!). To summarize, then, B(w) 
is an entire function which has the properties: 

—0 as 

@—O(1) as 

$— O(el"!) as 


It can be shown that a general representation for an 
entire function with properties (9) is 


Rew ~ 


SP Se, 


rote, (9) 


= — 


(10) 


1 
B(w)= f et o(t)dt, 
0 
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where ¢(/) is an arbitrary integrable function. Clearly 
any function of the form (10) is an entire function 
satisfying conditions (9). That any entire function 
which satisfied (9) can be written in form (10) is best 
seen by using Laplace’s representation of an entire 
function.® Finally, then, we get the result 
1 
H,(s) =o +0" f e*! o(t)dt, (11) 
0 
where =(0) is an arbitrary constant and ¢g(¢) is an 
as yet undetermined integrable function. 

Since Eqs. (6) and (7) are the same except for the 
replacement of A, by Az, and since W, satisfies the same 
boundary conditions which were needed to obtain Eq. 
(11) for H,, we immediately infer the corresponding 
representation for W4 to be 

1 
W,.(o) =o Woe f ety (1)dt, 


0 


(12) 


where a,=(1/r) tan“A. and y(/) is an 
integrable function. Now 


Fi A, H,. 
jt, PD 
Gs Wi Wi 

where R= 5—, Let 
(- Ry» 
R= ). 
Ro Re 


We can thus express fF, and G, in terms of y(é) and 
g(t) as follows: For Imw=2>0: 


arbitrary 


l 
F,(w)= Ruf aoro-tom f ¢( peat] 


0 


1 
+Rid oem f y(oeat] (13)(a) 
0 
1 
Gs()= Ral oo-+on f eternat| 


1 
+ Ref orton f y(nemal] (13)(b) 


Now, for »<0, 


H_(w)= — (1—7A1) H,.(@), 
W_(w)= — (1-2) W4(e). 
Thus 


1 
F_(w) — (1—a)Ruf orton f etbeiat| 


1 
—(1 —A)Ru orto f vinewat] (13)(c) 
0 


5E. C. Titchmarsh, Introduction to the Theory of Fourier 
Integrals (Clarendon Press, Oxford, 1937), p. 48. 
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and 


9 1 
G_(w)=—(1- i) Rao oton f elder} 
0 


i 
(1d) Re ene bam f year] (13)(d) 


(t) the transform equations 
ag i 


for any functions ¢(f), ¥ 
(3) are satisfied and also F,, G,, F 
+o. 

Clearly, G,;=O(1) as v»—> +o and F_=O(e'"!) as 
v— —«:; indeed these conditions were used to con- 
struct H, and W_. However, the stronger conditions 


F,=O(e'"!) as v— +0, 


—Oasu- 


and 
G_=O(1) as 1—->—2 


have not been used and as is easily seen for an arbitrary 
(random) ¢(/), ¥(/), the construction of Eq. (13) gives 


F.~O(1) 
G_~ O(e'"'). 


It is just these stronger conditions that allow us to 
uniquely determine ¢(/), ¥(¢), and we are left with a 
solution containing two unknown constants ®, VY which 
are then determined from the conditions 


F(—2; (%2—4%1))= G(—* ( v2—41))= 1. 


As indicated above, we need to look at the equations 
for F, and G_. The requirement that F4.(w)~O(e7!"!) 
means that the inverse Fourier transform of F,(w), 
that is F(x), has no Fourier components less than 1; of 
course, that is how we obtained this condition. As a 
result, we must require that the inverse Fourier trans- 
form of (13)(a) vanish for «<1. (It automatically 
vanishes for «<0.) It is slightly more convenient to 
consider the function 


FP, (w) =([F 4 (w)/Ru jo" 
1 


= art al gy! =f g(te'dt 
0 


Rwf¥ ft. 
+- (- + f wear). (14) 
Ru Ww 0 


Now, just as explained above, for F,(w), the inverse 
Fourier transform of F,(w) must also vanish for 0<x 
<1. Because the inversion is done in the upper half w 
plane Imw>0, the inverse transform of 1/w'*? exists 
and equals 


xV/ProT (ity) «>0 
0 x<0. 


Using this result and the rule that the inverse Fourier 
transformation of a product of Fourier transforms is 
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the convolution of their individual Fourier transforms, 
we get 


bx? 1 z 
0=— Se f 
PMP(1+y) PT (y) Jo 

+ (Ri2/Ri)[—i¥+y (2) ], 


where y=a2—aq,. Likewise, if we invert 
1 
> —— =) ae | yg (tLe wtd{ 
Ro (1—1d1) 0 


Ro» 1—td2 
+— ‘(= ‘\|- + fae 70) 
Roy ane 0 


we get (remember Imw<0 here) 


l 
f aeoo-» 
Ros 1—2A2 
+ — ( - ¥(x), (16) 
Ro 1—2\, 
where we have used the fact that the inverse Fourier 


transform of w~? (Imw<0)=0 for x«>0. 
Eliminating ¥(x) from Eqs. (15) and (16), we obtain 


Ru 
—1¥+— 


Px 


Ry (1+y) 


Ru 1 » 
- If y(t) (x—)) rd 
Rw 17 oT (y) 
1 l 
— - f ecoa—ayrat] (17) 
A 


1 (=) 47 -—"(—) 
—= | ———— }-—_—_— -} <0. 
A ReeRy\1—r2/ (—1) RoeRiy \1+A2 

If we shift the range of integration in Eq. 


(17) to 
0 — o, then transform techniques can also be applied 
to that equation. This is done by letting 


t=o/(1+oc), x=7/(14+7). 


Equation (17) then becomes 


r 1 
ff eor(r-a)r'ae— — f 
{ 


0 4 Tt 


wo 


gil(a)(o—7)"do 


Rio F @m 77 
=1V—7T (y)(1+7)77?- , (18) 
Ry ry 1+7 
where 


(1+¢))[1 


linear 


¢1(c)= oo (1+¢) }*. 


Equation (18) is a inhomogeneous integral 
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equation. If ¢giy(c) is a solution if only the Y term 
appeared in the inhomogeneous term, and gig(c) a 
solution if the ® term appeared alone, then the general 
solution is ¢i(¢)= ¢gie(o)+ ¢iv(c)+arbitrary solution 
of the homogeneous equation. 

We then first calculate giy(c). In the process of 
doing this, we will also see there are no solutions to the 
homogeneous equation. Let ¢= ru in Eq. (18), omitting 
the ® term. Then 


‘nl 1 ea ; 
J eera—nydu— —f gly (ru) (u—1)7"du 
0 A 1 


=i (Ryo/Ry)iT (y)77-7 (1 +7) O=A(r7). (19) 


Now, if we take the Mellin transform of Eq. (19), it 
becomes an algebraic equation. Explicitly, define: 


1 
tra(s)= f w-tore wan, 
0 


1 1 a) 
G(s)= f w—(1—u)"du— —{ duu*(u—1)7 
0 Z 0 
r(s\0(y) 1TA—s—y)r(y) 
(sty) A P(1-s) 


Rie I'(s—y)F'(1-—s) 
H(s)=iv—T (y) 
Ru r(1i—y) 


The Mellin transform F(s) of f(x) is defined as 





, 1—y>Res>0, 





’ y<Res <1. 


F()= fi dex); 


then if 


se)= fF acocande, F(s)=A(1—s)B(s). 


Thus Eq. (19) becomes 
Piy(s)\G(1—s)=H(s), (20) 
where H(s) and G(1—s) exist only for y<Res<1. Now 
al’ (y)[sinr(s—y)— (1/A) sinzs | 





G(1-—s)= ; 
I'(s)' (1—s+y) sinas sinr(s—y) 
Also 
sinr(s—y)— (1/A) sinrs=D sinr(s—3S’), 
where 
sinry 
tan7é’ = ——————_ < tanry, 
cosry—1/A 
and 
D=|e~**7—1/A|. 
For 
y<Res<1, 0<y—8’<Re(s—é’}<1-—8’<1. 


Thus G(i—s) never vanishes in the region y<Res<1 
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and there are no solutions to the homogeneous equation 


Piy—o(s)G(i—s)=0, 
except 
Piy- o(s)=0. 


For V0 we get the solution 


wir Ri cscr(s— 6’) 
#1y(s)=— — . 
D Ry T(i-vy) 
Inverting Eq. (21) produces 
Wirt Rie lial 
gty(1)= — 


~T(1—y)D Ry itr 
Rw (1—1)*-7 


ge(t) =ir— oo 


RuT(i-y) D 


wre 


Finally, using Eq. (15) to obtain Yy(x), we get 


iW sinry d f' 
— — § dtt-*(1—2)*-(t—x)’. 
wrAD dxJ, 


ve(x)= (23) 


We can obtain ¢o(t) and a(t) by noting that our 
original expressions in Eq. (13) for Fy and F_, Gy and 
G_ are left unchanged by the interchange 6 VW, 
¢(x) > y(x), Ry — Ry, Roy -— Ro», A — do, ai ae. 
Under such a substitution y«> —y and A«1/A and 
5’ <> —6, where 


tan7d=sinwy/(cosry+ A). 


Thus we get 


PO so 
© =4-1— 


Re T(ity)|e*7—A|’ 





(24) 


= =F 


(1/A)|e*7—A| dx 


1 
x fa #(1—2)7-*(t—x)-7. (25) 
Now : 
¢(x)= ¢e(x)+ ¢e(x), 
and 


v(x) =Wa(x)+y(x). 


If we insert the expressions from Eqs. (21) through 
(25) into Eq. (13), we get Fi(w), F_(w), Gy(w) and 
G_(w). Inverting these Fourier transforms, we get the 
final formulas for F(x) and G(x), as shown below. The 
arbitrary constants ®, V are then determined by setting 


F(—21/ (x2—2%1)) =G(—21/ (x2—x)) = 1. 

The final results are listed below. Only the solutions 
for F(x) are explicitly given; the solutions for G(x) are 
easily obtained from the ones for F(«) by replacing Ru 
by Roi, Riz by Ree, and by multiplying the two single 
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integral terms by (R12R2:/ Ri: R22). In addition, in going 
from F to G it is necessary to note the F solution for 
x>1 corresponds to the G solution for x>0, except 


that if «<1 in the G solutions, the upper limits on the 


Solutions 


(i) For x>1, 


sinry| 1 


= 
wy 
r(ii—y)'(l—a;) d 


r'(1—az) 


: 
f dy (x—y)-™ 
0 dy 


Ta 
P(x) = Rub E - 
dx 


| 


e*1—A 


dx 0 
1d 
x| 
A dx 


(ii) For x<1 
1 | 


| 


sinzry | 


P(a)=Ru(1-+d2)'9| (—2) a1— —__| 


wy \je'*7—A 
1+). 
(2) 
1+A;? 


+Ru(1+2)"4] 


d 
E “4 
dx 


ITr(1—y)(1—a;) d 


r'(1—aze) dx 


sinry | 
(—y)-#— — 


wy 


1 


e'*7—1/A 
1+A? 
+( 


1+A? 

Note: If 0<2<1 drop terms (—x)~-* and (—x)-23; 
if «<0 make lower limits on integrals over y zero 
instead of x. 

This discussion has all referred to the situation 
where \2>A,>0. When one of the eigenvalues is zero; 
i.e., when AjA2=An’, then the equations can be 
uncoupled. The equation for F;(x) is a simple Omnés 
type equation which is easily solved, and F2(x) 
= (Aj2/A11)F'1(x). In this case there is no solution which 
satisfies F,(0)= F2(0)=1 urfless A\y2=A11, much like the 
situation where the two nucleon state was neglected. 

When both eigenvalues A» and A, are less than zero 
the solution contains terms of the form @x-*~' and 
Vx~-*! which we anticipate would become poles in the 
physical problem. This requires we set 6=¥=0. This 


AND F. 


. dd 
0 dy 


J dy (x—y)- sty? ( yr] [+R] ee ——— 


1 
faccmee 
y 
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integrations over dy should be x instead of 1. Similarly, 
the F solution for «<1 corresponds to the G solution 
for x<0; consequently this G solution has none of the 
modifications that F has in the range 0<x#<1. 


1 
f csyrea-o é 
ay 


sinry 


ry 


(1—2)*-7 


P(i+y)P(i—a) df! 
dx J 


( dy (x—y)-™y-* (1—y)” ‘| 
r'(1—a;) 


1 d 1 
fao-wee fa (t—y)-7°(1—2)-* 
z dy 


y 


1 
f dy (y—x)-™*y*(1 -»|| 
rigs. d 
|-. fao-we 
|LA dx J, dy 


1 
fa (t—y)t-*’ (1—1)*'-7 


y 


IT(i+ylri-—a) d f' 
aE - | dy (y—x)-*y—" (1—y)”” ‘lf: 
T'(1—a;) dx z 


gives us a null solution since the remaining terms are 
all proportional to ® or ¥. 

If Ax>0O and A,;<0, the same general method is 
applicable and the solution which again is quite involved 
contains terms of the form @x~*'' and Va~™. Based 
upon an analogy with the uncoupled case we then 
reject the terms proportional to &. However, for this 
case the homogeneous integral equation analogous to 
(18)(a) possesses a solution and so we are still left 
with two arbitrary parameters. Then we could satisfy 
the conditions F(0)=G(0)=1, if we accepted this 
solution. However, since it is now impossible to compare 
with the uncoupled case, we have no unambiguous way 
of determining whether this solution will give rise to a 
pole in the physical problem. It is for this reason we 
have omitted detailed discussion of this case. 
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A treatment of the charged-scalar strong-coupling theory is given which employs a somewhat different 
choice of variables than that usually used; one which is more convenient for a discussion of the effects of 
quantum mechanical field fluctuations. The expansion parameter of the strong-coupling theory is shown to be 
(1/g*) In(i/Ka), where a is the source radius. The isobar energy is calculated to order 1/g*, and terms of 
order (1/g*) In(1/Ka) relative to the leading 1/g? term are found to appear. Similar terms occur in the 
charge-renormalization factor. The logarithmic term in the isobar energy is found to be precisely that re- 
quired to renormalize the charge; that is, the isobar energy, if expressed in terms of the renormalized coupling 


constant, is explicitly independent of the source radius. 





N a previous paper,’ Pais and one of the present 

authors began a reexamination of strong-coupling 
meson theory. This reexamination was motivated by 
the belief that some features suggested by the strong- 
coupling model might be relevant and suggestive to the 
actual structure of nucleons, by the hope that the 
methods used for strong coupling might be extended 
towards the intermediate coupling range, and by the 
circumstance that the strong-coupling theories were 
interesting examples in field theory. 

One way in which the treatment of the charged-scalar 
theory given in (I) went beyond previous work was in 
attempting to understand better the effects of quantum 
mechanical field fluctuations. These appeared to 
contribute to the usual isobar energy 2K P?/g’, terms 
of order P;’/g‘a, depending explicitly on the reciprocal 
of the source radius. In fact, it appeared that the 
perturbation expansions being used led to series in 
powers of 1/g’Ka. Since it is easily demonstrated that 
the true eigenvalues of the theory are not more singular 
than 1/a (the self-energy singularity), it was apparent 
that the series being developed could be valid, if valid 
at all, only in the region g>>1/Ka. The question was 
thus raised whether the usual condition g>>1 was 
sufficient, indeed, of whether the strong-coupling results 
could be maintained at all in the limit of vanishing 
source size. 

Looking back at the methods employed, but keeping 
this situation in mind, one is struck by the circumstance 
that attention was focussed on the largeness of g, but no 
account was taken of the possible smallness of a. Thus 
the terms in the Hamiltonian called small in (I) and 
deemed suitable for perturbation treatment were of 
order 1/g* and higher, but some were actually and 
explicitly proportional to 1/g’Ka. 

The present paper gives a somewhat different 
treatment of the problem, which avoids the difficulty 
just described. It will be recalled that in (I) it was 
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shown that the transformations expressing the ro- 
tational symmetry of the Hamiltonian in isotopic spin 
space could be described in terms of an arbitrary 
distribution function. Subsequently, in (I), the distri- 
bution function was chosen in the way which has 
become conventional in strong-coupling theory. Our 
new method will make a different choice of the distri- 
bution function, and hence will be employing different 
dynamical variables. When the Hamiltonian is written 
in terms of these variables, the small terms are non- 
singular in the limit of vanishing source size. It is easily 
seen that, as a result of quantum field fluctuations, the 
convergence of the perturbation series depends on 
source size through logarithmic terms, and the essential 
parameter is (1/g”) In(1/Ka). 

Compared with the conventional procedure, our new 
treatment has the additional advantage that it follows 
more closely the simple intuitive picture of the physical 
situation in the case of strong-coupling. According to 
this picture, the field is split into two parts: the quasi- 
classically determined self-field plus the field of free 
mesons (and fluctuations). Since the magnitude of the 
self-field is proportional to the coupling constant, the 
strong-coupling approximation consists in an expansion 
in the ratio of free field to self-field. One thus begins 
by considering the motion of the self-field, which, 
because of the invariance of the theory to rotations in 
the isotopic spin plane, can be expected to be a uniform 
rotation in this plane (the rotational energy being the 
isobar energy). The direction of the self-field vector is 
defined as the direction of the vector 


fro ¢dr/F', (1) 


where F= f f*dr, $= (¢1,¢2) is the total meson field, 
and f(r) (the distribution function) is a function of the 
space coordinates which describes the radial dependence 
of the self-field (i.e., the Yukawa potential). One now 
introduces a rotating coordinate system, with the new 
1’ axis in the direction of the vector given by Eq. (1). 
This transformation introduces a pair of canonical 
variables: the ignorable angle variable 6, the angle 
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between the 1’ and 1 axes, and its canonical angular 
momentum, /, which is the total isotopic spin of the 
system and is a constant of the motion. 

As a result of the transformation, the original 
Hamiltonian? 


H= Hree+ Fi int, 


| o~ _ if ( Ta + ha"ha), 


Hin=8(2t)!t0 f Ube 


becomes 
F (Pe— ’—}13)?—} 


H= Htree + H ins’ +— a ee are (3) 


(fe) 


where the primes indicate that all quantities are now 
measured in the rotating system, and >’ is the meson 
isotopic angular momentum 


z'= f (i'n! —:'n), (4) 


The last term in Eq. (3) represents the isobar energy. 
The condition that the 2’ axis is perpendicular to the 
self-field direction is expressed by 


[w- fim = (0), (5) 


In consequence of Eq. (5), the 2’ fields do not obey the 
usual commutation relations, but instead satisfy 


[oe (r) ma’ (r))J=i6(r—-r)—f(Nf()/F]1 


The physical consequence of Eq. (6) is that the normal 
modes of the 2’ field contain scattered waves. 

We have described the transformations in terms of a 
physical picture of their meaning [e.g., identifying 
f(r) with the shape of the self-field]. But the usual 
treatments of strong-coupling theory, including the 
treatment given in (I), do not follow this picture. 
Insofar as the formal procedure is concerned, f(r) is an 
arbitrary function, which can be chosen by any desired 
criterion. The usual idea in strong-coupling theory is to 
first diagonalize H;,;. In view of Eq. (5), this can be 
accomplished by choosing f(r) to be the source function, 
U(r), rather than the self-field function, which hence- 
forth we shall call v(r). The r2 term then drops out of 
Hint, and it can be diagonalized by taking 7; diagonal 
(i.e., one returns to the neutral scalar problem). 

With the choice f=U, the physical meaning of the 
transformations ‘is less transparent, for example the 
last term in Eq. (3) is no longer the isobar energy. As 


2 Where variables of integration are omitted they are understood 
to be the three-dimensional volume element dr. 
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a matter of fact F, which, with / the self-field, would 
represent the moment of inertia of the nucleon and 
would be independent of the source size a as a—> 0, now 
becomes F= (U?~1/a*. Another transformation is 
required [given by Eq. (45) of (I) ], which separates 
from the last term in Eq. (3) a piece, independent of g, 
which is part of the kinetic energy of free mesons, and 
leaves the usual 1/g? isobar energy. 

The source of our previous difficulties lies in the 
inadequacies of the last mentioned transformation. If 
¢1' is separated into the self-field and free meson contri- 
butions, ¢;’=1-+¢,”", the denominator of the last term 
in Eq. (3) becomes (¢+/ U¢1"),? where g= / U> (the 
self-energy integral) is proportional to g/a. On expand- 
ing the denominator in powers of (U@1"/g (which is 
the usual strong-coupling expansion in powers of 1/g), 
we see that the entire isobar term has a factor 
F/¢@~1/g’a. The transformation given by Eq. (45) 
of (I) eliminates this factor only to the extent that 
JS Uy" is neglected ; as a consequence the terms result- 
ing from the expansion of the denominator remain 
proportional to F/q?. An explicit calculation of the 
isobar energy to order 1/g‘ purported to show that the 
1/a singularity did not disappear as a result of any 
cancellations with perturbation terms coming from the 
numerator, which also are of order 1/a. However it has 
since been realized that there is an additional term, the 
analog of Eq. (35) of this paper, which was forgotten 
in (I), and which could lead to the cancellation of the 
1/a terms. 


THE CHOICE f=v 


We shall now describe a different way of treating the 
problem, which will lead us back to the choice f=». For 
the moment, however, f may be left unspecified. The 
method is to diagonalize the interaction energy in Eq. 
(3) by rotating the secular component of the nucleon 
spin (by definition the 1 component) to the direction 


of the vector 
f ved, 


that is, through the angle between the directions given 
by Egs. (7) and (1). This is accomplished by the trans- 
formation function 


$= exp] fir tan [vw / fs’) (8) 


In addition to rotating the nuclear spin, S generates new 
momenta m1”, r2"’ which are given by the relations 


wy =m," Inu f U6, , 


wo’ = m2" —}173(U—g fF  f vey Q*, 
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Q?= (fuer) +( fre), 


where 





T: 1 1 
H= Hin"+8(28) 10 —( p- +<P)+ 
4 o / 8@ 8F 


a 


where 


(13) 


P= f ves’ f un'— [v6 fon", 


and 
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In terms of the new variables, the angular momentum, 
given by Eq. (4), becomes 


3! =P" dest drag F f fo! f Udy'/Q, (11) 


and the Hamiltonian, Eq. (3), becomes 


( fvs.’) 
iN igi. 


v* 





(7) 


N= f o" 


Equation (12) can also be written 





Udy! foere-2) 
af : re 1N F (Pp—3")?— 





T3 1 1 
H = Hee!’ +g (2m)'710—— | P—+—P+ (Pe—2”) 
41 @ 


This Hamiltonian contains terms proportional to 
7, and 73. To see the magnitudes involved, we remember 
that ¢;’ contains the self-field and is proportional to g, 
while the other field variables may be considered of 
order unity. Thus Q~ f/U¢;'~g and the interaction 
energy (7; term) is proportional to g*. The dominant 
term in the coefficient of 7; comes from the term in P 
proportional to $:':P~ {Udi f Um". The 73 term, 
to highest order in g, is 


—3n fur / v6; 


and is thus of order 1/g. This term can be eliminated by 
the rotation generated by 


S=exp | 7— tan“ _ . 
2 2 
| 2(2n)'5( fue) | 


It will be observed that this rotation is through an angle 
proportional to 1/g*, whereas the previous rotation 
[ Eq. (8) ] is through an angle of order 1/g. 


(15) 





(16) 





i‘ 
of soy 0 f so, 





We thus see how terms proportional to r2 and 73 can 
be successively eliminated, to any desired order, by a 
series of infinitesimal rotations. This technique avoids 
any explicit discussion of the upper states, such as was 
given in (I). 

If we only require the Hamiltonian to order 1/g', it is 
unnecessary to carry out the transformation given by 
Eq. (16) completely; only the result equivalent to 
treating the r; term by second order perturbation theory 
is needed. To order 1/g*, we can take the Hamiltonian 
to be 


H = Hye!" +-g(2m)'110 


n( fun") 
1N F (Pp—d")?—} 
+ 


+——___— + —4+——____*, (17) 
Sg(2r)r 8G 2 (f jet) 


and furthermore, since we shall restrict our considera- 
tion to the lower states, we can take r;= —1. 

The next step is to separate ¢y’ into self-field and free 
field parts, 


go: =0+¢1. (18) 
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[In the subsequent equations we shall, for simplicity 
in writing, omit all primes on the new field variables, 
i.e., we shall use ¢; as defined by Eq. (18) and introduce 
o2=2', m=", r2=72". | The Hamiltonian will then 
involve two arbitrary functions, f and v. These are 
chosen so that the variation of the Hamiltonian vanishes 
when the free field variables (¢),62,91,72) are varied 
from zero [subject to the condition given by Eq. (5) ]. 
The equations of motion for the free field variables, if 
regarded as classical equations between c numbers, 
will then have an exact solution obtained simply by 
putting the free field variables equal to zero. The self- 
field v is thus defined as being the exact solution of the 
classical theory with no free field present. The resulting 
Hamiltonian will contain the free field variables only in 
quadratic and higher powers. When we vary H with 
respect to me, the condition 


6H /ir2.= —i[¢2,H ]=0, 


is satisfied (for zero values of the variables) if 


which is solved by 


[¢2,2 ] 


It should be observed that for / significantly different 
from v, 2~ fvme~g, and the last term in Eq. (17), 
instead of representing the isobar energy, is of order g* 
larger. With f=», the orthogonality condition, Eq. (5), 
eliminates this term, and > in fact represents the isotopic 
angular momentum of the free mesons. 

The equation for v, obtained from 


(6H /dby')(o1’ =») =0, 


1N 
wy— g(2r)1U —- —U— 
4 v2 


(P?—}) 


v=, (19) 


where V= fv. Equation (19) can be written 


-9 


a= g' (2x)!U, 


where 


@=K"—A, K"=K?—(P?—})/V?2, 


(2a) 4g’ = (2r)'g+-(1/4)(N/q*). (21) 
Equation (20) differs from the corresponding Eq. (51) 
of (I) in two respects. First, g is replaced by g’, which 
is corrected by a term of relative order 1/g*. This term, 
N/q’, depends on the shape of the source function, but 
is regular as a— 0. Second, in the definition of K’, 
P?—} now appears where (I) had only P,*. Equation 
(55) of (I) is thus modified to 


= K[1+16(P#?—})/¢"*}1. (22) 


For the ground state, Pp= +4, Eq. (22) gives K’=K, 
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independent of the value of g’, and only for the higher 
isobars does K’ — 0 as g”/(P?—})'- 0. 
If we now make the substitution given by Eq. (18) 


in Eq. (17) and expand in powers of the free fields, we 
find, keeping all terms to order 1/g*, 


16(P??—}) ; 
ae 
a 
3.N 1 g’ (2x)! , 
+ - —+ Hire — ~ J) 
8 ¢ a 6¢ 


2a)! ft ys 
a 
2 I+x 4(1+2)' 8 (1+x)5 


g” e°K 
H=——+—-| [1+ 
4a 4 


(fe) ~aa Sem) 
SS (-2f»/7) 


2 


In Eq. (23) we have written 


x= f U¢:/q, y= f U¢:/q, 


in terms of cubic and higher powers in the free fields. 

The change of P;? into P”’—} has the interesting 
consequence that the isobar levels given by the second 
term of Eq. (23) are bound only for g?>2, and become 
unstable against x emission for g? <2. 


NORMAL MODES OF THE FREE FIELDS 


Normal modes are chosen to diagonalize the free 


field terms in H of zero order in g: 


Ho= Htree— 3g’ Qn (J ve) : 


The equations of motion for the 2 field, resulting 
from Hy and the commutation relations, Eq. (6), are* 


(24) 


do =T?2, 
#1=—enr'brt(o/V) fs tinstibe 


+ (g'\/ 24 @) { voLu-q Vj. (25) 


3In the strong coupling limit, the ratio g/g? has the value }. 


Thus the critical value of the renormalized coupling constant is 
g2=}. This agrees with the result of H. Jahn, Forschr. Physik 7, 
451 (1959). 

4To avoid ambiguity in Eqs. (25)-(28) we write w,,2= K?— 
In these and subsequent equations w designates (4®+ K?*) a 


= k+ K", 
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On using Eqs. (20) and (5), we obtain the field equation 


§:= wort (f\/20/O0 f Ube. (26) 


Since we need only consider spherically symmetric 
solutions in this fixed-source theory, we write 


$2(x,t) =e (re. 


It is readily verified from Eq. (26) that the functions 
ox form an orthogonal set. We take the normalization 
to be 


foe dx=o(—B)/4nbt (27) 


It can also be shown from Eq. (26) that 
foe eotbu du 9’ (/2n/a) [ Ude%dx 

x [ Ve. Odx=w°h(k—k’)/4ak’. 
Thus if we develop the fields according to 


~— f dk (20)-aa(k)-+aet(k) bx @(r), 


ae f dk (co/2)Laq(k)—aat(k) u(r), 


with ¢,@(r) the function introduced above, ¢%“ (r) 
= (27)! sinkr/kr, and the a.(k), dat(k) annihilation 
and creation operators satisfying the usual commutation 
relations, Ho takes the form 


Ho { ak [ait (k)ai(k) +a2*(k)ae(k) jw 
— (1/2n) f sdeo—4 - (30) 


where 6 is the phase-shift of the ¢;®(r) solutions. The 
last two terms represent the change in the zero-point 
energy of the 2 field due to the presence of the source. 
This change can most easily be calculated by quantizing 
in a spherical box of radius R. The energy change in 
question is 


w(k,’)—3 = w(R,), 


n n=1 


AE=} 


where k,=nx/R, k,'=(nw/R)—6/R. As we shall see, 
5(k) has the value w for k=0, and decreases to 0 as 
k— «; it is because 6(0)=- that the k,’ series begins 
with m= 2. [The reason for the “missing state” is that 
the ¢,®’s are not a complete set, in virtue of Eqs. (5) 
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and (6). The missing state is, of course, just v itself, 
which is the solution of Eq. (26) for w=0. } 
Thus 


AE=} DY [w(kn—6/R)—w(k,) —3K. 


n=2 


On replacing the sum by an integral and allowing 
R— @ we obtain the result given in Eq. (30). 
If we put 


de® (r) =§1, (2n)4] f ak’ dixre'*’ *, 


the normalized solutions of Eq. (26) are readily found 
to be 


(31) 


5(k—k’) Ugly 


4k? 


y (w’?—w") 
where 


y= f [opstey-/(co"®—w?) dk’, (32) 


and v, and #, are the Fourier amplitudes of v(r) and 
U(r). In Eqs. (31) and (32) the principal value is to be 
taken at the pole w’=w. The phase shift, 5, is given by 


tand= —2nko,u,/y. 


(33) 


In the limit U(r) — 6(r), one finds y=g’(2r)!K’/41a? 
and thus 
tanb=—k/K’, k<1/a. 

It is readily checked that the solution given by Eq. 
(31) is indeed orthogonal to v. With the choice f=U 
of (I), the normal modes differ from Eq. (31) by the 
fact that U and » are interchanged (aside from some 
small terms, of relative order 1/g*). The phase shift 
is unaltered, and the discussion of the scattering given 
in (1) needs no essential change. If one fixes one’s 
attention on the determination of the self-field and 
the lowest order isobar energy, it is not evident that 
there is any great difference in the variables used in (I) 
and the present paper, e.g., the transformation, Eq. (8), 
is only through an angle of order 1/g. It should be 
remarked, however, that the normal modes of the free 
fields are quite different for the different choices of f. 


CORRECTIONS TO THE ISOBAR ENERGY 


For the purpose of evaluating the energy shift in 
Eq. (30) we shall make a specific choice of U: 
uy = (2a)~4/(1+-A2R’). (34) 


The length A is connected to the source size a [defined 
as in (I) under Eq. (59) ] by the relation 


a=2A(1+AK)?. 


With this choice of U the integral appearing in the 





454 H. NICKLE 


energy shift can be evaluated exactly, and one finds 


AE=—(1 2n) f bdo— 4K 


= (i/rA){ (1— K°A*)! tanh-'(1— K?.A?)! 
—[(1+3K’A)?—1K?A?}} 
Xtanh~'[1—}K?A?/(1+3K’A)*]}}} 


1 (P?—+)! 
- - tan”! 


2r V 


In2 K’ 4 “1 (P#—}) 
decnaaianas |in( )+1]- ——. (35) 
wi 2 KA 2nK’ y? 


In the final form we have neglected terms of order A, 
and terms of order 1/g* coming from the expansion of 
the arctangent. 

We thus obtain correction terms to the self-energy 
of order 1/a and K In(1/Ka). There is also a InKa 
correction term in the isobar energy, due to the depend- 
ence of K’ on P». 

On expanding K’ we obtain, to order 1/g', 


In2 K 4 
AE=-—-—— |in( 
wh 29 KA 


2 1)\} 
(P?—+)! 


VK’ 


4 
x{n(*)-1} 66 
KA 


Remembering that V=g*/4K’, we see that, to order 
1/g’, the usual isobar energy,’ 2K(P?—})/g*, is 
corrected to 


2K (PAH) 2 4 
7 i+ — in( )-]}. (37) 
e | «wel \Ka 


An interpretation of the correction factor in Eq. (37) 
may be found in terms of the coupling constant re- 
normalization factor. The ratio of the renormalized 
coupling constant, g., to g is the matrix element of 
$(r1+%72) taken between physical neutron and proton 
states,’ 

ge/g=(P\3(riti72)|N). (38) 
Under the transformation from the original coordinate 
system to the rotating system 


} (ti +772) = | tTitire)e®, 


5 Details of this calculation are given in the Appendix. 

6 Since the Hamiltonian, Eq. (23), contains perturbation terms 
proportional to | Pe| /g?, we restrict our treatment to small values 
of this parameter, and accordingly expand the isobar term in Eq. 
(23) in powers of this parameter 

7™T. D. Lee, Phys. Rev. 95, 1329 (1954). 


AND R. 


SERBER 


where @ is the angle variable canonically conjugate to 
Po. The factor e® of course just provides the factor in 
the matrix element 67, +1,P». 

The next transformation, given by Eq. (8), leads to 
the rotation 


3 (ty +72) = 3 (ty +i72) 


colon / fos] 
=intin)( [verti f vs) /0 


y 1 


; 
=Hrrtin) (1+ -— 
1+x 
Taking the expectation value, for a state of P=} 
(with no free mesons), and remembering that 
(r1)=-—1, (72) =0, 
we find, to order 1/g’, 
ge/g=—3(1—3(y")). (39) 
With the source function given by Eq. (34), one finds® 
. zy — — ((1+3K A) (1+K A)! 
{y?) =——(1+K A); — — tanh—'| ————— | 
rp” l (1+K A)! 14+3KA 


2 4 
arg”? KA 


plus terms of order A, and, to order 1/g’, 


ip7s 4 
1-—| in(— ' (40) 
2l rel \KA 


Comparing Eqs. (40) and (37) we see that the 
logarithmic correction term in Eq. (37) is just that 
involved in the charge renormalization, that is, Eq. (37) 
can be rewritten 


K (P?—4)/22, (41) 


and when so expressed in terms of g., the isobar energy 
is explicitly independent of source size. 

Another way of getting the same result is to restrict 
oneself to | P?—3}|/g*<1 from the outset, and define 1 
to have its value for P?=4, i.e., omit the final term 
in Eq. (19). The only changes in the Hamiltonian, 
Eq. (23), will be that the isobar energy takes the 
simpler form 


(1/2V)(P?—}). (42) 


and the linear term arising from the expansion of the 
denominator of the centrifugal potential term will still 
be present. This term is 


~[(P?—3) v7) fo 


43) 
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With this choice of v, the term proportional to 
(P?—}) in Eq. (36) for AE will of course be missing. 
The 1/g* correction to the isobar energy instead comes 
from the second order effects of the 1/g* term given by 
Eq. (43), and the 1/g term in Eq. (23), 


4g (2) yxy’. (44) 


Perturbation theory immediately 
shift 


gives for the energy 


(27) (P?—4) UzVE 
poe o*) f 
2 y? w? 


= (1/2V)(P?—4)(y), (45) 
on using Eq. (20). 
Adding Eq. (45) te Eq. 


energy 


(42) gives for the isobar 


[(P?—4)/2V ](1+(*)), 


and, on comparison with Eq. (39) (and remembering 
V ~g*), the desired connection between isobar correction 
and charge renormalization. This derivation demon- 
strates that the connection in question is independent 
of the form of U. 

There are additional contributions to the 1/g' 
isobar energy coming from the small terms in the 
Hamiltonian, but these are finite in the limit of vanish- 
ing source size. The term — P/V in Eq. (23) gives a 
second order perturbation contribution® 


— (1/2rK V?) (Ps) (1—2/4), 


(46) 


(47) 
and the last term in Eq. (23) gives in first order 
(1/rK V?) (Pe? — (48) 


The isobar energy to order 1/g‘ is the sum of Eqs. 
(37), (47), and (48): 


2K 
—reofrr2fn(L)er42]} 
: 


If we use as the criterion for the coupling constant 
just large enough to produce stable isobars 


(0E/OPs) (Pe =)=K, 


we find that the critical value, which was g?=2 without 
inclusion of the 1/g* corrections, becomes g?= 3.9, if we 
take KA=1/7. (The critical value of the renormalized 
coupling constant is g2=0.64.) For the same value of 
KA, the intermediate coupling calculation of Christian 
and Lee® gave for the critical value g?=4.0. 
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8 T. D. Lee and R. Christian, Phys. Rev. 94, 1760 (1954). 
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APPENDIX 


A number of symbols have been introduced to 
denote various integrals of functions of U and v. Here 
we shall evaluate these integrals for the specific choice 
of a Yukawa source and give explicit formulas for N, 
a, V, and y. We shall also determine the phase shift 
as a function of k and evaluate the energy shift AE. 
The Yukawa source function is given by 

U(r) = (1/4 A*)re-"4, (Al) 


which is normalized so that 


feoa- 1. 


r) is 
wo 


N=(1, tray fe y2r | Ady =: 1/8 A’, 


Uv 


(A2) 
The norm of U( 


(A3) 
The Fourier amplitude of the Yukawa source is 


u,=[1 (2m)! fae U (rye 


=[1/ (2m)! ][1+(Ak)*]. (34) 


The definition of the source radius a given in reference 
(I) is equivalent to 


1, a=4n { dk Uy? / 0. 


With «; as given by Eq. (34) one finds 
a=2A(1+KA)? (A4) 


Using Eq. (20), the norm of 2 can be written 


V=9"(2n) f usidh t= (g/4K’)(14+K’A)-*, (AS) 


The choice of a Yukawa source leads to the following 
expression for y [defined by Eq. (32) ]: 


g ad Re” 
Eo Pf 0 EEE acetals 
r(2m)!At Jy (k2—R)(R2+-K)(b2+1/ A?) 


Here P denotes principal value. Since the integrand 
is an even function of ’, the integral can readily be 
evaluated by residues, and one finds 


g/{K'(24+K'A)— A[3+2K’ A+ (K'A) 


4 (2m) EK? A)?(1+ A?k?)? 


A*kt} 


(A6) 
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Substituting this expression for ay into Eq. (33), we 
find that the phase shift is given by 
2(1+K’A)*k 
K'(2+K’A)— A[3+2K’A+(K’A)?]2— Ate 
(A7) 


tand= — 


The phase shift 6 has the value x for k=0, goes through 
m/2 for k~ (K'/A)', and for large Ak is approximately 


= 2(1+K’A)?/(AR)*. 


Next we evaluate the energy shift 


AE=-(1 2n) f dk (k/w)b—43K. 
0 
It is convenient to write 6=tan~'[ — /(k) |. Then 


0 


AE=(1 2m) f dk (k/w) tan" f]—3K 


The arctangent can be eliminated by partial integration: 
AE=—(1/2mr)wi(k)| —3K 


—(1 2m) f dk [w/(1+f?) ]of/dok. 


0 


Since 6(0)=7, 
limit kR— ~, 
left with 


and 6 decreases faster than 1/k in the 
the first two terms cancel, and we are 


D 


AE=-—(l1 2n) f dk [w/| 1+ f*) Jos Ok. (A8) 


For the Yukawa source 
2(1+K’A)*k 
~ K'(24-K’A)— AL3-+2K’ A+ (K’ A) J2— Ate* 
To avoid writing the lengthy denominator of /(k), let 
d= K’' (2+ K’'A)—A[3+2K’A+ (K’A)? JR? — Ale". 
It is easy to verify that 
Of 2(1+K’A)* 
_= — [( AR)?+1[3(Ak)?+K’A(2+ K’ A) ], 
Ok Ad? 
1+ f?= (a?/d*)[ (Ak)?+1 JD (AR)?+ (2+ K’ A)? ]. 
Therefore Eq. (A8) becomes 
(1+K’A)? 


of 3 Ak)?+ K’A(2+K’ A) ] 
aL (ARP +1 AR)*+ (24K’ A)*] 
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Let us separate the integrand into partial fractions: 
(1+K’A)*[3(Ak)?+K’A(2+K’A) ] 
[(AR)?-+1 Je? (AR)2+ (2+K’A)?] 

1 Le A 1 





(2+K’A) 


=~_— —+ 
+i? 2a 2k+ 


(2+ K’ A)? 


where / denotes the reciprocal of A. Thus 


-—(f dk —— el dk = 
+h? 0 a 
— (1+ 3K’ vf 


One can easily verify by differentiation that 
ch 

fe = asinks(— -) ~= tant-| = -| (A10) 
RP +- Aw 


where 
C= A?— K?, 


——_— ). (A9) 
B+ (24+K’ A)? 


Here we have assumed c?>0. If A?< K?, 
remember that tanh—!(ix)=7 tan“!x. 


fe —=sinh- (- -)+- 
o 


let c’=ic and 
Thus 
(P?—}) 
VK’ 
(P?— Zk 
xian] | (A11) 
VK’ w 
where we have used Eq. (21), namely 
K?— K”= (P?—}4)/V". 


Using (A10) and (A11) to evaluate the three definite 
integrals in Eq. (A9), one obtains the result given in Eq. 
(35). 

The expectation value of y? is calculated as follows: 
The normal mode solutions of the 2 field give 


fveear- — qu, Cosd/w”y. 


ay is given by Eq. and the 


trigonometric identity 


(A6). Using Eq. (A7) 


cosd=[1+tan5 |", 
one finds 
K(2+K A)— A[3+2K A+ (KA) ]2?— A’ "ks 


cosé6 = —— 


of 1+ ( Ak)? TC Ak)? +( (2+KA)? 





CHARGED-SCALAR 


Taking K’=K (we wish to determine the expectation 
value for a state with P= }) we obtain 


? 
five gpa ~~ ——~- 
w gol (AR)*+(2+K A)? 


and it follows immediately that 


f dkk 
0 wR +(24+KA)2/A2] 


Let us introduce m=(2+KA)/A. It is convenient 
to write 


f dkk* 
w* (k?-+ m?) bi 





(144KA) dk 
eee co(k-+-m?) 
(KA)! pdb 
~ 4(1+KA) 


The indefinite integrals are given by 


fore =k/ K*w, 





f- dk A? 
(Rk? eat) ~ 4 1+4KA)(1+KA)! 


(1+KA)!k 
x tant| -| 
(1+3KA) w 


Therefore 


(1+KA)? + (1+3KA) 


(1+KA)}! 


(y?)=-— 
T ry 
(1+K A)! 
X tanh I}. 

‘144KA. 
The result of a second order perturbation calculation 
given by Eq. (47) requires evaluation of the integral® 


" (kk’)? rg tg 
r= f dkdk’ —— 1"). 
0 ax’? (w+ oy’ _ 2K 4 


A second order perturbation calculation on — P/V gives 
ww’ y 2(w+w" My 
Since this correction to the isobar energy is finite in the point 


source limit, we can set A=0 first and then integrate. In the limit 
of a point source 


cosé= K'/a, ay 


_ ae dkdk’ Rk’ 24? cos*6 


= g'K’'/2(2r)}. 


we also take ®©=w (since we are only looking for corrections of 


order 1/g*) and this contribution becomes — Pg] /x2V?. 


STRONG- 
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Let us perform the & integration first. The indefinite 


integral is 


Re? _LR(wo! + K?) 
fa- 
w(wtw’ va 


2 ray (w+w’)? 


K? k’k 
—— tanh (=) 
Rk’ (w'+K)(w+K) 
a k? lw K 
fa —=- ——— tan 
0 wlwtw’)® 2k? k 


and the definite integral is 
k’ 
-(—_). 
K+’ 
Dropping primes 


1 7” dk © dk k 
=- f —-Kf ae tanh-#(— ) 
2 0 w 0 kos* K+w 


l/r 
a -( —)-KY, 
2\2K 
where we still have to evaluate 


k 1 ~ dk k 
J= f = tanh(—_) = f —sint*(—), 
kos* K+wa 27, ku K 


Ynstend of evaluating J directly, we shall calculate 


© dk k 
u=f -- sinh*(—). 
0 kw K 


Knowing M, J is easily determined since 


Note that sinh[k/K ]|=In[k+w/K ]. It is convenient 
to introduce a new integration variable x such that 
(1+2x)/(l1—«)=(k+w)/K or x=k/(w+K). The x 
integration goes from x=0 to x=1. Also dx=Kdk/ 
w(w+K). Therefore 


1 1 dx 1+-z i 
u=— f on in( =) ==. 
K 0 & 1—x 4K 


We find that 


and hence 
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Time-Dependent Impulse Approximation 


Saut T. Epstein 
University of Nebraska, Lincoln, Nebraska 
(Received January 25, 1960) 


The impulse approximation is generalized to cover cases in which a bound system is subject to a time- 
dependent perturbation. It is shown that the approximaticn is exact if the perturbation is an impulse. This 
result supports the supposition that the usual impulse approximation is accurate for collisions in which the 


collision time is short. 


I. INTRODUCTION 


HE impulse approximation! has been widely used 
for discussing collisions between incident particles 
and bound systems for which the collision time is short. 
However, not much has been done to show that the 
result is in fact accurate in such cases, although the 
underlying physical picture! certainly suggests that it is. 
In this note we will present evidence that the ap- 
proximation is indeed accurate. We will first generalize 
the collision problem by assuming a time-dependent 
interaction V(/)? with the bound system and then 
derive for this problem the analog of the impulse 
approximation. We will then apply this approximation 
to a schematic model of a rapid collision, namely we 
take V(t) to be an impulse, and we will show that for 
this situation our approximation is actually exact. It is 
this result which we offer in support of the supposition 
that the impulse approximation is also accurate for 
realistic collisions involving short collision times. 

In the next section we present an intuitive derivation 
of the approximation and in the third section we show 
that it is exact for the case of impulsive forces. In the 
first appendix we give a formal derivation of the 
approximation, and in a second appendix we discuss 
its application to the problem of a perturbed harmonic 
oscillator, a problem which can be solved exactly.* In 
this note we do not discuss any practical applications 
of our approximation, however it is clear that it may 
be useful in problems involving the interaction of a 
bound system with time-dependent external fields, or 
in collision problems where the incident particle 
essentially follows a classical path and therefore can be 
represented simply as a moving source of an external 
field. 


II. DERIVATION OF THE APPROXIMATION 


First we must introduce some notation. Our Schréd- 
inger equation is (#=1) 


rs] 
[Ho+tU+V (t)]|n,)=i—|n,t); |n,0)=|mn). (1) 
ot 

1G. F. Chew, Phys. Rev. 80, 196 (1950); G. F. Chew and G. C. 
Wick, Phys. Rev. 85, 636 (1952). 

2? We suppress all coordinate labels. V(t) will be taken to be 
zero for #<0 and to go to zero rapidly for large values of t. 

3G. Ludwig, Z. Physik 130, 468 (1951). 


Here Hp is the kinetic operator for all the particles, UV 
the binding potential, and |) is an eigenket of Hyp+U: 
(HotU) |n)=E,,|n). We will also need the kets | p,t} 
and |p} defined by 


; 
[Hot VII 2 =F— |p. |p,0}=|p}, (2) 


and Ho| p} =e, p}. 
We now replace (1) by the integral equation‘ 


D 


im) = | mest i f dt'Ky(t,t’)V(t')|n,t’), (3) 


0 


where Ky is the time dependent Green’s function for the 
operator Ho+U. From (3) we can derive the familiar 
result that the transition amplitude or S-matrix element 
is given by 


Sian =5mnn— if dt'(m| V(t’) | n,t’\e®m*’, (4) 


0 


The derivation of the time-dependent impulse ap- 
proximation now proceeds as follows: We first write 
down the Born approximation 


8) 


Sua? =bma—i f dt'(m| V(t’)| n)eiBm-En 
0 


and then, in the spirit of the impulse approximation, 
we seek to change it in such a way that if U’ were equal 
to zero, that then our approximation would be exact. 
The change which immediately suggests itself is to 
replace 
(m| V(t) |m)= 2p (m| V("')| p}{p| ») 
by 
Lip (m| V(t’) | ,t’}{p| meer"’, 


since one readily verifies that with this substitution we 
do get the correct result when U equals zero. Further, 
not unexpectedly, one also finds that if V is independent 
of time that our approximation is equivalent to the 
usual impulse approximation. Thus we are led to the 
time-dependent impulse approximation : 


a 
Sinn! =Smn—1t >. dt'(m| V (t")| p,t/}{ p| 2) 
7 
0 
XK etl Em—Entep)t’ (5) 


4R. P. Feynman, Phys. Rev. 76, 749 (1949). 
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TIME-DEPENDENT 


Ill. IMPULSIVE INTERACTIONS 
First we will derive the exact expression for the S 
operator and then we will show that our approximation 
yields the same result. Let us consider the Hamiltonian 
H+ V (t) where now we specialize V (¢) to be of the form 


V(ij=gW for O<t<T, zero otherwise. 


Here g measures the strength of the force and W is 
independent of time. For this Hamiltonian we then 
have the well known result that the S operator is given 
by S=S(T) where 


t 
S()=0 exp(—if vd’), (6) 


with ® denoting Dyson’s chronological ordering oper- 
ator and 


W (0) =e! oe iHot, 
We now pass to the impulse limit by letting g— « 
and T— 0 in such a way that gT=F stays finite. To 
this end we change variables in (6) from ?’ to r=gl’. 
Then letting g—> © we find for ‘=T 


PF 
S=@0 exp) -if W(0\dr) =exp(—iFW). (7) 
0 


In particular note that S is independent of Ho and 
therefore is also the S operator for our actual Hamil- 
tonian Hy>+U+V. That is, as one might expect, for 
impulsive forces the S operator is independent of the 
internal dynamics of the system. 

Now let us consider our approximation (5). Bringing 
expie,f’ inside the scalar product and replacing it with 
expiHl ot’, noting that | p,t’}=exp(—iHot’)S(t’)| p} and 
that idS(t)/dt= V(t)S(0) we find that 


, | dS(t') 
San! hunt f ae’ m| ewer 
0 | dt 


Ke 7 En Em) t 


Now again introducing 7 and letting g— © we find 


af |dS(t) | 
San! Sant f ar{m x) 
0 | dr | 


=5mn+(m|S(F)—S(0)|n). 
But S(0)=1, S(F)=S, and (m|n)=8mn So 
Smn! =(m|S|n), 


which is, as we have seen, the correct result. 
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APPENDIX I. FORMAL DERIVATION® 


We start from (3) and the analogous equation for 


Ip.) : 
| p,t) = | pyeint—i f aK(t)Ve)|p). (8) 


We now write |7,t)=>>,an(p,/) | p,t}, insert this on the 
right-hand side of (5) and rearrange as follows: 


ix f dt'Ky(t,’)V (t)an(p,t’)| p,t’} 
Pp 0 


=-i> f dt'K (t,t) V (t')an(p,t) | pt} 
Pp 0 
-i> fi aetKo(an(p, 
; —K(t,t’)an(p,t) V(t’) | p,t’} 
X}. 


«© 


dt'K (t,t!) V(t’ )an(p,t) | p,t’}+ 


0 


ithe, 


We now use (8) to write this as 


=Lpan(p,)L| p.t}— | pye*vt}+ |X} 
= |n,t)— Dp an(p,t) | phe ir! + | X}, 


so that (3) becomes 
O= | neat — Ty an Pyl)| Jem" |X}. 


Finally, using the orthogonality of the |p} we derive 
an integral equation for a,(,t) : 


an(p,t) = {p| n)eir-Em t+ { | Xpeiot, 


One now readily verifies that the inhomogeneous term, 
when used to approximate |#,/) and inserted into (4), 
gives rise to the time dependent impulse approximation. 
The integral equation then permits systematic improve- 
ment of this approximation. 


APPENDIX II. PERTURBED HARMONIC 
OSCILLATOR 
We consider a one dimensional harmonic oscillator 
subject to the perturbation V(x,/)=—gxf(i). This 
problem is of interest for testing the range of validity 
of our approximation because it can be solved exactly.’ 
Here 


(x| p} = (2x) exp(ipx), 


and one easily shows that 


>= p?/2M, 


(x| pt} = (2r)— exp{iLR()x—L(d) ]}, 


t 1 t (9) 
R)=P+ef f(t')dt’, Li=— f R*(t’)dt’. 
aa 0 2M J, 


5 For an analogous derivation of the impulse approximation see 
S. T. Epstein, Phys. Rev. 86, 836 (1952). 
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Unfortunately however we have not yet been able to 
calculate Sm»! for the general case (one can do all the 
integrals analytically except for the time integration). 
We have, however, been able to carry out the calcu- 
lation in the impulse limit and get the correct answer, 
thus providing a welcome check on the formal manipu- 
lations of Sec. III. We now briefly sketch this calcu- 
lation. From (5) with (9), or directly from (7) it follows 
that in the impulse limit® 


D 


Saa’= f dx hm*(x)e'?*h,(x), 


—2 


® This same integral, for obvious reasons, also occurs in the 
theory of the infrared catastrophe. See W. Pauli and M. Fierz, 
Nuovo cimento 15, 167 (1938), Eq. (18). 
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where ¢» and ¢, are harmonic oscillator wave functions. 
One can carry out the integration by use of the known 
result’ for Hermite polynomials that 


Ha(y)Ha(y) =>. 2k (") Ca. itil 


k=0 


m<n, (10) 


and the fact that /<..° dy Hx(y) exp(iyz—¥) is easily 
evaluated by performing Z integrations by parts. The 
sum introduced by (10) is then recognized as being 
proportional to an associated Laguerre polynomial and 
in this way one derives exactly Ludwig’s result. 


7 A. Erdelyi, et al., Higher Transcendental Functions (McGraw- 
Hill Book Company, Inc., New York, 1953), Vol. 2, p. 195. 
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Boson Furry Theorem 


D. C. PEASLEE 
Australian National University, Canberra, A.C.T., Australia 


AND 


M. T. VauGcun*t 
Purdue University, Lafayette, Indiana 


(Received October 12, 1959; revised manuscript received January 29, 1960) 


A Furry theorem for heavy mesons and photons is given for a class of highly symmetric interactions, 
neglecting the =-N mass difference. Because of this neglect most rules are only approximately valid, but 
a few depend on charge conjugation alone and are absolute. 


XTENSION of the Furry theorem! to heavy bosons 

has proceeded gradually from special to more 
general cases,?~* with considerable duplication and re- 
discovery along the way. We here base similar remarks 
on a separately described’ scheme of seven-dimensional 


* Assisted by the Air Force Office of Scientific Research. 
t Now at University of Pennsylvania, Philadelphia, Pennsy]- 
vania. 

1W. H. Furry, Phys. Rev. 51, 125 (1937). 

? Particular cases were considered by H. Fukuda and Y. 
Miyamoto, Progr. Theoret. Phys. (Kyoto) 4, 389 (1949); C. B. 
van Wyck, Phys. Rev. 80, 487 (1950); K. Nishijima, Progr. 
Theoret. Phys. (Kyoto) 6, 614 (1951); L. Michel, Progress in 
Cosmic-Ray Physics (Interscience Publishers, New York, 1952). 

3 General forms for pion and nucleon systems were given by 
A. Pais and R. Jost, Phys. Rev. 87, 871 (1952); L. Michel, Nuovo 
cimento 10, 319 (1953); T. D. Lee and C. N. Yang, Nuovo cimento 
3, 749 (1956); with applications to nucleon-antinucleon systems 
by D. Amati and B. Vitale, Nuovo cimento 2, 719 (1955); C. 
Goebel, Phys. Rev. 103, 258 (1956); S. Barshay, Phys. Rev. 109, 
554 (1958). 

4D. C. Peaslee, Nuovo cimento 6, 1 (1957) defines an analogous 
operator, essentially the A of reference 7, applicable to K mesons 
and baryons as well as pions and nucleons. 

5 R. E. Pugh, Phys. Rev. 109, 989 (1958), gives a Furry theorem 
involving pions, photons, and baryons. 

*G. Feinberg and R. E. Behrends, Brookhaven National 
Laboratory Report BNL-4090, 1959 (unpublished), give analogous 
considerations involving K mesons. 

7D. C. Peaslee, Phys. Rev. 117, 873 (1960). 


charge space: the conclusions are not all new, but there 
is some generalization of previous results, and the whole 
exercise shows how simple and compact is the seven- 
dimensional scheme for such purposes. 

The “antiparticulation” operator A defined in refer- 
ence 7 has the property that A?=1, and 


Ap=—(E-)*, AZ+=—(2-)*, 
An=(=), -A2*=(B-),, 
Ap=—¢, 
Ay=7, 


where ¢ is any meson field and y the photon. Invariance 
rules under A are valid only to the extent that the 
=-N mass difference A can be neglected; according to 
the scheme of reference 7 this mass difference has an 
“intrinsic” basis, while there is no asymmetry in the 
(unrenormalized) strong boson-fermion interactions. 
Thus A forbiddenness may mean reducing the matrix 
element of a process by only about A/M~20%; but 
this is sufficient to be of some practical importance, and 
in special cases the reduction in the matrix element 
could be of order (A/M)*. Invariance rules based on the 
charge conjugation operator C are of course exact 





FURRY 


Fic. 1. Virtual baryon loop, 
with mesons. 


(C valid); those based on the combined operator AC 
are only A valid, i.e., as approximate as those based 
on A.8 

Consider first a virtual baryon loop attached to any 
number N of real meson lines, as in Fig. 1. A contri- 
bution of equal magnitude comes from the same loop 
with YW — AW for the baryons. The relative sign of the 
two loops follows from A ¢=— ¢ and the fact that the 
1-, 2-, --- N-meson vertices’ are invariant under A: 
this relative sign is thus (—1), implying the rule 


N=even. (2) 


Any internal boson line would have two vertices on 
the baryon loop and leave this result unchanged. 

The restriction on Fig. 1 under C is less clear-cut 
and depends on the number of Ky mesons (CK,y= — K,4) 
involved; for V(K,)=even, the mesons in Fig. 1 must 
be symmetric? in + and —, while N(K3)=even to 
conserve strangeness. Then in combination with Eq. 
(2) we have the A rule 


N(K,4)=even, 
N(K3)=even, 

N(K*)=N(K-), 
N(xt)=N(x-), 
N (9°) = even. 


The other alternative, N(K,4)=odd, can be considered 
by examining in detail the forms of Tr(p:c*pi03- - -) 
associated with K+K3--- etc., according to the scheme 
of reference 7. One finds” that in fact V(K++K-+ Ks) 
=odd, N(x++2~-+7°)=o0dd; this is incompatible with 
Eq. (2), which makes this case A forbidden. 


8’ The one present experimental datum on A forbiddenness 
seems to show practically no reduction at all: the isotopic scalar 
part of the nuclear charge distribution p should be A forbidden 
relative ‘to the isotopic vector part, while approximate equality 
of the two is suggested by the observation that p(neutron)~0. 

® This statement takes all meson lines in Fig. 1 as outgoing; 
conversion to real situations is by ++ (out)=2* (in), and likewise 
for K*. There is no such distinction between incoming and out- 
going , K3, or Ky, although there would be for K® and K®. By 
“symmetric in + and —” is meant invariance on reversal ‘of 
charge sign for all charged mesons, without any other change in 
the (real or charge space) meson state function. This restriction 
can always be restated in terms of angular momentum and isotopic 
spin, by virtue of the mesons’ Bose statistics; such restatement is 
not germane to the present argument, however. 

1 For the one- and two-meson interactions of reference 7; 
presumably the N-meson interactions have the same property. 


THEOREM 


Fic. 2. Baryon-antibaryon 
annihilation. 


Equation (3) can be applied indirectly to baryon- 
antibaryon annihilation as follows: for any baryon- 
antibaryon state compute the minimum number WV of 
bosons that can be produced; higher allowed states 
follow by adding even numbers of mesons according to 
Eq. (3). This is illustrated in Fig. 2 for No=3: the 
baryon-antibaryon line is connected by No lines to the 
loop, which must have at least No free meson lines 
emerging, or a total of 2No=even for the loop. One can 
then add even numbers of external meson lines. 

A special example is the case of =-N annihilation, 
where by the exclusion principle the initial state has 


A=—P,PsPr= (—1)2+S+TH, (4) 


where the P are exchange operators. This must equal 
(—1)*%, where N is the number of emitted mesons. 
Here T=0 or 1 is the conventional isotopic spin of the 
(=N) combination. 

To Fig. 1 may be added external y-ray lines to yield 
the following, which are all A-rules with the single 
exception noted : 


(i) Equation (2) is unchanged for any n; 
(ii) for n= even, Eq. (3) is valid with symmetry 
of charged mesons; 
(iii) for »=odd, Eq. (3) is valid, but with anti- 
symmetry of charged mesons this implies 
a C-rule that not all charged mesons can 
vanish for n= odd, N (K4)=even. 


These are elementary modifications of Eqs. (2) and (3) 
according to A=+1, C=—1 for photons. The C for- 
biddenness of 2° — odd y is contained in (5 iii); the 
A forbiddenness!" of 7° — even y¥ is in (5 ii). One can 
see also that (diagonal) neutral mesons have no con- 
nection with odd powers of the electromagnetic field, as 
n°, K°— 9, K°+odd y is C forbidden by (5 iii) when 
the K° is identical on both sides; on the other hand 7°, 
K® — 7°, K°+ even y is not forbidden at all. Since the 
absence of N(K4)=odd terms is merely an A rule in 
the above, K,«+ K3+ odd ¥ is in principle only inhibited 
but not forbidden, suggesting a possible interaction form 


eA, f(D?) gs pgs 939 .¢4 ] 
_ ss = eA, f(D?) e*0,e— dO, ¢* ¢], 
1 J. Tiomno, Nuovo cimento 6, 255 (1957). 


(6a) 
(6b) 





PEASLEE 


Fic. 3. Electromagnetic 
interaction of A (or 2°). 


where ¢=(¢3+i¢,)/V2 represents a K° meson. Elec- 
trical neutrality of the K® assures by Eq. (6b) that” 
{(0)=0 but tells nothing about higher moments." If 
(G3?) does not vanish identically, the possibility exists 
of & — @' conversion by atomic Coulomb fields; it is 
unlikely to be observable, however, according to the 
discussion in the Appendix. 

The combined operator (AC) is of interest in appli- 
cation to A and 2°, which are eigenfunctions of (AC). 
Consider Fig. 3, in which the “closed loop” consists of 
a baryon and boson, with two external baryon lines. 
The relative signature of the loop under the operation 
AC follows by applying AC to external lines, since all 
vertices are invariant: (AC)*=+1 for the two baryon 
lines, so that the signature is (—1)", where m is the 
number of photons. Thus an A rule is 


n=even, 


which implies vanishing magnetic moments*:>. (first 
order electromagnetic effect) for the A and 2°. The same 

2 The authors thank Professor K. M. Watson for a helpful 
discussion. 

BIf L=d,¢9*d0,e+¢¢*~y were an adequate Lagrangian for the 
K® meson, then f((*)=const would be required for gauge in- 
variance; in particular, {(0?)=/(0)=0. Because of strong inter- 
actions with baryons, however, £ is inadequate to give the correct 
K® propagator, and considerations of gauge invariance are less 
immediate: see for example N. N. Bogoliubov and D. V. Shirkov, 
Introduction to the Theory of Quantized Fields (Interscience 
Publishers, New York, 1959), Chap. 7. The perturbation expansion 
of the K® change-current vector on the basis of a gauge invariant 
baryon-photon interaction yields a form like Eq. (6). 

4H. Katsumori, Progr. Theoret. Phys. (Kyoto) 18, 375 (1937). 


AND i. Fs 


VAUGHN 


procedure also leads®" to 
w(2+)+u(2-)=n(E-)+u(p)=u(=")+u(n) =0. 


Of course all these conclusions are only A valid. 


APPENDIX 


If interaction (6a) is present, 6° — 6' conversion can 
be induced by atomic Coulomb fields.'® Write 


f(O*)= fot fe(O?/M*)+ fa(O4/M*)+---, (Al) 


where fo=0 as remarked in the text, and M~1.1 Bev 

is the baryon mass. The matrix element of the second 

term in (A1) for conversion in the Coulomb field of a 
nucleus of charge Z is 

4 foZe(k+hk’),(K+K’), 

n= —— -— — a (A2) 


(16ww'20’)! M? 


where k,, k,’ and K,, K,’ represent the initial and final 
states of @ and recoil nucleus, respectively, and a, w’, 
0, 2’ are their time-like components. Taking (K+K’), 
= 20~20'>(K+K’); we have 

IM = 4 foZe?/ M?. (A3) 
The corresponding conversion cross section is 

o=7a’ 
|a! =4f.(Zée Mc*)(Eo/Mc*) 
=5X 107% f.ZE, (Bev), 


(A4) 


where a is in fermis (10—- cm). For a Pb target and 
Eo~1 Bev, this is |a| ~0.4 fo; but the amplitude for 
nuclear conversion is presumably on the order of the 
nuclear radius, |a(nuclear)|~R=8 fermi. Thus Cou- 
lomb conversion seems scarcely feasible to observe if 


| fo| S10. (AS) 
Although nothing is known about the value of fo, one 
could hardly call it anomalous offhand if | f2|~0.1 to 1. 


18Qne-photon conversion can involve only scalar photons 
because the @ has spin zero. 
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This theorem is proved: For finite charge renormalization constant Z;~', the form factors describing any 
vertex with two particles on the mass shell must vanish at infinite momentum transfer. The relation of 
this result to the work of Lehmann, Symanzik, and Zimmermann is discussed. 


I. INTRODUCTION 


N constructing dispersion relations it is necessary to 

answer, among other things, the question of how 
many subtraction constants are required. Mandel- 
stam’s' representation tells us unambiguously what 
constants must appear for any process involving four 
external particles. However, for the simpler three- 
particle vertex function this question still remains 
unanswered. Here we wish to point out the following 
simple statement: For finite charge renormalization 
constant Z;~', the form factors describing any vertex 
with two particles on the mass shell must vanish at 
infinite momentum transfer. Consequently, no sub- 
traction constants are required, and the unsubtracted 
form of dispersion relations may be used for such form 
factors. 

Lehmann, Symanzik, and Zimmermann? have shown 
that the usual vertex function of quantum fieid theory 
must satisfy a condition which implies that it vanishes 
at infinite momentum transfer, independent of any 
assumption on Z;"'. Their result differs from the one 
presented here in that the form factors of dispersion 
theory are not the same as the vertex functions of 
field theory. The usual vertex function is defined as the 
sum of all proper vertex diagrams, while the 
conventional form factor includes all diagrams— 
including improper ones—contributing to the blob of 
Fig. 1. The form factor, therefore, includes all graphs of 
the type shown in Fig. 2. These additional self-energy 
blobs reduce to unity for external particles on the mass 
shell; hence, for the veriex usually of physical interest, 
where particle No. 1, for example, is virtual, only blobs 
on the No. 1 leg remain. Since these contribute a factor 
Z;* when particle No. 1 carries infinite momentum 
transfer, the LSZ result implies simply that 


F(¢) ‘Z;—>0 as 


= oO, 


where F is the form factor and g? the momentum 


iS. Mandelstam, Phys. Rev. 112, 1344 (1958), and to be 
published. 

2H. Lehmann, K. Symanzik, and W. Zimmermann, Nuovo 
cimento 2, 425 (1955). Their proof has recently been carried 
through explicitly for the specific case of photons and electrons 
by L. E. Evans (to be published). 


Fic. 1. Dispersion theory 
diagram for form factors; 
the blob includes proper 
and improper graphs. 


transfer. Thus, in order to obtain a statement about 
the physically measurable function F, a statement on 
Z;" is required. If, however, one is willing to make an 
assumption about Z;"', the result that F +0 can be 
obtained directly with much greater ease than required 
by the development of LSZ. 


II. PROOF BY SCHWARTZ INEQUALITY 


In order that any given form factor satisfy an 
unsubtracted dispersion relation, it is necessary that 
the imaginary part of it vanish at infinite momentum 
transfers; consequently, we shall begin with a study of 
the properties of these imaginary parts. We shall 
concern ourselves explicitly with the nucleon electro- 
magnetic form factors, since at present these are 
receiving the most attention in the literature; but it 
will be evident that the same discussion may be applied 
to the form factors associated with any three particle 
vertex. 

The nucleon form factors, F; and F2, are defined by 


GEE,” | Vhs (7°) Fo poqrl o( ¢ ) Up’) 
L ply’ 


=(pp'| ju(0)|0), (1) 


where g=p+)’ is the four momentum of a virtual 
photon in the reaction y— N+N. p and 9’ are the 
four momenta of the nucleon and antinucleon, respec- 
tively; E, and E, are the corresponding energies. 
(pp’| denotes an ingoing Heisenberg state of the 
indicated nucleon-antinucleon pair, |0) is the Heisen- 
berg vacuum, and finally 


ju(x)=OA,(x), 





(7, 
@® 


Fic. 2. Diagram for form factors with the blob of Fig. 1 separated 
into proper vertex and self energy parts. 
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where A,(x) is the renormalized Heisenberg electro- 
magnetic field operator.’ 

As we have stated above, what will concern us now 
are the functions ImF; and ImF:; these are defined as 
follows’: 


—(a,|ImF yy,+ImF 20,,9,| 0p’) 


(4E,E,’) | 
(p| jn (O)vp|n™) 
o—_Timea—o——__—_—— 

; (2E,’)! 


X(n™| ju(0)|0); (2) 


here 
jn (x) _ (iy wVp —M Ww (x), 


where ¥(x) is the renormalized Heisenberg nucleon 
field operator. The sum runs over a complete set of 
Heisenberg states |); we have for convenience chosen 
those with ingoing boundary conditions. Equation (2) 
may be rewritten as 

1 


- —(t,|ImFyy,+ImF.27,,4,| 0p") 
(4E,E,,)! 


= —} bs An* dn, 


n 


(3) 


with the help of the definitions 


Bes 
an*=[ (2n)'5*(Pa—q)}-—— {| ju (Ot |), 
PE. 


“l’p 


bn, =[ (2) *64(P,—q) ]n@ | 7,(0) | 0). 


(4) 


From Eq. (3) it is evident that a bound may be placed 
on ImF; and ImF, by the use of Schwartz’s inequality, 
viz., 


1 2 
———_ } | (a, | Im w,+ImF 2,,9,|0,') |? 
foes) . 4 4 


<(Xlan|?)(X| bn/2)= [lal 


(5) 


We shall obtain some conditions on the asymptotic 
behavior of ImF; and ImF; by examining the inequality 
(5) as g?— «. Equation (5) presents a useful bound 
because of the possible limits on the right-hand side. 
By (4) we see that ||a||? is proportional to the total 
section for a nucleon-antinucleon collision in 
specified angular momentum channels according to the 
selection rules and is limited by unitarity; |}d||? is 
proportional to the weight function for the photon 
propagator and is limited by what we say about Z3. 
First, however, it will be convenient to rid ourselves of 
the spinors and Dirac matrices by summing Eq. (5) 
over the spins of p and p’, and the index yu. This oper- 


cross 


3 We follow here the notation and spinor convention of S. D. 
Drell and F. Zachariasen, Phys. Rev. 111, 1727 (1958). 
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ation replaces the left side of (5) by* 


1 2 
(—) Spl (p+ M)(ImF yy,+ImF20,,4,) 
(4E,E,’)! 


X (p’— M) (ImF yy, +ImF 2,,4,) | 
= — (4/¢){¢(ImF,—4M ImF,)* 


+2(M ImF,—¢ ImF,)"}, (6) 
where we have chosen the center-of-mass system p 
=—p’, and P= Piru , 

On the right-hand side of (5) it is necessary to 
evaluate > spins||a||? and >, |/5||?; we first discuss the a 
term. Explicitly, we have 
X Ila\i? 
spins 

; (n™ | By jn(O)| p)|? 
= 2 Dd (2n)8*(P,—g)——_;;._ (7) 


spins n 2Ey 


since the scattering matrix for the reaction VN+N— n 


1S 


1 
T a, pp’ =———(n© | 0» jn (0)| D), 
pp (2E,,)3 p 
this reduces to 


= l|a||?= _ > (29r)*54(P.—q) r. op’ |? 


spins spins n 


=vor((q)!) (8) 


where o7((g’)') is the total nucleon-antinucleon annihi- 
lation cross section at a total c.m. energy (¢)!, and 
v=[(¢—4M?")/¢]! is the relative velocity of the 
nucleon and antinucleon in the c.m. system. One 
further observation on Eq. (8) will be useful—that is, 
that in Eq. (2) it is evident that the only states which 
contribute are those with total angular momentum one 
and even parity in the c.m. system. The same is 
therefore true in Eq. (7); thus, or((¢*)') is actually just 
the nucleon-antinucleon annihilation cross section for 
the 3S, and *D, states of the VN system. 

Next, consider the } term: Here we have to evaluate 


Dalld\?= DL. Di n( 2) 54 Pn—q) (n‘ - (9) 


Now (n@| j,(0)|0)=P,%n™ | A,(0)|0); furthermore, 
recall that the definition of the weight function in the 
spectral representation of the photon propagator is just 


o(P)=—F L (2x)*%*(Pn—g)Ln|(n|A4(0){0)|?. (10) 
nly 


4 Note that while it is true that the sum over u is to be made 
in accordance with the usual convention 


AyAy=A:Ai— Az A,— AyAy—A:Az, 


the inequality which was expressed in Eq. (5) is not destroyed 
by summing over yu. This is because both sides of Eq. (5) are 
positive definite, while both sides of Eq. (6) are negative definite 
after summing over u; hence, the direction of the inequality is 
reversed upon summing on uz and reversed again upon multiplying 
by the minus sign this sum produces in each side. 


ju(O)|0)|*. 





HIGH-ENERGY LIMIT OF 


Putting this together, we see that 
> Iloll2= — (3g) [2m (g2) J. (11) 


Finally, inserting Eqs. (11), (8), and (6) into (3) we 
have the result 


(4/q){q2(ImF,—4M ImF;)?+2(M ImF,\—¢ ImF;)?} 
<6mq'| (g?—4M*)/¢ Por((g?)o(g?). (12) 


Consider what happens in (12) when ¢ is allowed to 
approach infinity. On the right-hand side gor((q)') 
<|L| where |L|<©, since o is the cross section for 
two partial waves only, and is therefore bounded by 
unitarity in the physical region g’?>4M?*. Furthermore, 
we have 


Z7=1+ f p(q*)dq; (13) 


therefore, since p is positive definite, if Z;~' is finite, 
qp(q’) > 0. As g — &, then, (12) becomes 


[ (ImF,)?+2¢?(ImF2)?— 12M ImF, ImF2]<0, 


which means (qg*)! ImF;—0 and ImF,— 0. To con- 
clude, then, the finiteness of Z;~' forces the vanishing 
of ImF, and ImF; at ~.° 

The statement that ImF; vanishes as >, 
incidentally, does not of itself require that the entire 
form factor F; vanishes as well, although we shall show 
in IV that this result is also a consequence of the 
finiteness of Z3;7 


III. LSZ PROOF 


At this point it is convenient to insert a brief dis- 
cussion of the work of LSZ? on the vertex function of 
field theory. In Sec. II we have shown, and in Sec. IV 
we shall show directly that in order to ensure the 
vanishing of the form factor, for example in quantum 
electrodynamics, at infinity, it is necessary that Z;~' be 
finite. LSZ show that the vertex function vanishes at 
infinity with no restrictions on Z;"'.6 The difference 
between these results is easily stated; the vertex 
function T° of field theory is related to either form 
factor F, or F2 of dispersion relations by 


Dri *) 
Fisl@)=— we »(@). 


Dr 
5 For the three-boson vertex it is necessary to make the stronger 
assumption that the self mass, 


‘p(@)gtdg’, 


is finite in order to assure the vanishing of the form factor as 
g — ~. This is easily seen because Eq. (6) iacks the ¢ from the 
spur for the three-boson case, and, therefore, takes the form 
(1/ /q@){ImF (g*) ? when F is the three-boson form factor. 

* They must assume the absence of “‘ghosts,” i.e., the positive 
definiteness of the spectral function p; this is an assumption we 
used implicitly in Sec. II also. S. Weinberg has recently shown 
(private communication to be published) that their proof is valid 
even if subtractions are required in the representations of the 
propagator. 
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Here Dp; is the complete renormalized propagator of 
the photon, and Dr=1/9’. Thus, as g— ©, we have 


lim F(¢)=Z; lim T'(¢’), 


go 


(14) 


gs 


since Dr:/Drp > Z; asg’— ~. Therefore, a vanishing T 
only insures a vanishing F provided Z; is finite. 

The LSZ proof of the vanishing of I uses the fact 
that the spectral function p of Eq. (9) is bounded below 
by the contribution of only the two-nucleon states in 
Eq. (9), and the contribution of the two-nucleon state 
is proportional to Dr;*I, so that if Dr: is replaced by 
its expression in terms of the spectral function p an 
integral condition results for ! which requires [0 
asg— &, 

However, this proof, which is a bit involved, is 
involved only because of the reappearances of Dry, in 
the two nucleon contribution to p. If Dri is replaced 
by just DrF, then conditions may be obtained on F, 
which is after all the interesting quantity, with much 
greater ease. 


IV. SIMPLE PROOF 


By adapting the LSZ approach to the dispersion 
theory form factors, we can obtain an even stronger 
statement on their infinite g®? behavior than that 
achieved in II. Recall the form of the spectral function 
for the photon propagator; namely, 


e(g)=—} DX (2r)5*(P,)2E,5(E?— 9") 


nly 

x2 (n™ | A,(0)|0)|*. (15) 
This is a sum of positive terms, in spite of the indefinite 
metric associated with the polarization sum. It is, 
therefore, bounded below by the fermion antifermion 
term alone. The contribution of this state in >>, is 


_ 4 
~) | (F,—4MF,)° 


2M? ¢ 
- (*.- —F; 
¢ M 


p” (q?) = 


y}, 


in terms of the electromagnetic form factors of the 
fermion, defined as usual by 


1 
—(tip| Frypt Feo y09>| 0p’) 
(4E,Ey)! pif 1Yp u P | 
=(pp' | ju(0)|0). 
Here j, is the photon current, given by 
ju(x)=DA, (2), (18) 


where A,(x) is the renormalized Heisenberg field 
operator of the electromagnetic field. 


(17) 
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Now since 


Zs =1+ f(g" hdq"> 1+ fo (a")ay", (19) 


it is clear that if Z;-'<«, then it is necessary’ that 
Fi O0and fF, >0as¥— ~. 

This condition is actually stronger than the one 
obtained in II, in that here we get the entire form 
factor F 0, not just the imaginary part. 


V. CONCLUSION 


Thus far our discussion has been limited to the 
statement, “if Zs'<o, then .’ The critical 
question then is whether Z;~ is or is not finite. We 
shall certainly not answer this question; nevertheless, 
a few comments may be appropriate. 

The form factors were defined by Eq. (1); application 
of the contraction rule to the matrix element on the 
right side of (1) yields 


1 e | 
(pp’ | j,(0)|0)=— («, Yu tr) 
( i pi»)! Zs | 


1 


— 4———_- 


(2E,)! 
X(p| Lin (x), ju(0)]|O)ry-. 


The first term in (20) gives a contribution of e/Z3 to 
F,(q*). If it could be shown that the integral in (20) 
vanished as g?—> ~, then one would find F;— e/Z; 
as g— ©. This is consistent with our result that a 
finite Z;"' implies F; > 0 for ¢@— @ only if Z;=, 
i.e., Zo *=0. 

7 As remarked in S. G. Gasiorowicz, D. R. Yennie, and H. Suura, 


Phys. Rev. Letters 2, 513 (1959), this is not a sufficient condition 
for finite renormalization constants. 


d4x e'?’-*n (x9) 


(20) 
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The integral in (20) can, of course, be evaluated 
explicitly : 


t 


— fate e'P’-=n(x0)(p [jn (x)v, ,ju(0) }|0) 


1 ( (23) %6*(P,—a)(p jn(0)v,-| nn} 7,(0) 


(2E,)i’= | 


5. #.-Ey is 
(2m)*53(P,,—p’)(p| j.(0) | nn jn(0)0,’ 0) ) 
a # " 


I 


(21) 


One could now choose a coordinate system with p=0. 
Then 
Ey =(¢—2M?)/2M, 


(22) 


so as g?—> «, the denominators in (21) go to infinity. 
This, of course, does not show that the entire expression 
vanishes as g? — ©, for two reasons. First, the numer- 
ator depends on g through the momentum delta 
functions, and it could be that the numerators diverge 
as g’— © also. Second, there are an infinite number 
of terms in Eq. (28) for g=, and even if each term 
in >-, did vanish as g?—> ~, there would be no guaran- 
tee that the sum on # also vanished. Such a conclusion 
would require the uniform convergence of the series in 
(21), a property which is by no means obvious. 

Attempts to show that at least one renormalization 
constant is infinite have been made by making a second 
contraction in (20). This question is presently under 
active discussion.7® 


§ Looking just at (20) and (21) there is nothing to prevent the 
integral in (20) from approaching a finite limit —e/Z; as g@— ~. 
This means F;(¢) — 0, which is consistent with the possibility 
of the finiteness of Z;"". We were unable to see any further light 
being cast on this problem by a second contraction. See G. 
Kiallén, in Encyclopedia of Physics, edited by S. Fliigge (Springer- 
Verlag, Berlin, 1958), Vol. V, Part 1, Sec. 47. 
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The double-dispersion representation is applied to the problem of pion-pion scattering, and it is shown 
that, if inelastic effects are important only at very high energies and S-wave scattering dominates at low 
energy, a set of integral equations for the low-energy amplitudes can be derived. The solution of these 
equations depends on only one arbitrary real parameter, which may be defined as the pion-pion coupling 
constant. The order of magnitude of the new constant is established, and a procedure for solving the integral 
equations by iteration is outlined. If P-wave scattering is large the equations become singular and must 
be modified. Such a modification can be performed, at the expense of introducing an extra parameter, but 


is not considered here. 


I. INTRODUCTION 


T has become evident in recent times that no further 
substantial progress will be made in the theory of 
strong-interaction phenomena involving pions and 
nucleons until something is understood about the 
pion-pion interaction. Previous theoretical work on this 
problem has lacked a framework in which to make 
plausible approximations, so the results of past calcula- 
tions are not considered reliable. Recently, however, 
one of us has proposed a generalization of dispersion 
relations that allows the simultaneous extension of 
energy and momentum transfer variables into the 
complex plane.' If the double-dispersion representation 
is accepted as correct, it becomes possible to formulate 
an approximation method for elementary-particle 
scattering at low energies that is extremely plausible. 
We propose in this paper to apply the new method to 
the pion-pion interaction. 

The underlying motivation for the new approach is 
the property of an analytic function that its behavior 
in a limited region of the complex plane is dominated by 
nearby singularities. This circumstance is the basis of 
all “‘effective-range” theories for partial-wave scattering 
amplitudes. Effective-range theory leads to approximate 
formulas for partial amplitudes, valid in a small range 
of energies, that include nearby poles and_ branch 
points but ignore distant singularities. These formulas 
approximate the influence of the neglected singularities 
by arbitrary constants to be fitted by experiment. The 
content of the double-dispersion representation is 
essentially to give the location and character of all the 
singularities of a scattering amplitude as well as the 
behavior at infinity. Armed with this information, one 
may extend the usual “‘effective-range” approach so 
as to reduce drastically the number of free parameters. 
Of course one can never include all the distant singulari- 
ties, but in the pion-pion problem the first difficult 

* This work was supported in part by the U. S. Atomic Energy 
Commission and in part by the Air Force Office of Scientific 
Research of the Air Research and Development Command. 

t Now at Department of Mathematical Physics, The University 
of Birmingham, Edgbaston, Birmingham 15, England. 


1S. Mandelstam, Phys. Rev. 115, 1741, 1752 (1959). Also 
Phys. Rev. 112, 1344 (1958). 


branch point occurs at such a high energy that we 
believe the omitted effects can to a good approximation 
be absorbed into one or two real parameters. If all 
phase shifts for />0 are small, a single parameter 
suffices. 

In the conventional Lagrangian formulation of field 
theory an independent constant appears in the pion-pion 
interaction, so one may be tempted to regard an 
effective-range approach with a single free parameter 
as the equivalent of a complete dynamical calculation. 
We prefer not to delve here into this very difficult 
question of principle but leave to the reader the 
theoretical interpretation of the constant \ that is to 
be introduced. Our definition of \ will be unambiguous 
from the experimental point of view. 

As the price for including more of the nearby singular- 
ities than is usually attempted in effective-range 
theories, we shall have to solve nonlinear integral 
equations to find the pion-pion scattering amplitude. 
These equations will perhaps seem complicated, but 
they can be put into a form amenable to numerical 
solution. The results of the numerical solutions for 
various values of \ are given in the following paper. 
The equations are, strictly speaking, singular, and may 
possess a class of solutions which cannot be’ obtained 
by this direct procedure. We shall defer consideration 
of such solutions to a later paper. 

Il. SYMMETRIES AND KINEMATICS 

Pion-pion elastic scattering may be represented by 
the diagram of Fig. 1, where the ingoing four-momenta 
and isotopic-spin indices are (pi,a) and (2,8) and the 
outgoing are (—3,y) and (— p,,6).? It is convenient for 


BX 


Fic. 1. The pion-pion inter- 
action, r+ r+. 


, 
¢ . 
8a 2,8 


? The isotopic indices a, 8, y, and 6 can each assume the values 
1, 2, or 3. The value 3 corresponds to the neutral pion, while 
linear combinations of 1 and 2 correspond in the usual way to 
charged pions. 
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discussions of symmetry to use a notation in which all 
momenta are formally directed inward, although in the 
physical region p; and f» are positive timelike, with 
ps and p, negative timelike. The convenient invariant 
dynamical variables for the double-dispersion represen- 
tation are the squares of the total center-of-mass 
energies for the three reactions: 


I. (pia) + (p2,8) — (— psy) + (— ps6), 
II. (pije)+ (p45) > (— p2,8)+(— 3,7), 
III. (p1,a)+ (ps,v) — (— p2,8)+ (— pa,6). 
Thus we define 
S= (pit po)*= (pst ps)? =4(P +2"), 
u= (pit ps)?= (pot ps)? = — 2¢°(1+cos8), 


(11.1) 


pe (II.2) 


t= (pit ps)*= (pot ps)? = —2¢*(1—cos8), 
where q is the magnitude of the three-momentum and 
6 the angle of scattering in the barycentric system 
Note the important supplementary condition 


stit+u=4,p’, (II.3) 


which means that only two of the three variables s, /, 


“ are independent even when extensions are made into , 


the complex plane. 

Since isotopic spin is conserved and the three values 
I=0, 1, 2, can occur, we expect to have three independ- 
ent invariant functions of s, ¢, u. These functions are 
conveniently introduced by writing the complete 
amplitude as 


A (s,t,1)5a95ya+ B(s,t,4)baySas+C (5,t,4)basdpy- 


Crossing symmetry leads at once to the relations 


(1T.4) 


A-—A 


(II.5) 


i> s=—* 6, 


BC 
A—B 
coc 


s —t, u—4u, (11.6) 


A—C 


(11.7) 


}s >, §—> 7. 
B-B 


The first of these relations simply expresses the Pauli 
principle, but the remaining two place a powerful new 
condition on the combined energy and angular depend- 
ence of the amplitude. Such a condition, even though it 
arises from very simple considerations, is not known 
outside field theory. 

An elementary calculation gives the connection 
between A, B, C and the three amplitudes A! corre- 
sponding to well-defined J spin: 


1°=3A+B+C, 
A'=B-C, 
A?=B-+C. 


(11.8) 


S. MANDELSTAM 


At this point one may verify that (II.5), together with 
(II.2), means that only even powers of cos# appear in 
the amplitudes for 7=0, 2 and only odd powers of 
cos@ for J=1. The implications of (II.6) and (II.7) 
are much more subtle, as we shall see later. 

The unitarity condition on the pion-pion amplitude 
is most usefully expressed in terms of the partial-wave 
expansion of the amplitudes A’ when these are con- 
sidered as functions of g® and cos@: 

Al(?,co™= > (21+1)A 


leven, ]= 
l odd, ca 


(1(g?)P,(cosé). (II.9) 


Unitarity allows the partial amplitudes A‘/(g?) to be 
written in terms of phase shifts 5,’ according to® 
Al(g?)=((q?+u?)*/q] exp(i6/) siné/, 
where the phase shifts are real for g?< 3”, the threshold 
for inelastic scattering with the production of two 
additional pions.‘ At higher energies the phase shifts 
are complex, but the content of (II.10) can generally 
be expressed by the relation 


ImA OF = q/(q?+w?)* JRO! A(T (g?) 3. 


Im(A)-'= —[9/(g°-+u?)*JR/, 


where R/ is the ratio of the total to the elastic partial- 
wave cross section. 


(11.10) 


(11.11) 


III. THE DOUBLE-DISPERSION REPRESENTATION 


A prescription for extending the scattering amplitude 
to complex values of s, ¢, and #, subject to (II.3), has 
been given by one of us.' This rule is embodied by the 
representation® 


4 52 ¥ t’) 
Asiw==, f fevae— dt’ LS 
(s! —s) sr —{) 
A 4x.(u’,s’) 
+— = f fev conned 
(s’—s)(u Faw 
1 At (t',u’) 
+— Jf facaw- ——., 
a (u’ —u)(t'—1) 


where the integrations in the primed variables extend 
in each case over regions of the positive real axis 
extending to infinity, and the weight functions A, 
are real. The functions B and C have similar representa- 
tions, but the crossing conditions tell us that only two 
out of the total of nine weight functions are independent, 
with one of these a symmetric function of its two 


(IIT.1) 


3 The normalization of (I1.10) is arbitrary, but the dependence 
on g follows from the Lorentz invariance of the S matrix. 

4 Production of any odd number of pions is forbidden by the G 
parity of T. D. Lee and C. N. Yang, Nuovo cimento 3, 749 (1956). 

5 As shown in reference 1, the correct x-x representation 
probably requires also single dispersion integrals and an over-all 
subtraction term. See the remarks below, following Eq. (III.5), 
in this connection, as well as those following (IV.7). 
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arguments. In particular, in order to satisfy (11.5), 
(11.6), and (II.7), we require 
p(x,y) eal 1.2(x,y) - Agu(y,x) - Byt(y,x) -” Biu(x,y) 
=Cou(x,y) =Cruly,2), 
ps (,¥) = ps(y,x) = A tu(2,y) = Bou (x,y) =Car(2,y). 
The region of the (x,y) plane in which the weight 
functions fail to vanish is bounded by x=4y? and 
y=4y’, but the region is not rectangular. According to 
the rules developed by one of us on the basis of perturba- 
tion theory,' the boundary is given by the curves, 


+= 16u*y/(y—4u?), for 


(III.2) 


x>y, 
and 


(III.3) 


y=16p?x/(x—4y?), for y>x, 


as shown in Fig. 2. The large distance to the boundary 
from the corner, y=x=4y?, is associated with the 
absence of a three-pion vertex and considerably simpli- 
fies our problem. The absence of a three-particle ver- 
tex also is responsible for the absence of poles in (III.1).® 

A point of maximum symmetry in the s, ¢, # variables 
is the nonphysical point, s=/=u=4y?/3, where A, 
B, and C are all real and equal to each other. It is 
appropriate then to introduce the pion-pion coupling 
constant \ through the definition’ 


— B($u?,$u?,$u") 
=—C(4p 


A= —A( $u?,$u?,gu) = 
*$m",$u’). (III.4) 
It follows from 
have 


(11.8) that at this symmetry point we 


A°=—5\, A'=0, A?=—2). (III.5) 


Simple relations involving the derivatives at this point 
are also easily obtained and will be discussed in a 
later paper. 

Normally a coupling constant is defined through the 
residue of a pole, but here there are no poles. The new 
constant \ may be explicitly introduced into (III.1), 
if desired, by making a subtraction at the symmetry 
point. Subtractions are probably necessary to give a 
meaning to the double-dispersion representation (III.1), 
but we only need this expression in order to locate the 
singularities of the scattering amplitude. Thus we 
proceed at once to consider the analyticity properties 
of the partial-wave amplitudes A‘!(g?), which can be 
correctly obtained by inspection of (III.1). 


IV. ANALYTICITY PROPERTIES OF THE 
PARTIAL-WAVE AMPLITUDES 


In this paper we shall concentrate most of our 
attention on the low angular-momentum states. In 


6 We assume that there exist no strongly interacting particles 
with the same quantum numbers as a pair of pions. If such a 
particle should be found, corresponding poles must be added to 
(III.1), whether or not the new particle is interpreted as a two-pion 
bound state. 

7 This \ is, in conventional terminology, a renormalized un- 
rationalized coupling constant. It corresponds to a term in the 
Lagrangian of the form 417A (¢,¢,)*. 
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™—x representation 
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principle, the approximation scheme based on the 
double-dispersion representation does not consist of 
taking more and more angular-momentum states into 
account—such a procedure would be inadequate 
owing to the failure (to be discussed below) of the 
Legendre expansion to converge in the unphysical 
region. It will therefore ultimately be necessary to 
calculate the spectral functions in (III.1),so as to include 
effects of all the angular-momentum waves. An approxi- 
mation scheme for calculating the spectral functions 
can be worked out and was outlined in reference 1. 
Even if the spectral functions were known, however, 
it still would be necessary to treat separately the low 
angular-momentum states. The reason is that, when 
the single-dispersion integrals are included in (III.1), 
the absorptive parts of the low angular-momentum 
states will no longer be determined by the spectral 
functions, as has been explained in reference 1. We 
shall see below that, because of special properties of 
the x-r system, the calculation in the lowest approxima- 
tion can be based entirely on the low angular-momen- 
tum states. 
From (IT.9) it follows that 


+1 


1 
AMG) = f d cosé A'(q?, cos8)P;(cosd), (IV.1) 
1 


so that, in view of (II.2), the projection of a given 
partial wave amounts to an integration at fixed s over 
either di or du. The two variables, ¢ and u, each cover 
the range between 0 and —4g?, moving in opposite 
directions. It is straightforward, then, by inspection 
of (III.1) to establish the nature and location of the 
singularities of A“! (g*) in the g? complex plane.® 

It is obvious, first of all, that all the singularities lie 
on the real axis. Next it will be recognized that there 
are three séts of branch points. The first set is associated 
with the vanishing of denominators containing s, with 


“eit is » eet. of course, to carry out the integration over 
d cos@ in (IIT.1) explicitly. 

®*With urequal masses, as in pion-nucleon scattering, the 
singularities in the partial-wave amplitudes do not all lie on the 
real axis, but they can be located without difficulty. See, for 
example, S. W. McDowell, Phys. Rev. 116, 774 (1960). 
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the lowest branch point occurring at g?=0, the threshold 
of the physical region. The next branch point of this 
set will be at g?=3y?, the threshold for producing two 
additional pions, and so on. It is evidently appropriate 
to choose a cut running along the positive real axis 
from 0 to «. We shall refer to this as the “‘right hand” 
or “physical” cut. 

The other two sets of branch points are associated 
with the vanishing of denominators containing ¢ or u 
and are coincident, lying on the negative real axis. 
The first pair of branch points is at g?=—w?, the 
second at g?=—4y*, etc., the spacing being the same 
as on the positive axis. A second cut may then be 
chosen to run from —y? to — © ; this will be called the 
“left hand” or “unphysical” cut. 

Finally it should be recognized that our partial-wave 
amplitude is a real analytic function of g*, whose 
boundary value as the physical cut is approached from 
above is the complex physical amplitude, but which is 
real in the gap between — yz? and O on the real axis. 
The discontinuity in going across either cut is twice the 
imaginary part of the limit as the cut is approached. 
The required imaginary part is given for the right-hand 
cut by (IT.11). 

The calculation of the imaginary part on the left- 
hand cut is much more involved, as the unitarity 
condition cannot be used for negative values of gq’. 
We shall have to use crossing symmetry to obtain the 
imaginary part on the left-hand cut in terms of that 
on the right-hand cut, and the most convenient way to 
handle this problem is in terms of the absorptive parts 
for the three reactions, I, II, and ITI, defined in reference 
1. 

The absorptive parts A,, B,, and C, may be identi- 
fied with the imaginary parts of the corresponding 
amplitudes in the physical region of reaction I, s>4y? 
or g?>0. Similarly, the absorptive parts with subscripts 
t and # are equal to imaginary parts in the physical 
regions of reactions II and III, respectively. These 
will be regions of negative g*. It is possible to deduce 
from (III.2) the following crossing rules, which corre- 
spond to the relations (II.5) to (I1.7): 


A,— A, | 
B,C, 
C.— B, 


1,— B, | 
Bi As for s—l, 
Cy —C, 


for tu, 


and 
Ay,-C, 
B,— B, 
Cy. A, J 


for sou, tt. 


(IV.2) 


The other relation needed is that connecting the 
imaginary part of the amplitudes for g?<0 with the 
absorptive parts for reactions IT and III. By examina- 


tion of (III.1) we find 
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ImA (q?, cos#) = — Au(q’, cos#) — A:(q’, cos), 


for g’?<0, (IV.3) 


with similar relations for ImB and ImC. 
If we now define 
q’?=t/4—p?, 
q?=u/4—p’, 
cos6’ = 1+-s/29’*=1+2(q?+n?)/q", 
and 


; 


cos’ = — 1—s/29’= —1—2(9?+u2)/q”, 


and recall from (II.2) that 


g’=s/4—p", 
and 
cosd= 1+42(q’?-+u*)/q?= —1—2(q/2+u2)/9?, 


then the crossing rules (IV.2) allow us to write in place 
of (IV.3), 


Im4A (q?, cos#) = —C,(q’?, cos’) — B,(q’?, cos6’), (IV.3’) 


where g” ranges from —q?—y? to —y’ as cos@ goes from 
—1 to +1, while g’* covers the same range but in the 
opposite direction. It can be seen by inspection of 
(III.1) that B, and C, vanish in the range between 
0 and — z?, and so we have achieved our goal of express- 
ing the imaginary part of the amplitude on the left cut 
in terms of absorptive parts on the right cut. 

It remains now to project out the partial waves. 
From (IV.1) we have for g?<—y’, 


ImA ( (g?) 


1 et! 
= f d cos@ ImA (g?, cos#) P:(cos@) 
) 
1 


- = 


—a—u* dg’? g?+p* 
0 g° q’”? 
GQ? +p al dq’? 
c(t) [8 
q- 0 q° 
gt q?+u ; 
XB, 9’, 142 )e(1+2 — ). (IV.4) 
q a 


9 


The formulas for ImB“ (g?) and ImC“ (g*) are similar, 
and the corresponding expressions for amplitudes with 
well-defined isotopic spin are 


a ere te’ 
imaor(g?)= f — p(1+24 ) 
0 q° q° 


; ; g?+p 
xX ¥ aA, ?,1+2— ), (IV.5) 
I’=0,1,2 q”? 


for q?< —y?’, where 





THEORY OF LOW-ENERGY 

Under the integrals in (IV.5) appear the absorptive 
parts of scattering amplitudes at values of cosé@ less 
than —1. From the boundary curve of Fig. 2 and 
Formula (III.3) it is possible to conclude that the 
Legendre polynomial expansion of A,/(q’?, cos#) con- 
verges for the values of cos@ required in (IV.5) so long 
as g?>—9y?.” For the “effective-range” approach of 
this paper, such a limit might as well be —~ if all 
phase shifts for />0 are small. On using the Legendre 
expansion, (IV.5) becomes 


ImA “ (g?) 


, 


—qg*—u? dq’? q 24 2 
= f —Pi( 142 “) 


0 gq ¢? 


g+nh\ 
xX 2 cur A" ("Pr ( 142-— ), 
Ul’ I’=0,1,2 ” in 
(IV.7) 
for (g?<—un?). If the Legendre expansion is rapidly 
convergent, the sum over /’ in (IV.7) can be terminated 
at an early stage. 

The surprisingly large magnitude of the limit 
g?= —9y? is associated, as mentioned above, with the 
absence of a three-pion vertex. Crudely speaking, 
absence of a single-pion exchange mechanism reduces 
the range of the force to ~1/2u and greatly improves 
the convergence of the partial wave expansion. Also it 
should be remembered, as emphasized by Lehmann,'® 
that the expansion of the absorptive part of the 
amplitude always converges better than that of the 
real part. 

It is possible to view in a slightly different way the 
approximation made in keeping only the first few 
terms of the polynomial expansion of the absorptive 
parts on the right of (IV.5). As shown in reference 1, 
the absorptive part can be written as a dispersion 
integral 


A,{q°(s), cos0(s,t)} 
1 
=do(s)+a,(s)\i+ eee _ (t—to)"— fu 


TT 


(’—to)"(t’—2) 


Asu(s,u’) 


1 
+ (u—uy)"— few : 
rg (2’ — uo)" (u’ — 2) 


The subtraction terms are here written explicitly, and 
the value of the exponent is equal to the number of 
such terms. Perturbation theory prescribes that only 
one subtraction is necessary. However, further subtrac- 
tions may be made either because one distrusts per- 
tubation theory in this connection or to increase the 
accuracy of the calculation.'' In this paper we make 





(IV.8) 


For a discussion of the convergence of the Legendre poly 
nominal expansion of a scattering amplitude, see H. Lehmann, 
Nuovo cimento 10, 579 (1958). 

4 Subtractions of this kind in one variable do not correspond 
te the introduction of new parameters. See reference 1. 
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two subtractions, as shown below explicitly in Formulas 
(IV.10) and (IV.11). 

Let us examine the form of the region in which one 
of the spectral functions, A,; for instance, is nonzero. 
As explained in reference 1, this spectral function 
consists of a number of parts corresponding to different 
Feynman diagrams. The two parts extending to the 
lowest values of s and ¢ are bounded by the curves AB 
and CD of Fig. 2. Now, the part bounded by AB begins 
at or above the value s=(4u)?, the threshold for the 
production of two additional pions. In the following 
section we shall approximate the absorptive part in 
the physical region by neglecting inelastic processes 
in the unitarity condition. This is in line with the 
“effective-range” principle, which assumes that the 
behavior of the scattering amplitude at low momenta 
is dominated by the nearest singularities. The part of 
A,, bounded by AB is therefore zero in this approxima- 
tion. Similar considerations will apply to the other 
spectral functions. If, further, we require the crossing 
relations (III.2) to be satisfied, we shall also have to 
assume that the part of A,, bounded by CD is zero in 
the lowest approximation, so that the spectral functions 
are to be neglected entirely. That is to say, all contribu- 
tions to the spectral functions begin at values of s 
and ¢ which are so far from the region of interest that 
they should be ignored in a consistent “‘effective-range”’ 
approach. 

From Eq. (IV.8), the absorptive part A, can then be 
approximated by an expression of the form 


A,{q°(s), cos0(s,t)} =ao(s)+ai(s)t---, 


which is terminated at an early stage. The absorptive 
parts are thus represented by taking a small number of 
angular-momentum states only. This conclusion bears 
out the statement made at the beginning of this 
section that, in the lowest approximation, the calcula- 
tion can be based entirely on the low angular-momen- 
tum states. 

The approach just outlined enables us to understand 
why the absence of a three-pion vertex is critical in 
allowing one to terminate the Legendre expansion of 
the absorptive part. Had there been such a vertex, 
the curve bounding the shaded area in Fig. 2 would 
have consisted of a single part which approached 
asymptotically the lines x=4y?, y=4y?. The neglect 
of the spectral functions would then not have been 
justified. It would have been necessary to insert them 
in some approximation into Eq. (IV.8), with the 
resulting expressions then substituted into the integrals 
of Eq. (IV.5). [Actually the fourth-order perturbation 
approximation could be used for the spectral functions, 
as all other contributions begin at values of either s or 
t greater than (4y)*.] Even in the actual problem with 
no 3-pion vertex, if we were to go beyond the lowest 
approximation it would be necessary to calculate the 
spectral functions to an appropriate accuracy and then 
insert them into Eq. (IV.8). 
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It is worth emphasizing that we only assume the 
absorptive part of the scattering amplitude to be 
represented by its lowest angular-momentum waves. 
No such assumption regarding the real part is made. 
At the end of the calculation, the real part of the first 
angular-momentum state omitted can be computed; 
if its square turns out to be small at the energies under 
consideration, we were presumably justified in leaving 
out the absorptive part. There is thus a check on the 
number of angular states which it is necessary to 
include. 

To illustrate the above considerations and for 
future reference, we now derive formulas that clearly 
show the difference in our treatment of low and high 
partial waves. With no subtractions, one could write 
the following momentum-transfer dispersion relation 
on the basis of (III.1) 


A (q?, cos@) 
2, 1+2'/2g?) 


—t 


+f Pm 


4u 


(q*, —1—w! '2q°) 


Be (¢, 1+2( a ial ) q) 
ou? +4g%( 1—cos0) 
Cc (”, —1—2(¢° +H"), /q’?) 
a ae 
0 qu? +1 49(1+-cos6) 


1 7” g+n! 
--f ayB,( 2,1+2- ) 
TH 6 q’ 2 


1 1 
q’?+u?+439?(1—cos8@)  g/?+y? + 4g? 2(1+-cos6) 1’ 
(IV.9) 


with 7 —— for. B and Cc. Now, the stl 





a 
A! (q’, cos#) = A! (g?)++— eT, dq’? 2 an. 4 ( 2-1+2 


> 
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part of B, vanishes in the lower range of the integral 
(IV.9) because from the equivalent of Eq. (IV.8), 
g’>0 and g’*>0, we have 


ImB,(q’?, 1+2(9¢?+n") q’*)= B,(4(q?* +n"), 


which is zero outside the shaded region of Fig. 2. Thus, 
if we make a subtraction in the dispersion relation 
(IV.9) to suppress the high-energy part, the remainder 
will be almost entirely real for small g?. Figure 2 shows, 
of course, that as g? becomes large, the imaginary part 
cannot be suppressed. These considerations are identical 
to those following Eq. (IV.8). 

Let us make the subtraction by removing the S-wave 
part of Eq. (IV.9): 


for 


4(q°+n*)), 


A (q*, cos@) 


1 os gp 
=A (g?)+- f ay'*B.( 4" 1+2—) 
T~o os 


q 





1 1 
.f — 
q’?+u?+3q°(1—cosd) 9’?-+u?+}39?(1+cos0) 


> ‘ 
tal 14 —)| (IV.9’) 
q q°+u! 


In the next section we shall determine A (g?’), 
allowing it to be complex, but the residual amplitude 
(which starts here with the D wave) is real to a good 
approximation, for g? not too large. Furthermore, so 
long as the imaginary part of B, is to be neglected, we 
are ignoring the singularities of this function in the 
variable g?, and according to the arguments following 
Eq. (IV.8), we may consistently approximate it by a 
low-order polynomial. Since B, when continued to the 
physical region of reaction I is the imaginary part of the 
amplitude, the appropriate procedure is to represent 
B, in terms of precisely those partial waves that have 
been subtracted out, i.e., those that are allowed to be 
complex. 

We now give the formulas for 7=0, 2 that correspond 
to Eq. (IV.9’): 


9 





1 1 
‘iat 
2h q’2+u?+492(1—cosd) 
For I=1, 


we subtract the P wave: 


1 x g+p? 
A'(q?, cos@) =3 cos@A‘?!(g?)+ f dq’? S awA #(¢ 1+2 “) 
To - q”? 


[! ! 
‘i 2 | 
| ab g’?-+u2-+492(1—cosd) q’?-+ut-+4q%(1-+c0s8) 


1 1 
+ se —|- in( 1+" -)}. (IV.10) 
gq? +u?+397(1+cosd)S  g? q?+u* 


9 9 


19 9 9 


3 cos +m g° | 
- | (142 Pree .)-2 . 
¢° P g? +p? 
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These formulas are exact, but in practice under the 
integrals A,’’(g’, cos6’) will be approximated by 


1.°°(q'?, cosd’) ~ImA*.?(q’), for q’*>0, 
1,'(q'*, cos’) = 3 cos’ ImA (1(g’?), 


for g’>0. (IV.12) 


It can be shown that such an approximation exactly 
satisfies the crossing conditions (II.5)—(II.7), provided 
A! and A“! are calculated by the equations of the 
following section, in which a corresponding approxima- 
tion is made. 


V. FORMULATION OF INTEGRAL EQUATIONS 


We now have the task of translating our knowledge 
about partial-wave amplitudes into integral equations. 
After introducing the variable »=q?/u?, the preceding 
statements about the location of singularities are 
equivalent to the dispersion relations, 


1 ce ImAM!(y’) 
Ar(y)=— f dy'——__—_—_ 
rJ_, y’—v 
1 7?) ImA!(p’) 
+- f dy’_————.,_ (V.1) 
ry v’—p 


provided the functions in question behave properly at 
infinity. The unitarity condition (II.10) guarantees 
that the partial-wave amplitudes behave asymptotically 
no worse than like constants. In order to estimate the 
error in our approximation, it is plausible to assume 
that on the right-hand (physical) cut, 


ImA! (vy) — 3, 
and 


(V.2) 
ReA!(y) + 0, 


in other words, the limit of pure diffraction scattering.” 
Such behavior, i.e., the ratio of the real to the imaginary 
part going asymptotically to zero, can be consistent 
with Eq. (V.1) only if the limits on the left-hand cut 
are the same.'® 

A partial-wave amplitude of order / vanishes at the 
origin like v', so we may consider new quantities 


ANOE(y) = (1/v4)A(y), (V.3) 


which also satisfy relations of the type (V.1) but whose 
imaginary parts, except for /=0, now vanish at infinity 
like v~'. It is clear that the higher the angular momen- 
tum, the smaller is the relative contribution from high 
values of v’ in the dispersion integrals (when » is small). 
It is only for the S wave that distant contributions are 
expected to be important, so for the S wave we make 


2 Such behavior is expected because of the overwhelming 
competition from inelastic channels that sets in at very high 
energies. 

18 Considerations of this kind were first emphasized by I. 


Pomeranchuk, J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 
(1958), in connection with forward-dispersion relations. 
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a subtraction at the symmetry point 


to obtain'4 


vy— Vo rs ImA ! (p’) 
Aor y)=a+— f megs 
( 


T Sa v’—v)(v’— v9) 


ImA ! (p’) 


(V.5) 


(v’—v)(v’— v9) 


It is possible that even an S-wave subtraction is 
unnecessary in a treatment which includes in a serious 
way very-high-energy inelastic processes such as nu- 
cleon-antinucleon pair production. We do not believe, 
however, that such a treatment will be practical for 
a long time to come. Certainly nothing so ambitious 
will be attempted here. 

Thus, either by dividing by v! or by subtracting we 
hope to suppress very high energies under the dispersion 
integrals. To obtain a rough indication of the contribu- 
tion from high energies let us investigate the error made 


by cutting off the integral at y=>+2Z. Equation (V.1) 
then becomes 


al fow 
a 2 
or the corresponding subtracted expressions for S$ 


waves. Using Eq. (V.2) one can easily estimate the 
order of magnitude of the neglected contributions to be 


mA! (y 


v''(y! a 


pee awed 4] 


‘Ptifa) 


1 v—V9 
sAM~- 


gr L 


1isv\'? 
monty’ 
r1X\L 


which are small provided Z can be made sufficiently 
large—in particular, if Z is chosen in the range where 
inelastic scattering first becomes important. The 
inelastic threshold is at y=3, but experience with 
pion-nucleon scattering suggests that double-pion 
production won’t represent a substantial fraction of 
the cross section until y~ 10. The important contribu- 
tions to the integrals in (V.1) thus come from the region 
where only elastic scattering is important, and we may 
use the unitarity condition (II.11) with R; set equal 
to unity: 


> 


Im[ A! (v) = —[[v/ (v +1) J}. (V.7) 


Furthermore, as discussed in the preceding section, 
the imaginary parts on the left-hand cut as given by 
Eq. (IV.7) may be evaluated by taking only a few 
terms in the Legendre summation over /’. In particular 


4 The two subtraction constants ao and a2 are not independent 
but are related to \ through Eq. (III.5). The relation is given 
below in Formula (V.18). 
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we shall keep only /’/=0 and /'=1 terms in these 
integrals; the legitimacy of this approximation may 
be checked a@ posteriori by calculating the D waves 
that emerge from our system of equations. In terms of 
the variable v the formula (IV.7) becomes, in this 
approximation : 


1 a +1 
ImA! (py) = f wn'P( 142 - ) 
v<—l yp ‘ yp 


> 4 aw [mA °(p’) +a ImA ?(p’) 


v+1 
+3( 142 : Jers rman} (V.8) 
v 


Now we put Eqs. (V.5), (V.7), and (V.8) together in 
order to obtain a procedure for calculating phase 
shifts in terms of the empirical constant A. 

Consider first the two S-wave amplitudes. We 
attempt to represent each of these by a quotient!® 


Al (y) = No! (v)/Do! (v), (V.9) 


where No!(v) and Do! (v) are both real analytic func- 
tions; the numerator contains the branch point at 
v=—1 with the left-hand cut, and the denominator 
contains the branch point at y=0 with the right-hand 
cut. It is also necessary, of course, that Do'(v) have 
no zeros. By assumption, then, we have 


ImN 9! (v) = Dy (v) ImA! (yp), 
for v<-—1 

ImD,! (v)=0, 

ImN J (v)=ImD,)'(v)=0, for —1<v<0 
(V.10) 
ImN,! (v)=0, 


ImDy)! (v)= No! (v) Im 
AMT (y) 


for v>0O, 
) 


The subtracted dispersion relation (V.5) normalizes 
the S-wave amplitudes to a; at the point v=vo. We 
accomplish this normalization in our quotient by setting 
No! (vo)=ar and Do! (vo)=1. Furthermore, the ampli- 
tudes A!(v) at most approach constants at infinity, 
so we may assign constant asymptotic behavior to the 
numerator and require the denominator not to vanish. 
From (V.10), we are thus led first to write 


y— V9 tL ImA! (p’) Do! (v’) 
No! (v)=ar+ f dy’ --- 


, , 
T . (v’—v)(v’— vo) 


(V.11) 


To see that the N/D representation is always possible, 
observe that if 
5(v’) 
—vo)(v'—v)]’ 


D(v»)=exp| —7—"* | dy’— 

wr /0 iv 

then the denominator function is analytic, with the right-hand 
branch point only, and along the physical cut has the phase 
e-**. The numerator function is therefore real on the positive 
real axis and has only the left-hand branch point. 
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Second, remembering (V.7), we have 


vy— Vo ‘“ yp’ } 
Di! (v)= -—f in'( ' ) 
r “0 v’+1 


On defining 


w=—v, Ed(w)=Di(v), fi ()=ImA! (ry), (V.13) 


the following integral equation is obtained: 


Eo! (w)= 1+ (w+)K (a, —vo)ay 


2 K(@,w’) fo! (w’) Eo! (w’) 
du)’ — —— . Fae 
1 w’ +9 


1 pe De"/(1t+0")} 
K (ww’) =—- f dy!’——_—_— —, 
Tr Jo (vp +w)(v"’ +a’) 


2 ( a) 
1 (w—w’) w—1 


= 
w’—1 
If the function fo! (w’) were known, Eq. (V.14) would be 
a Fredholm equation, soluble by any number of 
standard methods. The question whether or not the 
equation is singular will be discussed below. 

It is unfortunately true that fo! (w’) is not known in 
advance but is given only through Eqs. (V.13) and 
(V.8) in terms of the amplitudes we are looking for. 
Thus our system of equations is actually nonlinear. In 
the following paper, however, it will be shown that 
the problem can be solved by an iteration procedure in 
which at every stage the linear equations (V.14) are 
solved with fo! corresponding to the previous stage. 
We must, of course, also formulate an equation for the 
P amplitude since this is required in Eq. (V.8). 

Before considering the P amplitude, however, a 
few general remarks about the S-wave problem are in 
order. First, an inspection of (V.14) with fo! set equal 
to zero shows that Dy’ will develop a zero for v< v9 if 
a; is negative. According to Eq. (V.8), both fo° and fo? 
will be negative if the S contributions under the 
integrals are dominant.'® The zero will therefore not be 
removed when fo! is included, but if the zero appears 
sufficiently far out along the negative real axis—beyond 
the limit at which our calculation of ImA ceases to 
be accurate—the associated pole in A is of no physical 
significance and cannot be excluded. A crude estimate, 
based on Eq. (V.14) and neglecting fo’, indicates that 
for —1.5<a;<0, the zero in Ep!(w) will occur for 
w> 10. 


} 
) Infy/wt (w—1)*] 


} 
) In[y/w’+ (w’—1)9]}.  (V.15) 


16 Recall that the imaginary part of a partial-wave amplitude in 
the physical region is positive definite. 
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If a; is positive, the requirement that there be no 
zero of Do (v) in the region »»<v<0 (i.e., no bound 
state of the m-r system) puts an upper limit on ay. 
As a; increases, the zero will appear first at »=0, so 
we examine the condition that Dj!(0) be positive. 
Here the neglect of fo! is a good approximation, so one 
may deduce from Eq. (V.14) the requirement 


1—3K (0,3)ar>0, 
or, since we have 


K (0,3) = (3V2/m) tan—(1/v2), 


we can write 


va 1 
a<— / tax(- )=18, 
2v2 v2 


One may inquire also about the possibility of zeros 
in D,'(v) that are not on the real axis. Inspection of 
Eq. (V.13) shows that such zeros are impossible so 
long as No!(v) has no zeros on the positive real axis." 
Should we find a solution that does have zeros in the 
physical region, this point would have to be investigated 
further. 

Let us now determine the relation between a; and \ 
and the consequent restrictions on \ that follow from 
the above limitations on a;. According to (III.5), 
we have 

A"(v9,0) = —5X, 

A!(v9,0) =0, 2 
_ (V.16) 
A 2(¥0,0) =—?2h. 


The second of these relations is identically satisfied, 
since A! contains only odd powers of cos. The first 
and the third, however, give us the required information 
about a and @2 which are defined by Eq. (V.5) to be 


ap= A (9), 
and (V.17) 


a2=A )2(y9). 





1—(v—v0)I(v, — v9 )a; -—— 


ReD,! (v) 
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Thus to a good approximation do>~—5d and a. —2), 
since we expect D and higher partial-wave amplitudes 
to be small. 

It is possible to correct for the higher waves within the 
approximation outlined at the end of Sec. IV. Formula 
(IV. 16), when evaluated at cos#=0 and v=», leads 
to the following result : 


a 1 Vo 1 
a= —Sr+- f dv’ in( 1+) — —- —| 
ro Vo y’+1 vy +1+ 1/2 
10 
ImA2(p’) 


3 
) ima mo}, 
(V.18) 


1 ’ 1 Vo 1 
a@.= —2A+- f i in( 1+ ——)—— —| 
TJ Vo +1 vp’ +1+ 0/2 


{3 ImA (p’) +4 ImA?(y’) 
votl | 
—3(1+2 na ) ImA ()1(y’) f 
Vv 


The integral correction given by Eq. (V.18) to the 
simple relation between the ay and X is very small!8 
and may be ignored except for highly refined considera- 
tions. The most restrictive conditions on \ are obtained 
by considering the 7=0 state, for which ap~—5n). 
The absence of zeros on the negative real axis for 
|y| <10, as discussed above, then leads to the limits 

—$(1.8)SAS —3(—1.5), 


x {3 ImA (py) + 


(V.19) 
—0.36S5AS0.3. 


A study of the formula for the cotangent of the S 
phase shifts reveals another interesting circumstance. 
We have for »>0 

v—vV9 


* I (v,w") fol (w’) Eo! (w’) 


dus’ — _ 
/ 
w+ Vo 





T 1 





pv } 
(- —) cotdo!? = 
v+1 


No (v) 


where 
”” 


I (vw) =— v 
(v"’—v)(v"+w") 


T 0 





P D [v’’/(v"’+1) }} 
f d 





Ot i Ie (V.20) 
| fd ("Edt (’) 


vy—Vo 
ot— f ——— 
nr vy (w’+v) (w’+ 9) 


2 w’ i v 4 
= |( ) Infva'+(w’—1)!]~(—) In[y/v+(v+1)4]}. 
r(vtw’)| \w’—-1 v+1 


17 For v=vr+iv;, the imaginary part of Do! (v) is given by 


ge ft ft 9 No! (v’) 
4 ra Ga) (v’—vrP +e?” 


and therefore vanishes only for »:=0 if No!(v’) has a single sign. 


18 The smallness is due to the expression in the first curly bracket in the integrand of Eq. (V.18), which has a maximum 


value of 0.15 at »’=0 and falls rapidly to zero as y’ increases. 
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Again in the approximation where fo’ is neglected we 
may study the possibility of a resonance developing, 
that is, coté’ vanishing. We have 


fey j 1 2/ 1 
(—) cotds! =——- v2 tan-(—) 
rr os # V2 


yp j 
_ (— -) Inf Vv »+ (v+1)*] , (V.22) 


v+1 


an expression that does not vanish for »>0 if it is 
positive at v=0. The condition of being positive at 
v=0 for a; positive is, however, exactly the condition 
that there shall be no bound state. Thus it seems 
unlikely that a resonance will develop in either S 
state for negative A unless the effects of the fo! are 
very strong. 

For positive \ and negative a;, formula (V.22) has 
a zero but only for »>10 if the condition (V.19) is 
obeyed. Thus we tentatively conclude that there are 
no low-energy S-wave resonances in pion-pion scatter- 
ing." The results of the following paper confirm this 
conclusion. 

We turn now to the P wave and again attempt to 
represent the amplitude by a ratio 


(1/v)A'(v)=Ny(v)/Dy(y), (V.23) 


with the same division of singularities between the 
numerator and denominator as for the S wave. By 
arguments analogous to those used above, we may 
derive the equations 


ImA‘!(y’)D(v’) 
Ni(v)=- jaa —E ; 
v’(v'—v) 


(V.24) 
and 


(V.25) 


vy fr” y’ tN, fy’) 
Di»)=1-- f iv( ) ’ 
wr vo v+17 v’—p 


where JV, has been assigned a 1/» behavior at infinity 
and D, required not to vanish. Introducing E;(w) 
=D,(v), fi'(w)=ImA'(y), the following integral 
equation is obtained by substituting Eq. (V.24) into 
Eq. (V.25): 


w os K (ww) f1'(w’) E1(w’) 
E\(w)=1+ f day’ — ——. (V.26) 
aa | 


/ 
Ww 


The P phase shift in the physical region for »>0 is 
given by the formula 


1” The absence of S-state resonances in simple two-body systems 
is a very general circumstance and may be traced to the lack of a 
centrifugal barrier that can “confine” a positive energy state. 
The only way to get an S-wave resonance is to have the force 
sufficiently complicated so that a strong inner attraction is 
surrounded by an outer repulsion. P-wave resonances, in contrast, 
arise naturally whenever there is a sufficiently strong attraction. 
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ye \} 
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v+1 
ReD,(v) 
ee 


a 


Tv 


, 
e) 


v 7? I(v,0’) fi'(w’) E1(w’) 
f PF sairatin ithe 
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1 7? fii’ )Ei(@’) 
: f Polite il 
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va wo’ (w’+y) 


If f;' is predominantly positive and sufficiently large 
it is apparent that a resonance develops in the P wave. 

Let us finally consider the question of a possible 
singularity in the integral Eqs. (V.14) and (V.26) at 
w=. A careful examination shows that the equations 
are nonsingular if fo’(w) and f;'(w) tend to zero like 
any negative power of w, or even like (logw)-'-* (a>0), 
as w tends to infinity. Now it follows from (V.8) and 
(V.13) that the contributions to f/ (w) from ImA(p’) 
and ImA*(y’) at a particular value of v’ tend to zero 
like w as w tends to infinity. The contributions from 
indefinitely large values of v’ behave like the functions 
ImA*(v) and ImA?(v) themselves, but, as these 
functions tend to zero with increasing v like (logy)~?, 
our equations are still nonsingular. However, the 
contribution to f/(w) from ImA'(y), even for a 
particular finite value of v, behaves like a constant at 
infinity, so that our integral equations are now just 
singular. 

It is usually true of such marginally singular integral 
equations that, if the term in the kernel responsible 
for the singularity is less than some critical value, the 
equation still has a unique solution obtainable by 
standard methods. Such is the case with our equation, 
so that the equation will be singular if and only if 
ImA!(y) is sufficiently large. 

It turns out that the P phase shift cannot be at all 
appreciable before the transition to the singular case 
is reached. We shall see in the following paper that the 
equations do have a class of solutions for which all 
phase shifts other than in the S-waves are small, 
but that there may be in addition a class of solutions 
with large P-wave phase shifts. The methods described 
in this paper must be modified before they can be 
applied to this second class. Our basic scheme of 


approximation needs then to be reconsidered, since the 


polynomial expansion on the left is no longer reliable. 
A new calculation method has been developed for this 
situation, and it is hoped to describe it in a subsequent 
paper. Unfortunately the new method requires the 
introduction of a second independent parameter. 

The sum of the higher partial-wave amplitudes is 
to be calculated from Eqs. (IV.10) and (IV.11). If 
individual phase shifts are desired, the appropriate 
projection from these formulas is straightforward. 
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VI. CONCLUSION 


A set of coupled integral equations for the S- and 
P-wave pion-pion amplitudes has been formulated and 
in the following paper the numerical solution of these 
equations for various values of X will be described. 
The D and higher phase shifts can consistently be 
calculated by integration over the left-hand cut only, 
where the discontinuity across this cut is expressed 
in terms of the S and P amplitudes. The complete 
amplitude generated by this method satisfies crossing 
symmetry exactly. 

The physical meaning of our approximation in 
conventional language is that we consider explicitly 
only the exchange of pairs of virtual pions between 
the two physical pions being scattered, lumping 
4-pion and higher multiplicity exchanges into the 
constant A. Furthermore we only attempt to calculate 
accurately the exchanged pairs of lower energy—those 
which are mainly in S and P states. The higher energy 
pairs are included in \ along with all sorts of other 
high-energy exchanges. In terms of the range of 
various contributing mechanisms to the pion-pion 
force what we are trying to do, of course, is to calculate 
the longest-range effects in detail and to represent the 
short-range effects by an empirical constant. If there 
is an intrinsically incalculable zero-range force, as 
suggested by Lagrangian field theory, this also is 
included in X. 

Beside the solution discussed in the foregoing 
paragraphs, there are also an infinite number of other 
possible solutions, corresponding to the Castillejo, 
Dalitz, and Dyson (CDD) ambiguity.” We can add 
to the right-hand side of Eq. (V.12) any number of 
terms of the form a,/(v—v,), since the only effect of 
such terms is to introduce zeros into the scattering 
amplitude. While a rigorous treatment of the CDD 
ambiguity has not been given for relativistic field 
theory, the problem has been solved for several models,” 
and there seems to be little doubt as to the meaning 
of the extra solutions. They correspond to theories in 
which, before the coupling is turned on, there are one 
or more particles with the same quantum numbers as 
two pions. Once the coupling is turned on, these 
particles become unstable, and appear experimentally 


*L. Castillejo, R. H. Dalitz, and F. J. Dyson, Phys. Rev. 
101, 453 (1956). 
21.N. G. Van Kampen, Physica 23, 157 (1957). 
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Fic. 3. Diagram for the 
reactions, m+N«2+WN 
and r+ «> N+N. 


as resonances. These “kinematical” resonances differ 
from “dynamical” resonances, such as that which we 
have suggested might appear in the P state of this 
problem, in that they occur for arbitrarily small 
values of the coupling constant. The absence of such 
unstable particles must be regarded as an additional 
postulate to be inserted into the theory. 

A knowledge of the pion-pion scattering amplitude 
will allow a systematic calculation of many important 
properties of nucleons. The application to the nucleon 
electromagnetic structure has been emphasized already 
by Frazer and Fulco.?? This application, however, 
actually requires a prior knowledge of the full amplitude 
for the graph shown in Fig. 3, which describes not only 
pion-nucleon scattering but also nucleon-antinucleon 
annihilation to form two pions. One of us has outlined 
a procedure for attacking this problem which is identical 
in spirit to that described here for the r-r problem.?* 
The procedure requires a knowledge of w-m scattering 
and may now be implemented. It is hoped that a 
reasonably accurate description of the low-energy 2-N 
phase shifts in terms of a single additional parameter, 
the pion-nucleon coupling constant, will result. 

With an understanding of the graph of Fig. 3 one 
can proceed to a systematic calculation not only of 
nucleon electromagnetic structure but also of the two- 
pion exchange terms in the nuclear force. One can also, 
of course, make a solid theory of photopion production. 
All these problems are under investigation. 

There is no reason why the generalized effective-range 
approach based on the double dispersion representation 
cannot be used in more complicated problems, such as 
those involving strange particles. As the structure of 
the nearby singularities becomes more complicated, of 
course, it becomes more and more difficult to include 
enough of them to constitute a good approximation. 
It is doubtful that any other problem can be found that 
is as favorable in this respect as x-w scattering. 


2W.R. Frazer and J. R. Fulco, Phys. Rev. Letters 2, 365 
(1959) and Phys. Rev. 117, (1960). 
23S. Mandelstam, Phys. Rev. 112, 1344 (1958). 
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The integral equations for pion-pion scattering formulated by Chew and Mandelstam are put into a form 
suitable for numerical solution. An iteration procedure is described that is applicable when the S-wave 
amplitude dominates the equations, all higher partial waves being small; this paper considers only solutions 
for which such is the case. The requirement that the equations have consistent solutions without bound 
states turns out to limit the pion-pion coupling constant to the range —0.46<A<0.3. Results are given for 


various values of \ within this interval. 


I. INTRODUCTION 


N the preceding paper,' henceforth to be referred to 

as CM, a set of coupled integral equations for pion- 
pion scattering has been derived. We describe here the 
solution of these equations by a numerical procedure of 
iteration. Such an iteration procedure follows more or 
less naturally from the structure of the equations, and 
is found to be straightforward in application and 
rapidly convergent. Further, checks on the approxi- 
mations underlying the equations can be applied once 
the equations have been solved and confirm the 
legitimacy of these approximations. 

A question arising at once is whether these solutions 
obtained by iteration are the only solutions of the 
nonlinear integral equations. The uniqueness is not at 
all obvious and, in fact, the structure of the equations 
indicates that another class of solutions is also possible. 
The solutions obtained here are characterized by the 
smallness of all amplitudes with />0. However, a 
rough examination of the equations indicates that 
solutions with large P-wave amplitudes are also possible 
even if the S-wave amplitudes are small. It seems likely 
that this latter type of solution is the one actually 
occurring in nature, Frazer and Fulco having shown 
that a P-wave resonance brings the calculations of 
nucleon electromagnetic structure into much better 
agreement with experiment.” In this paper, however, 
we shall consider only the simplest type of solution, 
which can be obtained by the iteration procedure. The 
study of this type will be of help in obtaining the more 
complicated solutions. Moreover, we cannot be sure 
that these simple solutions are devoid of practical 
interest, the answer to the electromagnetic structure 
problem lying in some other direction than a P-wave 
resonance. 

The first task is the straightforward problem of 
changing variables so as to achieve finite limits of 
integration. This is done in Sec. I, while in Sec. II 
the iteration procedure actually carried out with the 
* This work was supported in part by the U. S. Atomic Energy 
Commission and in part by the Air Force Office of Scientific 
Research of the Air Research and Development Command. 

1G. F. Chew and S. Mandelstam, preceding paper [ Phys. Rev. 
119, 467 (1960) ]. 

2 W. Frazer and J. Fulco, Phys. Rev. Letters 2, 365 (1959). 


Livermore 704 computer is described. Finally, in Sec. 
IV, we present our results as a function of \, the pion- 
pion coupling constant. 


Il. CHANGE OF VARIABLES 


The integral equations set up in CM involve the 
variable v, the square of the three-momentum in the 
barycentric system, on the negative real axis in the 
range — © to —1. It is convenient to introduce 


x= (—y)-4, (11.1) 


which will run from 0 to 1. At the same time we replace 
the functions E;!(v)= D,/(— v) with F;' (x), defined by 


Fi (x) =xE/ (1/2?) =xD) (— 1/22). (IT.2) 
The S-wave equation CM-(V.14) then becomes 


Fo! (x) =x+arxQ(x)+24(1—F2°) 


2 f' L(x,x" 
po - f dx’ 
ad 1— 4x" 
where 


O(x) = (1/2273 


) L/S) 


Equation (II.3) is a linear integral equation which may 
be solved by standard methods. As pointed out in CM? 
the equation is singular but has a unique solution 
when the S waves are dominant. 
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Once the functions Fo!(x) have been obtained, the 
S phase shifts in the physical region are given by 
formula CM-(V.20). It is convenient to introduce a 
variable that runs between 0 and 1 as vy covers the 





1—a;R(y)— 
(1—y°)! 


TT 


where 


M(y,x’)= 


i+(1—y*)! 1 1+ (1—2°) 
| a-3) m(————) - in( : 
y (1-27)! x 


Before writing down the crossing relation for fo! in 
terms of our new variables, « and y, we give the P-wave 
equations corresponding to (II.3) and (II.7). These 
are as follows: 


r. 1 
Fi(a)=ate- f dx’ L(x,x’) fi'(x’)Fi(x’), (11.10) 
T 


(1—y")! cotd;' 


1—(1—y*)- Ae 


MM (y,x") fi (x) Fil (x’) 


Note that to calculate any higher phase shift, neg- 
lecting the right-hand cut, we have simply 


(yj) 
—_— tané,’ 


(1—-y )i+4 
A.2  fitey 
=(-yin= f dx’ yn me 
r/o yx? — xy? 


for 1>2. This last formula corresponds roughly to a 
“Born approximation,” once the left-hand cut is given, 
and should be valid so long as the phase shift in question 
is small. The right-hand cut is then of the order of 
magnitude of the square of the phase shift. The sum 
over all higher waves is given by Eqs. (IV.9) and 
(IV.10) of CM. 

We turn now to the crossing relations CM-(V.8) 
expressing the imaginary parts of the partial-wave 
amplitudes on the left-hand cut in terms of the imagi- 


(11.12) 
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y . 
=) f dx’ 


66th ene 
2 


1 
f dx’ —— 
; (1-2 /2) ( 


INTEGRAL EQUATIONS 


physical interval 0 to ». We therefore define 


y=1/(1+»)!, »>0, 


and rewrite CM-(V.20) as 


M (y,x’) 
— fo! (x’) Fo! (x’) 


fle”) YF of (x x 


2,9 


P+ — x? +y") 


(11.9) 
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nary parts of S and P amplitudes on the physical cut* 
Introducing 


gi (y)=ImA//(v), 
= (1—y)-!/ (1+ cot’d,’) 


for y>0, we have, from CM-(IV.4), 


— P, (:- 2) [enet 
f y 


x t— 1] 
aula : ange) | (11.14) 


+ ieee 


(II.13) 


fi (x)= 


where the matrix ayy is given by CM-(IV.6). Note 
that if g:/(y) remains finite as y— 0, then according to 
Eq. (II.14) the same is true for f;/(x) as x0. Such 
would not be the case if D and higher partial waves 
were included under the integral in (II.14). One must 
check a posteriori that higher partial waves do not make 
an important contribution to /f;/(x) in the range 
}<x<1, where the polynomial expansion converges. 

The last formula required in terms of the new 
variables is CM-(V.18), giving the connection between 
d\ and ay. We find 


dy 3 3 
CEL BaG ke 
3-2, 3— 
j i—}y’ 
x angit(y) +arnge)+3( . Jane) | 


(IT.15) 
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As noted in CM, the integral here has a very small 
value and can be ignored in a first approximation. 


Ill. THE ITERATION PROCEDURE 


The general procedure for solving the pion-pion 
equations is evident. One chooses a value of \ and gets 
corresponding values for a; from Eq. (11.15), neglecting 
the integral. By making some guess for fo’, one solves 
Eq. (II.3) to obtain Fo’, which may then be used in 
Eq. (II.7) to give do’. At this stage it is possible from 
Eq. (11.14) to calculate the part of f;’ coming from the 
S-wave terms under the integral. In particular, the fo! 
so obtained may be used to correct the a; through Eq. 
(11.15) and to solve (II.3) again in a better approxi- 
mation. At the same time, /;' may be used in Eq. 
(11.10) to give a first approximation to F;' and through 
(11.11) to 6. 

At this point the cycle starts all over again with the 
formula (II.14), in which both S and P terms are kept, 
and the cycle is repeated until convergence is achieved. 
Higher partial waves are not considered until the end, 
at which time their phase shifts may be obtained from 
(11.12). : 

The variations in the above procedure are associated 
with the starting guess that is made. Clearly the rate 
of convergence should be faster the better the initial 
guess. We have adopted a program that may not give 
the fastest convergence, but has the advantage of being 
systematic and corresponds physically to the familiar 
notion of “turning on” the interaction adiabatically. 

Note, first of all, that a solution for A=0 is all phase 
shifts vanishing identically. For \ small the S phase 
shifts grow linearly with A, but the quantities go’ and 














Fic. 1. The cotangent of 6)°, multiplied by —5A[»/(»+1)]}, as 
a function of »=g*, for various values of \ within the allowed 
range. As \ approaches zero the family of curves approaches a 
horizontal straight line with unit ordinate. Note that the function 
for \=—O.5 is negative at »=0, indicating the existence of a 
bound state. 
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fi’, being proportional to sin*o’, are quadratic and 
therefore so are P and higher phase shifts. One may 
obtain the solution for small \, therefore, by a power 
series or, alternatively, by a rapidly converging iter- 
ation using the first terms of the power series as a start. 
As \ becomes of the order of magnitude unity, the 
power-series approach breaks down, but at any value 
of \ the exact solution for a slightly smalier value may 
always be used as a starting guess. Even better, one 
may use an extrapolation based on all the lower values 
of \ for which solutions have been achieved. 

In this way we “turn on” the pion-pion interaction 
slowly and develop the solution as a continuous function 
of \. If \ is negative and sufficiently large in absolute 
value we get a bound S state by the adiabatic approach. 
Experimentally no bound state has been observed, so 
that, as explained in CM, there is a limit to the range 
of negative \ that needs to be studied. It was also 
explained in CM that A cannot be too large and positive. 

As pointed out in the introduction, the solutions of 
our equations obtained by this iteration procedure are 
probably not the only ones. There may exist other 
solutions even at values of \ for which consistent 
solutions were obtained by this method. In such a case, 
the solutions of the equations are not unique—or, to 
put it another way, the parameter A is not a good way 
of specifying the solutions. Another possibility is that, 
for positive values of \ greater than those giving a 
consistent solution by iteration, a solution may still 
exist. In this paper we confine our attention to the 
simplest solutions, which can be reached by applying 
the procedure outlined above. 


IV. CALCULATIONS AND RESULTS 


In numerical calculations with the Livermore 704 
Computer, each of the intervals 0 to 1 in the x and y 
variables was divided into 20 mesh points. The linear 
integral equations (II.3) and (II.10) were converted 
into simultaneous algebraic linear equations and solved 
by a standard matrix inversion. The most complicated 
operation otherwise was the evaluation of various one- 
dimensional integrals with finite limits and real 
smoothly varying integrands. The time required for 
one complete cycle of the equations was less than 1 
minute and convergence was rapid, four or five cycles 
generally sufficing. 

As expected, for small \ the S-wave phase shifts are 
roughly proportional to A, while the P (as well as all 
higher) phase shifts are adequately given by the “Born 
approximation,” (II.12), and are proportional to A?. 
What was not expected was that the P phase shift 
would remain small throughout the range of \ for which 
physically acceptable solutions were found. Our results 
are shown in Figs. 1, 2, and 3 where it may be seen that 
nowhere is the P phase shift larger than a few degrees. 
Phase shifts for /22 are so small as to be completely 
uninteresting. 
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The smallness of the higher phase shifts confirms the 
validity of the basic approximation in CM, which kept 
only S and P waves in calculating absorptive parts. In 
fact, keeping the imaginary part of the P wave is an 
unnecessary luxury for the type of solution found here. 
The contribution of g;' to Eq. (II.14) is negligible. 
The contribution of go°* to Eq. (Ii.14) determines 
all phase shifts for 721, but for /=0 the main features 
of the solution are already given by CM-(V.22), which 
corresponds to setting fo’ equal to zero. For example, 
the sign of the S phase shifts is opposite to that of A 
both in the numerical solution and in CM-(V.22). The 
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Fic. 2. The cotangent of 5g, multiplied by —2A[»/(v»+-1)] for 
the same values of \ as shown in Fig. 1. The limit as \ approaches 
zero is the same as in Fig. 1. 


crude approximation predicts the first bound J=0 state 
at A= —0.36, while our complete numerical result gives 
the critical value, A= —0.46. The order of magnitude 
of the upper limit on \ is also given correctly by the 
rough arguments of CM, neglecting fo’. In our nu- 
merical solution the spurious pole in the 7=0 state 
moves past the arbitrarily chosen limit, v=—10, at 
\=0.34, whereas the crude estimate yields \=0.50. 
From Eq. (II.14) it may be seen that the P-state 
force due to the exchange of an J=0 S-wave pion pair 
is attractive, whereas the force due to an J=2 S-wave 
pair is repulsive. For negative \ and even for small 
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Fic. 3. The cotangent of 6,;', multiplied by \2[»/(v+1)]}, for 
various values of \. At \=+0.3, a value not shown here, 6,! has 
become negative but is still very small in absolute value. 


positive A, the 7=0 exchanges turn out to be more 
important and the P phase shift is positive. For the 
larger positive \ range, the /=2 exchanges dominate 
and the P phase shift changes sign. The competition 
between these two forces helps explain the smallness of 
the P interaction; however, the limitation enforced by 
unitarity on the magnitude of the go’ seems to be the 
essential obstacle to a strong P interaction. 

The only hope of getting a strong P-wave force from 
formula (II.14) appears to lie in making g;' large and 
taking advantage of the large numerical factor multi- 
plying this term. This would be a “bootstrap” mechan- 
ism; i.e., the force producing the P-wave resonance 
would be due to the exchange of a resonating P-wave 
pion pair. Such solutions of the CM equations appear 
entirely possible, even though they cannot be reached 
by the adiabatic approach; they will be dealt with in a 
subsequent paper. 
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Although the usually considered diagram for the A + N+ 7 decay arising from the interaction (pA) (7p) 
can explain the decay rate, branching ratio, and asymmetry parameter of A decay, it fails to explain (a) 
the approximate validity of the | AJ| =} rule, and (b) that the leptonic decay rates of the strange particles 
are slower than the universal rate, while the nonleptonic modes have nearly the universal rate. Introducing 
the effect of renormalization at the vertices of the strongly interacting particles phenomenologically, we 
have estimated the contributions to A decay from a set of diagrams satisfying the strict | AJ! =} rule for 
both local and nonlocal Fermi interactions. It is found that they are considerably more important than 
the usual diagram. This makes it easier to explain the approximate | A/| =} rule. Moreover, since these 
diagrams do not contribute to leptonic modes, one can understand (b) by associating the strangeness- 
nonconserving current with a weaker coupling constant. These important classes of diagrams lead to different 
restrictions on the chiralities of the currents involved in A decay for local and nonlocal interactions. 





HE hyperon decays into leptons seem to be about 

ten times slower than the universal rate’. The 
rather slow rates of K-meson decays into leptons are 
also consistent with the above experimental. results.’ 
This situation may indicate that the values of the weak 
Fermi coupling constants do depend upon the change 
of strangeness. However, accepting this fact, if one 
assumes that all the strangeness-nonconserving inter- 
actions are characterized by a weaker coupling constant, 


then the faster rates of strangeness-nonconserving 


nonleptonic processes appear hard to understand. In a 
previous work,’ it has been stressed that this difficulty 
may be solved in connection with the |A/J| =} rule.’ 
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In this paper we shall demonstrate this possibility in 
more detail considering the A decay and shall also 
study the implication for this problem of the charged 
vector meson’ which may mediate the four-fermion 
interactions. 

For simplicity, more or less in the spirit of the 
Sakata model,® we shall introduce the primary weak 
interaction only among the leptons, the nucleon, and 
the A particle. The same approach may be extended to 
other models. If the four-fermion interaction is mediated 
by a charged vector meson B, with mass mg, then 
assuming negative chiral currents only, the interaction 
is given by 

Ave =JaBatH.c., (1) 


where the total current J, in the present model has 
the unique form 


J a= Fleya(lt+ys)etiiva(it+ys)w 
+ fiya(1+y5)p+(F’/F)Aya(it+ys)p]. (2) 


We could obtain the local Fermi interaction in the limit 
mg—« and F?/mg?—>G/v2 where G denotes the 
usual Fermi-coupling constant. F’ denotes the strength 
of the strangeness-nonconserving currents. Now if we 
assume the two-component theory of the neutrino with 
the usual lepton number conservation, it is known that 
the observed rate of u— e+vy decay’ requires a very 
large value of mg. However, as proposed before,® we 
could use another assignment of lepton numbers’ 
consistent with experiments, where e~ is a lepton, while 
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uw is an antilepton. This scheme, of course, demands a 
four-component theory of the massless neutrino, where 
the neutrinos associated with e~ and yw* have opposite 
helicities [i.e., in Eq. (2), w=v*]. With this assignment 
the process 4» — e+y¥ is absolutely forbidden without 
any restriction on mg. We shall, however, show that 
the analysis of A decay may impose a restriction on mz. 

Figure 1(a) represents the usual type of Feynman 
diagram for A decay discussed thoroughly so far. The 
branching ratio and the asymmetry parameter com- 
puted from this diagram are in surprisingly good 
agreement with experiments.’ However, this may not 
be regarded as a success due to the following reasons. 
(a) The type of diagram Fig. 1(A) contains appreciable 
amounts of | AJ| =3 in addition to | AJ| =} transitions 
and hence to explain especially the K — 2x decays, 
we have to expect an unreasonably large suppression 
of the | AJ| = part compared to the |A/| =} part by 
the higher order corrections. (b) Furthermore, if one 
estimates the black box of Fig. 1(A) from the pion 
decay rate, then it yields a rate for the A— p+7 
decay, nearly half the observed value" provided F= F’. 
However, since leptonic decay rates require F<F’, 
this diagram alone cannot provide a consistent expla- 
nation of both the leptonic and the nonleptonic decays. 
We wish, however, to demonstrate that a class of 
diagrams of type 1(B), satisfying the strict | AJ! =3 
rule, are more important than those of 1(A) and hence 
may provide a natural explanation to avoid the diffi- 
culties (a) and (b). 

It is also interesting to note that from the point of 
view of dispersion theory the lowest mass state that 
can connect the final r—N system with the A particle 
is a neutron state as in Fig. 1(b). Thus, the importance 
of the class of diagrams 1(b) is rather obvious. 

Now, for the interaction current given by (2), the 
contribution of Fig. 1(B) without pionic or kaonic 
renormalization vanishes in the limit mg— «. How- 
ever, the inclusion of renormalization effects leads to a 
rather large contribution from Fig. 1(B) even in the 
limit mg — ©. We shall estimate this effect approxi- 
mately as follows: We write phenomenologically the 
renormalized vertices 1 and 2 of Fig. 1(B) as F’y.(1 
+Ays) and Fy.(1+Bys), respectively. For the @ 
decay the renormalization effect changes the bare 
nucleonic current into Fiiy,(1+1.25ys5)p. We here 
assume“ the conservation of the vector part of the 
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(a) 

Fic. 1. Typical diagrams for the A° — p+ decay. 
nucleon current, which guarantees the absence of any 
renormalization for the vector part. For the axial-vector 
part we may replace the renormalization effect for the 
vertex 2 in Fig. 1(B) by putting B= 1.25, as in 6 decay. 

The renormalization effect on the vertex 1 is not yet 
clear. Tentatively we assume here F”~F’ and A~1.% 
The above procedure is similar in spirit to the Feynman 
and Speisman argument of the electromagnetic mass 
shift of the nucleon,'® and likewise we introduce a 
Feynman cutoff [—)*/(k®—\*) ? for the evaluation of 
the matrix element of Fig. 1(B), which is proportional to 


D( pry) (at+Bys)A, (3) 
where 
a= (A—B)O,— (A+B) (ma/m,)O2, 


4 
B= (1—AB)O,+ (1+ AB) (ma/m,)Or. (4) 


ps denotes the four-momentum of the pion and O; and 
O. are known functions of mg, \, ma, and m,. The 
behavior of O, and O2 with respect to mg for any 
reasonable choice!’ of the cutoff \ is found roughly to 
be as follows: O, and O2 are comparable to each other 
for values of mg around the nucleon’s mass, the former 
having positive values only, the latter only negative 
ones. QO; is an increasing function of mg and reaches a 
finite positive limit as mg — © ; Os, on the other hand, 
decreases in magnitude with increase in mg and reaches 
the zero limit from negative values as mg— ~. This 
behavior of O; and Oy» and their absolute magnitudes 
are such that, with our choice of A and B, the contri- 
bution of Fig. 1(B) always dominates over that of Fig. 
1(A) either in the case of nonlocal interaction with 
reasonably finite value of mg (mg less than 3m, for 
example) or local interactions (mg— ~). At present 
the experimental'® sign of the asymmetry parameter of 
A— p+ decay demands that a and 8 should have 
the same sign. With this in mind, it is found that with 
our choice of the renormalization effects, A~1, B= 
+1.25, which corresponds to a choice of negative bare 
chiral currents, there exists no way to explain the 
observed sign of the asymmetry parameter of A decay 
for reasonably finite values of mz. 


16 Our knowledge of hyperon beta decay is still poor. In the 
present model, the (Ap) vertex can only be renormalized either 
through exchange of at least two pions or one kaon. 

16 R, P. Feynman and G. Speisman, Phys. Rev. 94, 500 (1954). 
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consistent with R. P. Feynman and G. Speisman’s choice to 
explain the proton-neutron mass difference. 
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TABLE I. The ratio of the absolute squares of the matrix 
elements of Figs. 1(B) and 1(A).* 


A=m, 
mp=My, Mp 


A=1.5m,p 
tp=Myp Mp © 


A\=2m, 
ma © 
M([Fig. 1(B)]}\? 


M[Fig. 1(A)] " 


3.0 89 9.1 36 


A=+1, 


*The numbers in this table correspond to choosing either 
(F 1(A)] has been estimated by 


B=+1.25 or A=—1, B=—1.25. M[Fig 
comparison with the « — w+» decay rate. 


However, for sufficiently large values of mg, which 
yield the local Fermi interactions in the limit mg— «, 
it is found that only with the above choice of A and B, 
one can obtain the right sign and magnitude of the 
asymmetry parameter for Fig. 1(B) with negative 
chiral currents." The ratio of the absolute squares of 
the matrix elements for Figs. 1(B) and 1(A) with 
mp=m,and ~ are given in Table I for a few values of X. 

The table shows that the contribution of Fig. 1(B) 
satisfying the strict |AJ|= 4 rule dominates over Fig. 
1(A), which contains appreciable amounts of | AJ| =4 
and 3 transitions. This would certainly make it easier” 
to explain the approximate validity of the |A/J| =} 
rule for other nonleptonic processes. Moreover, since 
Fig. 1(A) yields a decay rate about half the observed 
value for F=F’; we could explain the observed faster 
rates of nonleptonic as well as the rather slow rates of 
leptonic decay modes of the strange particles by 
assuming, for example, fF” ~ F*/10. 

The above discussion also reveals that, if we stick 
to the negative bare chiral currents only, there is no 
way to explain the sign and magnitude of the asym- 
metry parameter of A decay unless we take the B meson 
as extremely heavy. This in a certain sense may be 
taken as an evidence against the existence of the charged 
vector meson in the present model and is in parallel 
with the conclusion drawn from the analysis of u — e+ 
decay in the framework of the two-component theory 
of the neutrino. 

However, if we insist on the idea of the intermediate 
charged vector meson, then the following possibility 


limit (i.e., 0.95<A<1.14). 

* Although | M[Fig. 1(B)]/M[Fig. 1(A)]|?~10, the branching 
ratio of A decay still deviates from the value obtained by the 
strict |AJ|=4 rule due to the interference effect of the matrix 
elements of the two diagrams. This arises since the diagram shown 
in Fig. 1(A) contains a very large amount of |A/| = 3 part. 
However, if the higher order corrections reduce the |A/|=4 
part to some extent, the approximate | A/| =4 rule may be valid. 
This problem remains to be investigated. At any rate, the point 
is that unless we do not consider the Fig. 1(B) we must expect 
an unreasonably large suppression of |A/| = part (especially 
for forbidding the K* — w*+-° decay). 

21 It may be noted that even if the | AJ| =4 rule owes its origin 
to a different model of weak interaction from what has been 
considered here, the consideration of Fig. 1(B) cannot be ignored 
for good reasons. 


AND SAKITA 


may be added provided we abandon the universal V—A 
form of weak interactions. In the framework of nonlocal 
interactions, it is possible to explain the desired asym- 
metry parameter of A— p+ decay and the im- 
portance of Fig. 1(B) compared to Fig. 1(A), if either 
(i) both (pA) and (#p) currents entering into the A- 
decay matrix element have positive chirality of the 
form Aya(l—ys)B or (ii) the former has negative 
chirality, whereas the latter has positive chirality.” 
This might suggest the existence of two charged vector 
mesons, one mediating the strangeness-conserving 
processes (B) and the other the strangeness-noncon- 
serving ones (B’). The latter must be associated with 
a weaker coupling constant and should couple the 
(Ap) vertex to (vp), (e~v), and (uw) vertices. It may 
be noted that although in this scheme (#p) and (Ap) 
should couple with B’ as given by either (i) or (ii), 
(u-w) must couple with B’ in the same way as with B 
(i.e., in the negative chiral form) due to the observed 
similarity of asymmetry parameters in K — u»— e and 
«—>u—e chains and helicity measurements in the 
latter. It may therefore be suggested that one couple 
(e-v) to B’ also in negative chiral form. However, we 
shall not go into details in this paper. 

As regards the decays of the K* and K,,.° mesons 
into their various modes, it is @ priori expected that 
the inclusion of Fig. 1(B) for A decay will lead to 
qualitative explanation of at least the various features 
of the | AJ| =} rule in K-meson decays. It is, however, 
rather striking to find that the inclusion of Fig. 1(B) 
provides also a quantitative explanation of the relative 
rates of all the observed modes of K* and K,,2° decays 
in reasonably good agreement with experiments, pro- 
vided one assumes consistently that the matrix element 
is damped by a factor ~v3 whenever a pion is emitted 
from a closed baryon-antibaryon loop. This work will 
be discussed in detail in a forthcoming paper.” 

In conclusion we would like to stress that in either 
case of local (mg— «) or nonlocal (mg finite) four- 
fermion interactions, the inclusion of Fig. 1(B) makes 
it easier to explain the approximate validity of the 
| AT| =4 rule along with the slower rates of strangeness- 
nonconserving leptonic processes and the faster rates 
of the strangeness-nonconserving nonleptonic processes. 
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The formulation of field theories based on few postulates but 
not using Lagrangian, Hamiltonian, or field equations has been 
investigated by many authors. In such a theory the coupled 
integral equations for Green’s functions play the role of a sub- 
stitute for field equations and serve to determine various physical 
quantities from the theory. In this paper we give a general 
prescription for the systematic solution of the coupled integral 
equations in perturbation theory. 

We discuss two kinds of Green’s functions: (1) the retarded 
functions, and (2) the time-ordered functions. Especially in the 
solution of the latter we have to use dispersion relations, and one 
finds a complete correspondence between the numbers of subtrac- 
tions in the dispersion relations and the types of interactions in 
the conventional field theory ; furthermore, the so-called renormal- 
ized coupling constants can be introduced into our theory through 


the boundary conditions supplementing the substracted dis- 
persion relations. On the contrary, however, it is not possible 
even to define the unrenormalized coupling constants in our 
scheme. In other words, all unobservable divergent quantities 
are completely eliminated in our formulation, and no divergences 
occur in the course of the entire calculations. 

We apply this method to quantum electrodynamics to illustrate 
the above statement and also to show how one can get convergent 
unambiguous solutions in agreement with the conventional 
renormalized quantum electrodynamics. In discussing quantum 
electrodynamics, it is necessary to discover how to express the 
requirement of gauge invariance without referring to Lagrangian, 
Hamiltonian, or field equations; it is found that a set of equations 
which is a straightforward generalization of the Ward identity 
meets this requirement. 





I. INTRODUCTION 


N the conventional field theory one starts from a 

Lagrangian or a Hamiltonian, derives field equa- 
tions, quantizes the theory, applies perturbation theory, 
and applies the renormalization procedures to get 
convergent solutions. Should those solutions correctly 
describe nature, there should be another way to achieve 
the same results without encountering any kind of 
divergences, and the divergences inherent in the 
conventional theory would suggest that there are 
physically meaningless and unnecessary concepts 
involved in the conventional theory. For this reason 
it is desirable to reformulate the theory by eliminating 
divergent meaningless quantities from the conven- 
tional theory. There is also another reason for requiring 
the improvement of the present renormalization 
procedures since they apply only to perturbation theory. 
We have no ideas at present how to apply the renormal- 
ization prescription to approximations other than 
perturbation theory.! 

The starting point to reformulate field theory would 
be to find out and exhaust all kinds of relationships 
among finite renormalized expressions. A powerful 
approach along this line of reasoning would be dispersion 
theory, and in fact it has been suggested by Mandel- 
stam? that the combination of the dispersion relations 
and unitarity of the S matrix would determine the 
dynamical behavior of the system of few elementary 
particles. Our approach in this paper is more or less 
similar to his, but we start from Green’s functions 
rather than from the S$ matrix. 

* Present address: Department of Physics, University of 
Illinois, Urbana, Illinois. 

1 To illustrate the situation, we have not succeeded in renormal- 
izing the Bethe-Salpeter equation for meson-nucleon scattering. 

2S. Mandelstam, Phys. Rev. 112, 1344 (1958), and sub- 
sequent papers. See also the review article by G. F. Chew, 


University of California Radiation Laboratory Report UCRL- 
8670 (unpublished). 


An important step in this direction is the discovery 
of the expressions of the S-matrix elements in terms of 
Heisenberg operators. First, the expression of the S 
matrix for the pion-nucleon scattering was derived by 
Low,* by Goldberger, and by Nambu,® and sub- 
sequently it was applied to the Chew-Low theory and 
dispersion relations. A more general method was 
proposed by Lehmann, Symanzik, and Zimmermann,‘ 
who showed the importance of the asymptotic condi- 
tions in the derivation of the S matrix elements in 
terms of Heisenberg operators. 

Since then a new approach to quantum field theory 
has started using the idea that one could determine the 
dynamics of fields based on only few postulates without 
reference to a Lagrangian or Hamiltonian. 

The postulates which seem to be of the most general 
validity in the conventional field theory are (1) Lorentz 
invariance, (2) microscopic causality condition, (3) 
asymptotic conditions, and (4) irreducibility condition. 
In such an approach we do not assume even the 
existence of the field equations, which have only a 
korrespondenzmdssig meaning even in the conventional 
renormalized field theory in the sense that renormalized 
field equations always involve divergent expressions 
such as divergent self-energy terms and so on. 

In a previous paper’ to be referred to as I hereafter, an 
interesting conclusion was drawn that in principle one 
cannot distinguish composite particles from elementary 
particles as far as the above mentioned postulates are 


3F. E. Low, Phys. Rev. 97, 1392 (1955). 

4M. L. Goldberger, Phys. Rev. 99, 979 (1955). 

5 Y. Nambu, Phys. Rev. 98, 803 (1955). 

6H. Lehmann, K. Symanzik, and W. Zimmermann, Nuovo 
cimento 1, 205 (1955). 

7K. Nishijima, Phys. Rev. 111, 995 (1958). See also W. Zimmer- 
mann, Nuovo cimento 10, 597 (1958); R. Haag, Phys. Rev. 112, 
669 (1958). 
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concerned.® In the present paper we would like to show 
the equivalence of our theory to the conventional re- 
normalized theory by solving the integral equations re- 
sulting from the asymptotic conditions in perturbation 
theory. 

Since our equations provide us with the renormalized 
solutions without applying the renormalization proce- 
dures, it is expected that they might be applied to the 
problems of strong interactions to get renormalized 
solutions without recourse to the perturbation theory. 

In Sec. LI we shall briefly review the derivation of the 
coupled integral equations for Green’s functions from 
the asymptotic conditions. Two kinds of Green’s 
functions, the retarded functions and time-ordered 
functions, are introduced. In Sec. III we shall present 
a general prescription for solving the integral equa- 
tions for the retarded functions, and in Sec. IV we 
discuss the solutions of the integral equations for the 
time-ordered functions, and introduce dispersion rela- 
tions for these functions. Next we illustrate the method 
by applying it to quantum electrodynamics for which 
perturbation theory is meaningful. In Sec. VA we 
investigate the problem of how to express the require- 
ment of gauge invariance without reference to Lagran- 
gian, Hamiltonian, or field equations, and we obtain 
a set of relationships which are equivalent to the gauge 
invariance. These relationships, as combined with the 
assumed existence of the Lagrangian, lead to the familar 
gauge invariant Lagrangian. A closer examination of 
these relationships shows that they are generalizations 
of Ward’s identity.’ Finally in Sec. VB we apply the 
method to quantum electrodynamics. 


Il. ASYMPTOTIC CONDITIONS AND THE DERIVATION 
OF INTEGRAL EQUATIONS FOR 
GREEN’S FUNCTIONS 


The asymptotic condition as introduced by LSZ 
assumes that the matrix elements of field operators 
converge to those of incoming or outgoing field operators 
for remote past or future. Based upon this assumption 
they derived recursion formulas for the matrix elements 
of the time-ordered products of Heisenberg operators. 

The asymptotic condition cannot be proved, but is 
postulated in their theory. We also postulate this 
condition in our theory, so that instead of trying to 
prove it we try to prove the self-consistency of this 
condition, or the self-consistency of the recursion 
formulas. In I it has been proved that the self-consist- 
ency of this condition is equivalent to the existence of 
solutions of a set of integral equations derived from the 
recursion formulas. Since, however, it is not possible to 


8 That means, for example, that the existence of field equations 
might be a clue to distinguish elementary particles from composite 
ones. This is, however, just a guess and not conclusive. 

9J. C. Ward, Phys. Rev. 77, 293 (1950); 78, 182 (1950); 
Proc. Phys. Soc. (London) A64, 54 (1951); H. S. Green, Proc. 
Phys. Soc. (London) A66, 873 (1953); T. D. Lee, Phys. Rev. 95, 
1329 (1954). For the proof of the generalized Ward identity see 
especially Y. Takahashi, Nuovo cimento 6, 371 (1957). 
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prove the existence theorem for such a complicated set 
of equations, we shall be content with the general 
prescription for solving the coupled integral equations 
in perturbation theory. 

Let us first introduce the recursion formulas, which 
we call the asymptotic condition in this paper, and 
then derive the coupled integral equations for the 
Green’s functions. 

We first postulate the existence of two complete 
sets of state vectors {®.~} and {@,)}. ®.¢ 
a state vector for a scattering state satisfying the 
outgoing wave boundary condition. ©.“ denotes a 
similar state but satisfying the incoming wave boundary 
condition. 

We further assume that a 
written in the following form: 


denotes 


state vector may be 


®, © = @a1-- -a,° a, )= | d1°°*@Any t+ (2.1) 
Pa;---an‘t means that this stationary scattering state 
is formed by incoming stable particles a, d2:+-, @n 
and the outgoing scattered and/or produced particles. 
Similarly Pa}: + -ap is the superposition of outgoing 
stable particles a;, d2:--, @, and the incoming particles. 
If we assume the neutral scalar theory for simplicity 
the recursion formulas are given by' 


aa, +) 


(8, —|TLe(x1)--- e(an)] 


= (8/a, —| TDL ¢(a1)--- ¢(xn) Jla, +) 


—4 f (az)¢0) ¢(z)| a) 


-K.46, 7 | TL ¢(21) es (xn) oI z) ] 
and 


(Ba, = | TL ¢(a1)- “* O(Xy, )] a, +) 


= (8, —| TL ¢(x1)--- ¢(%n) ]|a/a, +) 


-i| (dz) (a! ¢(z)|0) 


-K.(8, —|TLe(a1)- ++ (an 


)ye(S) |} Q, +) 


where (ds) =d‘z, |aa, +)=|a@1°+-ana, +) and |a/a, +) 
denotes a state obtained by omitting @ from a,---a, 
if a is involved, and equal to 0 if @ is not involved in 
@,:++d,. K, is the Klein-Gordon operator 0.—m, 
where m is the rest mass of the quantum of this neutral 
scalar field. Starting from the above formulas one can 
derive many different formulas as has been shown in I. 

In the above formulas 7 denotes Wick’s time-ordered 
product," and similarly if we define the anti-time- 

1 )=|0) denotes the vacuum state. For the single particle 
state |a) we need not distinguish between + and — 


1G. C. Wick, Phys. Rev. 80, 268 (1950). 
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ordered product 7, we get 


TLe(x1)--- ¢(%n) t= T Let (xn) --- et(x)] 
=T[¢(xn)- ++ ¢(x1) J. 
By using the complex conjugate of Eqs. (2.2), and 
(2.3) one can derive recursion formulas for T products 
of field operators. 
Next the retarded or R product”: of field operators 
is defined by 


(2.3) 


RE ¢(x): o(a1)- ++ e(4n) J 
= > 
— 

Perm. 


XL--- Lela), ear’) Je(ae’)]- ++ e(an’)], 


where x)’, «++, Xn’ is a permutation of x, -- 
6(x)=1 if wo>0, and =0 if x<0. 
Then combining the recursion formulas for T and 


7 products we get the recursion formulas for R products : 
(B, + RE ¢(x): g(xy)°°: ¢(Xn) | aa, +) 
= (B/a, +| RE v(x): o(a1)--- ¢(an)]\a, +) 


(—1)"0(x—2y')0( ay! — 20") + + -O(x,_1'/— 4’) 


(2.4) 


-, Xa, and 


+ f (a0 ¢(z)|a)-K.(8, +| RE e(x): o(x1) 
-+ o(x,)¢(2) ]la, +), 


(2.5a) 
and 


(Ba, +| RE ¢(x): o(a1)+ ++ (4) ]\a, +) 
= (8, + | RE ¢(x): o(x,)- 7s ¢(Xn) Ja, ‘a, +) 


+ f aya ¢(z)|0)-K.(8, +] RL e(x): o(21) 
-+ (xn) ¢(2) Jla, +). 


(2.5b) 


Now by making use of these formulas we shall 
derive coupled integral equations for the vacuum 
expectation values of R and T products of field 
operators. For simplicity we use the following abbrevia - 
tions: 

TLe(x1)+ ++ ¢(4n)J=TL1- + xn], 
and 


RE ¢(x): ¢(a1) +++ e(4n) J= Rovian: + xn]. 


First from the definition of the R-product the 
following equation is obtained : 


REx: yxi- + tn J— Roy: xx: + Xn] 
+i > [Rov xy’---x,"], 


Comb 
RE y: xe41'+++%n']]=0. (2.6) 
Taking the vacuum expectation value of this equation 
2 See I, reference 7; see also K. Nishijima, Progr. Theoret. 
Phys. (Kyoto) 17, 765 (1957). 
13H. Lehmann, K. Symanzik, and W. Zimmermann, Nuovo 
cimento 6, 319 (1957). 
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one writes 
R(x: x1" + +Xn)— Ry: xx: + + Xn) 


+i dD LY CO) Riva’: --x,’]\a, +) 


Comb a 


X (a, + | Roving’: (2.7) 


vn’ ||0)—(«# = y)=0, 


where 


R(x: yar: + +n) = (REx: yar: + Xn ])o. (2.8) 


The iterated use of the recursion formulas (2.5) enable 
us to express (0| R\a, +) znd (a, +|R|0) in terms of 
the vacuum expectation values of the R products of 
field operators, and we finally arrive at 


R(x: yxy° + +Xn)— Ry: xx: ++ Xn) 


yl 


o 4 


+i> > — J (any ae)Key Kw 


Cunt tnt l! 
XK R(xixy! s+ xy! uy: up) AP (uy—2,)+ + >A (u,— 2) 
X Koi ++ KoR (yi Xega' ss Xn'01° + +0) 
—(x= y)=0, (2.9) 


where (du) and (dv) denote d*u,-+-d*u,; and d42,- + -d4v, 
respectively, and A‘ is defined by 


iAP (x—y)=Doq (0| o(x)| a)(a| o(y)]0) 


J canrocpoe p?-+-m?)eir(e-w), 


If we introduce the so-called Haag’s functions'* by 


r(viay:++Xn)= KK 2y-++KrpR(e:41°°+%n), (2.10) 


they satisfy a simpler set of equations than (2.9) as 


given by 


r(x: yXy- ++ X_)—r(yixxy + Xp) 
» 1! 
+i >> SY — § (du) (dv)r(axiaxy’- + + xy! my- ++ )) 


Comb [=1 ]! 


x A“ (%4—1)° ° 


AM (t.— dr (yi vega’ + ¥n’D 1 + +) 


—(x=— y)=0. 


(2.11) 


The new set of Eqs. (2.11) is simpler than (2.9) not 
only in form but also in the method of solution. From 
(2.10) one can express R functions in terms of r functions 


as 
R(x:41°°-X4,)=(- = f (ay) dy): -+ (dyn) 


XAr(x—y)Ar(yi— 41): -Ar(Yn—Xn) 
— Xr(yiyie- (2.12) 


4 R. Haag, Kgl. Danske Videnskab, Selskab, Mat.-fys. Medd. 
29, 12 (1955). 


Yn), 
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where Ar(x—y) is the retarded function satisfying 


K ,Ar(x—y) = —6(«x—y). (2.13) 


These results have already been discussed by Lehmann, 
Symanzik, and Zimmermann,'* by Glaser, Lehmann, 
and Zimmermann," and by the author.’-” 

The algebraic relation for the time-ordered products 
corresponding to Eq. (2.6) for the retarded products is 
given by’ 


y (—i)"(—1)T[ay’: - 


Comb 


“Xe! \T Legs’ + +40’ J=0. (2.14) 


If we introduce 7(x,-+-x,)=(—i)"(T[La1-++xn])o, we 
get by taking the vacuum expectation value of (2.14) 
coupled integral equations for T functions correspond- 
ing to (2.9): 

T (x1- + +Xn)+T* (x1: ++ xp) 


st 


re age oe 


1 
Comb l=0 1! 


(du) (dv)Kuy-+-Kuj 


KT (ay! + + ay’ + uA (uy—2)- + - A (u,—2,) 


X Koy: . ‘Kul*(2,.': ‘ Xn?" ‘ -v,)=0, (2.15) 


where >} comp’ means omission of k=0 and k=n. 

In order to simplify (2.15) we introduce 
o(xy°++%,)=Kny---KesT(a:°*-%0), (2.16) 

then the +r functions satisfy the following coupled 

integral equations 

T(X1° ++ Xn) +r* (ay: + +x) 

2 4! 

+E’ S— 


Comb l=0 1! 


(du) (dv) r(x "+ + + 24’My- + 4) 


«KAM (44); —21)- - - AM (u,—2,) 


XK 7* (xp! + Xn'01°**0;)=0. (2.17) 
The Fourier transform of this equation represents the 
unitarity condition of the S matrix when all four- 
momenta are on the mass shell,’ so that the above 
equation represents a generalization of the unitarity 
condition. 

The T functions are expressible in terms of 7 functions 


as 


T (x1: ++ Xn) = ( —i)* f (ayo, ++ (dyn)Ar(*i—yi)° °° 


XK Ar(Xn—Vn)t(Vi-* Yn); (2.18) 


where Ar(x—y) is Feynman’s A function satisfying 
K ,Ar(x—y) =16(x—y). (2.19) 


16 V. Glaser, H. Lehmann, and W. Zimmermann, Nuovo cimento 
6, 1122 (1957). 
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From. (2.18) one can further derive 


(T[a1- . tn |o= fe: “e (dyn)Ar (%1—- V1 Jere 


XK Ar(X*n—Yn)T (V1 *- Vn). 


(2.20) 


The r and r+ functions are closely related to each other 
and we can easily derive a few relationships between 
them, for instance,'® 


7 (XX * + Xp) 


0 4 
=-id Y — | (du)(dv)r(x'-- 


U1) 
Comb l=0 l! 


, 
*X_ Uy°° 


KAM (4; — 21) - + - AM (4,—0;) 


Kr(xixegy’ 2x 


and 
r(xixy-++X,) 
rl 


© 4 
=i>> > — J (du)(dv)r*(xy'--- 


Comb l=0 l! 
KAM (4; —2;)- . >A (u4,—0;) 


XK 7 (exes! + Hy! Dy 1 (2.22) 


III. INTEGRAL EQUATIONS FOR THE r FUNCTIONS 


In this section we shall discuss the systematic 
solution of (2.11) in perturbation theory. Although only 
the neutral scalar theory is treated here, the method 
itself is general to cover all other cases. As a matter of 
fact we apply this method to quantum electrodynamics 
in Sec. VI. 

a. Free Field 


There are three boundary conditions to be imposed 
on the r functions.’ 


(1) r(x:x,+++%,) is a Lorentz invariant function; 


(2) r(x:x1-++%,)=0 unless xo> (%1)0, - ++, (Xn)o, 


(3) r(x:x1+++X,) is symmetric in x, ---, x 


nm 


Now the condition characterizing the free field is 
given by 
r(x:x,---%,)=0 for n>1. 
In this case it is preferable to discuss the function 
R(x:y)=R(x—y) rather than the function r(x:y) 
=r(x—y). The equation for R(«—y) is given by 


R(x—-y)-Ry—2)= f (du (a )K,R(x—u) 


-A(u—v)-K,R(y—v), (3.1) 


16Qne can derive (2.21) from Eq. (B.18) in I. One has to 
multiply by a factor ¢ the left-hand sides of Eq. (B.18) and the 
next equation. 
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where A(x) = A (x) —A™ (— x) =A (x) +A4@ (x), and 
the only solution of (3.1) satisfying the three boundary 
conditions is given by 


R(x—y)= —Ar(x—y)=0(x—y)A(ax—y). (3.2) 
From this solution we get 
r(x:y)=—K.K Ar(x—y)=KA(x—y). (3.3) 


This result is the basis for perturbation theory. 


b. Interacting Field'* 


Next let us assume that a weak perturbation is given 
and that the r functions can be expanded in a power 
series of a small expansion parameter e. 

We further assume the order of magnitude of the 
r function to be 


r(¥:44°* Xn) =O(e"), (3.4) 


and in general we may write 


a) 
r(xiayeetn)= DO rm(x2%1°° Xn), (3.5) 


m=n—l 
where r,, is the term of the order of e”. 


First let us pick up terms of the order of e™ from the 
r Eq. (2.11): 


Fm (X2 X15 * Xn) —Km(Yi XX" + Xn) 
m—1 @ i! 


a? ae Se 


Comb s=1 l=1 1! 


(du) (dv)r, (x: xy' + + - x4/uy- - - Uy) 


KAW (u;—2))- x >A (u;—20) 


Xrm—e(Vi deg! tn’ -1)—(xSy)=0. (3.6) 
It is worth while to notice that terms corresponding 
to s=0 or m do not occur in the summation," for if we 
insert ro(x—u)=K4(x—4u) into the above integral we 
will get 


J (du) K5(x—u)-A (u—v) = K,A (x—2) =0. 


Therefore, if the r functions are known up to the order 
e™—! the second term in (3.6) is known, and we may 
write (3.6) as 


Vm (X2YX1" Xn) — TK m( Yi NX + Xn 


=QOm(xy:%1+++Xn), (3.7) 


where Q,,(xy:21°+*%n) is assumed to be known and is 
antisymmetric in « and y. Then the next problem is 
to determine r,,(x:y---) and r,,(y:%---) separately, 
and we make use of the boundary condition (2) for 


17 This is not the case, however, for the R functions. 


PERTURBATION THEORY 
this purpose. We get 


fualZ: YX) ata *Xn) = im ( vy: M1°°°X n) if 
=0 if 


Xo> Yo, 


x0< Yo. (3.8) 


However, we cannot determine 7, for xo=yo. The 
microscopic causality condition requires that the solu- 
tion of the homogeneous equation 


T m(X2YX1° °° Xn) —Pm(yi XX" + Xn) =0 


should vanish unless x=y, and hence the general 
solution of (3.7) will be given by 


1 m(X2yX1° + Xn) =O(a— yO m(xy: 41° + Xn 
+6 (a—~y) f(x: x1 ++ Xn) 
+3 derivative of 5(«—y) 


func. (x:41°+-Xn). (3.9) 


This solution satisfies Eq. (3.7) but will not satisfy the 
symmetry requirement, the third boundary condition, 
in general. One has to fix the additive undetermined 
part of (3.9) so as to satisfy the symmetry requirement. 
Suppose that we have found a special solution 7, 
that satisfies all boundary conditions, then the general 
solution satisfying Eq. (3.7) as well as all three boundary 
conditions is given by 


Tm (X2 YX" * Xn 

= Pm (x: yar + *Xn) +P(0/dy, 0/Ox1, +++, 0/AxXn) 

X5(x—y)b(x—41)-+-6(a—-x,), (3.10) 

where P is an invariant symmetric polynomial of 
differential operators 0/dy, 0/0x%1, ---, 0/dx, and the 
first few terms will be given by 
P(0/dy, 0/O%1, «+ -0/0xXn)5(x—y)b(x—x1)- + -6(x—Xp) 

= ¢95(x—y)6(x—4)- + -6(x—x,) 


+a iz. Oia Jale—y)6(e—m)- -+6(x—2X,) 


k=0 


00 
taf Zz. —-— )a(e—y)8(e—m) 


tk OX; OX, 
Xd(x—-aa)++-*, 


where we have used the convention y= xo. 

By comparing these results with those of the conven- 
tional field theory one sees that the introduction of the 
additive 5-function terms corresponds to the introduc- 
tion of interaction terms of the form ¢"*?, 9” "O¢, 
¢"(d¢/dx)(dg/dx), --- in the conventional theory. To 
see this situation more clearly let us consider the first 
order perturbation theory; then the r equation in 
this order is given by 


7 (xX: YX" Xn) —ri (yi arr: + Xn) =0. 


(3.11) 
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The general solution of this equation is given by 


ri(v: yx: + +Xn)=P(0/dy, 0/Ox1, «+ -0/OXn) 


X5(x— y)b(x—41)-- -d(x—Xn), 


and one can immediately compare this result with that 
of the conventional theory and see that the above 
statement is true. Apart from trivial numerical factors, 
Co, €1, C2*** are the coupling constants for the interac- 
tions gt, gL eg, o"(0¢/dx)(0¢/0x), ---. Thus we 
conclude that the constants of integration occurring in 
the solution of r equations correspond to the coupling 
constants in the conventional field theory. We will meet 
a similar situation in the solution of the 7 equations. 

A difficulty associated with the solution of the 
r equations is the fact that one cannot write down the 
formal convergent symmetric solution r,,.’s in an explicit 
form. This is a serious difficulty in investigating the 
general properties of the power series expansion. 
Nevertheless, we shall illustrate how one can solve the 
ry equations in the application to quantum electro- 
dynamics. This difficulty does not occur, however, in 
the solution of the 7 equations as we shall see in the 
next section. 


IV. INTEGRAL EQUATIONS FOR THE + FUNCTIONS 


In this section we try to solve the 7 equations in 
perturbation theory following the pattern described in 
the solution of the r equations. The free field is char- 
acterized in this case by the propagation function 


( T[x1,x2 ] o= Ar(x1—%2), 
and hence 
T | X1,%2) —- KK xoT | X1,%2) 


= —1K26( A Xo). 


(4.1) 


We cannot, however, immediately apply the method 
described in the previous section to the 7 equations, 
but we first have to prepare for a new set of auxiliary 
functions. 

The Feynman diagrams contributing to the function 
r(%1,°**,%,) may be divided into two classes. The first 
one consists of the so-called connected diagrams, and 
the other consists of disconnected diagrams (Fig. 1 
and Fig. 2). 

If the function p(x, ---,,) is defined as the sum of 
contributions from connected diagrams alone, then it 
is not difficult to derive the following formula on 
graphical considerations 


r(x + +X,)=p(xxy---xX,) 


+ ¥ p(xx’-- 


Comb 


Xn) (Xega x 


\ connected diagram. 
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where x)’, «++, x,’ is the permutation of x, *. Be 
and the summation should be taken over all possible 


combinations that divide #, *, ¥, into two groups. 


Eq. (4.2) allows us to express 7 functions in terms of 
p functions, and vice versa. Therefore one can express 


the + equations in terms of the p functions to get the 
p equations. For this purpose, however, it is simpler 
to use the following device: we first pick up those 
terms from the 7 equation which correspond to con- 
nected diagrams. First, it is clear from the definition 
that we may write 


[r(aie+ stn) r* (x1 + Xn) eons 
=p(x1-° +x, 


\+-p* (41° oti 

To pick up terms corresponding to connected diagrams 
from the nonlinear part of the 7 equation, express the 
7 functions in terms of p functions and check if they are 
connected in any way, either through p functions or 
through A™ functions (Fig. 3). 
therefore, given by 


The p equation is, 


p(xy-° -Xn)+p*(x1- -+x%,)+ > 


Comb 


XK [7 (ay! + xg! + up) At 


Xe 


Fic. 2. A disconnectec 


diagram 


The connected part of the nonlinear terms in the above 
equation may be found by applying the prescription 
given above. To facilitate understanding of this prescrip- 
tion we shall give an example. 

Example. 


[7 (apres) AT (ty — 01) A (t4a— V2) 7* (43440102) ] 


There are three different types of connected diagrams 
as shown in Figs. 4(a), 4(b), and 4(c). Correspondingly 
we get three different types of contributions. 


x 


p (21x22) AT (uy—2,) AM (u2— V2) p* (434740102), 
p(xx2Uyu2)AM (41 — 2) A (u2— 22) 

X [e* (x51 1)p* (x42) + (x3 = a4) | 
and 


[p(1t¢1) p(x 2t2) + (x1 = x2) ]A™ (u1—21) 


XAM (tte— v2) p* (agxqdid2). (4.5c) 


The free field is characterized in terms of the p 
functions by 
p(x1%2) = 1K 26(41— x), 





ASYMPTOTIC CONDITIONS 
and 


p(xive-++Xn)=0 for n>2. (4.6) 


The functions r(%,---x,) for the free field, however, 
do not vanish in general, and this is the reason for 
preferring the p functions over the 7 functions in our 
formulation. 

To the p equation (4.4) we can apply perturbation 
theory, and if we know the p functions up to the order 
e™—!, where e is a small expansion parameter as in the 
previous section, one can immediately find the expres- 
sion for pm(X1"**Xn)-+pm*(xX1-**Xn) from the p equation 
quite similarly to the case of r functions. Then the 
next task is to separate p, from the sum pm+pn*. 
In the case of the r functions, the separation was made 
by using the retarded character of the retarded func- 
tions, but in the present case we must discuss this 
problem in momentum space. 

First we write down the CPT theorem: 

(4.7) 


(g(x): +? (Xn) ho= (E(—Xn)* °° ¢(—%1))o, 


which has been proved by Jost!* from the fundamental 
postulates alone. This relation leads to the following 
equation for the 7 functions: 


7 (x1, °**, Xn)=7(—41, ***, —Xn), (4.8a) 


Fic. 3. A typical con- 
nected diagram occurring 
in the nonlinear part of 
the p equation. 


and hence 


p(X1, °**, %n)=p(—%1, «°° (4.8b) 


) Xn). 


Then we introduce the Fourier transform of p by 


P(X, °° 


—1 
+, tn) =——— J (dpi): - (dpm 
= (2x) 4(n—-D fi pr <p 


X6(pit eee + praetrizit- + -+Pnztn) 
2 Pu). 


The CPT theorem as combined with the Lorentz 
invariance requires that G(pi,--+, Pn) should be a 
function of scalar products paps and four-dimensional 
5 functions 6(pi’+---+p),'). Since, however, the p 
functions correspond only to connected diagrams, the 
Fourier transform of the p function will not involve 
6 functions other than 6(f1+---+ ,) expressing the 
over-all conservation of the energy-momentum. Hence 
G will be a function of scalar products paps alone. 
Now the Fourier transform of p+p* is ImG so that the 
separation problem turns out to be the problem of 
finding ReG when ImG is known. This kind of relation 
called a dispersion relation has been extensively 


XG(pi, °° (4.9) 


18R. Jost, Helv. Phys. Acta 30, 40 (1957). 
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Fic. 4. Connected dia- 
grams corresponding to the 
expressions (4.5a), (4.5b), 
and (4.5c). 


investigated in recent years, and we shail utilize some 
results of dispersion theory. 

It is known that the Green’s function G may be 
expressed in the following version in all orders of 
perturbation theory”: 


o(Ca3,M*)dceagdM? 
S(peps)= f - -, (4.10) 
(d° CasPaps+M?—ie)% 


where ga is a real weight function, M? is always positive, 
and N is a suitable integer. Combining (4.10) with the 


formulas 
=a di’ 1 
f 5 (ct’+ M?*) =0(—c)——_, 
oe fxg ct+M? 


0 dt’ 1 
f (ct’+ M2) = —0(c)———_, 


/ - € 
7=§ c§+M* 


Ss 


(4.11a) 


(4.11b) 


—Z 


one can find the dispersion relation for S 


P x 
Reg(tat-e)=—| f 
us e <¢ 
XImG (paps: ’), (4.12) 
where & is a scaling parameter to be multiplied into all 
scalar products. The relation (4.12) can also be 
expressed as 


1 
G (Peps &)=-| | ——— | 


T 


XImG( paps: £’). (4.13) 


9 Y. Nambu, Nuovo cimento 9, 610 (1958). 
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We have not given the proof of the above dispersion 
relation, but we know that it is true in all orders of 
perturbation theory of the conventional theory. 
Therefore, when we formulate field theories in terms 
of the time-ordered functions, we may regard the above 
dispersion relation as a postulate substituting for the 
Lorentz invariance and microscopic causality condi- 
tions. As a matter of fact both conditions are already 
involved in the dispersion relation. It is very desirable, 
however, to try to prove this dispersion relation without 
recourse to the perturbation theory. 

An important remark on the dispersion relation (4.13) 
is that one needs subtractions for some G functions, 
because in general one has to add a polynomial of 
scalar products paps to (4.10). As we shall see below 
the number of subtractions in the dispersion relation 
determines the type of interactions introduced in our 
scheme. 


(a) Two-Point Green’s Function 


In the case of the two-point Green’s function it is 
more convenient to discuss 7'(#1,%2) than to deal with 
p(x1,%2). In this case we refer to the Kallén-Lehmann 
representation.” 


T (x1,%2) = — (T[x1,%2 })o 
= —Apr(x1—%2, m)— far a(M?) 


XK Ar(x1— x2, M?), (4.14) 
where o(M?*) is a positive definite function of the 
integration variable M?, and the derivation of T(x1,x2) 
from ReT7(x;,x2) is trivial. 


(b) n-Point Green’s Function (n>2) 


In general the subtracted dispersion relations are 
obtained by differentiating (4.12) so that the true 
dispersion relations will be given by 


d 


dé 


XImG(paps:t’). (4.15) 


Let us first prove in perturbation theory that dispersion 
relations without subtraction for all n>2 give the free 
field as the only solution. 

For this purpose we shall pick up terms from the 
p equation which are linear in the coupling constant. 
Then we get 
*, )=0, 


Rep (x1, “9 (4.16) 


1952); H. Lehmann, 
Gell-Mann and F. E. Low, 


*”G. Killén, Helv. Phys. Acta 25, 417 
Nuovo cimento 11, 342 (1954); M 
Phys. Rev. 95, 1300 (1954). 
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since the nonlinear terms vanish in this order for the 
same reason as that in the r equation, i.e 


"9 


J (avroo(20)a° (u—)= —iK,A (x—v)=0. 


From (4.16) we get 
ImGi(p1, «++, Pn) =0. 


Hence the dispersion relation without subtraction, 
Eq. (4.12), will require 


(4.17) 


ReGi(pi, -++, pn) =0, (4.18) 


or, in other words, no interaction can be introduced. 
Thus the above statement is verified in perturbation 
theory. 

Next let us discuss the dispersion relations with one 
subtraction. In the lowest order perturbation theory 
we again get (4.17) and the dispersion relation with one 
subtraction gives us 


(d/d&) ReGi (paps: §)=0. 
The solution of this differential equation is given by 
ReGi (paps &) = g, (4.20) 


This result is exactly the same as that given by the 
conventional field theory with the interaction 


(4.19) 


const. 


(g/n!) e(x)". (4.21) 


Thus we see that interactions are introduced through 
subtractions. In general, when higher order corrections 
are taken into account, we fix this constant of integra- 
tion by an appropriate boundary condition. For 
instance, for the 3-point Green’s function we fix this g 
by a condition like 


ReG(p2= —m?*, p= —m*, px=—m’)=g, (4.22) 


which defines the renormalized coupling constant. 
Suppose that we used dispersion relations with two 
subtractions, then we get instead of (4.19) the equation 


a 
— ReGi( paps: &) =0. 
1? 


¢ 


(4.23) 


The solution of this equation is given by 


ReGi=gthi > paps Ethed pa?-t. (4.24) 
ap a 


This solution corresponds, apart from trivial numerical 
factors, to the following interactions in the conventional 
field theory : 


ge", hg” ?*(d¢/dx)*, and kne*™'Og. (4.25) 


From this result we may draw an interesting conclusion: 
The subtractions in the dispersion relations are 
necessary in order to introduce interactions, and the 
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number of subtractions determines the type of interac- 
tions in the corresponding conventional field theory. 

It is worth while to notice that one cannot introduce 
an indefinite number of new interactions through 
subtractions in the dispersion relations, since they 
will bring about divergences in the higher order 
calculations of the two-point Green’s functions to 
which one should not apply an arbitrary number of 
subtractions. See Eq. (4.14). 

The + or p equations are much more convenient than 
the r equations in many respects. Especially in each 
order of perturbation theory one can give the formal 
solution of the p equation that is Lorentz-invariant, 
symmetric in all variables, and convergent. This was 
not possible in the case of the r equation. We shall 
discuss in this paper, however, the application of the 
r equations and leave the application of the 7 equation 
to another opportunity. 


V. APPLICATION TO QUANTUM ELECTRODYNAMICS 
A. Generalization of the Ward Identity 


In this and the next sections we shall discuss the 
application of our method to quantum electrodynamics, 
since this is the only subject to which one can apply 
perturbation theory. Usually quantum electrodynamics 
is characterized by the requirement of gauge invariance. 
This invariance requirement implies that the Lagrang- 
ian, the Hamiltonian, and the field equations should 
be invariant under gauge transformations. Since, 
however, we do not have a Lagrangian or Hamiltonian 
to start with, the question arises of how to express the 
gauge invariance in our scheme without using such 
conventional concepts. The solution to this question 
will be the subject of this section. 

In order to solve this problem we start from the 
Lagrangian and try to find relationships that hold 
independently of the precise form of the Lagrangian 
provided that it is gauge invariant. 

The Lagrangian expressing the interaction between 
matter fields and the electromagnetic field is given by 


Ltotal= Lmatter(¢a(x), [0,—ieaAy(x) }ya(x))+Lrad, (5.1) 


where 
1 0A,(x) 0A,(x) 
Lrad= —1F,,(x)F,,(x)—- ™ 

2 0% 


’ 


OX, 





0A,(x) OAA,(x) 


F (x)= 


OX, Ox, 


This is an example of gauge invariant Lagrangians. 
We assume that there are several fields and the subscript 

21 This is because the p equation is completely symmetric in 
all variables, whereas the r equation is not completely symmetric 


but two variables x and y are distinguished from all others. 
See Eq. (2.11). 


AND 
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a denotes the species of field. e. is the charge of the 
quantum belonging to the field ga. 

Next we define the four current by the following 
equation: 
DA,(x)= — ju(x). 


Then from the Euler equation this four current is given 
by 


(5.2) 


fe) 
jul%) =—- Latter 
0A, (x) 

xX (¢a (x), On a(x) — 1€,A , (x) ?a(x)). (5.3) 

Next if we introduce D,,(«) by 
Day(*) =9yGa(x) — i€aA u(x) Ga(x), 

then the four current is expressed as 

; dD, (x) OLmatter (x) 

j.(x=> : — 

a @A,(x) ODa(x) 





. OL matter (xX) 
= Ts ps CaLa\ x+)—_—-_-_-—. 
. ODay (x) 


In this summation we always include the field operator 
¢a'(x)= ¢a*(x) corresponding to the antiparticle a’. 
In particular, Eq. (5.4) gives 


OLmatter(x) 


jo(x) = —tjs(x)=—D Caga(x)— - 
a OL A4¢(a) | 


OLtotal (x) 
=-if &¢——_— 
a 


0 ¢4(x) 


=—1t1) €a¢a(x)ma(x), (5.5) 


where 7,4(x) is the canonical conjugate of g,(x). Then 
from the canonical commutation relation 


[¢a(x), 


we immediately get 


[ ¢a(x), jo(y) ]=eaga(x)& (x—y) for 


w(y) ]=16a.69(a—y) for (5.6) 


Xo = Yo, 
Xo= Yo. (5.7) 


This equation is true independently of the spin of the 
particle a. From this equation we also get the well- 
known relation 


[¢a(x) 0] sae CaGa(X), 


where Q is the total charge of the system defined by 


Q= f jo(x)d*x. 


Equation (5.7) involves more information than Eq. 
(5.8) does. 


(5.8) 


(5.9) 
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Then direct calculation the 


equation 


we can verify by a 
21 LA, (x) A(x’) Ao(x"’)- ++ Gal 
=—TT[ j,(x)A,(2’)Ao(x 
—8(«o—«o')T[[A,(x),A 
X A(x” 
=—T{ jy(«)A,(x’)Ao(x”)--- 
+i8'(x—x')b,.TLAs(x”)--- 


Xa) Go( Xp) °° - | 
| 
s(%a) ¢p( Xp) etal 


(xa) ¢n(ae)-+-J4+--- 
Ga(%a) ¢o(X)** + ] 


GalXa) Go (Xp)°-° 


' ? 


where use has been made of the canonical ——— 
relation for the -oapstege ignetic field [A,(x), A,(x’)] 
= — 16,,6°(x—x’) for xo= The above pr Em may 
formally be written as 
O.7[A, 

= —T{[ ju(x) (5.10) 


This equation is not yet meaningful, however, unless 
ju(x) is explicitly expressed in terms of field operators, 
so that we try to eliminate the current operator j,(x) 
from the above equation. The Euler equation leads to 


OuJu(x)=0. (5.11) 


We apply 0/dx, to Eq. (5.10) and get 


* gn(ae)-+-J4- +: 


-TLA,(x 


GalX%a) ¢ 

0 
= > €20(x— ta) +5 

a i 7" 
X TLA,(2x’)A, (x 


gk Sou} ¥o'\ Xp) chat 


or again quite formally we may write 


0 
O.—7[A,(x) 


OX, 


This will be called the Ward-Takahashi 
equation for the reason to be mentioned later. 

features of the W-T 
may be summarized as follows: 


equation 


The characteristic equations 
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(1) The W-T equations hold independently of the 
form of the nonelectromagnetic interactions prov ided 
that the total Lagrangian is gauge invariant. 

(2) Although we used unrenormalized field operators 
in the above derivation, the W-T equations hold also 
for renormalized operators. 

(3) The W-T equations are the generalizations of 
the Ward identity.® 

4) In the presence of a Lagrangian that is compatible 
with the canonical commutation relations, the W-T 
equations are equivalent to the usual requirement of 
gauge invariance. 


For the above reasons we may regard the W-T 
equations as the substitute for the requirement of 
gauge invariance in the absence of a Lagrangian to 
start with, and in the next section we shall use them as 
supplementary conditions characterizing quantum 
electrodynamics. 

Among other things the second property is especially 
important to the formulation of divergence-free field 
theories, so that we shall give its proof. We start from 
the following renormalized Lagrangian: 


Sr tal = Limatter (¢a (x),[0, — ila. - 


+Lraa, (5.13) 
where all field operators as well as e, represent renormal- 
ized ones. In Kiillén’s notation,” L,,4 is given by 


i-L 
Lrad >= — F,, (x Fy 


1 0A, (4 


The current operator 7,(x) is defined again by 


DO Ay(x) = — ju(x). 


The Euler equation gives us the equation 


0°A, (x) 
d 


ju(x) = j,imatter)— 7 (5.16) 


Ox,OX, 
where j,‘"*“**" denotes the contribution from Latter, 
and the second term on the right-hand side of (5.16) 
results from the modification of £,,4. We get, as before, 
the commutation relation 
[ ¢a(x), joo” (y) J= CaGa(x)6?(x— y) 


for x Vo. (5.17) 


The commutation relations for the potentials at equal 
time x= 0’ are given by 


[A,(x),A,(x’) ]= 
0A, (x) 


OX 


2G. Killén, Helv. Phys. Acta 25, 417 (1952); 
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and 
[—— | 
OXo Ox" 


L 0 fe) 
‘ (55+, aes 6° (= x’), 


ee (5.18c) 
1-—L OX, OX, 


where & =6,.—L6,46,4. Using these commutation 

relations we repeat the same calculation as before, 

and we get 

O.7[A,(x)A,(x’)-+ +] 

= —TT[ j,(x)A,(x’)--+] 

+[itw/(1—L)]6(x—2")T[- + 

Next we apply 0/dx, to the above equation, and from 

the first term we obtain 


(5.19) 


[> ea (x— 2X4) |TLA,(2’)- 


a 


* Ga(Xa)*° -] 

iL 0 
(1—6,4)—64(x— 2’) 

1-—L Ox, 


*TL +++ GalXa):: ojt--.. 


(5.20) 


The second term in (5.20) results from the noncom- 
mutativity between j,(*)— j,‘"*"°?(x) and 4A,(x’). 
The differentiation of the second term in Eq. (5.19) 
yields 


1(1— Lby4) 0 
Sine --—§4(x—a")T[- ++ gata): ++ J4+-°° 
i-L On, 


(5.21) 


Summing up terms (5.20) and (5.21) we again find the 
W-T equations for the renormalized field operators. 

In order to verify the third statement we just need 
to remember Takahashi’s proof of the generalized 
Ward identity. As special cases of the W-T equations 
we get 

0 0 
O0.—(7[A, (x),A,(x’) ])o=i—ad(ax—2’), (5. 
Ox, Ox, 


and 


C1 —(TLb(2) Pa") Aa(9) Do 

ef TLV) bV-**) 
—8(x—y)(TLY(y),¥(x’) })o}, 

where ¥ denotes the operator of the electron field and 

e the electronic charge. Then we define the vertex 


operator by 


(TL W(x) W(x’), Auly) ])o 


(5.23) 


— e f dents Sp’ (x— £)0,(E—9: 9-9) 
X Sr’ (¢—x’)Dyl(n—y), 


AND 
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where 

Sr’ (x— §) = (TL (x), o(€) ])o 
and 


Dy, (a—- y) = (T[A »(),2 1,(y) ] 0. 


Combination of Eqs. (5.22), (5.23), and (5.24) im- 
mediately leads to the generalized Ward identity 


—i(p—q) Sr’ (p)T.(p: 9) Sr’ (gq) =Sr'(p)—Sr’(q). (5.25) 


Hence we may take it for granted that the W-T 
equations represent the generalizations of the Ward 
identity. 

Finally, if we trace back the calculation leading to 
the W-T equations assuming suitable commutation 
relations, we arrive at a partial differential equation 
for Lynatter aS a function of field operators. The solutions 
of this equation are given by gauge invariant Lagrang- 
ians. Thus the equivalence of the W-T equations to 
the requirement of gauge invariance is verified. 


B. Perturbation Theory 


In this section we shall apply perturbation theory to 
quantum electrodynamics. We solve the r equations 
subject to the supplementary W-T equations, to 
illustrate the method. 

We first have to define the retarded product for 
Fermion operators, and for this purpose we introduce 
a fictitious auxiliary field n(x). The operator n(x) is 
assumed to anticommute with all Fermion operators 
and also with itself, i.e., {(2),n(«”)}=0. For the sake 
of convenience we shall review here the connection 
between Wick’s T product and Dyson’s P product. 
If we let ¥(x) be the field operator of a Fermion field, 
then the connection is given by 
P(n(x1)W (41) ,n(v2)h (x2), ++, n(n) W(x) | 

= (Xn) +++ (x2)9 (x1) TY (xr) (x2) + + (xn) J. 
This suggests the way of defining the retarded product 
for Fermion operators. We define the retarded product 
by 
R{En(x)v (x) :n (arb (a1), «++, 2(Xn)b (40) | 

=(a%n) ++ +9(x1)n(x) REY (x) :W (41) ++ -W (xn) J. (6.2) 
The generalization of this definition to other cases is 
evident. Next in the case of Boson fields we have the 
following equation connecting R with T and T products: 


RE x:a-+-xn)= ¥ i"(—1)*T Lxegs’: +n") 
Comb 
Tava’: + + xy"). 


In the presence of Fermion fields this equation is 
modified as follows: 


(6.1) 


(6.3) 


(1) When x is the argument of a Fermion operator, 
we get 
X i"(—1)*(— 1)" (1) PT Lag’ en] 


Comb 


XTLxxy':+-xx'], (6.4) 
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J ts Pe . . , , 
where x’ ts the number of Fermion operators in x;': « -x,’, 
and k’ the number in x,’---x,’. P denotes the permuta- 
tion (a1°+-X,) — (%1'---x,"), and (—1)? is equal to 
+1 or —1 according to whether P is even or odd. 

(2) When «x is the argument of a Boson operator, 
then we have 


dD i"(—1)*(— 1)" (1) T Lag’: + tn’ ] 


Comb 


X TLaxy’s+-axy'). (6.5) 
These relationships will be used in later calculations. 

Next we have to give the asymptotic conditions for 
the electron and electromagnetic fields. First one has 
to be careful about the order of subscripts designating 
a state vector. When a; and a; denote the incoming 
or outgoing electrons, the Pauli principle requires the 
relation 


! 
| dy"° “Bg° ° *By*° 


"Am, = 


**Om, +). (6.6) 


= —|ays + aye ai" 
Also we have to define the state |a/a, +) by 


m 
Q1°°*Am ‘a, +) = 3 (—1)*""5(aa;) 
i=1 
Xla1---a 12ii1°* 


"Am, +), (6.7) 


The asymptotic conditions are then given by 


(1a) (Ba, + RL : ] a, +)—(B, + Ri : ] a/a, +) 


(da A,(z) Q) 


<x O.(8, +|RL : Ay(s)]\a, +), (6.8) 


and its complex conjugate equation. |@) denotes a 
one photon state. 


(2a) (Ba, + |RL: Jia, +)+(8,+/RL: Jla/a, +) 


= f (asc W(z)|0) 


X DAB, +) RL: ¥(2)}\a, +), (6.9a) 


(2b) (8, +/RL: laa, +) (8/a, +) RE: Jia, +) 


= f a olve@ a) 


xDA8, +!) RE: ¥(2)]\a, +), (6.9b) 
where |a) denotes a one electron state, and one has to 
take a — or + sign depending on whether the number 
of suppressed Fermion operators in the R-product is 
even or odd. D’s are defined by 
D,= ¥,(0/02,) +m=yd.+m, 
and 
D,= 


vu! (0/d2,) —m=7"70,—m. 
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By applying the operation of charge conjugation to 
(2a) and (2b) one finds the asymptotic conditions for 
the positron. 


(3a) F(Ba,+|RE: Jia, +)+(8,+|RE: Jla/a, +) 


=e / 


= f (a(a\vee 0) 


xD,(8, +|RE: (2) ]la,+), (6.10a) 


(3b) (8, +]RL: ]\aa, +) (B/a,+/RL: 


= f (aso ¥(z)! a) 


XD.AB, +| RL: ¥(s) Jla, +), 


Jia, +) 


(6.10b) 


where | a) denotes a one positron state. 
In practical calculations we need contraction func- 
tions, which are defined and given by”® 


So (O| Wa(x)|a){a Waly) Q) 


one electron 


= — 1S aa (x— y) = —1(yOz— Mm) ap (x—y), 


> (lWal(x)|a)(a|ps(y)|0) 


one positron 


= —i Sy (x— y) = —i(y70. +m) aA (x—y), (6.11) 


> 0] A,(x)| a)(a| A,(y)!0) 


one photon 


=1(6..+2M0?/dx,0x,)D~™ (x—y). 
It is convenient to introduce the following functions: 
Sr(x) = (yd—m)Ar(x), Sr(x)= (y70+m)Ar(x), (6.12) 
where 


Ar(x)=—O(a)A(x), and K,Ar(x)=—d(x). (6.13) 


The corresponding D functions may be obtained from 
A’s by putting the rest mass equal to zero. 

With these preliminaries we shall solve the r equations 
in quantum electrodynamics. 


Vertex Function 


In developing perturbation theory it is of fundamental 
importance to determine the lowest order vertex 
function, since it corresponds to the determination of 
the interaction Hamiltonian. We have to solve the 
r equation to determine (RCA, (x):¥(y)¥(z) J 

The arguments given in Sec. III render the equation 


0 .D,DARTA, (x) :W (v0 (2) J) 
—O.D,DAR[Y(y):A,y(x)b(s)})o=0 (6.14) 


in the first order approximation. The retarded property 
23 This equation requires a special choice of the gauge. M isa 
gauge dependent constant. 
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of the R product assures us of the following solution: 


0D DARA, (x):¥(9)¥(2) ])0 


= 0,6(x—y)b(x—z), (6.15) 


where ©, is a vector formed of y matrices and differen- 
tial operators. In order to determine 0, more precisely 
we shall refer to the W-T equations. First, from the 
relation 


R[A:W)=—-TLAW)]-TW1A 
—PT[Ay]+¥7[ 49], 


which follows from (6.4), we get with the aid of the 
W-T equation 


(6.16) 


a 
O.—(RLAg(x) Wal ya(z)])0 


OX, 
= —e[5(x—y)0(y—2)+6(«—2)0(s—y) ] 


X ({Waly), ¥a(z)})o. (6.17) 


To the first order in e we can approximate this expres- 
sion by 


—ie[6(x—y)Sr(y—2)ast+6(x—2)Se(2—y)sa]- 


Hence we get in the e' approximation the equation 


0 a ~~ 
0O.—D,DARLA,(x):b(y)b(2) ])o 
OX, 


= —ieyd5(x—y)i(x—z). (6.18) 


Comparison of Eqs. (6.15) and (6.18) yields the relation 
] 0 


—iey,—8(x— y)5(x—2) = O, —8(x— y)6(x—2). 
OX, OX, 


(6.19) 


The general solution of this equation is given by 


Ou= — ey, +iP (A)ou(0/dx,), (6.20) 


where P(d@) denotes an invariant polynomial of differen- 
tial operators as appeared in Sec. III. The first term in 
(6.20) represents the Dirac type interaction and the 
second term gives the Pauli type interaction or the 
derivatives thereof, i.e., if we pick up the constant term 
from P(d) we are left with a term of the form ido, 
x (0/dx,) which is known by the name of Pauli interac- 
tion. Anyhow the solution (6.20) gives gauge invariant 
interactions as was predicted. 
In the following calculations we retain only the first 
term in (6.20) and put 
O.= —1€Y,; (6.21) 


for as we shall see in the next calculation the other 
terms give rise to divergent results corresponding to 
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the fact that they are unrenormalizable. If we put 
(6.21) into (6.15) we find 


(RCA, (x) :Waly)ba(z) })o 
=ie f (du)Dale—wLSu(u—y)reSe(u—2)}0 (6.22) 


and similarly 


(RL. 1, (x) : Yaly)Wa(z) ])o 


= ~ie f (dw)Dee—w) 


XLSr7(u—y)y.7Sr7(u—2) Jas. (6.23) 


Photon Propagator 


A typical example to illustrate our method is the 
calculation of the photon propagator (R[A,(x): 
A,(y)])o. Although this problem was discussed pre- 
viously” it seems to be worth while to reproduce the 
argument here in connection with the W-T equations. 

The W-T equation for the photon propagator provides 
us with 

te) fe) 
O.—(RLA, (x): A,(y) ])o=—d(x—y). 


OXy Ox, 


(6.24) 


Combining this equation with the Kiallén-Lehmann 
representation we find 


(RLA u (x) :A y (y) ])o aan 6wDr (x— y) + Guy (s— y) 


in the gauge used to write down Eq. (6.11), and G,, is 
given by 


1 
G(e)= f dto(ex— f (ake 
(2a)4 Cc 


kuke\ 1 
“ (3. a ‘) B+ 
Re P+ 


where the contour of integration C over ko should be 
chosen infinitesimally above the real axis. Thus our 
problem is reduced to the determination of o(x*). 

The integral equation for the photon propagator, 
which is correct to the order e’, is given by 


(6.25) 


(RLA, (x): A,(y) ])o— (RDA,(y): Ay (x) ])0 
+iL YL (O\A,(x)| y)(y| A-(y)|0) 


one photon 


+ Y (lA,(x)|ab, +)(ab, +| A,(y)|0) 


one pair 


—(x= y, n= v)]=0. 
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Retaining only terms of the order e’, we get 


Gu? (x— vy) — Guu (y—.: 2M °)(d?/dx,0x,) 


X D(x—y) + | (du) (dv) DuiDu 


X (ROA, (x) W(t (tte) J) oSO 
XS (ue—v2)DeDro 


>y)=0. (6.28) 


(XN < 


X (REA,(y) 4b (oy 


Inserting the expressions (6.22 
at 


and (6.23) one arrives 


Guo (x— y) — Go (y— 41) — 2M © (0?/0x,0x,) D(x— y) 


=i f (anya \Dr(x—Uu)Dr(y—2)Q,,(u,2), (6.29) 


where Q,, is given by 
Oxy (u,v) 


ay 


= Splyy-S (u—v)-y,-S¢ 


2 x 


é 1 
= — dk*- 
(29)§ Sam? 3x 


m 


x f (ak). *(u—v)(b,k 


Inserting Eq. (6.26) into Eq. (6.29) one finds 


~kik,e(Ry)6(R*?+k*?). (6.30) 


K+ 2m 


(x*— 4m?) A(Kx°—4m?), (6.31) 


and thus we obtained an unambiguous gauge invariant 
photon propagator to the order e?. This result agrees 
with the calculation in the conventional renormalization 
theory. 

In the above calculation we chose 0,=—iey,, but 
we could take 0, = —iey,+ido,,(0/0x,) by including the 
Pauli term. Then, however, c®’(x?) would tend to a 
constant for x*— « and the « integral in the Kallén- 
Lehmann representation of G,,(p) would diverge 
logarithmically. For this reason (6.21) is the only 
solution we can employ as far as perturbation theory 
is concerned, and all Green’s functions in quantum 
electrodynamics are uniquely determined in perturba- 
tion theory. 


t Note added in proof.—Eq. (6.31 
(6.29) provided that M® is given by 


gives the correct solution of 


2M® = 
The author thanks Prof. G. Kiallén for suggesting him the use of 
this special gauge. 
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Compton Scattering 
g 


We have shown that our method is more convenient 
than the Feynman-Dyson theory to calculate the photon 
propagator, since our theory leads to an unambiguous 
gauge invariant result. It is, however, not the case for 
the calculation of simple matrix elements such as the 
lowest order Compton scattering. Nevertheless we 
think it instructive to show how to solve this problem 
in our scheme. 

The matrix element that we want to know is given by 

(py| RLAu(x):A,(y) ]|p 
The r equation for this matrix element is easily written 
down 
(py| R[A,(x): A,(y) ]| pi) — (| REAL (9): Ay (x) | p 
+i>. [py A,(x)|a, +)(a, +|A,(y) |p 


— (xz a] 


=v, n= v) |=0. 


(6.32) 


(6.33) 


In the e? approximation we can readily evaluate the 
following quantity: 
> (p;|O2A,(x) |a, +) (a, : 
=id> (P| O 2Au(x)| p)(p| OyAd(y) 
+i D5 (p| Ay (x) | pypip, + 
X (prpib, + 
=i Dp (pr| 2A, (x) | p)(p| O,A,(y) | pi) 
—i >; (0/0.A,(«)| pid, + 
X (pp, + 
where use has been made of the asymptotic condition. 
We already know in the e' approximation all the 
matrix elements occurring in the above expression, and 
we are ultimately left with the following result: 
0 .0,<py| RDA, (x): A,(y) ]| p 
= —e(py| P(x) |0)y,[ (yo.—m)Ar(x—y) ] 
Xyr(0| (vy) | pi)—e2(py| PCy) |0) 
Xv (va.+m)Ar(«x—y) }yu(0! v(x) | p (6.34) 
This solution is certainly compatible with the W-T 
equation 
0 
O.—R[A,(x 
OX, 
The general solution of (6.33) is obtained by adding 
terms involving 6(«—y) and derivatives thereof. They 
are not taken as solutions for the same‘yeason as we 
have excluded the Pauli term, namely, they lead to 
divergences in the higher order calculations. 

We have shown in this section how one can apply our 
method to quantum electrodynamics and learned how 
it works especially when the conventional theory gives 
ambiguous results. Although we used the r equations 
here, the r equations are more convenient for most 
purposes and simpler to formulate, and we hope to 
discuss various topics on the 7 equations at another 
opportunity. 
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